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ABSTRACT

The goal of this work is to develop high-order well-balanced schemes for the one-dimensional shallow-water equations with Coriolis terms. The
main contribution is the development of general numerical methods that allow the achievement of arbitrary high-order for the shallow-water
equations with Coriolis terms while preserving all the stationary solutions.

1. Introduction

The goal of this work is to develop high-order well-balanced schemes for the one-dimensional shallow-water equations with
Coriolis terms. The main novelty of this article is the development of general numerical methods that allow to capture all stationary
solutions of the shallow-water equations with Coriolis terms, with arbitrary high-order accuracy. To the best of our knowledge, this is
the first time in the literature, that such a general technique is presented for the construction of high-order well-balanced numerical
methods in the context of 1D shallow-water equations with Coriolis forces.

This problem fits into the more general framework of building high-order schemes for balance laws

U +0 f(U)=s(x,U), UeRxR*-QcRY, fecC'®R",RV), s:RxQ~R", 6))

that are well-balanced. That is numerical schemes that preserve, in a sense that will be detailed later, all or certain families of
stationary solutions of the system.

The construction of well-balanced schemes is a very challenging task that has been of great interest in research during the last
decades, giving rise to a large number of publications on the subject and continues to be a very active field of research.

One of the first papers that focused on developing numerical schemes that were able to preserve stationary solutions was [5].
There the authors introduced a new numerical concept called the C-Property (conservation property) for the balance law given by a
shallow-water system of equations.

This property consisted in endowing the numerical scheme with the capability to preserve one particular stationary solution:
water at rest, that is, preserving the flat free surface of the fluid in the absence of movement. The idea of C-Property can be extended
to any balance law with steady-state solutions. In a more general scenario, this property is related to the capacity of a numerical
scheme to preserve the stationary solutions of the system of balance laws. Since that seminal paper, many works can be found in the
literature about defining well-balanced schemes for balance laws, for different models, for example:
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in the context of shallow-water and water-at-rest solutions ([5], [7]1, [2], [6], [10], [18], [20], [21], [8], [41], [12], [11], [13],
[31], and references therein); for shallow-water equations with Coriolis forces ([23], [16], [26], [9], [38], [3]); for Euler equations
with gravity ([22], [28], [33]); Ripa system [34] and for multidimensional balance laws ([4]) or [15] for a review on the subject.

In this work, we follow the general framework proposed by [14] to define well-balanced numerical schemes for balance laws.
We start by considering a general semi-discrete high-order FV scheme for (1). The computational domain is split into FV cells,

I, = [xi_ 1,%,, 1|, with constant size |I;| = Ax. U;(?) is the averaged solution in the i-th volume at time ¢
2 2

X
H—%

U, = 1 / U(x,t)dx.
|
X 1

1

With this notation, the FV scheme can be written as:

Wi L 0-F ) +-1s @
dt ]\ i3 i-3 AxP
where F: L= F(U "_I U ”+] ), where [ is a consistent numerical flux. U t’i] are the reconstructed values at the volume edges,
2 i+3  i+3 i+3
t— _ pt t+ _ pt
i+l _Pi(xiJr%)’ Ul-+% _Pi+l(xi+%)’

being P/(x) a reconstruction operator of order p at the volume V;. P/(x) is obtained using a set of averaged values of the solution
in the neighbour cells. This set is called the stencil and can be denoted as (Ujcg,1;), with S; being the collection of the indices of
neighbour volumes to I;. With this notation, the reconstruction operators can be written as P,.’ (x) = Py(x; {Uj 0} je 5,)' Finally, the
source integral is approximated by

S~ / s(x, PI(x)) dx. 3

Also, in the rest of the paper, we will denote by:

Xi+1/2
_ 1 _
U, = 1l / Uxydx, Ui=mU, Uy, prUXygp),
' Xi-1/2

the averages, their approximations, and the pointwise value at the cell edges, for U. Following [16], [14], a well-balanced method
can be built by considering well-balanced reconstruction operators:

Definition 1.1. A reconstruction operator for U*, P, related to the set of exact averages {U[*} (or their approximations {U/"}), is
WB when

1], 4

P()=U*(), Vx&lx 1%,

Finally, the following definition can be set ([29])

Definition 1.2. The semi-discrete numerical scheme (2) is exactly WB when the sequence of the exact averages {L_fl.*} (or their
approximations {U/"}) of a stationary solution U* of (1), is also a stationary solution of the ODEs system (2).

In [14] a technique to obtain well-balanced reconstruction operators from standard ones was presented. This technique will be

reviewed in section 2. The critical step of this procedure is solving the following non-linear problem for each cell and time step:

o, f(U) =s(x,U),

Xi+1/2
5
1 U(x)dx=U,. )
1 1;]
Xi-1/2

After solving (5) at the volume, the obtained solution, U (x) is extended to the whole stencil. In certain situations, it is not possible
to obtain the exact solutions of (5). In this case, U*(x) will be replaced by a suitable approximation that will be denoted by ﬁ*(x).



V. Gonzdlez Tabernero, M.J. Castro and J.A. Garcia-Rodriguez Applied Mathematics and Computation 469 (2024) 128528

Following [29], in this case, the semi-discrete numerical scheme (2) is well-balanced, if the sequence of cell averages computed from
the approximation U*(x), and denoted by {U/"}, is an equilibrium of the system of ODEs (2).
In this work, we will focus on the one-dimensional shallow-water system with Coriolis terms. The system is given by:

U +0,f(U)=s(x,U), s=sB+5C (6)
where
h hu
U=|hul|, fO)=| i+ %ghz
hv huv

are the conserved variables and the flux in the x direction respectively, and

0 0
sB= —ghd, z sC=| fho
0 —fhu

are the source terms due to the bottom topography and the Coriolis forces respectively.

Several works about developing well-balanced numerical schemes for system (6) can be found in the literature. For example, in
[16] the authors focused on the simulation of the geostrophic adjustment and developed 1st-order Roe schemes and some higher-
order extensions, to obtain good approximations for inertial oscillations, and also studied the wave amplifications of the schemes,
together with the well-balancedness properties for the steady states corresponding to u =0 and v = C, C € R. In [23] the authors
developed first and second-order schemes for the shallow-water equations with bottom topography and Coriolis forces that preserve
the water height positivity. They used non-local potential operators to obtain a well-balanced numerical scheme up to second-order,
for the steady states with u = 0. They also consider its natural extension to 2D problems. In [26] the problem of developing a fully
well-balanced scheme for the one-dimensional shallow-water system with Coriolis terms is also addressed. This article describes
a technique to obtain well-balanced second-order schemes for the system. Other interesting papers dealing with the definition of
well-balanced numerical methods for the shallow-water system with Coriolis are ([9], [38], [3]).

In this work we will follow the strategy presented in [14] in combination with CWENO reconstruction operators (see [24]) to
define arbitrary high-order exactly well-balanced steady states with u # 0. The special case u = 0 will be also discussed. The main
difference between the cited papers with the present approach is that, because of the generality of our technique, it allows the
building of arbitrary high-order numerical schemes, not restricted to second-order.

Also, we propose 1-dimensional schemes. For the 2-dimensional schemes, there is a first work [39] to be published where we
follow an extension of the numerical scheme proposed in [23]. In this and future works we are combining local and global solvers to
determine stationary solutions for the system.

The outline of this paper is as follows.

In Section 2 the general well-balanced reconstruction procedure described in [16] and [14] is summarised. In Section 3 we present
the high-order well-balanced numerical schemes for the shallow-water equations with Coriolis effects, focusing on the determination
of the local stationary solutions for the different reconstruction orders. In Section 4 several numerical experiments are presented to
numerically assess the well-balanced and high-order properties of the presented numerical schemes. Most of the numerical examples
considered here have been proposed previously in [23] and [26]. In the appendix A the general technique for building arbitrary-order
well-balanced CWENO schemes is detailed, while a third-order example is presented.

2. Well-balanced reconstruction procedure

In this section we review the general method presented in [16] and [14] to design high-order well-balanced reconstruction
operators. This method uses a local steady state defined in the stencil of the reconstruction operator in combination with a standard
reconstruction operator applied to the cell-average fluctuations.

In what follows we will consider that the cell averages are computed by a quadrature formula

M
U=y alU(xi, 1", @)

k=0
where a;{ are the M + 1 quadrature weights in cell C; associated with the M + 1 quadrature points x;'( € [x;_1 /2, Xi412]- Notice that

the order of accuracy of the quadrature formula must be equal to or greater than the order of the reconstruction operator.

