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Abstract
Topology design of compliant mechanisms has gained wide popularity among the scientific community, and their use in the 
mechanical engineering field is being of upmost importance. In this paper, an isogeometric analysis (IGA) formulation is 
used to solve the topology optimization problem of compliant mechanisms. Stress constraints are introduced in the problem 
to guarantee the attainment of realistic solutions. For this purpose, an overweight constraint is considered for the design 
process, replacing the use of local stress constraints. The material distribution in the domain is modeled with quadratic 
B-splines and with a uniform relative density within each element of the mesh. These strategies to define the material layout 
are used to compare the IGA-based formulation with the finite element (FEM) formulation. The IGA formulation provides 
several advantages with respect to the classical FEM-based approaches that are shown and analyzed with an input-parameters 
sensitivity analysis. The sensitivity analysis and the assessment of the importance of introducing of stress constraints in 
the problem are developed by solving two benchmark problems. Regarding the sensitivity analysis of input parameters, the 
results show that the ratio between the material and the springs stiffnesses is the parameter with the largest influence on the 
solutions of the problem. Moreover, the advantages of the IGA formulations over FEM formulations are related with the 
computational time, the smoothness of the structural borders, and the non-appearance of the checkerboard patterns. With 
respect to the stress constraints, the results show that they have to be considered in order to avoid instability and structural 
integrity problems.

Keywords  Topology optimization · Compliant mechanisms · Isogeometric analysis · Finite element method · Overweight 
constraint

1  Introduction

A compliant mechanism is a structure that can transfer or 
transmit motion, force, or energy through the elastic defor-
mation of its composing material. Due to some external per-
turbation (force, pressure, displacement, electrical or ther-
mal excitation) applied on a specified boundary (input port), 

it is capable of generating a movement in a desired direction 
(output port). Compliant mechanisms differ from conven-
tional rigid-link mechanisms since those do not contain rigid 
links or joints, being intentionally designed to be flexible. 
The most important advantages of compliant mechanisms 
are their easier manufacturing process since they require a 
reduced number of parts and need of lubrication due to their 
lower wear, noise, friction, and backlash. Finally, they have 
built-in restoring forces. There are two kinds of compliant 
mechanisms: lumped and distributed. While the flexibility 
of the lumped compliant mechanisms is mainly derived from 
the localized areas, the flexibility of the distributed ones is 
provided by the whole mechanism.

Three different methods have already been used for the 
design of compliant mechanisms. The first one designs the 
compliant mechanisms from a kinematic point of view. In 
this method, a known rigid-link mechanism is chosen as 
an initial solution of the problem and it is converted to a 
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compliant mechanism (Murphy et al. 1993; Howell and 
Midha 1993; Mettlach and Midha 1996; Pei et al. 2010; Yu 
et al. 2012; Ling et al. 2018; Zhang et al. 2019c). The second 
one, known as building blocks approach, is based on the idea 
that a mechanism should be composed of a certain number 
of sub-mechanisms (Kim et al. 2008; Hoetmer et al. 2010; 
Krishnan et al. 2010; Lamers et al. 2015).

The one addressed in this paper designs the compliant 
mechanism from a structural point of view. For this purpose, 
topology optimization is used since it does not require a 
rigid-link mechanism configuration as an initial solution and 
makes possible the design of single-piece fully compliant 
mechanisms (Sigmund 1997; Nishiwaki et al. 1998; Bruns 
and Tortorelli 2001; Kogiso et al. 2008; Li et al. 2011; De 
Leon et al. 2015; Tran et al. 2017; Zhu et al. 2020). Since 
compliant mechanisms are intentionally flexible, the topol-
ogy optimization methods developed for the stiffest structure 
design cannot be directly applied to their design. This inten-
tional flexibility allows the structure to work as a mechanism 
in contrast to the solution of the maximum stiffness topology 
optimization problem. The use of topology optimization in 
the design of compliant mechanisms allows changing the 
topology during the optimization process. Moreover, topol-
ogy optimization is able to deal with the precise elastic 
behavior of complex geometries. However, the use of topol-
ogy optimization in the design of compliant mechanisms has 
two main difficulties: a balance between stiffness and flex-
ibility, and the control of the stress level. The combination of 
stiffness and flexibility is required by compliant mechanisms 
since these have to be stiff enough to support all the external 
solicitations and, at the same time, flexible enough to satisfy 
their functional requirements. Despite these drawbacks, the 
topology design of compliant mechanisms has become more 
popular and increasingly used to solve real-life industrial 
problems due to the advent of additive manufacturing tech-
nologies. As a result, two categories of methods to deal with 
topology optimization problems of compliant mechanisms 
have already been developed. The first one consists on maxi-
mizing some mechanical measurements, including mechani-
cal advantage (Sigmund 1997), geometrical advantage (Zhu 
and Zhang 2012), mechanical efficiency (Luo et al. 2008), 
and output displacements (De Leon et al. 2015). The second 
category of methods consists in a multi-objective topology 
optimization problem based on both the stiffness and the 
flexibility (Frecker et al. 1997; Saxena and Ananthasuresh 
1998; Zhu et al. 2014; Tran et al. 2020; Nguyen et al. 2022).

Different strategies have been used to incorporate the 
local stress constraints in the formulation of the topol-
ogy optimization problem of compliant mechanisms. The 
introduction of stress constraints in the topology optimi-
zation problem of compliant mechanisms (De Leon et al. 
2015; Chu et al. 2017; Emmendoerfer et al. 2020; Assis 
da Silva et al. 2020a; Reinisch et al. 2021; Emmendoerfer 

et al. 2022; Stankiewicz et al. 2022) is required to con-
trol the stress level and to attain realistic solutions. These 
constraints guarantee that structures, mechanisms, or ele-
ments are capable of performing the function they were 
designed for. In other words, the non-introduction of 
stress constraints in the design problem can lead to non-
realistic results, albeit, with a better performance with 
respect to the objective function. Different ways to for-
mulate the stress constraints in the topology optimization 
problem have been used. Among the available strategies, 
the Local Stress Constraint approach (Cheng and Jiang 
1992; Duysinx and Bendsøe 1998; Navarrina et al. 2005; 
Le et al. 2010; Emmendoerfer and Fancello 2014; Assis da 
Silva and Beck 2017; Senhora et al. 2020; Assis da Silva 
et al. 2020b; Senhora et al. 2023) establishes one con-
straint for each local stress considered. In this approach, 
the number of constraints is equal to the number of local 
stresses analyzed. This number is related with the number 
of design variables used in the definition of the optimiza-
tion problem. As many local stress constraints as design 
variables have to be formulated to ensure that some issues 
(as checkerboard patterns) are avoided. Second, the Global 
Stress Constraint approach (Le et al. 2010; París et al. 
2009; Yang et al. 2018; Liu et al. 2018; Fan et al. 2019; 
Xu et al. 2021; Han et al. 2021) formulates only one con-
straint to consider all local stress constraints, regardless 
the number of design variables used in the definition of 
the problem. Finally, the Block Aggregation of Stress Con-
straints approach (Le et al. 2010; París et al. 2007, 2010a, 
b; Zhang et al. 2019b; Wang et al. 2021) formulates a cer-
tain number of constraints to take into account all the local 
stress constraints. This approach is an intermediate situ-
ation between the previous approaches since the number 
of constraints is higher than 1 but considerably lower than 
the number of design variables. The Global Stress Con-
straint and the Block Aggregation of Stress Constraints 
approaches can be formulated by considering two differ-
ent strategies, using aggregation functions or creating an 
alternative model. Aggregation functions are used to esti-
mate the maximum value of a certain set of values, in this 
case, the maximum value of all the local stress constraints. 
Several functions have been used as aggregation functions: 
the Kreisselmeier-Steinhauser (KS) function (Assis da 
Silva et al. 2020a; Zhang et al. 2019b; Kreisselmeier and 
Steinhauser 1979, 1983; Verbart et al. 2017), the p-norm 
approach (Xu et al. 2021; Duysinx and Sigmund 1998; 
Lee et al. 2016; Chen et al. 2022) and, finally, the induced 
constraint aggregation functions (Kennedy and Hicken 
2015; Lambe et al. 2016). By contrast, the creation of an 
alternative model consists on modifying one of the charac-
teristics of the original structural model in this alternative 
model when the local stresses are higher than its maximum 
allowable value, i.e., the imposed constraints are violated. 
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Two alternative approaches have been developed in this 
field, the damage approach (Verbart et al. 2016) and the 
overweight approach (Villalba et al. 2022).

