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Abstract
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1. Introduction

Let M = (M", g, f,m, u) be a smooth metric measure space (SMMS for short), i.e., a con-
nected n-dimensional Riemannian manifold (M, g), with n > 3 (see Remark 3.2 for a comment
on the two-dimensional case), endowed with a weighted volume element e~/ dvol ¢ defined by
a density function f € C°°(M), a dimensional parameter m € R* and an auxiliary curvature
parameter u € R.

Geometric objects defined on M are motivated by the geometry on the base of the formal
warped product

M x, F™(n)= (M x F™", g ®v’h"),

where v = e~//™ is the warping function and F” () = (F™, h¥") is an m-dimensional fiber of
constant sectional curvature . The volume element on M is e~/ dvol ¢» thus corresponding to
the restriction of the volume to the base.

The study of the geometry of SMMSs relies on the use of weighted tensors such as the m-
Bakry-Emery Ricci tensor, defined as

1
p?zp-l—Hesf—n—qdf@df, (1)

and the weighted scalar curvature, given by
m+1 2
t}”:t—i—ZAf—THVfllz—i-m(m—l)uemf, 2)

where A f is the Laplacian of f. The Bakry-Emery Ricci tensor is the Ricci tensor of M x,
F™(w) restricted to the base, whereas the weighted scalar curvature is the scalar curvature of
M x, F™(u), taken as a smooth function on M. Notice that the parameter m = 1 makes the
value of u irrelevant, so in this case we refer to the SMMS by the quadruple (M, g, f, 1). This
distinguished value will appear in the subsequent analysis.

The weighted scalar curvature plays a role in the definition of the weighted Schouten tensor

1

Pl=———(0}—J%g), 3
f n+m—2(pf fg) (3
where the weighted Schouten scalar is given by J }" = mt”-’.

; f
Motivated by their variational behavior, Case (see [5,7]) introduced weighted Einstein SMMSs
as those which satisfy

Py =g, 4

for some constant A € R. For constant density functions, one recovers the notion of stan-

dard Einstein manifolds so, whenever the density function is constant, the SMMS is said

to be trivial. Moreover, when the relation (4) holds, there exists a unique x € R such that
f . . .

J }" = (m+n)A —mrem (see [5,7] and Lemma 2.1). This constant is called scale. Noticeably,

for non-trivial SMMSs, « = 0 if and only if J }" is constant (and hence so is the weighted scalar

2
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curvature), in which case the manifold is quasi-Einstein, i.e., ,0? = Bg for some B € R (we refer
to Section 2 and references [5,7,8] for details).

Two SMMSs M = (M", g, f,m, 1) and M= (M” g, f m, ) are isometric if there exists
a Riemannian isometry ¢ : (M, g) — (M 2) preserving the densities, i.e., f = f Y. Thus,
we will identify isometric SMMSs without further mention if there is no possible confusion.
As such, we say that two SMMSs are conformally equivalent if there exists a smooth function
¢ € C®(M)suchthatg=e /Mg and f = f + ¢ (see [7]).

The existence of weighted Einstein manifolds in a given conformal class of SMMSs arises as
a natural question. Indeed, for two conformally equivalent SMMSs M and M, taking u = /™
and using the transformation formulae in [7], one has

. 1
P}ﬂ :P}”+u_1Hesu—§u_2||VM||zg~ ®)

Thus, the problem of finding conformal classes which admit weighted Einstein representatives
entails finding a Riemannian metric g, a dens1ty function f and a conformal function u defined
on M so that (5) is satisfied for P? =Au~ 2 g and some constant . This translates into finding a

solution to the PDE
~ 1
P} +u""Hes, =u"" (x+§||v:,¢||2)g (6)

for a constant A.

This turns out to be an unmanageable problem in general. However, it is reasonable to address
the problem of non-uniqueness, this is, to find weighted Einstein SMMSs that admit another
weighted SMMS in their conformal class (excluding homotheties, i.e. rescalings of the metric
by a constant factor). This problem is relevant, for example, in the study of weighted Yamabe-
type problems (see [5,7]). First results in this regard were given in [5] for £ = 0. On the one
hand, it was shown that if M is compact then the SMMS is conformal to the standard sphere
(S", g,0, 1,0). On the other hand, if the manifold is complete and the weighted Schouten tensor
vanishes, then it is isometric to Euclidean space with a particular family of possible density
functions. Additionally, some partial results were given in [7] for specific families of SMMSs.
In this note, we generalize these results and give a complete answer to this problem, determining
all conformal classes which admit more than one weighted Einstein representative.

The problem we address in this note is somewhat motivated by the question of finding two
Einstein metric in the same conformal class. This is a classical problem whose first contributions
date back to Brinkmann [2], and literature on the topic is extensive. See, for example, [18,12],
where the latter includes a detailed review of the subject. We will see that, in fact, some of the
solutions we obtain are built on Einstein manifolds which conformally transform into another
Einstein manifold. Thus, we recover part of the known results from the context where the density
is constant, although in our case there is, additionally, a change of density. We emphasize, how-
ever, that there are also weighted Einstein solutions whose underlying manifold is not Einstein
(see Theorem 1.2 below).

We begin by discussing the local geometric structure of manifolds which admit two weighted
Einstein structures in the same weighted conformal class. It is convenient to consider the den-

. ... . _r .
sity as the positive function v = e~ m, so that a conformal change transforms the metric and the
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density as g = u~2g and ¥ = u~ v, respectively. It is worth noting that, since conformal trans-

formations can transform non-trivial manifolds into trivial ones and vice versa, it is useful to
include the trivial case in our analysis.

Theorem 1.1. Let (M", g, f,m, i) be a weighted Einstein SMMS, with P’ = \g, and such that

there exists a conformally equivalent weighted Einstein SMMS (M", g, f m, |L), with pm :/):’g\
Then, on a neighborhood of each regular point of the conformal factor u, M decomposes as a
warped product I x4, N, where I C R is an open interval and Vu is tangent to 1. Furthermore,
one of the following holds:

(1) (M, g) and (M, ®) are Einstein with p = 2(n — 1)Ag and p = 2(n — 1)Ag, and the density
takes the form f = —mlog(ovy + ), where vy is a function on N and « is a function on 1.
Moreover, the fiber (N, g") is Einstein and there exist constants £, v determined by v and u
such that HestN =(&— w2 — 4A/):)UN)gN.

2) (M",g, f,m) and (M", g, f, m) are quasi-Einstein with ,0? =2(m +n — 1)Ag and ﬁ? =
2m+n — 1)/):'g\, and the density f splits as f = —mlog(p) + fy where fy is a function
on N.

Moreover, the fiber (N, gV, f,m) is quasi-Einstein too.

Notice that, as an a posteriori consequence of Theorem 1.1, some of the manifolds of inter-
est to this work have constant scalar curvature. Indeed, they are Einstein (case (1)). However,
this does not hold in general for manifolds in case (2), which do have constant weighted scalar
curvature (since they are quasi-Einstein), but not constant scalar curvature. In both cases, the
corresponding constancy is preserved by the conformal transformation.