Thus, following [16], and given a family of cell averages {U;} (we drop the time dependency for simplicity), at every cell I;, the
strategy to build a well balanced reconstruction operator P, (in the sense of the Definition 1.1) starting from a standard operator Q,,
involves the following three steps:
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1. Determine the local stationary solution U; solving the following ODE
LU = sxUD,

®
U

i

M
2 4,U )
m=0

Determining these local stationary solutions is the most nightmarish step of this procedure. If it is not possible to find this local
steady state on the stencil, we set U =0.
2. Calculate the fluctuations {V;} jes,

M
V,=U; = Y alUr(x]), j€S,
m=0

and the reconstruction operator:

0,(x) = 0;(x; {V/ }jGS,v)‘

3. Compute
Pi(x)=U}(x) + Q;(x). ©)]

In [14], it is proved that if Q, is conservative, also is P;; and both operators reach the same order p, for smooth stationary solutions.
Finally, if Q; is exact for the null function, P, is also well-balanced.

Note that, if there is no stationary solution defined in the stencil satisfying (7), we fix Ui* =0, that is, the fluctuations are null
and the reconstruction procedure defaults to the standard reconstruction. This is reasonable and does not have any undesirable side
effect, regarding the well-balancednes of the scheme. In that situation, the stencil’s cell values cannot be averages of any equilibrium
solution, and therefore there is no stationary solution that the scheme should preserve, or that can be preserved. In the opposite
situation, if there exists more than one stationary solution satisfying (7), we must use a criterium depending on the physics of the
problem, to select among all the possible solutions.

As pointed out in [14], the WB property of the scheme can be lost due to the numerical integration of the source term (3). Here,
the authors rewrite .S; as follows

X ] (10)
i+5
+ / S(x, P{(x)) = S(x, U™ (x)) dx,
X 1
)
being U[t’* the stationary solution computed of step one. Finally, the quadrature of S; reads:
M
S;=f <Ui”*(xi+%)> -f <U,.”*(xi_%)) +Ax Y al (S, PG = S(x, UM (L)) 1n
m=0
Thus, (2) is replaced by
dUi _ 1 F Ut,* F Ut,*
= (Fip = S (i) = Frga o + £ U] (i)
M
+ i, (SR, ) = S, ) dx). (12)

m=0

The following theorem can be proved (see [14,29])

Theorem 2.1. Given a well-balanced reconstruction operator, related to a stationary solution U*(x), the obtained numerical scheme (12) is
exactly well-balanced attending to the Definition 1.2.

Remark. The previous procedure could be adapted in the case in which only a particular subset of stationary solutions is to be
preserved (see [14]. Moreover, the case of non-smooth steady states due to the presence of singular source terms could also be
addressed following the strategy described in [14].
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Remark 2.2. In the proof of Theorem 2.1, the fact that the steady states are continuous and the numerical flux is consistent plays a
crucial role. In the case of non-smooth steady states, some extra hypothesis on the numerical flux must be required, to achieve the
same results.

In what follows the particular form of 1st, 2nd and 3rd order schemes will be described.
Remark. Time integration is performed with an SSP Runge-Kutta method. See, for example, [30].
2.1. 1st and 2nd order schemes

For the 1st and 2nd order methods, a second-order quadrature formula is applied. Therefore, it is sufficient to use the midpoint
formula, thus

Xi+1/2
U~ L / U(x) = u(x;) + O(Ax?).
Ax
Xi-1/2
Therefore, all the integrals involved in the definition of the numerical scheme will be approximated by the midpoint formula. In

particular, the initial condition is given by

U? = Uy(x,), Vi.

1

Now, given the approximation of the cell averages at time ¢ {U,.’ }, the steps to define the well-balanced reconstruction reduce to (we
drop the time dependency for simplicity):

1. Compute the local stationary solution that satisfies (8) such that

Ul(x)=U,.

2. Calculate the fluctuations.
(a) In the first-order reconstruction, only one fluctuation is calculated

V,=U, = U(x) =0,

which is cancelled by construction.
(b) For the second-order reconstructions, three fluctuations have to be computed

V/.:Uj—Ui*(xj), j=i—1,ii+1.

3. Calculate the reconstruction of the fluctuations
(a) The trivial first-order reconstruction reduces to:

Q/(x;V)=V;=0.

(b) For second-order reconstructions, a MUSCL reconstruction with slope o7 is applied, where the reconstruction operator reads

Q;l(x§ Vi1, Vi Vigp) = 03(x — x;),
because V; = 0. For this case, we choose the slope to be determined with the minmod limiter. As usual, the previous definition
must be understood component-wise.
4. Finally, the reconstruction operator will be
(a) For first-order it reduces to
P,(x)=U;(x).

(b) For second-order:
Pi(x)=U*(x) + 0;(x — x;).

Finally, since we are using the midpoint rule, we have
Xi+1/2
/ (SGx. P(x) = S, U (x)) dx % Ax; (S(xp, P(xp) = S, U (x,))) =0,
Xi-1/2

as P,(x;) = U/ (x;). Thus, the ODE system (12) reduces to
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dU; 1
dt ~ Ax,

<Fi—1/2 —fWU i) = Fippp + f(Ui*(xi+1/2))>’ (13)
where

Fip10 =F(Pi(xiy172), Pip1 (Xip12)-

Attending to the determination of the local stationary solutions, the solution only needs to be known in a small set of points.
Those points are the quadrature points used to compute the integrals in every cell in the stencil, and the intercell points to evaluate
the fluxes. This motivates the following definition.

Definition 2.3 (Points of interest). Given a (exactly) well-balanced finite volume scheme, we define points of interest of a stencil S;
as the set of points in the domain x € Q(S;) where the local stationary solution has to be evaluated.

Therefore, the points of interest are:

1. For the first-order reconstruction: these points are {x;_; ;. X;, X;112}-
2. For the second-order reconstruction: the points of interest are {x;_;,X;_1 /2, X;, X;11/2 Xi41}-

2.2. Third-order scheme

The third-order scheme is defined using the CWENO3 reconstruction operator. A brief overview of the procedure to define the
CWENO reconstruction operator is given in Appendix A. In the case of third-order schemes, the 2-point Gauss-Legendre quadrature
is used:

Yiel/2 U(x; — Ax—=) + U(x; + Ax—=) 0 |
i i u(x?) 4+ u(x;)
U((x)dx = Ax 23 > 23 =Ax— 2 .

Xi-1/2

Unfortunately, for this order, we are no longer able to simplify the form of the numerical scheme and the general form (12) is used.
In this case, the points of interest are

0 I 0 .1 0 .1
(X X X120 X X X120 X o X

In the next section, we describe the steady states of the shallow-water system with Coriolis forces and we describe the algorithm
that we use to solve the first step of the reconstruction procedure, that is, the way the local steady states are computed from the cell
averages of the solution at each time step.

3. Well-balanced schemes for the shallow-water system with Coriolis forces

In this section, we show how to apply the procedure of section 2 to build 1st, 2nd and 3rd-order schemes for the one-dimensional
shallow-water equations with Coriolis terms.
Remind that the shallow-water equations, with Coriolis forces in 1d, are described by the system:

0,h+ 0, (hu)=0,
gh?
9, (hu) + 0, (hu2 + T) = fhv—ghd,z, 14)

0, (hv) + 9, (huv) = — f hu,

where, h is the fluid depth, hu and hv are the horizontal moments, z is the bottom topography and g and f are the gravity and
Coriolis constants, respectively.

Concerning the steady states, two families can be distinguished. The case of moving steady states, that is u # 0, and the case
where u = 0. In the first case, the steady states are the solution of the ODE system

0, (hu*) =0, (15)

)
0y (% +g(h* + Z)> = fv*, (16)
o =—f. 17

Now, integrating (17) we obtain that

U*(x) =—fx + vy,

where v, is a given constant. Equation (15) implies that (hu)*(x) = ¢,, where g is a given constant.
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Finally, equation (16) could be rewritten as follows

@)’
2
where E is again a given constant and V'* is a primitive of v*, that is

+g(h* +2)— fV*=E,

2
V*(x)=—f7 + vpx + vy,

where we can choose v; = 0 without losing generality. In this way, the steady states for u # 0 are described by the following set of
algebraic equations

(hu)* = qq (18)
*\2
u+g<h*+z—£V*>=E 19
2 g
vt =—fx+u, (20)
x2
Vi==1% +opx, (21)

where ¢, E and v, are some given constants that characterise the steady states.
Another interesting family of steady states are those corresponding to u = 0. In this case, for any integrable v*, the steady states
are characterised by the following expressions

h*(x) = E_ zZ+ ! / v*(x) (22)
g g

u*=0. (23)

Note that one could obtain a smooth (continuous) A* even for non-smooth v*.
In what follows we are going to describe the reconstruction procedure for 1st, 2nd and 3rd order schemes.

