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041 and exogenous. The existence of an interior steady state requires an EOS between labor and the composite
intermediate good above one, and an EOS among intermediates that exceeds the output-consumption ratio.
Under these conditions, for a developing economy with an increasing variety of products, a higher EOS between
labor and the intermediate composite good results in lower per capita output. This finding contrasts with results
from infinite-horizon growth models, where a higher capital-labor EOS tends to boost per capita income (or
the long-run growth rate) if baseline capital per capita is below its steady-state level. If the EOS between
labor and the intermediate composite good is below unity and income per capita converges asymptotically to
a constant as the number of intermediates continues to grow without bound, the usual positive relationship
between the EOS and income per capita reappears.
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1. Introduction with an expanding variety of goods which incorporates monopolistic

competition in the intermediate-goods sector. Given our focus on the

de La Grandville (1989) and Klump and de La Grandville (2000)
uncovered the positive link between the elasticity of substitution (EOS)
between production factors and economic growth in the Solow (1956)
model. Shortly after, Klump (2001) showed that this positive relation-
ship also holds in the Ramsey-Cass—-Koopmans (RCK) model, even if
labor supply is elastic (Gémez, 2018), for a developing economy with
an increasing capital per capita. Miyagiwa and Papageorgiou (2003)
examined this relationship in the Diamond (1965) OLG model. Xue and
Yip (2012) presented a unified treatment of the relationship between
the EOS and growth in the Solow, RCK and OLG models. Recently,
this research has been extended to models of endogenous growth
(e.g., Gomez, 2016, 2023, 2024).

A common assumption in the existing literature is that markets
are perfectly competitive. This paper aims to explore the implica-
tions for the growth-EOS nexus when this assumption is relaxed. To
this end, we employ a simplified version of the Romer (1990) model
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effects of input substitutability, the final goods are produced using
a nested CES technology, which allows for substitutability between
intermediate goods, as well as between the intermediate composite
good and labor. In this context, Etro (2023) demonstrates that long-
run growth is not sustainable even with population growth due to
the vanishing productivity of intermediate goods. Therefore, the model
may converge to a steady-state under certain conditions. To simplify
the analysis and derive clear-cut results, we follow Etro (2019) by
assuming an exogenous consumption—output ratio a la Solow (1956),
and an exogenous cost of producing new intermediates, as in Barro and
Sala-i-Martin (2004, Ch. 6).

We first analyze the dynamics of the model. The existence of an
interior steady state requires an EOS between labor and intermedi-
ates greater than one. In this case, in a developing economy with
an increasing variety of products, a higher elasticity of substitution

2 In the OLG model, Miyagiwa and Papageorgiou (2003) show that the relationship can also be negative if the efficiency effect is smaller than the distribution

effect (see also Xue and Yip, 2012).
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between labor and intermediates results in a lower steady-state income
per capita. This finding contrasts sharply with the results obtained in
previous studies considering infinite-horizon growth models, where a
higher EOS unambiguously leads to a higher income per capita (or a
higher long-run growth rate) if the baseline capital per capita is below
its steady-state value (e.g., Klump and de La Grandville, 2000; Klump,
2001; Xue and Yip, 2012; Gémez, 2020).>2 However, if there is a long-
run solution with an increasing number of intermediates where income
per capita asymptotically approaches a constant, the standard positive
relationship between EOS and income per capita re-emerges.

The rest of the paper is organized as follows. Section 2 presents the
model. Section 3 solves for the equilibrium dynamics of the model.
Section 4 determines the steady-state equilibrium. Section 5 analyzes
the link between factor substitutability and the steady-state levels.
Section 6 concludes.

2. The model

We consider a simplified Romer (1990) model with a constant
consumption—output ratio a la Solow (1956), an exogenous cost of
producing a new intermediate constant as in Barro and Sala-i-Martin
(2004, Ch. 6), and a nested CES technology featuring substitutability
between intermediate goods, and between the composite intermediate
good and labor following Etro (2023). The economy is inhabited by
a population of L identical infinitely-lived agents that grows at a rate
YL > 0.