The warped product structure of the SMMSs in Theorem 1.1 reduces the study of equation (6)
to that of a system of ODEs involving the conformal factor u# and the warping function ¢. Further
study of the weighted Einstein equation for these structures provides information on the density
function f and the curvature parameter 1 (see Section 3). Moreover, we will see in Remark 3.5
that the density function itself satisfies an Obata equation in the Einstein case, thus giving rise to
an alternative splitting of the manifold.

Secondly, we focus on global rigidity results for SMMSs with complete underlying manifold
(M, g). In this context, the admissible geometries with two weighted Einstein representatives of
the same weighted conformal class are either weighted space forms (see definitions in Section 2)
or special families of warped products.

Theorem 1.2. Let (M", g, f, m, u) be a complete SMMS such that P]”f = Ag, with scale k, and
such that there exists a conformally equivalent weighted Einstein SMMS. Then, (M, g, f, m, )
is isometric to one of the following SMMSs:

(1) A weighted space form as described in Examples 2.3, 2.4 and 2.5.

(2) A warped product R x, N, with N complete, and such that ¢(t) = Ae' ~2% where t pa-
rameterizes R by arc length. Moreover, . < 0 and one of the following holds:
(@) (M, g) is Einstein and (N, g") is Ricci-flat. The density function has the form

K
=-ml (— Be' —”),
f mlog 2)\+ e

4
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for some B >0 and k <0. Moreover, m =1 or u = —% > 0.
(b) (M, g, f,m) is quasi-Einstein, f splits as f = —mloge + fy, and (N, g", fx,m) is
also quasi-Einstein with (p;c"N)N =0.

Remark 1.3. Manifolds in Theorem 1.2 (2)(a) are geometrically significant from several points
of view. Under this condition, (N, g") is a Ricci-flat complete manifold and (M, g) is Einstein
with p = 2(n — 1)Ag. Hence, this manifold falls into Theorem 1.1 (1) alongside the weighted
space forms in Theorem 1.2 (1). Furthermore, the complete manifolds in Theorem 1.2 (1) and
(2)(a) are precisely those that admit a non-homothetic conformal change into another Einstein
manifold (see [12, Theorem 27]). Consequently, for trivial SMMSs, i.e., those with constant
density function, we recover this well-known result. Strikingly, the non-trivial SMMSs in these
families correspond exactly with those which are weighted Einstein and have harmonic weighted
Weyl tensor, as shown in [3] (see Remark 3.6 and Section 4 for details).

As a consequence of Theorem 1.2, we obtain a rigidity result for compact SMMSs that gen-
eralizes the result given in [5] for © = 0. Moreover, in the constant density setting, compact
Riemannian manifolds admitting two Einstein metrics in the same conformal class are confor-
mally equivalent to round spheres [12, Corollary 23]. From the point of view that smooth metric
measure spaces generalize manifolds with constant density, we can say that this result extends to
the weighted setting, where the notion of weighted spheres refers to those in Theorem 1.2 (1),
which are described in Example 2.3.

Corollary 1.4. Let (M", g, f, m, ) be a non-trivial compact weighted Einstein SMMS. If there
exists a non-constant conformal factor such that the transformed manifold is weighted Einstein,
then (M, g, f,m, i) is an m-weighted n-sphere (which is conformally equivalent to a standard
sphere with vanishing density).

The outline of the paper is as follows. In Section 2, we go over some preliminaries on the
geometry of weighted Einstein manifolds and weighted conformal classes for SMMSs. We also
discuss the analyticity of the conformal factor.

In Section 3, we perform a local analysis of the geometric structure of weighted Einstein
manifolds which admit another weighted Finstein structure in their conformal class. From the
transformation formula (5), we prove the splitting of these SMMSs as warped product with
one-dimensional base. Further study of the transformation formula and the resulting weighted
Einstein equations allows us to prove Theorem 1.1. Additionally, we provide some remarks and
examples of SMMSs that give more insight into the types of geometries that arise for the different
items of the theorem.

Finally, in Section 4, we prove Theorem 1.2, determining the complete manifolds with several
weighted Einstein structures in the same conformal class. We end with the proof of Corollary 1.4
and the analysis of the compact case.

2. Preliminaries: weighted Einstein condition and conformal classes

In this section we consider a smooth metric measure space M as defined above and recall
some definitions that we will need subsequently.
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2.1. Weighted Einstein SMMSs

This notion was coined by J. Case (see [5,7]), who described a SMMS M = (M, g, f,m, 1)
as weighted Einstein if P}” = Ag for some A € R. The motivation for this definition comes from
the fact that weighted Einstein manifolds with u = O are critical points of the total weighted
scalar curvature functional, which arises in the study of the weighted Yamabe problem (see [5]).
Moreover, Case proved several results describing weighted Einstein manifolds as critical points
of functionals related to the weighted oy -curvature (we refer to [6,7] for details on the weighted
o-curvature and the behavior of weighted Einstein SMMSs).

A crucial fact about weighted Einstein SMMSs is that the Schouten scalar is intimately related
to the density function as follows.

Lemma 2.1 (/5,7]). Let (M", g, f,m, i) be a weighted Einstein SMMS. Then, there is a unique
[
k € R such that J’f" =(m+n)A —mkemn.

The real number « in Lemma 2.1 is called scale. Notice that if k = 0, then J "= (m+n)
and, from (3), one has p'} =2(n +m — 1)Ag, so the SMMS is quasi-Einstein. Even more, a
non-trivial weighted Einstein SMMS is quasi-Einstein if and only if the scale « vanishes.

It is worth noting that, on the one hand, if a formal warped product M x,, F"*(u) is Einstein,
then the base is necessarily quasi-Einstein. On the other hand, if a manifold (M, g) is quasi-
Einstein, then there exists a warped product of the form M x, F™(u) which is Einstein [11].
This illustrates that, in general, the weighted Einstein condition is not inherited from the Einstein
character of a corresponding warped product, which instead leads to the quasi-Einstein notion.

2.2. Conformal classes

Two SMMS spaces, (M", g, f,m, u) and (M", g, f m, [1), are said to be conformally equiv-
alent if there exists a smooth function ¢ € C>(M) such that g = e~2#/"g and f f+e
(see [7]). The definition is motivated by the two warped products (M, g) x, F" (n) and

. . . . . /
(M, g) x3 F™ () being conformally equivalent as Riemannian manifolds, where v = ¢~ and

= e‘£ . Thus, we can rephrase the definition saying that two SMMSs are conformally equiva-
lent if there exists a positive u € C>°(M) such that g =u"2g and 0= u"'v.