3.1. First and second-order reconstructions

Remember that the first step of the reconstruction procedure consists on determine a local steady state whose cell average
coincides with the one at the given time at the intercell, that is, we must find a steady state solution of (15)-(17) such that h;“ (x;))=h;,
(hu);.*(x,-) = (hu); and (hv); (x;) = (hv);. Let us consider first the case where u # 0.

It is clear from (18) than (hu)f(x) = (hu);. Next, it is simple to determine Uf(x). Taking into account that v* is a linear function,
it is straightforward to check that v} (x) = — f(x — x;) + v;, where

b= (hv);
=

h;
Note that v; is still a second-order approximation of the cell average. Now, it is possible to compute V;*(x). Integrating v; we obtain
that

2
Vi(x) = —f% +(fx; + v))x. (24)

Note, that with this choice, V,* coincides with V* given in (21), in the case of a steady state.
Now, we could obtain the constant E; evaluating (19) at x;, that is

2
E = ﬂ +g <hi +z(x;) — £I/.*(xi)) s (25)
2 g !
where
(hu);
u; = P

1

Now, with this value of E; it is possible to compute 47 (x,) at each point of interest x,, solving the following cubic polynomial

(hw)]
=

As in the case of the standard shallow-water system, (26) has always a negative root and may have one, two or no positive roots.
Here, we follow the same procedure that the one described in [17], [13] and [19] to select the appropriate value of 4* at the given
point. The general principle that we follow is to maintain the fluid regime locally. Nevertheless, some difficulties appear in the
neighbourhood of a critical point, that is a point where the Froude number, F, = |u|/ \/g_h = 1. In this case, the behaviour is similar
to the shallow-water system with f = 0. This means, that

g (x,) + (g2(x,) — [V (x,) — E;) (K (x,) + 0. (26)
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a) Either (26) has no admissible solutions, which means, it has two complex solutions and one negative for h.
b) Or it has two solutions for 4. One solution corresponds to the supercritical regime and the other to the subcritical regime. In this
case, we are not able to choose the right regime as it is not well defined due to Fr=1.

The previous procedure can be summarised in the following algorithm

1. We define v; = (hv);/h;. In this way, vl’.‘(x) can be computed in the stencil as well as K* using (24).

2. (hw)}(x) is set by the constant value hu; in the stencil, and we define u; = (hu), /h;.

3. Next, we compute the value of the energy E; at x; using (25), and thus we can obtain the values of hf at each point of interest
calculating the roots of (26) using the local information of the fluid regime according to the Froude number.

4. Once the local steady state is computed in the stencil, the fluctuations concerning that particular local steady state are computed
and the standard reconstruction operator applied to the fluctuations is defined.

5. Finally the reconstruction operator is defined for each conserved variable A, hu and hv.

The previous procedure in combination with (13) defines a semi-discrete first or second-order, depending on the reconstruction
operator, exactly well-balanced finite volume scheme for system (14) for u # 0 steady states, where F,, , is an arbitrary consistent
flux for the homogeneous system. Finally, ODE (13) is discretized using 1st or 2nd order RK TVD schemes (see [30]).

Let us now describe the reconstruction procedure for steady states with u = 0. In this case, for any arbitrary v, the water depth is
given by

woy=L 4Ly @7)
8 g

where V* is a continuous primitive of v.

Note, that in this case, the steady states depend on the functional form of any arbitrary function v, therefore we cannot expect to
obtain a numerical scheme that is exactly well-balanced according to the Definition 1.2 for any arbitrary choice of v. For this reason,
we propose a simple strategy to define approximate steady states that approximates the exact ones, and how the previous strategy
could be applied to preserve those.

Let us start with the first-order scheme. The first step is the definition of the approximated steady states. Thus, we consider now
an approximation of v given by some reconstruction operator for the physical variable v. Here we set that P’(x) = v; = (hv);/h; and
we also consider that v} (x) = P’(x) = v;. Next V;*(x) is defined by

Vi(x)=v;(x —x)+K; (28)

where K; is a constant to be fixed such that
Vi) =V (o)
Setting K, =0 then
Vi Uiy .
K, = TAx+ K, i=1,-

Note that V*(x) defined as V*(x), c = V;*(x) is a continuous primitive of v*(x), where v*(x), c = v} (x) = v;. Once the potential Vl* (x)
is computed, then 47 (x) is defined by

hY(x)= L z(x) + ! VA (x). (29)
4 g

Finally (hu);(x) =0, as u = 0. Thus, the approximated steady states are defined by:

h(x)= E_ z(x) + iV*(x)
4 g

such that V* (x) = V;*(x) defined in (28) and h* (x) h}(x) defined in (29), and u (x) =v;.
With thlS ch01ce the reconstruction of the conserved variables are defined by
P/'(x) = h(x),
P/ (x) = (hu);,
P,.h”(x) = h} ()] (x).
The second-order reconstruction is defined similarly. First, a standard second-order reconstruction for v; is considered, that is

PY(x)=v; +0,;(x — x;), (30)
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where
Ui = Vi1 Viy1 —U; )
Ax °  Ax ’
Next, we define the local steady-state v} (x) as the previous reconstruction. That is v} (x) is defined on the stencil S; as (), (x) =
1

6,; = minmod (

P,”(x), le{i—1,i,i +1}. Note that, in general, U;“ (x) is not a continuous function on the stencil S;.
We compute V*(x), a continuous primitive of v*(x), where v* (x)l . U;"(x). As in the previous case, we define V*(x) at each cell
1
C; as follows:

(x—x;)?
2
where K; is a constant that it is defined such that V.* | (x;_; ;) = V;*(x;_ ). As previously, setting K, =0, we define

Vi) =v;(x—x;)+ 0, +K;, (€3]

K = v+ v
2
Again, once V;*(x) is computed, then A4 (x) is defined by (29). Again (hu);(x) = 0. As in the first-order case, the approximate steady
states are defined by:

Ax? .
Ax—(avi—avi_l)Tx+K,-_1, i=1,... (32)

f

re =L 20+ Ly,
g g

such that Vlz (x) = V;*(x) defined in (31) and hl*c (x) = h}(x) defined in (29), and v} (x) = P/(x).

I;
In this case, the reconstruction operators of the conserved variables read as follows:

PIx) = b (x) + Q] (),
PI(x) = hy ()0} (x) + O (%),
Pl (x) = QM(x),

where Qf’(x) and Qf”)(x) are standard 2nd order reconstructions applied to the fluctuations of 4 and hv with respect to the local
steady states i} and h; v, respectively, and Qf“‘(x) is a standard reconstruction operator applied to the cell averages hu; on the
stencil S;, as hu* = 0.

Remark 3.1. Note that in this case, v* is a non-smooth approximation of v, although 4* is continuous. Therefore we cannot say that
the numerical scheme based on this reconstruction procedure is exactly well-balanced for the steady state for u = 0 and v, an arbitrary
function, but, one could expect that the numerical method exactly preserves the approximate steady states, previously characterised.
Moreover, as pointed out in Remark 2.2, we cannot expect that the numerical scheme (12) with an arbitrary numerical flux can
preserve such approximate non-smooth steady states. It can be easily checked that if the HLL (see [32]) Riemann solver is used, those
are not preserved. Instead, any numerical solver that can preserve contact discontinuities associated with the linear field associated
with the eigenvalue A = u, then Theorem 2.1 remains true. In particular, we can consider HLLC Riemann solver (see for example
[35,36,27,11).

Another possibility that allows the use of any consistent numerical flux is to consider a smooth approximation of the velocity field
v*. Thus, for first and second-order numerical methods, we could assume a continuous piece-linear approximation of v* at every
interval [x;,x;,], that is v*(x;) = v;. Note that it is necessary to extend v* at the first and last cells to define v* in the complete
domain. Now, it is possible to compute a primitive of v* denoted by V*. Once V*(x) is obtained, 4*(x) is given by

!
4
Finally, the reconstruction operators of the conserved variables are again defined as

h*(x) = f —z0+ LV,

Pih(x) =h;(x)+ Qf‘(x),
Pihv(x) - h’*(x)uf(x) + thv(X),
PM(x) = 0} (),

where Qf'(x) and Qf’”(x) are standard second-order reconstruction operators applied to the fluctuations of 4 and hv with respect to
the local steady states h* and h*v* at each cell respectively, and Qf“‘ (x) is a standard reconstruction operator applied to the cell
averages hu; on the stencil S;, as hu* = 0. Note that Q reduces to a constant in the case of a first-order scheme.
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Remark 3.2. Note that the main difference between the case u # 0 and u = 0 is the definition of V*(x). Once V*(x) is defined, the
computation of 4* and the reconstruction procedure remains equal. Therefore, from the practical point of view, according to u, we
consider the corresponding definition of V* and the rest remains the same.