Different ways of defining the material layout in the 
domain have been used in the formulation of the topology 
optimization problem. However, only three of them have 
been extensively used in the design of compliant mecha-
nisms. First, the solid isotropic material with penalty (SIMP) 
approach (Xu et al. 2021; Eschenauer and Olhoff 2001; 
Allaire et al. 2004; Zhao et al. 2010; Zhang et al. 2014; 
Zuo and Saitou 2017; Groen and Sigmund 2018; Wang 
et al. 2022; Zuo et al. 2022) defines the material layout with 
the use of design variables. The structural domain has to 
be meshed, and the number of the design variables used is 
equal to the number of elements of the mesh. Each design 
variable defines the relative density at each element of 
the mesh and as a result the relative density in the entire 
element takes a constant value. By contrast, the level set 
method (LSM) (Emmendoerfer et al. 2020; Emmendoerfer 
and Fancello 2014; Wang et al. 2003; Amstutz and Adrä 
2006; Dijk et al. 2013; Picelli et al. 2018; Wang and Kang 
2018; Liu et al. 2019; Bai and Zuo 2022) uses an auxiliary 
function to determine the amount of material at each point 
of the domain. The most common auxiliary function is the 
Heaviside function. This auxiliary function has the same 
role as the design variables of the SIMP approach. Although 
the use of a function in the definition of the material layout 
avoids the mesh dependence phenomena, the solution of the 
problem tends to be in general more complex. Finally, the 
isogeometric analysis (IGA) (Liu et al. 2018; Hassani et al. 
2012; Qian 2013; Gao et al. 2020, 2022, 2023; Ghasemi 
et al. 2020; Hamdia et al. 2022) is also used in the definition 
of the material layout in the domain. The first work in the 
topology optimization field with the use of the isogeometric 
formulation was developed in Seo et al. (2010a). Since then, 
the isogeometric topology optimization problem has been 
implemented by using different approaches. The trimmed 
spline surfaces (Seo et al. 2010b; Kang and Youn 2016; 
Wang and Benson 2016a) uses spline surfaces and trimming 
curves to represent the outer and the inner boundaries of 
the geometric design models. For this purpose, the coordi-
nates of control points of both elements are used as design 
variables. The density-based methods (Liu et al. 2018; Has-
sani et al. 2012; Qian 2013; Kumar and Parthasarathy 2011; 
Kazemi et al. 2016; Gao et al. 2019; Qiu et al. 2022; Zhuang 
et al. 2022; Wang et al. 2023) consider the same ideas that 
the topology optimization with the classical finite element 
formulations. In a similar way that the SIMP approach, a set 
of design variables are used to define the relative density 
in the domain. These design variables establish the value 
of the relative density in the control points of the mesh. 
NURBS, B-splines, or T-splines that define the influence 
of each control point in the domain are used to compute the 

value of the relative density at each point of the domain. 
The level set-based methods (Shojaee et al. 2012; Wang 
and Benson 2016b; Jahangiry and Tavakkoli 2017; Xu et al. 
2019; Wu et al. 2020; Song et al. 2020) initially used the 
isogeometric analysis for the computation of the structural 
analysis. The parametrization of the level set function was 
made with the radial basis functions (RBF). However, it was 
later demonstrated that the isogeometric analysis can be also 
used to parametrize the level set functions. Finally, the mov-
ing morphable components (MMC) or moving morphable 
voids (MMV) methods (Hou et al. 2017; Xie et al. 2018, 
2019, 2021; Gai et al. 2020; Zhang et al. 2019a) use the 
isogeometric analysis to construct the patches to represent 
the geometries of the structural components or the structural 
holes, respectively. In this paper, the topology optimization 
problem of compliant mechanisms consists in maximizing 
the output displacement, and the stress constraints approach 
in the problem is the overweight approach. The goal of this 
study is to introduce an IGA analysis and an overweight con-
straint in the design of compliant mechanism using topology 
optimization. This approach for the compliant mechanism 
problem is new and brings new insights to the scientific 
community.

The remainder of this paper is structured as follows. Sec-
tion 2 describes the topology optimization problem with all 
its components used in the mechanisms design. Section 3 
discusses the most important aspects of the numerical imple-
mentation. In Sect. 4, the topology optimization problem is 
applied to different numerical examples, a sensitivity analy-
sis of the problem parameters is developed and the influence 
of the stress constraints is analyzed. Finally, conclusions are 
established in Section 5.

2 � Mechanisms design

The topology optimization of compliant mechanisms (Sig-
mund 1997; Nishiwaki et al. 1998; Bruns and Tortorelli 
2001; Kogiso et al. 2008; Li et al. 2011; De Leon et al. 2015; 
Tran et al. 2017; Zhu et al. 2020) is widely studied problems 
in the mechanical engineering field. Its objective is to design 
mechanisms that transfer an input solicitation to a desired 
mechanical output in an efficient way. On the one hand, the 
inputs to the compliant mechanisms tend to be prescribed 
forces, displacements, temperature changes, or electrical 
signals. In this case, only prescribed forces are considered. 
On the other hand, the outputs of the compliant mechanisms 
tend to be structural displacements. At the beginning of the 
design process, the specifications of the available design 
domain, the supports, the input and the output ports and their 
forces and kinematics, the strength requirements, and the 
manufacturing constraints, which may include length scales 
and manufacturing issues, have to be defined. As previously 
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commented, the compliant mechanisms topology optimiza-
tion problem stated in this paper consists in maximizing the 
structural displacements in the place where the output port is 
placed. Finally, although the design of non-linear compliant 
mechanisms is more interesting from an engineering point 
of view, in this paper, only linear compliant mechanisms are 
designed, for the safe of validating and assessing the quality 
of the proposed approaches.

2.1 � Problem formulation

The conventional topology optimization problem of com-
pliant mechanisms is formulated with only a volume con-
straint. An overweight constraint is introduced in this paper 
to control the stress level of the obtained solutions. The 
design problem is solved with and without the overweight 
constraint to analyze its influence on the solutions.