2.1. Final output

Final output Y is produced by means of the nested CES technology
1y

N v/o
Y:A[a(/ Xj',’dj> +(1—a)LW] ,
0

A>0,0<a<1,0<o0<1, yw<l, (€9)

where X; is the jth intermediate good, N is the number of inter-
mediates, a (resp., 1 — a) represents the factor share of income from
intermediate goods (resp., labor), ¢ parametrizes the elasticity of substi-
tution between varieties of intermediate inputs, and & = 1/(1 —y) is the
elasticity of substitution between labor and the composite intermediate
input. The case y = 0 corresponds to the Cobb-Douglas production
function

N H
Y=A </ X‘?dj) L'-e,
0 J

and if we additionally set 6 = a we get the function Y = AL!™®
fON X j’i’d j used by Romer (1990) and most of the related literature.
Denoting y =Y/L and x; = X;/L, output per capita is given by

N w/o WV
y=A[1—a+a</ x‘.’dj) ]
0 J
The representative firm maximizes its profits

N N
l'lY:Y—wL—/ ijjdj=L(y—w—/ pjxjdj>, (2)
0 0

in a perfectly competitive market, taking as given w, N, and the price of
intermediates {p; }j’i . Here, the price of the final output is normalized
to unity. The first order conditions for profit maximization entail that
factors are paid their marginal products,

olly gy -

Y Y _w=(-AYyV —w=
oL oL w=( a)AYy w=0,
olly

dy
=L(Z_,) =0,
ox; <0x,~ p,)

and profits are zero. The inverse demand of the intermediate input i is
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Table 1

Domain and range of income per capita, y.
EOS Domain, N Range, y
v <0 [N, +c0) [0, 5)
v =0 [0, +00) [0, +00)
O<y<l [0, N) [¥,+00)

A=y /w :|(x,/—o')/o'

N
x%dj
I

ay N v/o
== =aAx"' |1 —a+ / °dj
Di o, aAX; [ a a< A x7dj

3

2.2. Intermediate goods

Each producer of intermediates is a monopolist with a perpetual
patent. One unit of the variety X; is produced with one unit of the final
good. Taking as given the aggregator of intermediate inputs in (3), the
firm solves the profit’s maximization problem

max 7 = (p; — Dx; L. 4

The first-order condition for profit maximization is

or;
E = (O'p[- - I)L =0.

1

Hence, all intermediate producers charge the same price

pi=pP==
o

and produce the same amount

1y

L 1 yee l—a

x;=x=ATvoTvgl-v NUve ~ T v i 5)
1—Alvqgl-vgl-v NIy
The symmetric profit of each intermediates’ producer is
1-—

m=n= 2 Lx. (6)

o

Replacing intermediates (5) in the production function, output per
capita is given by

1/y
l-—a

_ _ o w]l/v _
y= A[l a+a(N/°x) ] =A v 1w (-oy
1—Al-vwgl-v gl-v N oll—y)

@

which, if y = 0, reduces to
y= ATt ot N ioe |
and if, additionally, we have that ¢ = a as in Romer (1990), then
y= Aﬁ alzfaa N.
Output per capita y is increasing in N given that
%:%aﬁA%a%Nﬁy”W>o. (8)

Let us denote
N=ATs5a Towo 15, ©)
and
y:A(l—a)iA (10)

Table 1 summarizes the domain and the range of output per capita
(7) depending on the values of the EOS.
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2.3. R&D

Let P represent the stock price of the firm producing the inter-
mediate good i, which, under symmetry, satisfies the no-arbitrage
condition®

rP=rx+P, a1n

where r is the interest rate. The cost of creating a new intermediate is
n units of the final good. There is free entry into the R&D sector, and
so P(t) = y at all points in time. Since # is constant we have that P =0
and, hence, the condition (11) entails that

P=Z=y (12)

P
2.4. Agents

Assets equal the market value of firms PN =y N, and so, per capita
assets are a = nN /L. The evolution of per capita assets, a, is governed
by the dynamic equation

a=r—-y)at+tw—-c—ya. 13)
Taking into account (12) and that = = (p— 1)xL from (4), we have that
d=rr]£+w—c—yLa= M+w—c—yLa
L L
=Npx+w—-—c—Nx—ya=y(N)—c—Nx(N)—-ya.
Here, the last equality follows from the zero-profit condition in the final
sector, so that y = Npx + w.