The choice of the functional form of v* and h* will also affect the boundary treatment and how the values in the grid might be
extended to boundaries.

3.2. High-order CWENO reconstruction

In this section, we are going to give a brief description of the general well-balanced reconstruction. For a detailed derivation, we
refer the reader to Appendix A where an elaborated example for the third-order CWENO is also provided.

The main difficulty in this case is that we cannot obtain a direct value of point values from the cell averages. Therefore E; cannot
be set directly from the cell averages and a non-linear problem that involves equations (19)-(21) and the one corresponding the cell
average of h* at cell C; must be solved at each quadrature point.

Let us consider a quadrature formula with » points {xf Yp=1,-e
that v, in (20) is related with the cell average of (hv); by

(ho), + f X, fafx]h*(x])

i

.»» and their corresponding weights {af }i=1,...p- Taken into account

vy (33)

Now, replacing V*(x) defined in (21) into (19), the non-linear problems to solve are the following:

n
goh R E) =Y a kit — by,
p=1

hv); n X!
gp(hf’l,...,h?‘",El-)z(gz(xf)—f(—g (xf>2+<( U)l+f2hl=1 A X; >xf>_Ei>(h;hp)2

i

)
+eh"Y == p=1n,

where hf"’ = h".‘(xf ), p=1,---,n. Once the non-linear system is solved, then h;“ at the quadrature points are computed as well as the
level of energy E;. Now the values of the steady states at the intercells and all the other points of interest in the stencil could be
computed as in the first and second-order scheme.

For the case u =0 we could extend both approaches previously defined, one where v*(x) is discontinuous based on the use of
standard reconstructions of hv and A to compute the point values approximations of v at the cell C; and a continuous approximation
based on a smooth reconstruction of v in the complete domain based on the definition of a spline computed on a given set of points,
as in the first approximation.

Nevertheless in this work, we have considered that v* is given by a piecewise linear approximation of v*, such that it is constant
in all quadrature points that are in the same cell, that is v* is constant in [x?,xf ] and linear in [xf s x?H]. With this choice, v* is only
second-order accurate for those steady states (u = 0). In any case, for non-zero steady states, the scheme is exactly well-balanced and
the scheme is high-order, with the accuracy of the CWENO scheme for arbitrary smooth non-steady states.

Regarding the water height positivity preservation, we can follow [23] to prove this property for the first-order scheme. In the
case of the high-order scheme, it is much more difficult to prove this property. However, in [42] they propose a procedure that might
be successful in verifying the water height positivity preservation for a higher-order scheme. This will be used in future work.

4. Numerical experiments

In this section, some numerical experiments to assess the good properties of the developed numerical schemes, are presented.
We consider 1st, 2nd and 3rd-order WB and non-WB methods. 1st, 2nd and 3rd-order methods are denoted by O(1), O(2) and O(3),
respectively. MUSCL ([40]) reconstruction is used for the second-order methods, while CWENO ([25]) reconstruction is employed
for the third-order methods.

As pointed out before, the main difference between the case u # 0 and u = 0 is the definition of V*. Once this is determined,
the same procedure is applied in all cases. To avoid the use of conditionals in the definition of the well-balanced reconstruction, we
consider a convex combination of VO* and V*, the first one corresponding to u = 0 and the second one for u # 0. In particular, we
define

V=1~ pu)Vy + pwyv=,
where f(u) is the sigmoid function:

1
1 +exp [—C2 <|u| - Cl)] ’

puw) = (34

10
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with C; =5-1071* and C, = 1 - 101>, With this choice, determined experimentally, # = 0 when u is close to zero and =1 in any
other case. This convex combination is applied in every numerical experiment. In numerical experiments 4 and 5 the value of f
switches from 0 to 1 as explained in the latter.

For the numerical flux, we consider the HLL (see [32]) and HLLC (see [37,27,1]) Riemann solvers. The stability condition for the
scheme reads:

At<CFLmin| — 8% )
! max{|li,L|’|’1i,R|}
where CFL < 1 and
_ 1+1/2 r+l/2 h+
qi+l/2 — ’+l/2 V l+l/2 \/ i+1/2
] e L Y
i+1/2 Wit hi+1/2

+ x+l/2 1+1/2 h+
91,2 ¥ R V ”'1/2 +1/2 V iz -
A =max| == +[ghl, . = +\/0 Sehin )
+1/2 Vi Ty LAy

\/O'Sg(h,tr]/z thi )

are the wave speed estimates at the intercell i + 1/2.
The water regime for the numerical experiments is determined by

2
14 Rd VeH
R0=_’ Bu=_’ Rd=—’
fL L? f
which are the Rossby number, Burgers number and Rossby formation radius respectively. Also, the time scale is defined by charac-
teristic time which is

_L_ 0
— ,
Tc=4 V¥, W0
V+\eH ’

Where V' is the mean of the horizontal velocity, L is the length of the domain and H is the mean of water height. This characteristic
time gives an idea of how long it takes for a perturbation to leave the spatial domain.

4.1. Numerical experiment 1

For this numerical experiment, we consider the moving steady-state proposed in [26]. This is

/’l*(X) — er
u*(x) = e
vi(x)=—fx.

2 —4x
z(x) = —%xz _ex ¢

The numerical experiment will be initialised under this stationary state. While we consider f = g =1, a number CF L = 0.8, final
time 7 =5 and domain x € [0, 1]. We consider Neumann boundary conditions, for all # > 0:

+ On the left boundary A’(0,7) =2, hu'(0,1) =0, ht'(0,1) =—f.
« On the right boundary 4/(1,1) = 2¢?, (hu)' (1,1) =0, (hv) (1,1) = =3 fe?.

For this case we compute R; = 1.7873, B, =3.1945 and R, = 0.2162. Finally, the characteristic time is T = 0.4991 which means
that the simulation is carried out for more than a ten times larger time.

Simulating for N = 25,50, 100,200,400 and the well-balanced schemes, we show the results of the error for each component in
the Table 1. The expected behaviour of the results is observed: the errors are of the order of the machine error. For the third-order
scheme, it is important to notice that the errors are affected by the Newton solver of the non-linear system. It is used to determine
the stationary solutions every timestep and at every stencil with errors of the order of 10~13. This results in an accumulation of small
errors that will affect the final error. When using a non well-balanced scheme the order of the scheme is recovered.

11
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Table 1
Errors for the first numerical experiment under the L,-norm. We show the results for different numbers of cells at time
T =5 for the first, second and third-order schemes and every conserved variable.

Variable Reconstruction h hu hv

N o) 02) 0@3) o) 02) O@3) o) OQ) O@3)

25 0e+00 0e+00 5e-14  2e-16  6e-16 le-14 le-15  7e-16  5e-14
50 4e-16 0e+00 9e-14 3e-15 3e-16 7e-15 4e-14 6e-16 le-13
100 le-15 0e+00 3e-13  6e-15 2e-16 7e-14  9e-14  4e-16  2e-13
200 le-14 0e+00 8e-13  4e-14  5e-16  2e-13  4e-13  4e-16  5e-13
400 le-17 le-17 2e-12 3e-16 3e-16 6e-13 2e-15 4e-16 9e-13

Table 2

Errors under the L, norm for each conserved variable at time 7' =5 for the well-balanced (WB) and
non-well-balanced (NWB) for ©O(3) schemes.

N h component hu component hv component

WB NWB O(NWB) WB NWB O(NWB) WB NWB O(NWB)
25 le-15 3e-07 - 2e-16 le-07 - 2e-16 4e-07 -
50 2e-15  3e-08 3.12 4e-16  1e-08  3.12 4e-16  5e-08  3.07
100 5e-15  4e-09  3.06 8e-16  1le-09  3.06 9e-16  6e-09  3.04
200 8e-15 4e-10 3.03 le-15 2e-10 3.03 2e-15 7e-10 3.02
400  2e-14  5e-11 3.02 3e-15  2e-11 3.02 3e-15  9e-11 3.01

4.2. Numerical experiment 2

For this numerical experiment, we initialize the problem with a stationary solution of the shallow-water system with Coriolis
source terms described by:

2+ sinx
h(x)= ———,
) 2+ cosx
" 2+ cosx
W=V
v* () =~fx,
1 f%, 24sinx 1 /2+4cosx)>?
zZ(x)= — — —x" — ——( - )
2g  2g 24+cosx 2 \2+sinx

Where g =1 and f =1 are the gravity and Coriolis constants, respectively. We choose the domain of the problem x & [0, 0.5], a final
time T'=5 and the CFL is fixed to 0.7. For the boundary conditions, we have considered Neumann boundary conditions based on the
derivatives of the stationary solution on the boundaries. For this case R; =0.8714, Bu=3.0375 and R\ =2.6483. The characteristic
time is T- = 0.2277 which means that 7' >> T-.