First, the conventional topology optimization problem of 
compliant mechanisms with the overweight constraint can 
be stated as

where uout is the displacement at the output port, K is the 
structural stiffness matrix, u is the structural displacement 
vector, f is the applied load vector, V is the structural vol-
ume, V0 is the objective structural volume, g(�) is the over-
weight constraint, � is the relaxation parameter of the over-
weight constraint, and �min is the minimum value that the 
relative density can take in the domain to avoid numerical 
issues related with the singularity of the structural stiffness 
matrix.

2.2 � Material layout

Different methodologies have been used to define the mate-
rial layout in the structural domain. Among them, two meth-
odologies are considered to define the material distribution 
since they have been previously used by the authors for the 
same purpose. The methodologies considered are a uniform 
relative density per element based on finite element method 
(FEM) formulations and a material distribution defined with 
quadratic B-splines, based on isogeometric analysis (IGA) 
formulations.

First, a uniform relative density per element formula-
tion has been used to define the material layout in the 
domain. This methodology has been widely used in the 

(1)

max
�

T(�) = uout(�)

s.t. K(�)u = f

V = V0

g(�) ≤ 𝜁

0 < 𝜌min ≤ 𝜌 ≤ 1 ,

literature because of its simplicity since only one design 
variable is required for each element of the mesh. The rela-
tive density can be defined in any point of the domain as

where � is the relative density of the domain, �e is the rela-
tive density at element e, Nel is the number of elements of 
the finite element mesh, and x is the point coordinates vec-
tor of the domain where the relative density is computed. In 
this case, the design variables of the problem are the values 
of the relative density at each element of the finite element 
mesh. The structural analysis is computed using quadratic 
finite elements to mitigate the appearance of checkerboard 
patterns in the solutions.

On the other hand, a material distribution defined with 
B-splines has also been used to define the material layout 
in the domain. In contrast to the previous methodology, 
the use of B-splines implies the use of the same B-splines 
in the computation of the structural analysis. The relative 
density can be defined in any point of the domain as

where � is the relative density of the domain, �i is the relative 
density in the control point i, Bi is the B-spline that defines 
the influence of the control point i at each point, NCP is the 
number of control points considered to define the relative 
density in the domain, and x is the point coordinates vector 
of the domain where the relative density is computed. In this 
case, the design variables of the problem are the value of the 
relative density at the control points. Quadratic B-splines 
have been considered in the definition of the material layout 
and in the computation of the structural analysis for IGA. 
Its formulation can be seen in the Appendix of this paper.

2.3 � Volume constraint

An equality volume constraint has been considered in the 
formulation of the problem to establish the quantity of 
material that has to be used. This means that the structural 
volume is maintained constant during all the optimization 
processes. The structural volume can be computed as

This equation can be simplified for the different strategies 
of distributing the material in the domain. First, in the uni-
form relative density per element formulation, the relative 
density takes a constant value in each element of the mesh. 
This means that the structural volume can be computed as

(2)�(x) = �e ∀x ∈ Ωe where e = 1,… ,Nel ,

(3)�(x) =

NCP∑
i=1

�iBi(x) ,

(4)V = ∫Ω

�(x) dΩ .
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where Ve is the volume of element e. On the other hand, the 
structural volume for the material distribution defined with 
quadratic B-splines can be defined as

where Bi(x) is the B-spline that defines the influence of the 
control point i at each point of the domain.

2.4 � Overweight approach

The overweight approach is an alternative method to the 
classical stress constraints aggregation functions used to for-
mulate a global stress constraint and the Damage Approach. 
All these methods combine the effect of a certain number 
of local stress constraints in only one global stress con-
straint. Regarding the overweight approach, the violation of 
the local stress constraints is penalized through a material 
overweight in the parts of the domain where the stresses are 
higher than their maximum value. The overweight approach 
has been recently developed in Villalba et al. (2022) and, in 
this paper, it is used in the topology optimization problem 
to force the structural stresses to be under their maximum 
allowable value. As it was established in Villalba et al. 
(2022), the overweight constraint can be stated as

where W̃  is the structural weight of the overweight model 
and W is the structural weight of the original one. As stated 
before, � is a relaxation parameter of the overweight con-
straint to avoid having an equality constraint that would be 
active during all the optimization process. The structural 
weight of both models can be stated as

where � is the relative density of the original model and 𝜌̃ 
is the relative density of the overweight one. The relative 
density of the overweight model can be computed as

where � is the overweight function and �min is the minimum 
value that the relative density can take. The next step is to 
formulate the overweight function � with a detailed expla-
nation being found in Villalba et al. (2022). Therefore, the 
overweight function is formulated as

(5)V =

Nel∑
e=1

�eVe ,

(6)V =

NCP∑
i=1

�i ∫Ω

Bi(x) dΩ ,

(7)g(�) =
W̃

W
− 1 ≤ 𝜁 ,

(8)W = ∫Ω

𝜌dΩ , and W̃ = ∫Ω

𝜌̃dΩ ,

(9)𝜌̃ = 𝜌min + 𝛽(𝜌 − 𝜌min) ,

where � is the exponential degradation coefficient, � is the 
magnitude of the overweight function movement to the left, 
� is the size of the definition range of the transition function 
and h(�, �max) is the local stress constraint. Finally, the local 
stress constraint that has to be introduced in the overweight 
function can be stated as

where �VM is the equivalent von Mises stress, �max is the 
maximum allowable stress and � is the stress relaxation 
coefficient that increases the value of the maximum allow-
able stress for intermediate values of the relative density. 
This stress relaxation coefficient depends on the value of 
the relative density as

where � is the stress relaxation parameter. At this point, it 
is important to remark that an initial stress relaxation is not 
advisable to avoid removing parts of the structure that may 
appear again later if necessary.

2.5 � Sensitivity analysis

The sensitivity analysis of all the terms of the topology 
optimization problem of compliant mechanisms introduced 
previously is developed below.

2.5.1 � Objective function

The objective function does not directly depend on the 
design variables. In this case, it is necessary to compute 
as many structural analysis as structural displacements are 
used to define the objective function. The derivative of the 
objective function can be computed as

where the derivative of the output displacement uout with 
respect to the design variables can be computed as

(10)𝛽 =

⎧
⎪⎪⎨⎪⎪⎩

1 if
𝜎

𝜎max

≤ (1 − 𝜓) ;

e
𝛿𝜏2

𝜓2𝜓∕𝜏
(h+𝜓)

2𝜓
𝜏

if (1 − 𝜓) <
𝜎

𝜎max

< 1 ;

e𝛿(h+𝜏)
2

if
𝜎

𝜎max

≥ 1 ,

(11)h(�, �max) =
�VM

�max�
− 1 ≤ 0 ,

(12)� = 1 − � +
�

�
,

(13)
�T

��e
=

�uout

��e
,

(14)
�uout

��e
= −p�p−1

e
�T
e
k
0

e
ue ,
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where p is the penalty coefficient for intermediate values of 
relative density, and k0

e
 and ue are the stiffness matrix and the 

displacement vector, respectively, associated with element 
e. Finally, the multiplier � can be computed by solving the 
adjoint problem,

where the load vector Gout consists in a vector with a uni-
tary value at the output degrees of freedom and zeros in the 
remaining ones.