Recall that direct products of the form F”(—u) x F™(u) are locally conformally flat, and
those of the form F"(c) x R are locally conformally flat for any ¢ [19]. This motivates one
to define a SMMS (M", g, f,m, ) with m # 1 to be locally conformally flat (in the weighted
sense) if it is locally conformally equivalent to (F", h(—u),0,m, w). fm =1, (M", g, f, 1) is
locally conformally flat if it is locally conformally equivalent to (F”, h(c), 0, 1) for some value
of the sectional curvature c.

2.3. Regularity of solutions

Suppose that for two locally conformally equivalent SMMSs with g =u"2g and v =u"lv,
we have P}' = Ag and P}" = Ag. It was shown in [3] that both the metric and the density function
of weighted Einstein SMMSs are real analytic in harmonic coordinates. As a consequence, we
will show that the conformal factor u relating both of them is also analytic.

6
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Lemma 2.2. If u is a solution of (6) on a weighted Einstein SMMS (M, g, f,m, ), then u is
(real) analytic in harmonic coordinates on M.

Proof. Since (M, g, f,m, ) is weighted Einstein, we have P’ = Lg and (6) becomes

EN) 1 2
Hes, =u ( Au —)L—i—iu [IVull= ) g, @)
or, taking the trace of this equation,

Au+ l.ot=0,

where 1.0.t. stands for lower order terms. In harmonic coordinates, this geometric equation be-
comes the quasi-linear second-order PDE g"* 3)?,2# + l.o.t =0, which is elliptic. Moreover, since
weighted Einstein metrics are (real) analytic in harmonic coordinates (see [3, Theorem 2.5]), the
equation is of the form F(u, du, 8%u) = 0, with F real analytic. It follows that the conformal

factor u is real analytic in harmonic coordinates (see, for example, [1,J.41]). O

As a result of the previous lemma, the set of regular points of u is open and dense in M. We
will use this fact in subsequent sections.

2.4. Weighted space forms

The weighted analogues of the usual space forms (complete weighted Einstein manifolds
realized on the three model spaces) played a key role in the classification of weighted Einstein
manifolds with weighted harmonic Weyl tensor in [3], and will do so again in this work. We
present them as follows.

Example 2.3 (m-weighted n-sphere (S™(21), g&". fm.m. i)). Let (S"(21), g&") be the n-sphere
of constant sectional curvature 2A > 0 (equivalently, of radius \/%), with the standard round
metric

g% =di® + 21 sin2(1v/2h)ggu1, 1 (o, J%) :

where ¢ denotes the geodesic distance from the pole N of the sphere and S"~! is the (n — 1)-
sphere of radius 1. This metric extends smoothly to the poles N and —N. Take the positive
density v(t) = A+ B cos(«/ﬁt) for A e R*, B € R such that A > | B| and define, by continuity,
v(N) = A+ B and v(—N) = A — B. For m # 1, fix u = 2A(B? — A?). Then, the SMMSs
(S"(220), gé)‘, fm,m, ) and (S"(21), gék, f1. 1), where f,, = —mlogv, are weighted Einstein
with P/’!’ = Ag and scale k =2AA > 0. Hence, these weighted spheres are only quasi-Einstein in
the trivial case, where ,o’;l =p=2n—1)A.

Example 2.4 (m-weighted n-Euclidean space (R", g, fn,m, n)). Let (R", gg) be the standard
Euclidean space, whose metric can be written as a warped product as

g]E:dtz‘l‘tzgSnfl, te (07 OO)’

7
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extending smoothly to # = 0. Consider the positive density v(t) = A + Bt*> with A € RY,
B € [0,00). For m # 1, set the parameter u = —4AB. The SMMSs (R”, gg, fn,m, i) and
R", ggr, f1, 1) are weighted Einstein with PJ’Z‘ = 0 and scale k = 2B > 0, so they are quasi-
Einstein only when they are trivial.

Example 2 5 (m-weighted n-hyperbolic space (H"(21), g . fm,m, ). We denote by
(H"™(21), g *) the n-hyperbolic space of constant sectional curvature 2 < 0, with the metric

B =dr* + (=20) " sinh?(tv/=2X)ggn-1, 1 € (0, 00),

extending smoothly to t = 0. Take the positive density v(#) = A + B cosh(«/—2At), with B €
[0, 00), A € R such that A > —B. Moreover, for m # 1, fix u = 21(B? — A?). Then, the SMMSs
(H"(2)), g%)l\, fm,m, ) and (H" (21), gIQH?, f1,1) are weighted Einstein with P} = Ag and scale
k = 2XA. Note that the scale can have any sign, depending on the value of A and, in contrast to
the two previous models, taking A = O results in a family of non-trivial quasi-Einstein manifolds
(cf. Proposition 4.2 in [8]).

3. Conformally weighted Einstein SMMs: local study

We adopt notation from previous sections and begin the analysis from a local point of view
without further assumptions. Firstly, we see that the conformal factor satisfies a generalized
Obata equation (compare with the proof of [5, Proposition 9.5]). This is the same equation sat-
isfied by a conformal factor transforming an Einstein metric into another one (cf. [2,12]) and it
provides some information on the structure of the underlying manifold, which decomposes as a
warped product.

Lemma 3.1. Let (M", g, v, m, i) be a SMMS such that P! = Lg and u a non-constant solution
of (6). Then, the function u is a solution of the generalized Obata equation

Hes, +y (u)g =0, 3

with y (u) = 2 u — v, for some constant v € R. Moreover, around any regular point of u, (M, g)
is locally isometric to a warped product I x, N, where I C R is an open interval, Vu is tangent
to I, and ¢(t) = +u'(t), where t is a local coordinate parameterizing I by arc length.

Proof. Since P?l = Ag, the Hessian of u is given by (7). Thus, it follows that the level hyper-
surfaces of u around regular points are totally umbilic. Consequently, in a neighborhood of each
regular point, (M, g) splits as a twisted product / x5 N, for some function ¢ deﬁned onl xN

(see [15]). Moreover, let E1 = Vu/||Vul|. By (7), we have g(VxY, Ey) = HWH Hes,(X,Y) =
Hg(X,Y) for X,Y € Vul, where H = — (ku=2 — x4+ Lu=2||Vu|[?). Since X (H) =0 for
all X € Vul, the mean curvature vector field H E 1 is parallel in the normal bundle span{Vu},
so the leaves of the fiber are spherical. Hence, the twisted product reduces to a warped product
I x, N for some function ¢ defined on I (see [10]).

Let ¢ be a coordinate parameterizing / by arc length. Then, evaluating Equation (7) in (9, 9;)
yields



M. Brozos-Vizquez, E. Garcia-Rio and D. Mojon-Alvarez Journal of Differential Equations 450 (2026) 113711
-2 2 7 1 N2 "
Au —A—E(u) +uu’ ) =0. ©)]
We compute that

(@ u™ + 2+ 2™ =u2Qu"u — (u')> = 2% + 2xu>)u’ =0

where the middle expression vanishes by (9) Hence (u’ Yu~l 4+ 20 + 2w~ = v for some
constant v € R, which yields (&’ )2 —22u? + 2vu — 2. Substituting the value of (1’ )2 into (7)
we obtain Hes, +(2Au — v)g = 0, which is the generalized Obata equation (8) around regular
points of u. Since the set of regular points of u is open and dense in M by Lemma 2.2, by
smoothness, Equation (8) extends to M.