In Table 2 we show the comparison between the solutions, calculated with the third-order scheme, for this numerical experiment
and the stationary solutions. In this table, it is shown that the scheme is exactly WB for the chosen stationary solution looking at the
order of the errors. The accuracy remains the same for the rest of the schemes.

4.3. Numerical experiment 3

For the third numerical experiment, we consider a non-linear combination of two stationary solutions similar to the ones described
in the first numerical experiment. For the non-linear combination, we consider the sigmoid function:

1

o) = iy 1

Then, we consider the following water depth and horizontal velocity
hy(x) = e, hy(x) =e'*,
up(x) =0.5¢%, Uuy(x) =0.2¢7%,
Then, we build the functions
ho(x) =1 —o(x)Nh(x) + 6 (x)hy(x),
up(x) = (1 = o(x)u; (x) + o(x)uy (x),

(hu)o(x) = ho(x)ug(x),

12
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Table 3
First-order reconstruction errors and convergence rate concerning a reference solution. The results are shown for the conserved
variables and the well-balanced (WB) and non-well-balanced (NWB) schemes.

Var h hu hv

Rec WB NWB WB NWB WB NWB

N E(N) o E(N) o E(N) o E(N) o E(N) o E(N) o
16 8e-02 0.00 2e+02 0.00 7e-02 0.00 3e+00 0.00 1le-01 0.00  5e+02 0.00
32 4e-02  0.82  4e-01 899 5e-02 0.82  3e-01 899 5e-02 0.82  9e-01 8.99
64 2e-02 1.03 2e-01 1.06 3e-02 1.03 2e-01 1.06 2e-02 1.03 4e-01 1.06

128 le-02 0.80 8e-02 1.01 2e-02 0.80 8e-02 1.01 le-02 0.80 2e-01 1.01
256 7e-03 0.81 4e-02 0.98 le-02 0.81 4e-02 0.98 7e-03 0.81 le-01 0.98
512 4e-03 0.82 2e-02 0.98  7e-03 0.82 2e-02 0.98 4e-03 0.82 6e-02 0.98
1024 2e-03 0.85 le-02 0.98  4e-03 0.85 le-02 0.98 2e-03 0.85 3e-02 0.98

Table 4
Second-order reconstruction errors and convergence rate concerning a reference solution. The results are shown for the
conserved variables and the well-balanced (WB) and non-well-balanced (NWB) schemes.

Var h hu hv

Rec WB NWB WB NWB WB NWB

N E(N) o E(N) o E(N) o E(N) o E(N) o E(N) o
16 7e-02 0.00 le-01 0.00 4e-02 0.00 le-01 0.00 le-01 0.00 3e-01 0.00
32 3e-02 1.11 4e-02 1.28 2e-02 1.11 4e-02 1.28 5e-02 1.11 9e-02  1.28
64 le-02 1.63 1e-02 1.67 1e-02 1.63 1le-02 1.67 1le-02 1.63 3e-02 1.67

128 4e-03 1.51 4e-03 1.60  4e-03 1.51 5e-03 1.60 4e-03 1.51 9e-03 1.60
256 le-03 1.70 le-03 1.73 le-03 1.70 2e-03 1.73 le-03 1.70 3e-03 1.73
512 3e-04 1.86 3e-04 1.87  4e-04 1.86 4e-04 1.87 3e-04 1.86 7e-04 1.87
1024 9e-05 1.84 9e-05 1.88 le-04 1.84 le-04 1.88 9e-05 1.84 2e-04 1.88

Table 5
Third-order reconstruction errors and convergence rate concerning a reference solution. The results are shown for the
conserved variables and the well-balanced (WB) and non-well-balanced (NWB) schemes.

Var h hu hv

Rec WB NWB WB NWB WB NWB

N E(N) O E(N) O E(N) o E(N) o E(N) o E(N) o
16 3e-02 0.00 5e-02 0.00 6e-02 0.00 2e-01 0.00 3e-02 0.00 2e-01 0.00
32 8e-03 1.87 le-02 1.80 2e-02 1.87 4e-02 1.80 9e-03 1.87 6e-02 1.80
64 3e-03 1.42 5e-03 159 5e-03 1.42 1le-02 1.59 3e-03 1.42 2e-02 1.59

128 9e-04 1.72 1le-03 1.78 1le-03 1.72 3e-03 1.78 7e-04 1.72 4e-03 1.78
256 2e-04 2.19 3e-04 2.09 3e-04 2.19 7e-04 2.09 le-04 2.19 1le-03 2.09
512 3e-05 2.65 6e-05 2.35 4e-05 2.65 2e-04 2.35 2e-05 2.65 2e-04 2.35
1024 4e-06 2.88 le-05 2.35 6e-06 2.88 4e-05 2.35 2e-06 2.88 3e-05 2.35

(hv)(x) = = fxho(x),
2(x) = =0.5f2x% = hy(x) — éugu).

We initialise the scheme with (h, huy, hv,) with z as the bottom topography. In this case, we expect the exactly well-balanced
scheme to be well-balanced in the domain R — {x :| x — 1 [> 6} for a big enough ¢ at 1 =0.

For the experiment setup, we consider f = g = 1, a domain x € [0, 3], a CF L number of 0.8, T = 0.5 and non-reflective boundary
conditions. The reference solution is calculated using a very fine mesh consisting of 2!3 finite volumes, and the third-order non
well-balanced scheme. The numerical solutions for the 1st, 2nd and 3rd order, WB and non-WB schemes, computed using N = 2
for i =4,5,6,7,8,9,10 cells, are compared against the aforementioned reference solution. For this case R; = 2.6212, Bu =0.7634,
Ry =0.0311 and T = 1.1052. Here it is not relevant that T < T because we are testing the convergence rate and not the well-
balanced property.

Tables 3, 4 and 5 show the errors and convergence rate for the first, second and third-order schemes respectively under the L
norm. The results show that the rate of convergence is recovered in the well-balanced schemes when the solution is not globally
stationary. What is more, we observe that the error committed by the well-balanced scheme is, in general, lower than the one
committed by the non-well-balanced scheme. This behaviour is especially manifested in the hv variable where the error of the
well-balanced scheme is one order of magnitude more precise than the error for the non-well-balanced scheme.

13
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Table 6

Errors committed for the O(3) scheme under L; norm for the
fourth numerical experiment. Initial data given by the continu-
ous stationary solution (35)-(37).

N h component hu component  hv component
WB WB WB
Ey Oy Ey Oy Ey Oy
25 2e-01 - 4e-02 - 4e-01 -

50 3e-02 2.43 8e-03 2.35 6e-02 2.66
100 3e-03 3.08 le-03 3.03 8e-03 3.02
200 4e-04 3.18 le-04 3.14 9e-04 3.06
400 4e-05 3.10 le-05 3.10 le-04 3.01

h approximation

2.0 A

exact

X approximation

—4 -2 0 2 4

Fig. 1. Water depth of the discrete stationary solution approximating the continuous stationary solution (35)-(37) with N = 20.
4.4. Numerical experiment 4

In this case, we consider the steady-state proposed in [16] with u =0 given by:

h(x) = 2_ e_xz, (35)
g

u*(x) =0, (36)

vi(x) = 27gxe_xz. (37)

We choose f =g=1, Q=[-5,5], CFL =0.8, null flux across the boundaries and a final time 7" = 10 and it is simulated with the
O(2) and O(3) schemes. For this case, we have R; =1.3501, Bu=0.0182 and R, = 0. The reference time is T = 7.4069.

We first consider as initial conditions, those corresponding to the use of the exact expression of the steady state integrated at each
cell. In this case, we cannot expect that our numerical scheme exactly preserves this initial steady state and it is what we observe in
Table 6, but we recover the third-order accuracy. Here the switch (34) starts with a value of 0, which means that u*(x) = 0. After the
first computation, as v*(x) is not a well-prepared steady solution, the value of f switches to 1 which means that u*(x) # 0.