2.5.2 � Material distribution

The relative density function directly depends on the design 
variables. For this reason, it is possible to obtain the analytical 
expression of its derivatives. First, the derivative of the rela-
tive density with respect to the design variables in the uniform 
relative density per element formulation can be computed as

On the other hand, the derivative of the relative density with 
respect to the design variables in the material distribution 
defined with quadratic B-splines formulation can be com-
puted as

2.5.3 � Volume constraint

The structural volume also directly depends on the design vari-
ables and, in a similar way to the relative density, it is possible 
to attain the analytical expression of its sensitivities. First, the 
derivative of the structural volume with respect to the design 
variables in the uniform relative density per element formula-
tion can be computed as

On the other hand, the derivative of the structural volume 
with respect to the design variables in the material layout 
defined with quadratic B-splines can be stated as

(15)K(�)� = Gout ,

(16)

⎧⎪⎨⎪⎩

��(x)

��e
= 1 ∀x ∈ Ωe , where e = 1,… ,Nel

��(x)

��e
= 0 ∀x ∉ Ωe .

(17)
��(x)

��i
= Bi(x) .

(18)
�V

��e
= Ve .

(19)
�V

��i
= ∫Ω

Bi(x)dΩ .

2.5.4 � Overweight constraint

The entire sensitivity analysis of the overweight con-
straint has been developed in Villalba et al. (2022). For 
this reason, only the sensitivity analysis of the formulas 
introduced in this paper is shown below. The sensitivity 
analysis of the overweight constraint has been also com-
puted applying the Adjoint Variable Approach. It depends 
directly on the design variables and indirectly through the 
structural stresses used to state the local stress constraints. 
Therefore, the sensitivity analysis of the overweight con-
straint can be computed as

where � is the adjoint variable, K is the structural stiffness 
matrix, f is the vector of applied loads, and � is the nodal 
displacement vector. The adjoint variable can be computed 
as

Finally, the terms �g

��VM
 and �g

��i
 can be computed using the 

chain rule as

and

3 � Implementation

Figure 1 shows the flowchart of the algorithm developed. 
The numerical implementation has been made in Fortran 
and the topology optimization problem is solved with a 
gradient-based method, the Sequential Linear Program-
ming (SLP). The optimization algorithm used by the SLP 
approach to solve the topology optimization problem is the 
Simplex algorithm. This algorithm is complemented with 
two gradient-based algorithms. The first one is used when 
the overweight constraint is not active and only consid-
ers the gradient of the objective function to compute the 
modifications of the design. By contrast, the second one 
is considered when the overweight constraint is strongly 
violated and only uses the gradient of the overweight 
constraint to compute the modification of the design. The 

(20)
dg

d�i
= �T

(
df

d�i
−

dK

d�i
�

)
+

�g

��i
,

(21)K
T� =

(
�g

��VM

d�VM

d�

d�

d�

)T

.

(22)
𝜕g

𝜕𝜎VM
=

𝜕g

𝜕W̃

𝜕W̃

𝜕𝜌i

𝜕𝜌i

𝜕𝛽s

𝜕𝛽s

𝜕𝜎VM
,

(23)
𝜕g

𝜕𝜌i
=

𝜕g

𝜕W

𝜕W

𝜕𝜌i
+

𝜕g

𝜕W̃

𝜕W̃

𝜕𝜌i

𝜕𝜌i

𝜕𝜌i
.
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main objective of this algorithm is to attain a feasible 
design. At this point, the values of all parameters intro-
duced in the formulation are established in Table 1. Due 
to the high non-linearity of the problem, the convergence 
criteria considered in this paper consist in comparing the 
obtained solution during a certain number of iterations. 
When this solution does not experience important changes, 
the optimum has been attained.

4 � Results

The formulation proposed in this paper is validated by stud-
ying two mechanism problems frequently analyzed in the 
topology optimization field. A sensitivity analysis of all the 
parameters related to the problem formulation is developed. 
The influence of the introduction of stress constraints is also 
analyzed. Both examples are two-dimensional mechanisms 
in plane stress. The initial design of all the examples consists 
in a uniform material distribution. The starting value of the 
relative density is equal to the volume constraint, satisfying 
the volume constraint. This initial design has been chosen 
since both approaches (FEM and IGA) can represent it prop-
erly by taking all the design variables a constant value. The 
initial design only has influence in the number of iterations 
required to solve the problem. All the examples have been 
computed on a Gen Intel(R) Core(TM) i9-12900K processor 
of 3.20 GHz with 64 GB of RAM. Any filtering technique, 
either in sensitivity or in density, has not been used in the 
attainment of the solutions of the problem. This decision 
was taken to avoid altering the results obtained with both 
approaches (FEM and IGA) in order to be able to make a 
more realistic comparison of these results.

4.1 � Inverter mechanism

The first example corresponds to an inverter mechanism 
with null displacements in the upper and lower parts of 
the left edge (Sigmund 1997; Kogiso et al. 2008; De Leon 
et al. 2015). A horizontal force is applied on the input port 
(A) to maximize the horizontal displacement on the out-
put port (B). Figure 2 shows the dimensions of the domain 
in mm and the position of the input and output ports. The 
domain of the structure is discretized with a regular mesh of 

PREPROCESSING AND DATA INPUT

STRUCTURAL ANALYSIS

OBJECTIVE FUNCTION

STRUCTURAL STRESSES --  (if necessary)

OVERWEIGHT MODEL -- (if necessary)

OVERWEIGHT CONSTRAINT -- (if necessary)

SENSITIVITY ANALYSIS 

OPTIMIZATION ALGORITHMS

VARIABLE DESIGN UPDATING

CONVERGENCE CHECKING

OPTIMAL SOLUTION

YES

NO

Fig. 1   Algorithm flowchart

Table 1   Definition of 
parameters introduced in the 
formulation

Parameter Value

� 0.0001
�min 0.001
� 50
� 0.01
� 0.1
� 0.005
p 3 Fig. 2   Inverter mechanism: domain configuration and dimensions 

[mm]
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160 × 80 eight-node quadrilateral elements (or knot spans) 
in the finite element (and isogeometric analysis) formula-
tions, respectively. The structural thickness is 0.1 mm and a 
point load (2 N) is applied on the input port. The properties 
of the material are: Young’s modulus E = 100 MPa, Pois-
son’s ratio � = 0.3 and limit yield stress 𝜎̂lim = 100 MPa, to 
impede break. Finally, a volume constraint of 25% of the 
total volume of the domain has been considered.