To close the model, we have to describe how the agents choose
consumption. To keep things simple and obtain clear-cut analytical
results, we follow Etro (2019), as well as the seminal papers of de La
Grandville (1989) and Klump and de La Grandville (2000), by assuming

an exogenous consumption—output ratio a la Solow (1956): ¢ = (1-ys)y,
with 0 < s < 1. Hence, we get that

a=sy(N)— Nx(N)-y,a. a4

3. Dynamics

Let us first derive the equation that drives the dynamics of the
number of intermediates N. Given that per capita assets are a = yN /L,
we have that
¢ N L _N
a N L N &

Using (14), we get that
N = 2V = e = Nx(N)] = T Ls3(N) = Nx(V)l.

where x(N) and y(N) are given by (5) and (7), respectively. Using (10),
this equation can be rewritten as

N = 2 [o3 5! = o = (V)] (as)

The dynamics of per capita income can be obtained as follows. Using
(9) and (10), we can express dy/dN from (7) as
dy _(-o0)j7¥
IN ot —wF

w—o a(l-y)
— i) Tow WHeao > 0. (16)

3 I thank an anonymous referee for highlighting a potential connection to
asset price bubbles and suggesting the consideration of the stock price rather
than the fundamental value — the discounted sum of profits — as in Barro
and Sala-i-Martin (2004, Ch. 6). As summarized in Table 2, the dynamics of
this model may result in the absence of a steady-state equilibrium, with the
economy is perpetually on a transition path of unbalanced growth. In such
cases, as demonstrated by Hirano and Toda (2025), there is a possibility that
asset price bubbles emerge (see also the review by Hirano and Toda, 2024).
While this paper does not focus on asset pricing, this observation suggests an
interesting avenue for future research.

Journal of Mathematical Economics 117 (2025) 103086

Hence, using (15), the dynamics of per capita output is driven by the
equation

o_dy o (-o)j7VL T Ty 2
= N = — (1 =¥y ¥)a-o VY (o — v,

y=o5 na(l—v/)N( Py ¥)i-ow oy ¥ — (6 — )] ¥
a7)

and the number of intermediates N can be obtained as a function of y

from (7) as
(-y)o

N=N@-§yv)tow. s)

4. Steady state
4.1. The case w <0

If y < 0, as Table 1 shows, the range of per capita output is [0, 7). Let
us first consider the case ¢ < s, which can be rewritten as 1/(1 — ) <
1/(1 = s), so it is equivalent to the EOS between intermediates being
lower than or equal to the output—-consumption ratio. Eq. (17) shows
that y > 0 for y € (0, ). Hence, per capital income tends asymptotically
to the (unfeasible) steady state y, whereas N in (18) diverges to +oo.
Using (15), the dynamics of the number of intermediates per capita,
n= N/L, is determined by

1oy
ta===— [y —(c -5y -1 19
n nn

When y — 7, if we assume that lim, 7, > 0 then n - oo, and so
v, = —7p, contradicting the assumption. If we assume that lim,_,, 7, < 0
then n — 0, and so y, - +o0, contradicting the assumption. Hence, it
must be that y, — 0, and so yy — y;, and the per capita number of
intermediates tends to the constant*

i= Y (20)
nyL

Let us now consider the case ¢ > s, which can be rewritten as
1/(1-0) > 1/(1-3), so it is equivalent to the EOS between intermediates
being greater than the output-consumption ratio. Now, there is an
interior steady-state of per capita output, y, which is given by

_1
g=(1-2) " 5<r @1
o
From (18), the corresponding steady-state value of N is
(d-y)o
N=(2)"" N> A (22)
o

The share of labor on income, w = wL/Y = w/y, is
d=(l-A5 Y =yv=1-2.
c

In this case, we have that y >0 if y<y<y,and y<0 if 0<y< 3,
which entails that the steady state y = j is unstable. Hence, if y, < 7,
per capita income converges asymptotically to 0 and N tends to N,
and if y, > j, then y tends to j and N goes to +oo. As discussed above,
in this case the growth rate of the number of intermediates tends to
the population growth rate, yy — y;, and the per capita number of
intermediates tends to 7 in (20).

4.2. The case 0 <y < 1

As Table 1 shows, the range of per capita output is [j, +). If 6 < s,
Eq. (17) shows that y > 0 for y > j. Hence, per capital income y goes
to +o0o0, whereas N in (18) tends to N. In this case, growth is explosive
as y/y —» +o0 as y > +oo. If s < ¢ there is an interior feasible steady
state y = y from (21), which satisfies that y > j, and the corresponding

4 If y, =0 then n — co.
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Table 2
Dynamics of the model.

EOS s<o s>0

Unstable interior steady state, j N

w <0 ) B ) _ N =, y=7
¥ <7 (Ny < N) Yo > (Ny > N) n—sy/(nr.)
N->N,y->0 N->o,y—=7

n—sy/(nre)

0<w <1 Stable interior steady state
N->N,y—>7

Explosive growth
N->N,y-o

value of N is N < N from (22). In this case, we have that y > 0

if y<y<j andy <0 if y > y which entails that the steady

state y = j is stable. Hence, per capital income y converges to y and the

number of intermediates N converges to N. The condition s < ¢ can be

rewritten as 1/(1-o0) > 1/(1 —s), so it is equivalent to the EOS between

intermediates being higher than the output-consumption ratio.
Evaluating (17) at y =y in (21) we get that

By YUZOL | i 5 { <0, ifo<y<l,

dy n(l —w)N >0, ify<0,

which confirms the previous analysis that the steady state y = j is stable

if 0 < y < 1, and unstable if v < 0.