Moreover, for any unitary vector field X € 8}, we use the warped product decomposition (see

[14]) to compute Hes, (X, X) = %. Hence (7) yields

/0 ’): n2
we _r . W) ’
ugp  u? 2u?

whereas by (9) we have

T u? 2u?

" 3: N2
u N (")

From these two expressions it follows that u’¢’ — u”¢ = 0, and then ¢ = Ku’ for some K € R
such that ¢ > 0 in I (recall that u is non-constant). Rescaling the metric in N, we can assume
K=1ifu>0and K=—-1ifu’' <0. O

Remark 3.2. Although we are considering manifolds of dimension n > 3, Lemma 3.1 also ap-
plies to the two-dimensional case. In this context, the lemma implies that, around regular points
of the conformal factor u, (M?, g) splits as a warped product of two open intervals I, X I,
where the warping function satisfies ¢” = —21¢. A direct computation shows that the sectional
curvature is constant (indeed, it is 21), and this property is extended by smoothness to (M, g).
Thus, the two-dimensional setting becomes a reduced version of the Einstein cases in Theo-
rem 1.1 and Theorem 1.2 (see also Remark 3.5).

Notice that, as pointed out in [12, Proposition 4], conformal changes given by solutions to
Equation (8) preserve the constancy of the scalar curvature, which is a crucial fact in the study
of conformal transformations preserving the Einstein character. However, in the context of this
note, manifolds do not have constant scalar curvature in general.

Another essential difference between the usual setting and conformal changes that transform
a weighted Einstein SMMS into another is the transformation of the density. As a next step we
analyze the form of the density function assuming that the manifold decomposes as a warped
product according to Lemma 3.1.

Lemma 3.3. Let (M", g, f,m, u), where (M, g) =1 x, N and Pj"f = \g, admit a non-constant

f
solution of (6). Then v = e~ m splits as
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v=p@OvN(X1, ..., Xp—1) + ()

where t parameterizes I by arc length and x1, . .. x,—1 are coordinates of the fiber N.

Proof. By Lemma 3.1, we have that u” 4+2Au —v = 0 and ¢ = +u’. Hence ¢’ — _2). Moreover,
since (M, g) =1 x, N, the Ricci tensor takes the following form [14]:

P 3) = —(1—1% =2~ D,
p (3, X) 0, 10
pX.Y) = pNXY) = (%40 -2 )X, 1),

for X,Y e BIJ-. Now, using the scale equation given by Lemma 2.1, the weighted Einstein equa-
tion (4) can be written as

1
p+Hesf—de®df=(z(m+n—m—m;ce%)g. (1)

. f .
Under the change of variable v = e~ m, Equation (11) takes the form
p —mv ' Hes, = Qm +n — D)x —mkvDg. (12)

Thus, taking X the lift of a vector field in N we have —mv~! Hes, (3, X) = 0, and computing
this Hessian yields

0 = Hes, (3, X) = 9, X(v) — =X (v).
¢

Thus, locally either X (v) =0 or 33()((1()1);) = %. In the latter case we have

3 log(X (v)) = (logg)’,
and integrating with respect to ¢ we obtain
log X (v) =log e + iy (X)),

where ¥ = (x1,...,xp—1) are coordinates on N. Hence, in any case, X (v) = (p(t)vl’f,(?) where
”1)\5 does not depend on ¢, but may depend on the choice of X. Since ¢ depends only on ¢ and

. . . . . . . . aX' i
there is no confusion, we skip it to simplify notation henceforth. Set notation v,' = v} and take
X =0x,,80 0 (V) =9 v}v (). Integrating this expression with respect to x; yields

~1 ,—

V=9 0y(X) Far(t, x2, ..., 1) (13)
for some function v ,1\, (7) on N and some function oy which does not depend on x;. Now, we
work with this expression to see that the form in (13) can be rearranged so that «; does not

depend on x;. We differentiate this expression with respect to dy, to find

10
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PV} (X)) =04y (V) = Py T () + D1 (7, X2, -, Xp—1)-
Hence,
V() — 0, 0N () =9 L anai(t, x2, ..., X))

Since the left-hand side of this equation does not depend on ¢, differentiating with respect to ¢
gives

0= (¢ d a1 — ¢ dy,a1),

from where it follows that either «; does not depend on x;, and thus we attain our objective, or

B0, / . . .

13’—2;1” = %. Assuming that the latter holds, we integrate with respect to ¢ to find
2

O 01 (t, X2, .., Xy 1) =@ V1(X2, ..., Xp—1)
for some function y; on N. Hence, we can write
ar(t,xz, ..., X)) =@ V1 (X2, ..., Xp1) +02(t, X3, ..., Xp—1)

for some y| defined on N and «; not depending on x; and x;. Substituting this value of ¢ into
(13), we have

v = wﬁN(?)+al(I»x27'-'7xn—l)
= 90 (‘D]l\/'(?) + )71(-x27 ... s-xn—l)) +a2(ts-x3s AR ] xn—l)
90612\](?)+a2(t7x37”'7xn71)’
where 1712\, (¥) = ﬁ}v(?) + y1(x2, ..., xy—1). Thus, we get that v is of the form of (13) with «
not depending on x; and x2. Now, using 9y, (v) = va (7)<p(t) fori =3,...,n— 1, we repeat the

process outlined above, eliminating the dependence on the x; variable from the corresponding ¢;
function. After a number of iterations, v becomes

v=guoN(x1, ..., Xp—1) + a(?)
for a function vy defined on the fiber and a function « defined on the base. O

For the form of the density function given by Lemma 3.3, the remaining components of the
weighted Einstein equation provide additional information on the density and the geometry of
the underlying manifold, allowing us to prove the local classification result.

Proof of Theorem 1.1. Let (M", g, f, m, ) be a SMMS such that P”" = Ag and such that there

exists a SMMS (M"™, 3, f,m, w), with @ = u2g, 7= u~'v (where v = e~ and u is non-
constant) and such that ﬁ}” =X§ By Lemma 3.1, (M, g) splits locally around the regular points
of the conformal factor u as a warped product I x, N. Moreover, by Lemma 3.3, the density
takes the form v = gvy + o, where vy is defined on N and « is defined on 7.

11
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From (10) we have p(9;, 9;) = 2(n — 1)A, so Equation (12) yields
P} (0, 8) =2(n — i — mv ™ Hes, (9;, 9;) =2(m +n — DA —mxv~ 1. (14)

Hence Hes, (9;, 9;) = 8t2v = —2Av + . Since v = pvy + «, and knowing that ¢” = —2A¢, this
implies o’ = —21a + k. Now, consider the following decomposition:

Hes, = vy Hesy, +¢@Hes,,, +dvy @ dp +dy ® dvy + Hes, .
Take two lifts X, Y of vector fields in N. Since ¢ and o depend only on ¢, we have
Hes, (X, Y) = un(9')?pg" (X, ¥) + ¢ Hes,, (X, ¥) +'¢/pg" (X, Y).