Figures 3 and 4 show the optimal solution of the problem. 
Noting that only half of the structure has been computed 
due to the symmetry of the problem. The solution obtained 
with both material distributions have the same topology and 
both are similar to the solutions attained in the literature for 
the same topology optimization problem (Sigmund 1997; 
Kogiso et al. 2008; De Leon et al. 2015). However, the solu-
tion attained with the IGA formulation (Fig. 4) has more 
intermediate densities than the solution attained with the 
FEM formulation (Fig. 3). This circumstance is due to con-
tinuous way in the definition of the material layout when the 
IGA formulation is used, in contrast with the discontinuous 
way attained with the FEM formulation. On the one hand, 
the FEM formulations define the relative density in an ele-
mental way since the design variables define the value of the 
relative density at each element of the mesh. This formula-
tion allows the appearance of sharp transitions between adja-
cent elements with the minimum and the maximum value of 
the relative density, without the appearance of intermediate densities. By contrast, the IGA formulation defines the rela-

tive density in a nodal way as the design variables define 
the value of the relative density in a set of control points. 
The relative density at each point of the domain is com-
puted by multiplying the design variables by the B-splines 
that define its influence. This strategy to define the material 
layout provides solutions with smooth transitions between 
the maximum and the minimum values of the relative den-
sity. Consequently, the intermediate densities appear in the 
areas placed between control points with the maximum and 
the minimum value of the relative density. Table 2 shows 
the value of the most important parameters of the problem: 
number of design variables, nDV , maximum modification of 
the design variables between two consecutive iterations at 
the first iteration, ��i,0max

 , factor of reduction of this maxi-
mum modification, FRed , and number of iterations computed 
for the same maximum modification of the design variables, 
NIt,Red . Table 3 shows the results obtained with the solution 
of the topology optimization problem. It has been required 

Fig. 3   Inverter mechanism: optimal solution for the finite element 
method approach

Fig. 4   Inverter mechanism: optimal solution for the isogeometric 
analysis approach

Table 2   Inverter mechanism: 
general parameters of the 
problem for both FEM and IGA 
discretization

Data input FEM IGA

nDV 12,800 13,284
��

i,0max
0.01 0.01

FRed 0.8 0.8
NIt,Red 100 100
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1000 iterations to guarantee the convergence to the opti-
mal solution with both material distributions. The output 
displacement obtained with both solutions is quite similar. 
However, the CPU time required by the IGA formulation is 
58% of the CPU time required by the FEM formulation to 
solve the same problem. Finally, Table 4 shows the distri-
bution of the computing time per algorithm of an average 
iteration. The structural analysis is the critical part in terms 
of CPU time in case of the finite element formulation, since 
it uses 77% of the total CPU time used to solve the prob-
lem. This circumstance is related with the number of nodes 
required to compute the structural analysis. Considering that 
the finite element analysis uses three times as many nodes 
as the isogeometric analysis. By contrast, the critical part 
of the isogeometric formulation is the sensitivity analysis. 
However, it only uses 50% of the CPU time required by the 
solution of the topology optimization problem and, in this 
case, the structural analysis uses 32% of the CPU time. This 
circumstance is related with the number of design variables 
that influence in the value of the relative density at each knot 
span. In both material distributions, the structural analysis 
and the sensitivity analysis use at least 80% of the required 
total CPU time.

4.2 � Gripper mechanism

The second example corresponds to a gripper mechanism 
with null displacements on the upper and the lower parts of 
the left edge (Sigmund 1997; Kogiso et al. 2008; De Leon 
et al. 2015). A horizontal force is applied on the input port 
to maximize the vertical displacements on the output ports. 
Figure 5 shows the geometry and the dimensions of the 
domain and the position of the input and output ports. The 
domain of the structure is discretized with a regular mesh of 
10,752 eight-node quadrilateral elements or knot spans for 
the finite element and isogeometric analysis formulations, 

respectively. The structural thickness is 1.5 mm and a point 
load (100 N) is applied in the input port. The properties of 
the material considered in the solution of the problem are 
as follows: Young’s modulus E = 73 GPa, Poisson’s ratio 
� = 0.35 , and yield stress 𝜎̂max = 140 MPa. Finally, a vol-
ume constraint of 30% of the total volume of the domain 
has been considered for the topology optimization problem.

Figures 6 and 7 show the optimal solution for the prob-
lem (only one half of the structure has to be computed due 
to the symmetry of the problem). The solutions obtained 

Table 3   Inverter mechanism: results

Data output FEM IGA

Number of iterations 1000 1000
Output displacement [mm] 0.74209 0.74444
Total CPU time [h] 2.84 1.63

Table 4   Inverter mechanism: distribution of CPU time per iteration

Algorithm FEM (%) IGA (%)

Structural analysis 76.69 32.68
Sensitivity analysis 17.75 50.11
Optimization algorithms 4.46 7.05
Rest of the process 1.10 10.16

Fig. 5   Gripper mechanism: domain dimensions [mm]

Fig. 6   Gripper mechanism: optimal solution for finite element 
method approach
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with both material distributions are topologically equiva-
lents and similar to the solutions attained in the literature 
(Sigmund 1997; Kogiso et al. 2008; De Leon et al. 2015). 
The results with both approaches (FEM and IGA) are 
affected by the mesh dependency phenomena, as both for-
mulations require to divide the domain in a certain number 
of elements in case of FEM-approach or knot spans in case 
of IGA-approach. The solutions obtained with the IGA 
formulations presents two advantages with respect to the 
solutions attained with the FEM formulations. On the one 
hand, the structural borders defined in the IGA solutions 
are not limited to the borders of the knot spans and they 
can be easily replaced by straight line segments. By con-
trast, the structural borders defined in the FEM solutions in 
a full-void approach are limited to the borders of the ele-
ments of the mesh. This means that the structural borders 
are zigzag in both examples since regular meshes has been 
considered to discretize the domain. On the other hand, the 
IGA formulations avoid the appearance of checkerboard 
patterns in the solutions attained because of the continu-
ity in the definition of the relative density that depends 
on several design variables in the entire domain in con-
trast with the FEM formulations where the relative density 
only depends on one design variable at each element of 
the mesh. Table 5 shows the values of the most impor-
tant parameters of the problem. Table 6 shows the results 
obtained. 1000 iterations were required to guarantee the 

convergence to the optimal solution with both material 
distributions. The output displacement obtained with 
both solutions is quite similar. However, the CPU time 
required by the IGA formulation is 46% of the CPU time 
required by the FEM formulation to solve the same prob-
lem. Table 7 shows the distribution of the computing time 
per algorithm of an average iteration. The structural analy-
sis is the critical part in terms of CPU time in case of the 
finite element formulation, since it uses 84% of the CPU 
time required to solve the problem. By contrast, the critical 
part with the isogeometric formulation is the sensitivity 
analysis using 44% of the CPU time required by the solu-
tion of the topology optimization problem. Moreover, in 
this case, the structural analysis uses 38% of the CPU time.

4.3 � Sensitivity analysis

A sensitivity analysis for the parameters defined in the for-
mulation of the problem is developed in this section. For 
this purpose, an individual modification of each parameter 
is established. The parameters considered in this sensitiv-
ity analysis are as follows: structural load, volume fraction, 
penalization factor, Poisson’s coefficient, Young’s modulus, 
input spring stiffness, output spring stiffness, and both spring 
stiffnesses simultaneously. The overweight constraint is not 
activated since the structural stresses could influence the 
obtained results.