Now, we can consider a discrete steady state that is an approximation of the previous steady state and that is preserved for the
numerical scheme. Thus, we follow the procedure described previously to compute a well-prepared initial condition whose velocity
v is a piece-wise linear approximation of this initial steady state. In Fig. 1 we show the approximation of 7* for N =20. As expected
the scheme can exactly preserve this discrete steady state (see Table 7) and errors are of the order of the machine accuracy. Finally,
we compute the errors of the discrete steady states that are preserved by the second and third-order numerical scheme and as
expected both are second-order (see Table 8). Note that those results could be improved easily by considering either non-smooth
reconstructions of v* in combination with the HLLC Riemann solver or a continuous approximation of v* using third-order spline
approximations for v*.

Finally, we could adapt the previous numerical scheme to preserve exactly those steady states by considering a general family of
steady states with the following functional form:

h(x)=C — %Ke‘xz, u(x) =0, v(x) = Kxe ™,
g

14
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Table 7
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Errors for the well-balanced ©(2) and O(3) schemes under the L,
norm. The scheme is initialized with the well-prepared discrete sta-
tionary solution approximating (35)-(37).

h hu hv
N 0(2) O(3) O2) O3) OQ2) 0Q3)
20 9e-15 2e-14 le-14 2e-14 le-15 3e-15
40 2e-14 le-13 5e-14 2e-14 8e-15 2e-14
80 5e-14 8e-14 le-14 2e-14 le-14  2e-14
160 3e-14 9e-14 le-14 3e-14 2e-14 4e-14
320 6e-14 4e-13 2e-13 7e-14 5e-14 8e-14

Table 8

Errors and order of convergence for the well-prepared continuous initial
condition concerning the exact stationary initial condition.

N 20 40 80 160 320
Second-order scheme E 7e-2 2e-2 4e-3 le-3 3e-4
o - 1.89 2 2 2
Third-order scheme E 7e-2 2e-2 4e-3 le-3 3e-4
o - 1.95 2.01 2 2

Table 9
Errors committed under the L, norm
for the exactly well-balanced schemes
for a family of exponential functions.
The errors are shown for the O(3)

scheme.
N h hu hv
20 3e-14  le-14  1le-14
40 8e-14 le-14 Se-14
80 2e-13  2e-14  1le-13
160  4e-13  3e-14  2e-13
320 7e-13 Se-14 Se-13

where C and K are two constants to be determined. Locally, in the i-th cell, those values are determined by solving the non-linear
system of equations:

Xi+1/2

h;=C-— LK / e_"zdx,
2¢g

Xi-1/2

Xi+1/2 Xi+1/2

hv; =CK / xe_"zdx—ziK2 / xe 2 dx.
4

Xi-1/2 Xi—1/2

In Table 9 we show the errors for this exactly well-balanced ©O(3) scheme, where all the errors are a result of solving the previous
non-linear system of equations in every cell and every time step.
Thus, in this case, it is possible to combine the general procedure defined for non-zero steady states with the particular choice of
this family of steady states for u = 0.

4.5. Numerical experiment 5: jet

In this numerical test, we check the ability of the numerical scheme to approximate non-steady states. In particular, we consider

a jet initial condition (see [9,16]). The initial condition is written as follows:

h(x)=H
u(x)=0,

v(x)=H

>

(L tanh (4x/ L +2)) (1 — tanh (4x/ L +2))

(1 + tanh2)?
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HLLC solver for h variable
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HLLC solver for hv variable
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Fig. 2. Water depth (top left), tangential momentum (top right) for the jet formation at time T = 2z, zoom for the water depth for x € [-0.65,-0.35] and x €
[0.55,0.85] (bottom left and right respectively). Comparison between a reference solution computed with N = 20000 and the well-balanced and not well-balanced
second-order schemes.

We consider B, =0.25, R, =1, CFL =0.9 as it was set in [16]. With these values, we fix H = L=V =1, then g = 0.25 and
f =1. We consider a domain x € [-8,12] and a final time T =2z /f. We also consider N = 2000 to satisfy R;/Ax =50 as it is
studied in the literature. In this case, the definition of V is set by the problem and not by the mean of the horizontal velocity.

In Fig. 2 we compare a reference solution computed with N = 20000 points and the WB and non-WB second-order schemes for
the h and hv variables with an HLLC solver. In this figure, we also represent two zooms in regular regions of the jet. Both figures
show how the well-balanced scheme performs slightly better than the non-well-balanced scheme. In Fig. 3 we plot the time evolution
of the jet for different times under the same numerical experiment for the well-balanced scheme. We observe how the behaviour
of our scheme is similar to the one presented in the literature [16]. Finally, in Fig. 4 we plot the balance between the Coriolis and
Gravity source terms. As we can see, the balance is not reached due to the numerical error committed. In this numerical example, our
scheme performs equally to the schemes found in the literature. This is because the jet is an extreme case (with shock production)
far away from the stationary solutions we study in this work.
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Appendix A. Determining the local stationary solutions for a 2n-1 CWENO reconstruction

In section 3 we described how to design an exactly well-balanced reconstruction that preserves the solutions of system (15)-(17)
for hu # 0 the stationary solutions read as:

(hu)*(x)=C, (38)
* 2

@ +g (M) +z2(x) - fV(x))=E (39)

v =—fx+u, (40)

V(x)= —%xz + vgx, (41)

where C, E and v, are constants.
In this section, we are providing a general technique to obtain an exactly well-balanced scheme for this stationary well-balanced
solution using a 2n — 1 order CWENO reconstruction procedure. In this kind of reconstruction, we have the following ingredients:

1. The highest polynomial degree is 2n — 2.

2. The stencil must have 2n — 1 cells.

3. To preserve the order, we need a quadrature formula with 2n— 1 accuracy. The optimal formula can be chosen with the Legendre
polynomials leading to an exact 2n — 2 polynomial precision. If the CWENO reconstruction procedure has an error of Ax?"~!,
the quadrature formula must be, at least, precise for polynomials of degree 2n — 1, which means that it has » or more quadrature
points. We write this formula as follows:

Xit+1/2 n
/ fdxx Y ol f(x]),
Xi-1/2 p=1

where af are the linear weights and xf are the quadrature points.
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Fig. 4. Balance between Coriolis and Gravity source terms for long times under the well-balanced scheme.

To obtain an exactly well-balanced reconstruction, we need to be able to obtain point-wise values of the local stationary solution
in each stencil S;. In this case, the points of interest can be classified into two families:

1. Point values at the quadrature points {xf }Z=1 for each cell in the stencil S; = {C;_(,_y, ..., Ciyu—1)}- These values allow us to
calculate the averages of the stationary solutions for every cell in the stencil, and the integral of the source term for the centre

cell C;.
2. Two point values in the intercells x;, /, in order to evaluate the fluxes.

This yields a total of (2n — 1)n + 2 points of interest in each stencil.
From (38)-(41) we can derive the following system of equations that must be satisfied by the stationary solution in each stencil

Si
hu* (x;) = (hu);, (42)
v*(xp) = —fx; + vy, (43)
h*(x,) is root of
(hu) “4a)

g (x;)+ (gz(xk) -f <—§xi +(v) Xk) - Ei) (h")*(x) + T’ =0.

Where x, is any of the points of interest in the stencil and E; is the energy of the system which must be constant for the stationary
solution as well as (hu); and v;. In particular, this set of equations must be satisfied for all points in the centre cell C;. Using the

18



V. Gonzdlez Tabernero, M.J. Castro and J.A. Garcia-Rodriguez Applied Mathematics and Computation 469 (2024) 128528

known cell averages at C;, (42) determines the values of (hu)* all over the stencil. From (40) we can compute the value of v; knowing
the cell average (hv);:

Xit1/2 Xit1/2 n
(hv); = / R (x)v*(x)dx = / h(x)(=fx+v)dx = 2 a, (h(xf)vi - fh(xf)xf) ,
Xi-1/2 Xi-1/2 =l

which means that

(hv); + f 22:1 aph*(xf’)xf’
v, =

! Z;=1 aph*(xf)

It remains to be computed the values of the stationary water depth h*(xf ). Substituting (45) in (44) we obtain that h* (xf’ ) must be a
root of

(hv), + £ 2w h* (xP)x?
G X1 E) = (gz(xﬁ’) - (—£ (<) + ( 21 5y ) )) - E) (Y )

(45)

2 22=1 aph*(xf)
(hu);
+ g (D) + T‘
So, we have a system of non-linear equations g, =0 for p=1,...,n with n+ 1 variables xil, ,xip ,E;. To complete the system of

equations, we have to add the following condition:

n
go(x)s o XL E) =) a b (<) — by,
p=1

where g, = 0 means that the cell average is preserved by /*(x) at the cell C;. Then, if we solve this non-linear system of equations,
we know all point values at the cell C; of the stationary water depth 4*(x) and the local energy. With this data, we can now calculate
v; with (45) and with this value, we know v*(x) in the stencil. Also, as we know the energy E; and v; in the whole stencil, we can
calculate 2*(x) in the rest of the points of interest by solving the cubic equation (44).