Using this expression and (10), Equation (12) for X, Y reads

PRX.Y) = pNXY) (¢ 9+ —2)(¢)?) gV (X, T)
—mv~ oy (9?0 + /¢ p)gN (X, Y)
—mv’lgaHesUN (X, 7)
= Qm+4n—Dr—mrv He?gV(X,Y).

s)

Let X be a unit eigenvector of the Ricci operator Ric”, and let
PV (X, X) = gV RicV (X), X) = r(X)
be its associated eigenvalue. Also, denote Hes,,, (X, X) = h(X) and notice that, by (15), X is also

an eigenvector of the Hessian operator. In order to simplify notation, we skip the X dependence
in the following calculations unless explicitly needed. From the formula

h=Hesyy (X, X)=g(VxVon,X) = ¢2g"(Vx(p 2VVuy), X)
gN (V¥ VNuy, X) =Hes) (X, X),

it follows that &, as well as r, is also a function defined on the fiber N. Taking ¥ = X in (15) and
multiplying by v, we obtain the following equation:

0 = vr—v(p'p+n—2)¢))—mn@)e+a¢e)

—moph — 2(m +n— DAiv — m1<)g02, (16)

where v = guy + o, ¢ and o depend on ¢, and the remaining functions depend only on the
coordinates xp,...,x,—1 of the fiber N. Now, differentiating (16) with respect to any x; and
substituting ¢” = —2A¢@ yields

Wy, 7+ ¢ (axi (o) — mdy h — (m +n — 2)2rp? + ()2)dy, UN) —0.

Note that the expression 2A¢> + (¢)? is constant. Indeed,

12
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Q2rg? + (©)%) =2¢' 20 +¢") =0.

Moreover, since ¢ = 4u’, u” = —2xu + v and (u')> = —2ru® + 2vu — 2 by Lemma 3.1, we
can write

200 + (¢')? = v — 4. A7)
Thus, the equation above becomes
by, 7+ ¢ (ax,, (o) — mdy h — (m +n — 2) (V> — 4An)dy, UN) ~0.
On a suitable open set, it follows that either d,,r =0 or

L1 O (owr) —midyh — (m 4 n —2)(v2 — 422)d N
ap  =— =A

Oy, 7

for some constant A, since the left-hand side is a function of ¢ and the expression in the middle
is defined on N. Moreover, if we take vy = vy + A, we have v = @y, so this can be considered
as a solution with @ = 0. Hence, we conclude that d,,7(X) =0 forall i =1,...,n — 1 and all
eigenvectors X (name it Case 1), or v splits as v = Uy (name it Case 2). We analyze the two
possibilities separately.

Case 1. Assume that d,,7(X) =0foralli =1,...,n — 1 and all eigenvectors X on an open
set. Then we have

0=—mdyh—+ (r — (m+n—2)(V* —4X1))d,, vy,
which can be integrated and solved for 4 to find
h=m='(r —m+n—2)0*—4AN)v, — & (18)
for some constant &. Substituting this value of 4 into (16), and using ¢” = —21¢ and (17) yields
0=a(r — (n—2)(V2 — 431) — 2mArg?) + meE +xkp —a'¢). (19)
Notice that, since « = 0 leads to Case 2, we can further assume « # 0 in this instance. Dividing

by ¢ and differentiating with respect to ¢, we simplify using that ¢” = —2A¢ and " = -2 a +«
to obtain

0

(= (=2 = 420 (pa’ —ag)

¢? ’
s0, locally, either pa’ — a¢’ or r = (n — 2)(v? — 4)»/):). The first case implies @ = C¢ for some
C e R, so it can be reformulated as « = 0 again, thus fitting into Case 2 below.

Assume r = (n — 2)(v? — 4)»/):). Since r = p™ (X, X) for an arbitrary Ricci eigenvector, it
follows that

13
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N _ 2 ~N N _ @)?
Pl =m=2)(v" —4)g" = —-2) |21+ 7 g (20)
and the fiber (N, gN ) is Einstein. Additionally, by (10), we have

" N2
p(X.Y)=pN(X.¥) - (“"— rn-2Y)
2 2

)g(X, Y)=2(n—-Drg(X.Y),

so the Ricci tensor satisfies p = 2(n — 1)Ag, i.e., (M, g) is Einstein on an open set. Moreover,
(19) becomes

mo(§ + (K —2xa)p —a'e") =0, (21)
from where & = o’¢’ — (k — 2Aa)¢@, which is indeed a constant due to the equations ¢” = —2A¢
and o” = —2\a + k. Moreover, note that this shows that & does not depend on the choice of the

eigenvalue X. Equation (18) now yields that h(X) = —(§ + w2 — 4):):)1) ~) for every eigenvector
X, so vy satisfies the generalized Obata equation

Hes) = —(& + (v* — 420)un)g”. (22)

Furthermore, the form of the conformal factor u given by Lemma 3.1 around its regular points
yields o = 2(n — 1)Ag (see Remark 3.4 for details). This corresponds to Theorem 1.1 (1) on a
suitable open set.

Case 2. Consider now solutions with o =0, i.e., those whose density is v = ¢vy. From the
fact that @” = —2Aa +«, it follows that « = 0, so (M, g, f, m) is quasi-Einstein. Moreover, from
(14) we obtain that p’f’-’ =2(m +n — 1)Ag. With this, Equation (15) takes the form

(o —muy~'Hesyy) (X, Y) = (m+n—2)2x*+ @)V (X,Y) 3
= (m+n-2)02—40gV(X,Y)
where we have also used Equation (17). The left-hand side in (23) is the Bakry-Emery Ricci
tensor p?N on (N, gN , Jn = —mloguvy, m), so the fiber is also quasi-Einstein. Now the form of
u given by Lemma 3.1 leads to ,’5’;’ =2(m+n — 1)’):(’5; (see Remark 3.4 for details), so Theo-
rem 1.1 (2) follows on a suitable open set.

Finally, since weighted Einstein manifolds and their densities are real analytic in harmonic
coordinates (see [3, Theorem 2.5]), and (M, g) and (M,g) are Einstein (respectively, quasi-
Einstein) on an open set, they are Einstein (respectively, quasi-Einstein) everywhere. O

3.1. Remarks and examples
In this section, we will provide some additional information on the weighted Einstein SMMSs
that appear in Theorem 1.1. We will also construct some examples of such SMMSs and explicit

conformal factors that transform them into conformally equivalent weighted Einstein manifolds.