Fig. 7   Gripper mechanism: optimal solution for isogeometric analysis 
approach

Table 5   Gripper mechanism: 
general parameters of the 
problem

Data input FEM IGA

nDV 10,752 11,384
��

i,0max
0.01 0.01

FRed 0.8 0.8
NIt,Red 100 100

Table 6   Gripper mechanism: results

Data output FEM IGA

Number of iterations 1000 1000
Output displacement [mm] 0.01358 0.01382
Total CPU time [h] 3.05 1.39

Table 7   Gripper mechanism: distribution of CPU time per iteration

Algorithm FEM (%) IGA (%)

Structural analysis 83.65 37.69
Sensitivity analysis 12.04 44.49
Optimization algorithms 3.43 8.10
Rest of the process 0.88 9.72
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–	 Structural load Figure 8 shows that the topology of the 
solutions obtained when the structural load value is mod-
ified does not change. This circumstance is due to the fact 
that the overweight constraint has not been considered in 
this sensitivity analysis. However, the value of the output 
displacement, as it can be seen in Table 8, changes in the 
same way and in the same magnitude that the value of 
the structural load.

–	 Volume constraint Figure 9 shows that the base topol-
ogy of the solutions obtained when the volume constraint 
value is modified does not change. The difference among 
all the solutions is the thickness of the structural bars. 
However, the value of the output displacement, as it can 
be seen in Table 9, is modified in the same way than the 
value of the volume constraint.

–	 Penalization coefficient Figure 10 shows that the general 
topology of the solutions obtained when the penaliza-
tion coefficient of intermediate values of relative density 
value is modified only changes when there is no penali-
zation, i.e., when the coefficient is equal to 1. In this 
case, an important part of the structural domain takes 
intermediate values of the relative density. The value of 

the output displacement, as seen in Table 10, does not 
importantly change when the penalization coefficient 
value is modified.

Fig. 8   Sensitivity analysis of the structural load

Table 8   Sensitivity analysis of the structural load

Output displacement [mm]

F

F0

Inverter mechanism Gripped mechanism

FEM IGA FEM IGA

10−3 7.42 × 10−4 7.44 × 10−4 1.36 × 10−5 1.38 × 10−5

0.1 0.0742 0.0744 1.36 × 10−3 1.38 × 10−3

1 0.7420 0.7440 0.0136 0.0138
10 7.4200 7.4400 0.1360 0.1380
103 742.00 744.00 13.600 13.800

Fig. 9   Sensitivity analysis of the volume constraint

Table 9   Sensitivity analysis of the volume constraint

Output displacement [mm]

V Inverter mechanism Gripped mechanism V

FEM IGA FEM IGA

0.1 0.3990 0.3800 6.33 × 10−3 5.37 × 10−3 0.1
0.2 0.6640 0.6530 0.0113 0.0109 0.2
0.25 0.7420 0.7440 0.0136 0.0138 0.3
0.3 0.8070 0.8110 0.0148 0.0157 0.4
0.4 0.8950 0.9080 0.0156 0.0168 0.5

Fig. 10   Sensitivity analysis of the penalization coefficient
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–	 Poisson’s coefficient Figure 11 shows that the topology 
of the solutions obtained when the Poisson’s coefficient 
value is modified does not change. In the same way that 
with the penalization coefficient, the value of the output 
displacement, as it can be seen in Table 11, is not impor-
tantly modified when the Poisson’s coefficient value is 
changed.

–	 Young’s modulus Figure 12 shows that the topology 
of the solutions obtained when the Young’s modulus 
value is modified experiments important changes as its 
value is increased. This circumstance is related to the 
ratio between the Young’s modulus and the spring stiff-
nesses. When both parameters are unbalanced, the mate-
rial tends to concentrate in the central part of the domain 
and to disappear from the proximity of the supports and 
the input and output ports. Regarding the value of the 
output displacement, as it can be seen in Table 12, there 
are important differences in its value when the structural 
topology does not experiment changes, but, when the 
structural topology is modified, due to the unbalance 
between the material and spring stiffnesses the value of 
the output displacement tends to be stable.

–	 Input spring stiffness Figure 13 shows that the solutions 
obtained when the input spring stiffness value is modified 
show important topology changes as its value is reduced. 
Since only the input spring stiffness has been modified, 
the material tends to disappear from the proximity of the 

Table 10   Sensitivity analysis of the penalization coefficient

Output displacement [mm]

p Inverter mechanism Gripped mechanism

FEM IGA FEM IGA

1 0.7220 0.7240 0.0139 0.0137
2 0.7560 0.7560 0.0137 0.0142
3 0.7420 0.7440 0.0136 0.0138
4 0.7310 0.7370 0.0135 0.0135
5 0.7330 0.7290 0.0135 0.0135

Fig. 11   Sensitivity analysis of Poisson’s coefficient

Table 11   Sensitivity analysis of Poisson’s coefficient

Output displacement [mm]

� Inverter mechanism Gripped mechanism �

FEM IGA FEM IGA

0 0.7290 0.7380 0.0132 0.0136 0
0.1 0.7350 0.7400 0.0134 0.0137 0.2
0.2 0.7410 0.7440 0.0135 0.0138 0.3
0.3 0.7420 0.7440 0.0136 0.0138 0.35
0.4 0.7430 0.7440 0.0135 0.0138 0.4
0.5 0.7390 0.7420 0.0139 0.0139 0.5

Fig. 12   Sensitivity analysis of the Young’s modulus
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input port. Regarding the value of the output displace-
ment, as it can be seen in Table 13, it is modified in the 
opposite way that the value of the input spring stiffness.

–	 Output spring stiffness Figure 14 shows that the topology 
of the solutions obtained when the output spring stiffness 
value is modified experiments important changes as the 
its value is reduced. As only the output spring stiffness 
has been modified the material tends to disappear from 
the proximity of the output port. Regarding the value of 
the output displacement, as it can be seen in Table 14, 
it is modified in the opposite way that the value of the 
output spring stiffness.

–	 Both springs stiffnesses Figure 15 shows that the topol-
ogy of the solutions obtained when the both spring stiff-
ness values are modified experiments important changes 
as their value is reduced. Since both spring stiffnesses are 
modified, the material tends to concentrate in the central 
part of the domain and to disappear from the proximity 
of the structural support and the input and output ports. 
Regarding the value of the output displacement, as it can 
be seen in Table 15, it is modified in the opposite way 
that the value of both spring stiffnesses.

Figure 16 shows the general behavior of the objective 
function with respect to the parameters analyzed previously 
in the sensitivity analysis. Numerical values of both axes 
have been omitted, since these depend on the example solved 
and are different for each parameter. The penalization coef-
ficient and the Poisson’s coefficient do not have influence 
over the value of the output displacement and the relation-
ship between the structural load and the output displace-
ment is linear. The volume constraint has a little influence 
over the value of the output displacement. The value of the 

Table 12   Sensitivity analysis of the Young’s modulus

Output displacement [mm]

E

E0

Inverter mechanism Gripped mechanism

FEM IGA FEM IGA

10−3 1.31 × 10−3 1.34 × 10−3 2.78 × 10−5 2.81 × 10−5

0.1 0.1200 0.1240 2.56 × 10−3 2.53 × 10−3

1 0.7420 0.7440 0.0136 0.0138
10 1.6700 1.7100 0.0257 0.0265
50 1.9700 2.0200 0.0277 0.0281
100 2.0300 2.0200 0.0282 0.0292
500 2.0000 2.1000 0.0293 0.0289
103 1.9400 2.0900 0.0292 0.0294
104 1.9100 2.0900 0.0286 0.0295
105 1.8800 2.0700 0.0282 0.0291
106 2.1100 1.9500 0.0274 0.0288