4.3. Summary

Table 2 summarizes the dynamics of the model.
5. Factor substitution and economic growth

de La Grandville (1989) and Klump and de La Grandville (2000)
have uncovered the importance of normalizing the underlying CES
production function to analyze in a meaningful way the effect of factor
substitution on economic variables. Normalization is to consider a
specific family of CES functions that are tangent at the same baseline
point, which differ uniquely in the elasticity of substitution. To this end,
the efficiency parameter A and the distribution parameter « are made
functions of the baseline point.

5.1. Normalization

The normalized CES production function is
/v

N v/o
Y = A [a(é‘) </ X}’dj> +- a(é))L"’] , (23)
0

where ¢ = 1/(1 — y) is the elasticity of substitution between inter-
mediates and labor. The productivity and distribution parameters are
computed by considering the baseline values of N, y, = f(N,.¢) and,
for simplicity, the wages share of income

L oYy

==— =(1-wA¥y ",
@ Y oL | non, 1 -nA?y,
Here, y is given by (7), so we have to solve the system
%
l—a
Yo =A vy U-ow ’

1
l—a™vATvgT-v N(7V°

0
wy =(1 - a)A“’y(;WA

The solution of the former system is

1/w
A®) :%N(;“*"V“(l — )WY [1 + 0¥ (1 = )~y NYI ] (24)

-1
(&) = 1+w0¢7"/(1—wO)W-ly;{Ng’“*”V”] , (25)

so that output in intensive form becomes
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(o TV

NV N\ (=0
Y= Yow, 1—(1—600)(F0>

If 6 > s and 0 < y < 1, the interior steady-state values of N and y
are then given by the following expressions:
_ a(-y) _o(l-y) _o(d-w) 1—-@ :r;:n;/w)
N = sU-oy g (I-oy (1 — a)o) (I-o)y NO = 1 NO! (26)
- w,

e (1-2) " 0= (%) 0

The effects of the elasticity of substitution and the initial labor
income share on income is given by

dy y1<y>
AN EAY
oy 7 Yo

so that

.0 —signy, if y > yp,

s1gn—y= s?gnl// 1 y>XYo
oy signy, if y <y,

and

2y 1l (2]

dwy (1 —wy) w % ’

so that

.9 igny, if y >y,

dgn 2L o [ e iy
Ow, —signy, if y <y,.

The EOS has no effect on the labor income share, ® = w/y =
(1 =AY y™ = wy(yy/y)¥, as
o

=w[ln<&>—Zﬂ] =0
oy y y oy

5.2. The interior steady state y

Let us now determine the effect of the elasticity of substitution
between intermediates and between the composite intermediate input
and labor. We start with the case in which the economy converges to
the interior steady state (26) and (27), which happens when 0 < w < 1
and s < o. Differentiating (27) with respect to ¢ and y, the effect of
the EOS between intermediates on per capita income is
_ % <o, (28)
(6 = s)oy
so per capita income decreases in ¢ due to a lower marginal produc-
tivity of innovation. The effect of the EOS between capital and labor
is

ay
%(0, v) =-—

ay
o (o,w) =

_ _ <0, f0<d<wy < y,<y (<= Ny<N),
%m(ﬂ) =0, if0<d=wy < yy=7 (<= N,=N),
v “o >0, f0<wy<d < yy>7 (= Ny>N).

(29)
Differentiating (26) with respect to o, the effect of the EOS between
intermediates on the number of intermediates is
oON
E(G W) =

a N o >0, ifo(l-wye'°<s<o,
-ﬁ 1—6+1n<1 °>] =0, if o(l —awye
o <0, ifs<o(l—wye'.

I-o

=s<o,

Differentiating (26) with respect to y, the effect of the EOS between
the composite intermediate input and labor is

oN
E(Usll/)—
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5 | <0, f0<d<w, & y,<j (<= N,<N),
— @, -
Uir—a)yﬂln<l—u'?> =0, f0<d=wy) & yy=y (= N;=N),
>0, f0<wy<d < y,>7y (<= N> N).