14
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Remark 3.4. The conformal factor in Theorem 1.1 transforms Einstein manifolds into Einstein
manifolds (item (1)) and quasi-Einstein manifolds into quasi-Einstein manifolds (item (2)). The
first case corresponds to conformal transformations that have been already described in the lit-
erature (see [12]), so only the second case needs to be checked. Nevertheless, in order to be
self-contained and justify the precise description in Theorem 1.1 we include the details of both
transformations as follows.

The underlying manifolds of SMMSs described in Theorem 1.1 (1) are Einstein with p =
2(n — 1)Ag. In this case, the conformally transformed manifold (M, g) where g = u~2g is also
Einstein with p =2(n — 1)3:§. Indeed, by the transformation formula for the Ricci tensor (see,
for example, [13]),

p=p+u2((n—2)uHes, +Au)g — (n — )| Vu|’g),

the conformal factor is a concircular function (Hes, = (v — 2Au)g), and since W2 = -2+
2vu — 22 by Lemma 3.1, the value of 5 follows.

For SMMSs in Theorem 1.1 (2), (M, g, f, m) is quasi-Einstein with ,0;’} =2(m+n—1)rg. We
check that the conformal transformation preserves the quasi-Einstein character as follows. The
Bakry-Emery Ricci tensor transforms under a weighted conformal change §=u"2g, D=u"'v

as (see [4])
P} =pf+(m+n—2u"" Hes, +u™ ' (Au— g(V f, Vu)) = (m +n — Du"?||Vul*)g.

Moreover, by Lemmas 3.1 and 3.3, and the proof of Theorem 1.1, we have ¢ = +u/, u” =
v —2)u and f = —mlog(pvy). Hence, g(V f, Vu) = —mu” = —m(v — 2u) and substituting
these values into the expression above yields p'f = 2(m +n — 1)/):’g\, so the transformed manifold
is quasi-Einstein. Hence, weighted conformal transformations of manifolds in Theorem 1.1 (1)
stay in that family, and the same is true for Theorem 1.1 (2).

Remark 3.5. For non-trivial manifolds in Theorem 1.1 (1), a warped product decomposition sim-
ilar to that given by Lemma 3.1 arises with respect to the density v. Indeed, since the underlying
manifold (M, g) is Einstein with p =2(n — 1)Ag, the weighted Einstein equation (12) reads

Hes, = 2Av —k)g, 24

so the arguments from Lemma 3.1 can be mimicked to split M around regular points of v, with
the fibers being level hypersurfaces of v. This approach has the advantage of v depending only
on a coordinate of the base, but in general this will no longer apply to u.

Moreover, for the same manifolds in Theorem 1.1 (1) and the warped product splitting / x, N
given in the theorem (i.e. with the fibers being level hypersurfaces of u), (22) is again an Obata-
type equation holding on the fiber. Hence, it induces an additional splitting of the form N =
I x4, Ny around regular points of vy, where the fibers are level hypersurfaces of vy . This can
be used to extract further information about the geometry of N, using known properties of the
solutions of the generalized Obata equation (see, for example, [17]).

Remark 3.6. Let (M", g, f,m, 1) be a SMMS in the hypotheses of Theorem 1.1 (1), where
M =1 x, N is Einstein with p = 2(n — 1)Ag and N is also Einstein with p" = Bg". Let ¢ be a

coordinate parameterizing / by arc length and assume v = v(¢). These SMMSs can be described

15
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very explicitly. Indeed, by solving the various ODEs that appear in the proof of the theorem it is
straightforward to see that v, ¢, 8 and u take the following forms (the value of  being irrelevant
ifm=1):

A>0 (1) = acos(t+/21) + bsin(t+/21) B=2a%+b>(n -2
v(t) = ﬁ —bc cos(t\/—) +ac sln(t«/_) w= 2(a? + bz)czk - g
w) =3 F L costVI £ osin(v2)  R= - C4F

A=0 @(t)y=axt+b

B=

v(t) = 51>+ ct +d where b=ac if k #£0 w=c —2d,<

2 ~
uy=Y-+bi+1  (v=rax) h=—1p +1v

A <0 o(t) =ae'V=2 4 be—’ —2A B =8ab(n —2)A
v(t) = 55 +ace’™N T — hee™!V —2x w=—8abc’r — %
_ V2 —tJ=2h _ 12

u(t) = o5 £ 7i5e ZFF A=Y7 —2ab

The constants a, b, ¢, d and the scale « are such that ¢, v and u are positive on /.

Notice that the density and the conformal factor present qualitatively the same behavior, up to
some constant translation and rescaling. This allows for conformal changes between trivial and
non-trivial SMMSs by suitably adjusting the constants involved (cf. Remark 4.5).

Moreover, observe that in the three cases the value of A after the conformal change can be any
real number. This contrasts with the behavior of global conformal changes (see Theorem 1.2 and
Corollary 1.4).

Remark 3.7. Note that the Riemann curvature tensor of an Einstein manifold decomposes
as R = m g® g+ W, where ® denotes the Kulkarni-Nomizu product. For manifolds
in Theorem 1.1 (1), p =2(n — 1)Ag, so T = 2n(n — 1)1 and the curvature tensor satisfies
R =g @® g + W. Additionally, the weighted Weyl tensor is defined as W;’f =R — P}” D g
and, since P’f’1 =\g, we have W = WJ’? =R-2gDg.

The warped product splitting I x, N with N Einstein guarantees that the Weyl tensor is har-
monic, i.e. §W = 0, where § denotes divergence. Also, if we consider the alternative warped
product splitting discussed in Remark 3.5 around regular points of the density v, it is straight-
forward to see that W? (Vf,—,—,—) = 0. Hence, it follows that the weighted divergence
8 W}" =34 W}l’ —lyf W}” vanishes too. Non-trivial weighted Einstein SMMSs with weighted
harmonic Weyl tensor were classified in [3] and we point out that non-trivial SMMSs in Theo-
rem 1.1 (1) are exactly those that arise in that context in the case where the underlying manifold
(M, g) is Einstein (see [3, Theorem 4.1]). In particular, weighted space forms are included in this
family, but other kinds of SMMSs which are not weighted locally conformally flat (i.e., SMMSs
with W;’? # 0) also appear.

Although many relatively simple weighted Einstein structures are realized on Einstein man-
ifolds (such as the weighted space forms), more involved structures are admissible as well, like
those that fall into Theorem 1.1 (2), whose underlying manifold is quasi-Einstein. The following
is an example constructed from a quasi-Einstein manifold with p? = 0 that was built in [16,
Example 2].

16
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Example 3.8. For any value of m # 1, consider the direct product (N, go) = (1\12"72 x R, gAN’ &)
ds?), where N is an Einstein manifold with positive Einstein constant &, i.e. pV = £g". Define

the function o : C*(N) > R by 0 = \/n%ﬂ]g, where g denotes the projection on R, and

consider the conformal metric gN —e2m go. Then (N, gN ,o0,m) is a quasi-Einstein manifold
with (o")N =0 (see [16]).