This procedure, allows us to determine the values of the stationary solutions 4*, hu* and hv* in all the stencils for a general
CWENO reconstruction procedure. These values are enough information to obtain an exactly well-balanced scheme for the shallow-
water equations with Coriolis source terms according to the method described in section 2.

A.1. Particular case: third-order CWENO

We are going to give a complete example of this procedure for the third-order CWENO reconstruction. In this particular case, we
perform the following steps:

1. We know that

Ut (x) = —fx+ vy,

Xit+1/2
1 / .
— v (x)dx =v;.
11;] ’
Xi-1/2

Since we cannot calculate v;, we consider computing

Xit1/2
(hv); = / ¥ (x)v* (x)dx = 0.50y(hy + hy) + 0.5(— fxghy — fx 1 hy),
xili
obtaining
_ 2(hv); + fxohy + fx1hy
0= ho+ hy ’

knowing this expression, we can compute the potential
2(hv); + fxghg + fx1hy
hy + h, '

2. Considering the expression of the potential, we can set up a system of three equations

V(x)=-05fx*+x

go(hgs by, E) =0.5(hg + hy) — by,
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2(hv); + fxghg+ fx1h
g1(ho.hy. E)=gh} + ( gz(xo) — f | —0.5/x3 +xo i7/7000 e L
ho + hy
| G,
5
2(hv); + fxghg+ fx1h
go(hg by, E)=gh® + ( g2(x)) = f [ =0.5/x% +x, d 00 . I L
| G,
5

where hy = h*(x() and hy = h*(x;). With these equations, we again have a system of three equations to be solved using Newton’s
method. We will initialize the variables with the cell average values.
3. Once the solutions have been calculated using Newton’s method, we will have the values at the quadrature points A*, h;, the

constant value hu*, the energy E; and the value vj with which the solution stationary v* is completely determined as well as

the potential V. In this way, the rest of the point values of the solution are calculated with (42)-(44).

References

[1] M. Asuncién, M. Castro, E. Fernandez-Nieto, J. Mantas, S. Ortega, J. Gonzalez Vida, Efficient gpu implementation of a two waves tvd-waf method for the
two-dimensional one layer shallow water system on structured meshes, Comput. Fluids 80 (2013) 441-452.
[2] E. Audusse, F. Bouchut, M.-O. Bristeau, R. Klein, B. Perthame, A fast and stable well-balanced scheme with hydrostatic reconstruction for shallow water flows,
SIAM J. Sci. Comput. 25 (6) (2004) 2050-2065.
[3] E. Audusse, R. Klein, D.D. Nguyen, S. Vater, Preservation of the discrete geostrophic equilibrium in shallow water flows, in: J. Foft, J. Fiirst, J. Halama, R.
Herbin, F. Hubert (Eds.), Finite Volumes for Complex Applications VI Problems & Perspectives, Berlin, Heidelberg. Springer Berlin Heidelberg, 2011, pp. 59-67.
[4] J.P. Berberich, P. Chandrashekar, C. Klingenberg, High order well-balanced finite volume methods for multi-dimensional systems of hyperbolic balance laws,
Comput. Fluids 219 (2021) 104858.
[5] A. Bermudez, M.E. Vazquez, Upwind methods for hyperbolic conservation laws with source terms, Comput. Fluids 23 (8) (1994) 1049-1071.
[6] A.Bermudez, X. Lopez, M.E. Vazquez-Cendoén, Finite volume methods for multi-component euler equations with source terms, in: Ninth International Conference
on Computational Fluid Dynamics (ICCFD9), in: Computers & Fluids, vol. 156, 2017, pp. 113-134.
[7]1 F. Bouchut, Non-linear Stability of Finite Volume Methods for Hyperbolic Conservation Laws and Well-Balanced Schemes for Sources, Frontiers in Mathematics,
Birkhauser, 2004.
[8] F. Bouchut, T.M. de Luna, A subsonic-well-balanced reconstruction scheme for shallow water flows, SIAM J. Numer. Anal. 48 (5) (2010) 1733-1758.
[9] F. Bouchut, J.L. Sommer, V. Zeitlin, Frontal geostrophic adjustment and nonlinear wave phenomena in one-dimensional rotating shallow water. Part 2. High-
resolution numerical simulations, J. Fluid Mech. 514 (2004) 35-63.
[10] P. Brufau, M.E. Vazquez-Cendén, P. Garcia-Navarro, A numerical model for the flooding and drying of irregular domains, Int. J. Numer. Methods Fluids 39 (3)
(2002) 247-275.
[11] A. Canestrelli, A. Siviglia, M. Dumbser, E.F. Toro, Well-balanced high-order centred schemes for non-conservative hyperbolic systems. Applications to shallow
water equations with fixed and mobile bed, Adv. Water Resour. 32 (6) (2009) 834-844.
[12] M. Castro, J.M. Gallardo, J.A. Lopez-Garcia, C. Parés, Well-balanced high order extensions of godunov’s method for semilinear balance laws, SIAM J. Numer.
Anal. 46 (2) (2008) 1012-1039.
[13] M. Castro, J. Lopez-Garcia, C. Madronal, High order exactly well-balanced numerical methods for shallow water systems, J. Comput. Phys. 246 (2013) 242-264.
[14] M. Castro, C. Parés, Well-balanced high-order finite volume methods for systems of balance laws, J. Sci. Comput. 82 (48) (2020) 939-973.
[15] M.J. Castro, T.M. de Luna, C. Parés, Well-balanced schemes and path-conservative numerical methods, Handb. Numer. Anal. 18 (2017) 131-175.
[16] M.J. Castro, J.A. Lépez, C. Parés, Finite volume simulation of the geostrophic adjustment in a rotating shallow-water system, SIAM J. Sci. Comput. 31 (1) (2008)
444-477.
[17] M.J. Castro, A.P. Milanés, C. Parés, Well-balanced numerical schemes based on a generalized hydrostatic reconstruction technique, Math. Models Methods Appl.
Sci. 17 (12) (2007) 2055-2113.
[18] M.J. Castro Diaz, T. Chacén Rebollo, E.D. Fernandez-Nieto, C. Parés, On well-balanced finite volume methods for nonconservative nonhomogeneous hyperbolic
systems, SIAM J. Sci. Comput. 29 (3) (2007) 1093-1126.
[19] M.J. Castro Diaz, C. Chalons, T.M. de Luna, A fully well-balanced lagrange-projection-type scheme for the shallow-water equations, SIAM J. Numer. Anal. 56 (5)
(2018) 3071-3098.
[20] T. Chacén Rebollo, A. Dominguez Delgado, E.D. Fernandez Nieto, A family of stable numerical solvers for the shallow water equations with source terms,
Comput. Methods Appl. Mech. Eng. 192 (1) (2003) 203-225.
[21] T. Chacén Rebollo, A. Dominguez Delgado, E.D.F. Nieto, Asymptotically balanced schemes for non-homogeneous hyperbolic systems — application to the shallow
water equations, C. R. Math. 338 (1) (2004) 85-90.
[22] P. Chandrashekar, C. Klingenberg, A second order well-balanced finite volume scheme for euler equations with gravity, SIAM J. Sci. Comput. 37 (3) (2015)
B382-B402.
[23] A. Chertock, M. Dudzinski, A. Kurganov, M. Lukdc¢ova-Medvid’ov4, Well-balanced schemes for the shallow water equations with coriolis forces, Numer. Math.
138 (2018) 939-973.
[24] L Cravero, G. Puppo, M. Semplice, G. Visconti, Cweno: uniformly accurate reconstructions for balance laws, Math. Comput. 87 (312) (2018) 1689-1719.
[25] D. Levy, G. Puppo, G. R, Central weno schemes for hyperbolic systems of conservation laws, M2AN 33 (3) (1999) 547-571.
[26] V. Desveaux, A. Masset, A fully well-balanced scheme for shallow water equations with Coriolis force, Commun. Math. Sci. 20 (7) (2022) 1875-1900.
[27] E.D. Fernandez-Nieto, D. Bresch, J. Monnier, A consistent intermediate wave speed for a well-balanced hllc solver, C. R. Math. 346 (13) (2008) 795-800.
[28] E. Gaburro, M.J. Castro, M. Dumbser, Well-balanced arbitrary-Lagrangian-Eulerian finite volume schemes on moving nonconforming meshes for the Euler
equations of gas dynamics with gravity, Mon. Not. R. Astron. Soc. 477 (2) (2018) 2251-2275.
[29] 1. Gémez-Bueno, M.J. Castro, C. Parés, G. Russo, Collocation methods for high-order well-balanced methods for systems of balance laws, Mathematics 9 (15)
(2021).
[30] S. Gottlieb, On high order strong stability preserving runge-kutta and multi step time discretizations, J. Sci. Comput. 25 (2005) 105-128.
[31] I. Gémez-Bueno, M.J. Castro, C. Parés, High-order well-balanced methods for systems of balance laws: a control-based approach, Appl. Math. Comput. 394
(2021) 125820.
[32] A. Harten, P.D. Lax, B. van Leer, On Upstream Differencing and Godunov-Type Schemes for Hyperbolic Conservation Laws, Springer, Berlin Heidelberg, Berlin,
Heidelberg, 1997, pp. 53-79.