Hence, in a developing economy that evolves with an expanding variety
of products, so that the initial number of intermediates is below its
steady state value, N, < N, an increase in the EOS decreases the
steady-state value of income per capita. This is in sharp contrast with
what happens in the Solow or Ramsey models in which the higher the
EOS the higher the steady-state income per capita (Klump and de La
Grandville, 2000; Klump, 2001; Xue and Yip, 2012), and in the one
sector endogenous growth model in which the higher EOS the higher
the long-run growth rate (e.g., Gémez, 2020).

Intuitively, in a Romer-type model, productivity gains stem from
introducing new intermediate goods, which complement existing inter-
mediates and labor, boosting overall productivity through specializa-
tion. When substitutability between the composite intermediate good
and labor is high, the value of adding new varieties declines, as labor
can more easily replace these specialized inputs. This weakens the
productivity impact of expanding intermediate varieties, so that when
substitutability is high, increasing the number of intermediates con-
tributes less to per capita output. In contrast, in the Solow or Ramsey
infinite-horizon models, growth is driven by the accumulation of capital
over time. When capital is more substitutable with labor, it becomes
easier for an economy in which capital is relatively scarce to substitute
it with labor which results in higher output per capita (or long-run
growth).

5.3. The asymptotic steady state j

If y <0and (i) o < s or (ii) ¢ > s and Ny > N, per capita income
converges asymptotically to
j=Al-a)/V = yoco(l)/l".

Differentiating with respect to ¢ and y, we can derive the effect of the
EOS as

9y

—(o,y) =0,

350 W)

9y __J

W(U’W) = —F ll'la)() > 0.

In this case, the number of intermediates tends to infinity, but the
number of per capita intermediates tends to 7/ in (20). The effect of
the EOS on the number of intermediates per capita is given by

on ay
0—"<o,w) =2,y =0,
4 Ny 0o
0 A
I o) = =2 (6. > 0.
oy nyL oy

Hence, an increase in the EOS between the composite intermediate in-
put and labor increases per capita income and the per capita number of
intermediates, which agrees with Klump and de La Grandville (2000),
but the EOS between intermediates has no effect.®

One may ask which of the above could be the most realistic case.
With an investment—output ratio below 30%, and a markup 1/c lower
than 2 (e.g., Conlon et al., 2023), the case ¢ > s seems to be the
most plausible. Considering the EOS between capital (as a proxy of the
composite intermediate good) and labor, the meta-analyses in Chirinko
(2008) and Knoblach et al. (2020) show that most estimates are below
one. this would provide support to the case that y < 0, and so, the
EOS would have a positive growth effect. However, some prominent
studies as, e.g., Duffy and Papageorgiou (2000) and Karabarbounis and
Neiman (2014), report estimates of the EOS above one. As Piketty and
Zucman (2014) argue, this would be the case for high-tech economies

51Ifc>sand N < N, < N, per capita income converges to zero, so the
elasticities have no effect.
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in which capital has a wider range of different uses and labor can be
more readily substituted. This would provide support to the case that
0 <y < 1 and, therefore, a higher EOS would have a negative growth
effect.

6. Conclusions

This paper has analyzed the link between factor substitutability and
steady-state values in a simplified version of the Romer (1990) model.
We have shown that when intermediates and labor are substitutes and
the EOS between intermediates is greater than the output-consumption
ratio, a higher EOS between intermediate inputs and labor entails a
lower output per capita in a developing economy with an increas-
ing variety of inputs. This result is surprising because the previous
literature considering infinite-horizon models found a positive link
between the EOS and output per capita in exogenous-growth models
and between the EOS and long-run growth in endogenous-growth
models. Intuitively, in a Romer-type model productivity gains stem
from introducing new intermediate goods through specialization. Thus,
when the elasticity of substitution between intermediates and labor is
higher, the productivity gain of adding new varieties declines, as labor
can more easily replace these specialized inputs. When the economy
evolves with an ever increasing variety of inputs and income per capita
tends asymptotically to a constant, the standard positive link between
the EOS and output per capita comes up again.

This work can be extended in several ways. A natural extension
would be to endogenize the consumption-savings decision, thereby
introducing an additional channel through which the elasticity of sub-
stitution could influence the steady-state income per capita. Moreover,
in this paper, following Barro and Sala-i-Martin (2004, Ch. 6), we have
assumed that the invention of a new intermediate requires a fixed
quantity of final output. Another interesting extension would be to
explore other cost structures proposed in the literature (e.g., Romer,
1990; and Jones, 1995).
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