Next, consider the direct product (M",g) = (I X N, dt* @ gV), where I C R is an open
interval, and set f = o. Taking u = % makes (M, g, f, m, u) a weighted Einstein manifold
with A = 0 (and it is also quasi-Einstein with p? = 0). Moreover, let u = at + b for constants

a #0,b such that u > 0 in /. Take the weighted conformal change given by g = u~2g and
f: f + mlog (u). Then, (M, g, f, m, ) is weighted Einstein with A= —% < 0, and also
quasi-Einstein with ,?5;" = —(m +n — 1)a’g. Note that neither (M, g) nor (M, g) are Einstein.

m(n—2) 2

Indeed, T = o

I ~
ge?n and T = u’t — n(n — 1)a? are non-constant.

4. The complete case

A key point in our analysis of SMMSs with two weighted Einstein structures in the same
weighted conformal class is that the conformal factor satisfies the generalized Obata equation
(8), but the results stated in the previous section have mostly been centered around the local
features of the geometry of the SMMSs of interest. Although global solutions to the generalized
Obata equation have a long history, dating back to [2], we are going to use a more general result
given in [17]. We summarize it as follows.

Theorem 4.1 ([17, Theorem 4.6]). Let (M", g) be a complete Riemannian manifold admitting a
non-constant smooth solution u of the generalized Obata equation (8) for a smooth function y.
Then

(1) If u has critical points (at most, it can have two), then (M, g) is isometric to a complete
extension of the product on (0, T) x S"~! with warped metric

g=dr* +y(m) (@ (1) ggn1, (25)

where y € C*°(I), I = (a, b), [a,b), (a, b] or [a, b] (with a, b possibly infinite) and n € 1
such that y(n) # 0, and w is the unique maximally extended smooth solution of the initial
value problem

o +y@ =0, w0=n «0)=0.

Moreover, T is the (possibly infinite) supremum of t such that w is defined on [0, t] and
o' #0in (0,t]; and u is identified with w on M.

(2) If u does not have critical points, (M, g) is isometric to a warped product R x, N, where
N is complete and u is defined on the base R.

In the proof of Theorem 1.2 we make use of this result, taking into account that the function y
takes the form y (1) = 2Au — v given in Lemma 3.1.

17



M. Brozos-Vizquez, E. Garcia-Rio and D. Mojon-Alvarez Journal of Differential Equations 450 (2026) 113711

Proof of Theorem 1.2. Let (M", g, f,m, u) be a complete SMMS with P}" = Ag, such that

there exists a SMMS (M", g, f, m, u), with ﬁ’f" = /):Zf, related by a non-constant conformal

factor u,i.e. g=u"2g and 0 =u"'v.

By Lemma 3.1 we know that the (globally defined) conformal factor u satisfies the general-
ized Obata equation Hes, = (v — 2iu)g, which allows us to apply Theorem 4.1. There are two
possibilities that we analyze separately. First, consider the case where u has critical points. Then,
(M, g) is isometric to

g:dt2+(p(t)2ggufl, te(oa T)a

with (1) = %, where

W +2u—v=0, u0)=£>0 u'0)=0.

If A > 0, it follows that u(t) = % (v + (2L — v) cos(t+/ ZA)), with ¢ € (0, J%)' The warping

function is ¢(t) = ﬁ sin (t\/ ZA). Hence, (M, g) is isometric to a sphere of constant sectional

curvature 2A, which only admits solutions in the form of the m-weighted n-spheres as described
in Example 2.3. For A = 0 and A < 0 analogous processes lead to the m-weighted n-Euclidean
spaces of Example 2.4 and to the m-weighted n-hyperbolic spaces of Example 2.5. Locally, these
spaces look like the SMMSs in Theorem 1.1 (1). Moreover, by the argument in Remark 3.7, they
have weighted harmonic Weyl tensor, so the classification in [3] also implies this conclusion in
the non-trivial case. These are the SMMS in Theorem 1.2 (1).

Now, we consider the other possibility in Theorem 4.1, this is, # has no critical points, which
guarantees that (M, g) is isometric to a warped product of the form R x, N where Vu is tangent
to R. Then we use the fact that the functions v, ¢ and u are globally defined. The warping
function ¢ and the conformal factor u satisfy the ODEs u” + 2Au — v =0 and ¢ = +u’ given
in Lemma 3.1, and the only global solutions such that # has no critical points and both u and ¢

remain positive on R are (after an inversion of the sign of 7 if necessary) of the form ¢ = Ae’v =2+

and u(t) = % + \/é_zxew 2% for A < 0 and some A > 0, v < 0. Now, the expression of ¢ yields,
from (17), v2 — 421 = 2492 + (¢/)> = 0. Thus, A = g <0,s0u(t) = \/; + #‘Tkew—“.

By Lemma 3.3, the density v takes the form v = vy + «. We distinguish between the cases
a#0and @ =0.

Case 1. Assume « # 0. First, observe that the SMMS falls into Theorem 1.1 (1), so g and g
are Einstein. From (20), since 2A(p2 + ((p’)2 =0, we obtain ,oN =0, i.e. the fiber N is Ricci-flat.

From o« = —2Aa + «, it follows that a (1) = 55 + Be'V=2 1 Ce'V=2* for some B, C >
0 such that v > 0. Moreover, for this form of «, Equation (21) reduces to £ =4ACA, so the
generalized Obata equation (22) for the fiber takes the form Hes,, = —4ACxg" . Hence, either
vy is constant and C = 0; or C > 0.

e If vy is constant and C = 0, redefining the constant B if necessary, we can take v =« (t) =
2"—)\ + Be!Y~2* 1n order for v to stay positive in R, it follows that ¥k < 0. Moreover, a
straightforward calculation from the weighted Einstein equation (4) yields that m =1 or

w= —% > 0. This corresponds to Theorem 1.2 (2)(a).
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e If C > 0, from equation Hes,, = —4ACAg", it follows that N is isometric to R"~! and
vy (r) = —2ACAr? + D, where r is the radial coordinate around some point of R (see
[17, Theorem 6.3]). The manifold R x, R"~! is isometric to the hyperbolic space. In order to
see that this case corresponds to Example 2.5, we keep analyzing the density function. Since
A, C > 0and A < 0, it follows that v remains positive for all values of r if and only if D > 0.
Redefining the constant B, we can write v = 55 + Be'V=2 4 Cem V=2 2 A2C 02! -2
so v necessarily has a critical point. Now, applying the splitting given in Remark 3.5 and
knowing that v has critical points, by Theorem 4.1, we conclude that this case corresponds to
Example 2.5. Additionally, with this expression for v, one checks that these SMMSs satisfy
W= W;’f =0, so the conclusion also follows from the classification in [3].