Fig. 13   Sensitivity analysis of input spring stiffness

Table 13   Sensitivity analysis of input spring stiffness

Output displacement [mm]

Kin

Kin,0

Inverter mechanism Gripped mechanism

FEM IGA FEM IGA

10−6 551.00 386.00 3.7200 5.9000
10−5 61.400 212.00 0.8240 1.5600
10−4 44.000 77.700 0.3740 1.0100
0.001 17.100 38.100 0.2650 0.4540
0.005 15.100 28.500 0.1590 0.2270
0.01 10.300 14.200 0.1190 0.1590
0.05 8.2900 10.100 0.0578 0.0744
0.1 4.1500 4.2900 0.0443 0.0523
1 0.7420 0.7440 0.0136 0.0138
10 0.0816 0.0820 2.01 × 10−3 2.08 × 10−3

103 8.21 × 10−4 8.30 × 10−4 2.15 × 10−5 2.24 × 10−5
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Fig. 14   Sensitivity analysis of output spring stiffness

Table 14   Sensitivity analysis of output spring stiffness

Output displacement [mm]

Kout

Kout,0

Inverter mechanism Gripped mechanism

FEM IGA FEM IGA

10−6 77.700 179.00 3.7000 12.600
10−5 104.00 90.700 1.5100 5.0100
10−4 31.400 43.600 0.8830 1.7900
0.001 14.800 20.800 0.3100 0.6490
0.005 6.0900 11.700 0.2000 0.3050
0.01 4.5800 8.4000 0.1590 0.2180
0.05 2.8800 3.8500 0.0860 0.0952
0.1 2.2300 2.7400 0.0615 0.0648
1 0.7420 0.7440 0.0136 0.0138
10 0.1060 0.1100 1.63 × 10−3 1.67 × 10−3

103 1.12 × 10−3 1.18 × 10−3 1.66 × 10−5 1.71 × 10−5

Fig. 15   Sensitivity analysis of both spring stiffnesses

Table 15   Sensitivity analysis of both spring stiffnesses

Output displacement [mm]

Kspr

Kspr,0

Inverter mechanism Gripped mechanism

FEM IGA FEM IGA

10−6 2110000 1940000 27400 28800
10−5 188000 207000 2820.0 2910.0
10−4 19100 20900 286.00 295.00
0.001 1940.0 2090.0 29.200 29.400
0.003 800.00 838.00 9.2100 9.3400
0.01 203.00 202.00 2.8200 2.9200
0.03 78.100 79.900 0.8900 0.9060
0.1 16.700 17.100 0.2570 0.2650
1 0.7420 0.7440 0.0136 0.0138
10 0.0120 0.0124 2.56 × 10−4 2.53 × 10−4

103 1.31 × 10−6 1.34 × 10−6 2.78 × 10−8 2.81 × 10−8
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output displacement tends to be constant for high values of 
the Young’s modulus, this coincides with the modification of 
the structural topology. However, when the structural topol-
ogy does not change, the influence of the Young’s modulus 
over the output displacement value is important. Finally, and 
in the same way that the Young’s modulus, the input spring 
stiffness, the output spring stiffness and both spring stiffness 
have little influence over the value of the output displace-
ment when these take values considerably higher. In this 
case, the limit situation is equivalent to a fixed support, i.e., 
null displacements. However, in all these cases, when the 
value of the spring stiffness is reduced, the influence over 
the output displacement is considerably important, since the 
limit situation in this case means the absence of springs. 
These analyses can be corroborated by the sensitivity equa-
tions (13, 14 and 15).

4.4 � Stress constraints analysis

In this section, the influence of stress constraints in the 
topology optimization problem of compliant mechanisms 
is analyzed. Firstly, it is important to remark that the attain-
ment of realistic solutions can be guaranteed if stress con-
straints are considered in the formulation of the problem. 
Otherwise, the attained solutions can suffer issues related to 
stability or integrity due to excessive stresses. The analysis 
of stress constraints in the topology optimization problem 
should be done similarly to the previous analysis modifying 
the maximum allowable stress. This has been possible since 
a linear structural analysis has been considered in the formu-
lation of the problem. The reason to choose the maximum 
allowable stress instead of the structural load is the varia-
tion of the value of the output displacement, the objective 
function, when the structural load is modified as it can be 
seen in Table 8. Figure 17 shows the variation of the opti-
mal solution obtained for different values of the maximum 

starting stress. The distribution of the material tends to be 
more diffuse as the value of the maximum initial stress is 
increased. This circumstance is related with the violation of 
the overweight constraint and tends to be more relevant in 
the isogeometric solutions due to the continuous definition 
of the relative density. However, the global topology of all 
solutions tends to be quite similar despite of this diffusivity. 
The two/three first figures at the top, depending on the case, 
are the same since the overweight constraint is not active in 
any moment of the optimization process. However, the rest 
of the figures are affected by the activation of the overweight 
constraint which produces in some cases the attainment of 
infeasible solutions in terms of manufacture. Table 16 shows 
the value of the output displacement of each optimal solu-
tion represented in Fig. 17. In Table 16, it is possible to 
confirm that some of the solutions, as it was previously com-
mented, are not influenced by the overweight constraint as 
the value of the output displacement is the same. Moreover, 
it is possible to see in Table 16 that the value of the output 
displacement is reduced in the same way that the value of 

Fig. 16   A dimensional comparison of the sensitivity analysis for the 
involved parameters

Fig. 17   Stress constraints analysis
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the maximum starting stress is increased. This circumstance 
is important since better performances of the mechanism are 
obtained when the stresses are not near to their maximum 
allowable value.

Figures 18 and 19 show the evolution of the objec-
tive function and the overweight constraint during the 
optimization process for both problems, inverter and 
gripper mechanisms. Regarding the objective function, 
it is possible to observe, in the left part of all the figures 
that its value coincides until the overweight constraint 
is active for the first time. On the other hand, and with 
respect to the overweight constraint, dramatic variations 
of its value appear in the first iterations of the optimiza-
tion process. These dramatic variations are related with 
the high non-linearity of the overweight constraint, the 
maximum modification of the design variables between 
two consecutive iterations, and the use of a gradient-
based method as optimization algorithm. However, it is 
possible to observe in all the figures that the structural 
stresses are controlled since its value in the right part 
of all the figures tends to be constant. Finally, it is pos-
sible to observe that the value of the objective function 
is increased or maintained constant when the overweight 
constraint is violated. When the structural stresses are 

(a) Evolution of the objective function (FEM). (b) Evolution of the objective function (IGA).

(c) Evolution of the overweight constraint (FEM). (d) Evolution of the overweight constraint (IGA).

Fig. 18   Inverter mechanism. Stress constraint analysis

Table 16   Stress constraints analysis

Output displacement [mm]

�0max

�max

Inverter mechanism Gripped mechanism

FEM IGA FEM IGA

10−3 0.7380 0.7480 0.0139 0.0139
0.1 0.7380 0.7480 0.0139 0.0139
0.3 0.6150 0.6880 0.0139 0.0139
0.5 0.3630 0.4220 0.0137 0.0139
0.7 0.2500 0.2870 0.0123 0.0133
0.8 0.2170 0.2520 0.0108 0.0125
0.9 0.1960 0.2250 0.0107 0.0117
1 0.1760 0.2120 0.0101 0.0099
1.1 0.1550 0.1790 0.0095 0.0085
1.2 0.1460 0.1700 0.0092 0.0075
1.5 0.1160 0.1410 0.0078 0.0078
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under their maximum allowable value or when the over-
weight constraint is active, but not violated, the value of 
the objective function is reduced.