20


http://refhub.elsevier.com/S0096-3003(23)00697-5/bib8C45205D4F085A0DE85071D263686C04s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib8C45205D4F085A0DE85071D263686C04s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib06EDDC15519AE7D65C823A57A32CCF72s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib06EDDC15519AE7D65C823A57A32CCF72s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib728DB46950C185734F7741E5D96664B5s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib728DB46950C185734F7741E5D96664B5s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib20A43E0BDFEB820D7FC1A3D16DCA3C4Bs1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib20A43E0BDFEB820D7FC1A3D16DCA3C4Bs1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib2BE91923E8FC60592E4A0FC259700C32s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bibAC31F8106AE48B7B74097065BC9596BEs1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bibAC31F8106AE48B7B74097065BC9596BEs1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib6145F0544E837E57A36257EB5124E5ABs1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib6145F0544E837E57A36257EB5124E5ABs1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bibDD93EB9D05B684DBB59B44008A6376D5s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib11D7B5151561CD4BB27AAE6715D328F4s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib11D7B5151561CD4BB27AAE6715D328F4s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib4286160382466A3BDF354C3A5F7280A5s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib4286160382466A3BDF354C3A5F7280A5s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bibEB7297173BECCF0B92CE4AFA9F2EEDE6s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bibEB7297173BECCF0B92CE4AFA9F2EEDE6s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib0351E01039B0E6D52032609081F90B8Cs1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib0351E01039B0E6D52032609081F90B8Cs1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib80E4236705FB07306DB1EC01F74DCF92s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib31BB3572F5E869B2ED64527FD8DF4F15s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib2849183708C6823D947FEA5799A66B71s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bibFBFCEDA86F10F6452200113937CDAAF0s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bibFBFCEDA86F10F6452200113937CDAAF0s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib269C7505C875CAAFAC8059AB00425556s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib269C7505C875CAAFAC8059AB00425556s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bibAA2E3838C9F4F26FF2C5557A95C5601Cs1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bibAA2E3838C9F4F26FF2C5557A95C5601Cs1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bibF0DD768D88D603CDD4870F2B901E7580s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bibF0DD768D88D603CDD4870F2B901E7580s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib77EB57FBA86FFE12FB1C2DF28D22AFD9s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib77EB57FBA86FFE12FB1C2DF28D22AFD9s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib94A5B1C990BC6FC70FEB2196B2FB09ADs1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib94A5B1C990BC6FC70FEB2196B2FB09ADs1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bibAACE728DBCC871676D807694DDA69627s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bibAACE728DBCC871676D807694DDA69627s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib041A084517365C89ADACB471AA1A82D5s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib041A084517365C89ADACB471AA1A82D5s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib67462CF4717B775656BF620EE9E5040As1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib6AF8B25F5D4C9267D2866D3B28F3C1E0s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bibE92DE7A68C0E15EF31EAFED717D74F23s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib9C6CB28D392AE4CC4E4DD7432BCD042Fs1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib012E946F7B6D4BE0498AB1D47CC41E37s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib012E946F7B6D4BE0498AB1D47CC41E37s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib8F22D42487EEC10DADB5FE1B7356A8C0s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib8F22D42487EEC10DADB5FE1B7356A8C0s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib4B40563DF50098DA245250FF24D965B1s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bibCAF26EE664ED006545263CFF1E8CC829s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bibCAF26EE664ED006545263CFF1E8CC829s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib2EFF16C83B314F839B19E3081FDF56EDs1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib2EFF16C83B314F839B19E3081FDF56EDs1

V. Gonzdlez Tabernero, M.J. Castro and J.A. Garcia-Rodriguez Applied Mathematics and Computation 469 (2024) 128528

[33] C. Klingenberg, G. Puppo, M. Semplice, Arbitrary order finite volume well-balanced schemes for the euler equations with gravity, SIAM J. Sci. Comput. 41 (2)
(2019) A695-A721.

[34] C. Sanchez-Linares, T. Morales de Luna, M. Castro Diaz, A hllc scheme for ripa model, Appl. Math. Comput. 272 (2016) 369-384.

[35] E.F. Toro, The weighted average flux method applied to the euler equations, Ser. A, Phys. Eng. Sci. 341 (1992) 499-530.

[36] E.F. Toro, Riemann Solvers and Numerical Methods for Fluid Dynamics, Springer, Berlin, Heidelberg, 2009.

[37] E.F. Toro, The hllc riemann solver, Shock Waves 29 (2019) 1065-1082.

[38] M. Tort, T. Dubos, F. Bouchut, V. Zeitlin, Consistent shallow-water equations on the rotating sphere with complete coriolis force and topography, J. Fluid Mech.
748 (2014) 789-821.

[39] V. Gonzélez-Tabernero M. J. C, J.A. Garcia-Rodriguez, High-order well-balanced finite volume schemes for 1d and 2d shallow-water equations with coriolis
forces, in: Proceedings HYP 2022, (to appear).

[40] B. van Leer, Towards the ultimate conservative difference scheme. V. A second-order sequel to godunov’s method, J. Comput. Phys. 32 (1979) 101-136.

[41] Y. Xing, C.-W. Shu, High order finite difference weno schemes with the exact conservation property for the shallow water equations, J. Comput. Phys. 208 (1)
(2005) 206-227.

[42] X. Zhang, C.-W. Shu, On maximum-principle-satisfying high order schemes for scalar conservation laws, J. Comput. Phys. 229 (2010) 3091-3120.

21


http://refhub.elsevier.com/S0096-3003(23)00697-5/bibA659F8692284C80A3CA738A6267A717Ds1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bibA659F8692284C80A3CA738A6267A717Ds1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bibFC8939007A7A70969F6CBF030CF4868Ds1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bibEDBD169876BB2D88BD8E0AABB7520BE1s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib350B29CFBA8D42EADBC70584F7D94279s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bibCE987AAE586CD21A70E3B8015AFE869Bs1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bibDECD5735763952CE74E6ED2B3A077A60s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bibDECD5735763952CE74E6ED2B3A077A60s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib318FB41801DE7B5745337A7E69DA0462s1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib0E0B8898CAA578775844C27C7DC61B2Fs1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib0E0B8898CAA578775844C27C7DC61B2Fs1
http://refhub.elsevier.com/S0096-3003(23)00697-5/bib0AA5F4B9A121DCDC8C907C74B59E2B08s1

	High-order well-balanced numerical schemes for one-dimensional shallow-water systems with Coriolis terms
	1 Introduction
	2 Well-balanced reconstruction procedure
	2.1 1st and 2nd order schemes
	2.2 Third-order scheme

	3 Well-balanced schemes for the shallow-water system with Coriolis forces
	3.1 First and second-order reconstructions
	3.2 High-order CWENO reconstruction

	4 Numerical experiments
	4.1 Numerical experiment 1
	4.2 Numerical experiment 2
	4.3 Numerical experiment 3
	4.4 Numerical experiment 4
	4.5 Numerical experiment 5: jet

	Data availability
	Acknowledgements
	Appendix A Determining the local stationary solutions for a 2n-1 CWENO reconstruction
	A.1 Particular case: third-order CWENO

	References