Case 2. Assume a = 0. Notice that, in this case, the SMMS falls into Theorem 1.1 (2). Then,
Equation (23) guarantees that (N, gV, fy = —mloguy,m) is quasi-Einstein with (o7 )¥ = 0.
This yields the quasi-Einstein manifolds in Theorem 1.2 (2)(b). O ‘

The underlying manifold of possible solutions in Theorem 1.2 (1) and (2)(a) are Einstein and
therefore correspond to Einstein metrics with another Einstein metric in its conformal class as
described in [12]. Hence, the genuinely new metric structures in Theorem 1.2 are those given in
Theorem 1.2 (2)(b). In order to build an example of this kind, it suffices to take any non-trivial
complete quasi-Einstein manifold with o'} = 0 as a fiber. The following one illustrates this fact,
using a complete fiber related to the construction of the generalized Schwarzschild metric (see
[1, Example 9.118a] and [9] for more details).

Example 4.2. For m > 1, consider the two-dimensional manifold N = R? endowed with the
warped product metric gV = dx? + ('(x))>d6#?, where o is the unique solution on [0, o) of
the problem

@Y =1-0"", w0=1, o>0.

For example, if m = 3, then w(x) =1+ x2. This metric extends smoothly across x = 0, and
the resulting manifold (N, gV, —m log(w), m) is complete and steady quasi-Einstein, but p? is

not, in general, a constant multiple of the metric (indeed, for m = 3, pN = ﬁglv ). Thus, for
(R, g =dt* +¢¢N), 1 <0, (t) = eV~ and f(t,x,0) = —m (v/=2xt + log(w(x))), the
SMMS (R3, g, f,m, p) is quasi-Einstein with ,0;(” =2(m + 2)Ag and thus, weighted Einstein for

an appropriate u (for m = 3, the value is u = 1). Moreover, for % < 0 and the conformal factor
u(t) = \/;—i- ﬁe —2M the conformally transformed SMMS (R3, ufzg, f+mlog(u), m, )
is also quasi-Einstein with ﬁ;’? = 2(m + 2)Ag, hence weighted Einstein with F}” =73

It was shown in [12] that the existence of a solution to the generalized Obata equation forces
the manifold to be conformally equivalent to a sphere. In the context of this paper, this relates to
Corollary 1.4, that we obtain as a consequence of Theorem 1.2.

Proof of Corollary 1.4. Out of the admissible geometries for complete SMMSs given by The-
orem 1.2, the only compact ones are the weighted spheres given by Example 2.3. Hence, A > 0

and (M", g, f, m, u) is globally isometric to such a sphere, so v(t) = A 4+ B cos(+/2At) for some
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constants A € RT, B € R such that A > |B|. Now, we can take the conformal factor u = v, so
that f=f+m10gu =0.

Then, it is straightforward to prove that the conformally transformed SMMS (M, u’zg, 0,
m, u) has constant sectional curvature A = (A2 — BHA > 0, so it is isometric toAthe sphere
(s" (ZA) gé)‘, 0, m, ), which is a trivial weighted Einstein manifold with P’ f _/):gé)‘. O

Remark 4.3. Note that, according to Example 2.3, the curvature parameter u for the weighted
spheres is given by u = 2A(B% — A?). Thus, the condition A > |B| guarantees that the only
weighted spheres with w = 0 are those with m = 1, where p does not play a role. Thus, this
recovers the result in [5].

Example 4.4. As a consequence of the fact that the density v satisfies (24), the only weighted
Einstein structures on standard spheres are the m-weighted n-spheres portrayed in Example 2.3.
However, since the symmetry of the sphere allows for the poles to be any two antipodal points,
the conformal factor does not necessarily vary in the same direction as the density, and it can
be used to rotate it and modify its radius while maintaining its weighted Einstein character. For
example, let A > 0 and consider the sphere (S", g *), whose metric can be written as

g2 =dr* + 20) ' sin? (V2h0)(d0 + sin’(0)ggn2), 1€ (0, J%) 0 € ,m).

sin(t\/ﬁ)

The warping function ¢(t) = — is induced by the conformal transformation given by

ut) = 5 — %}L/z_x)’ with v > 1, since ¢ = u’. Now, instead of the density given in Exam-
ple 2.3, consider v(¢,0) = Ap(t) cos(0) + B cos(t\/ﬁ) + 2’(—)\ (where, A, B, k are such that v is
always positive). The corresponding SMMS (S”, g?*, f, m, 1) is weighted Einstein with scale «
and P;l =g for u =A% +21B% — = 57 orm = 1. Notice that v is of the form given in Lemma 3.3
with a (1) = ﬁ + B cos(t«/_), SO that & =0a'¢/ — (k —21a)p = 0, where £ is the constant in

the generalized Obata equation (22). R R
Moreover, the transformed manifold (S",g, f,m, 1), is weighted Einstein with P = Ag

and A = Y 4;1 > 0. In this case, vy () = Acos(f) is indeed a solution of the generalized Obata
equation (22) on S"! for £ =0 and v2 — 43 = 1, as stated in Theorem 1.1 (1), and the metric

2 has constant sectional curvature 2%, 0 (S", g, f, m, [t) is a weighted sphere.

Remark 4.5. The proof of Corollary 1.4 relies on the fact that we can take the conformal factor u
to be equal to the density function v so that f: f +mlogu = 0. This is possible for most of the
other Einstein manifolds in Theorem 1.2. However, the sign of the weighted Einstein constant is
not necessarily preserved under such transformations when A < 0, in contrast to the case A > 0.
A = 0: For the m-weighted n-Euclidean space as in Example 2.4 and the conformal change
u(t) = v(t) = A + B2, (M” 2 =u"2gp,0,m,pn) is isometric to the punctured sphere
(S™\ {N}, g%’\, 0,m, n) with 2 =2AB > 0, which is weighted Einstein with P f = )tg”‘ Indeed,

note that g = u~2g is essentially the change of the metric given by stereographic projection.

A < 0: For the m-weighted n-hyperbolic space of constant sectional curvature 2X as in Ex-
arnple 2.5 and the conformal change glven by u(®) =v(t) = A+ Bcosh(«/_t) (M", g =
u-2g? H 0 0,m, u) is weighted Einstein with A = (A% — B?)A, and it has constant sectional cur-
vature 2. In this case, A can be positive, zero or negative depending on the values of A and
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B (since A > —B), so (M, g) can be isometric to a punctured sphere, a Euclidean space or a
hyperbolic space.
On the other hand, for a warped product R x, N as in Theorem 1.2 (2)(a), where u(t) =

v(t) =55 + ﬁe’ v=2%_ N is a Ricci-flat complete manifold and ¢(7) = Ae!Y ~2*, we have that

for » = % < 0, the transformed SMMS (M, g, 0, m, 1) satisfies ﬁ}" :X’g\

In contrast to the previous items, in the cases in Theorem 1.2 (2)(b) where vy is non-constant,
the conformal factor is defined on the base of the warped product I x, N, while the density has
a non-constant component in N, so we cannot take u = v. Nevertheless, in Theorem 1.2 (2)(b)
we can take u = ¢, in which case the transformed density fwill be constant on the base of the
product.

Data availability
No data was used for the research described in the article.
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