To conclude, it has been demonstrated the importance 
of including stress constraints in the formulation of the 
topology optimization problem of compliant mechanisms. 
There are two main reasons: (i) to guarantee that the 
mechanisms are able to do its task without suffering from 
stability or integrity problems and (ii) to guarantee that 
the designed mechanism is making its best performance. 
The latter means that the stress constraints are not active 
in any moment of the optimization process since the sim-
ple activation of only one local stress constraint reduces 
the magnitude of the objective function.

5 � Conclusions

This paper introduces an isogeometric formulation 
together with an overweight constraint in the solution of 
the topology optimization problem of compliant mech-
anisms. The isogeometric formulation uses quadratic 
B-splines to define the material layout and to compute the 
structural analysis. The overweight constraint is used to 
introduce stress constraints in the topology optimization 
problem in an efficient way. However, a classical finite 
element formulation with serendipity quadratic finite ele-
ments is also used to define the material layout and to 
solve the structural analysis in order to check the effective-
ness of the overweight constraint separately. Moreover, a 
sensitivity analysis of all the parameters used to define 
the topology optimization problem and an analysis of the 

(a) Evolution of the objective function (FEM). (b) Evolution of the objective function (IGA).

(c) Evolution of the overweight constraint (FEM). (d) Evolution of the overweight constraint (IGA).

Fig. 19   Gripper mechanism. Stress constraint analysis
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influence that the introduction of stress constraints has 
in the obtained solutions are included in this paper. The 
use of the isogeometric formulation in the solution of the 
conventional topology optimization problem of compliant 
mechanisms has been demonstrated to be a valid alterna-
tive to the classical finite element formulations. Firstly, 
the solutions obtained for both problems were equivalent 
in terms of topology. One of the advantages of the isogeo-
metric formulation with quadratic B-splines is the CPU 
time required to solve the problem since it means a reduc-
tion of the 40–60% of the CPU time required to solve the 
same problem with serendipity quadratic finite elements. 
This reduction of CPU time with the isogeometric formu-
lation is related with the size of global stiffness matrix 
used to solve the structural analysis, i.e., with the number 
of points required to compute the structural analysis. How-
ever, the isogeometric formulation provides other advan-
tages with respect to the finite element formulations. These 
advantages are related with the smoothness of the struc-
tural borders and the non-appearance of checkerboard pat-
terns in the solutions. Both advantages are consequence of 
the continuity in the definition of the relative density that 
depends on several design variables in the entire domain 
in contrast with the FEM formulations where the relative 
density only depends on one design variable at each ele-
ment of the mesh.

Regarding the sensitivity analysis, the parameters can be 
classified in three categories. Firstly, there are parameters as 
the penalization coefficient used to attain full/void solutions 
and the Poisson’s coefficient of the chosen material that do 
not have any influence in the solutions obtained, neither in 
the value of the objective function nor in the topology of 
the solution. Secondly, there are parameters as the structural 
load and the volume constraint that only have influence in 
the value of the objective function. In case of the former the 
solution obtained is the same as well as the topology of the 
solutions obtained with the latter, in which the only differ-
ence is the bars thickness. Finally, the parameters with the 
biggest influence in the solutions obtained are the Young’s 
modulus of the material and the spring stiffness as a set or 
individually. However, it has been demonstrated that the var-
iations in the structural topology and the value of the objec-
tive function is related with the ratio between the Young’s 
modulus and the springs stiffnesses.

It has also been demonstrated that stress constraints have 
to be considered in the topology optimization problem of 
compliant mechanisms to guarantee that the solutions 
obtained are realistic. Although the main objective of the 
stress constraints is to guarantee that the mechanisms are 
able to develop its task without suffering from integrity or 
stability problems derived from excessive structural stresses, 
it has been also demonstrated that the best performance of 
the mechanisms in terms of the objective function (output 

displacement) is obtained when the stress constraints are not 
active in any case during the optimization process. For this 
reason, the introduction of stress constraints in the topology 
optimization problem of compliant mechanisms is not only 
used as a way to guarantee that the stresses are lower than 
their maximum, but also to guarantee that the mechanism is 
performing at its best performance.

In conclusion, the use of the isogeometric formulation 
proposed in this paper reports important benefits from a 
computation point of view in the topology optimization 
problem of compliant mechanisms. The CPU time required 
to obtain the solution of the problem has been reduced at 
least a 40% with respect to the CPU time required for the 
classical quadratic finite element formulation. This reduc-
tion of CPU time makes possible to attain solutions with 
high spatial definition since a large number of design vari-
ables can be used. Moreover, the isogeometric formulation 
provides solutions with smoother structural borders and 
without checkerboard patterns. On the other hand, the intro-
duction of stress constraints in the topology optimization 
problem of compliant mechanisms has an important role 
not only to guarantee that the structural stresses are lower 
than their maximum allowable value but also to ensure that 
the obtained mechanism is attaining its best performance in 
terms of the objective function. The latter can be guaranteed 
if the stress constraints are not active in all the optimization 
process; otherwise, a change of the material considered in 
the optimization problem is required to attain it.

Appendix: isogeometric formulation

The isogeometric formulation considered in this paper to 
define the material layout and to compute the structural anal-
ysis makes use of quadratic B-splines. The use of B-splines 
makes necessary to divide the structural domain into rec-
tangular or square regions that are known as patches. Each 
patch is divided in a set of knot spans in a similar way that in 
the definition of a regular mesh of FEM. On the other hand, 
it is required a certain compatibility between two adjacent 
patches. The edge of contact between two adjacent patches 
has to be defined by an entire edge of each patch. This edge 
of contact has to be divided in the same number of knot 
spans in both patches. The quadratic B-splines used in the 
formulation of this paper to solve two-dimensional problems 
can be stated as

where Bix
 and Biy

 are the quadratic B-splines in the directions 
x and y of the control point i whose relative position in the 
patch is defined by ix and iy . The quadratic B-splines in any 
direction are defined as

(24)Bi(x) = Bix
(x)Biy

(y)
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–	 B-spline 1

–	 Knot Span 1 

–	 Rest of Knot Spans 

–	 B-spline 2

–	 Knot Span 1 

–	 Knot Span 2 

–	 Rest of Knot Spans 

–	 B-spline i (i = 3,..., n)

–	 Knot Span i − 2 

–	 Knot Span i − 1 

–	 Knot Span i

–	 Rest of Knot Spans 

–	 B-spline n + 1

–	 Knot Span n − 1 

–	 Knot Span n
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–	 Rest of Knot Spans 
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where n is the number of knot spans in this direction, x 
is the local coordinate of the point considered in this direc-
tion, and lx is the dimension of the patch in this direction. 
A graphic representation of these quadratic B-splines can 
be seen in Figure 20. More details about the basis of the 
isogeometric analysis considered in this paper can be found 
in Villalba (2021).
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