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Linear mixed effects are considered excellent predictors of cluster-level parameters in various
domains. However, previous research has demonstrated that their performance is affected by
departures from model assumptions. Given the common occurrence of these departures in
empirical studies, there is a need for inferential methods that are robust to misspecifications while
remaining accessible and appealing to practitioners. Statistical tools have been developed for
cluster-wise and simultaneous inference for mixed effects under distributional misspecifications,
employing a user-friendly semiparametric random effect bootstrap. The merits and limitations
of this approach are discussed in the general context of model misspecification. Theoretical
analysis demonstrates the asymptotic consistency of the methods under general regularity
conditions. Simulations show that the proposed intervals are robust to departures from modelling
assumptions, including asymmetry and long tails in the distributions of errors and random effects,
outperforming competitors in terms of empirical coverage probability. Finally, the methodology
is applied to construct confidence intervals for household income across counties in the Spanish
region of Galicia.

1. Introduction

Linear mixed models are frequently employed for modelling hierarchical and longitudinal data. Within this modelling framework,
population parameters are represented by fixed regression parameters, while the additional between-cluster variation is captured by
cluster-specific random effects. Bootstrap methods are considered for statistically valid inference for mixed effects, which are linear
combinations of fixed and random effects. Mixed effects are recognized as excellent predictors of cluster-level parameters in various
fields, such as small area estimation or medicine (cf. monographs of Verbeke and Molenberghs, 2000; Jiang, 2007; Rao and Molina,

2015).

Further inference on mixed parameters heavily relies on model and distributional assumptions. Consequently, numerous bootstrap
methods have been introduced to partially alleviate this reliance and flexibly approximate distribution functions of estimators. While
they can be derived analytically using model-dependent large sample theory, the application of the latter might lead to inaccurate
results in finite samples, and it is rarely robust to misspecifications.
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The family of bootstrap methods for clustered data is rich. Field and Welsh (2007); Chambers and Chandra (2013) and more
recently Flores-Agreda and Cantoni (2019) provide extensive reviews of bootstrap methods for clustered data. In fact, all essential
procedures can be classified into three broad categories: bootstrapping by resampling clusters and observations within clusters (Davi-
son and Hinkley, 1997; McCullagh, 2000), bootstrapping by random weighing of estimating equations (Field et al., 2010; Samanta
and Welsh, 2013; O’Shaughnessy and Welsh, 2018) and bootstrapping by resampling predictors of random effects and/or residuals
(Davison and Hinkley, 1997). The latter is referred to as a random effect bootstrap and can be further subcategorized into: parametric
versions, which entails resampling from normal distributions with estimated variance (Butar and Lahiri, 2003; Hall and Maiti, 2006b;
Chatterjee et al., 2008), and semiparametric versions in which stochastic components are obtained using estimated variance compo-
nents, but without making distributional assumptions (Carpenter et al., 2003; Hall and Maiti, 2006a; Lombardia and Sperlich, 2008;
Opsomer et al., 2008; Chambers and Chandra, 2013; Bertarelli et al., 2021). The main goal of all bootstrap schemes is to estimate
the sample distribution or certain moments of a statistic using its bootstrap distribution. It is important to emphasize that the goal
of this manuscript is not to compare the performance of all existing procedures or select the optimal scheme, even though such a
comparison in the framework of mixed effects has not been attempted yet, and it might be an interesting future research direction.

There exist various criteria to assess the quality of bootstrap schemes for clustered data. In the context of inference for mixed
parameters, the existing literature primarily concentrates on the bootstrap estimation of the mean squared error, which essentially
involves an accurate estimation of the first few moments (see, e.g. Butar and Lahiri, 2003; Hall and Maiti, 2006a; Chatterjee et
al., 2008). In contrast, proposed bootstrap methods are required to reproduce cumulative distribution functions of studentized and
maximal statistics, which are core elements in cluster-wise and simultaneous inference for mixed parameters. While the former has
been intensively studied in the literature, the latter has been neglected until recently despite its role in formulating valid comparative
statements. These are of utmost importance in policy making or public health, where decision-makers compare the estimates across
many clusters to decide on resource reallocation or the introduction of new policies (see Tzavidis et al., 2018; Reluga et al., 2023b;
Kramlinger et al., 2022, for discussions on the need for comparative tools in the small area estimation which relies on mixed effects).

In this manuscript, statistical tools have been constructed for cluster-wise and simultaneous inference for mixed parameters under
distributional model misspecifications, employing a semiparametric random effect bootstrap as in Carpenter et al. (2003) and Opsomer
et al. (2008). This bootstrap scheme is proven to successfully reproduce cumulative distribution functions of studentized and maximal
statistics. These results provide novel contributions that complement and extend the derivations of Carpenter et al. (2003), who,
assuming normality, proved the consistency of bootstrap versions of fixed effects, as well as the variance of random effects and
errors. Additionally, this work extends the methods developed by Reluga et al. (2023b) for cluster-wise and simultaneous inference
for linear mixed effects under satisfied modelling assumptions.

The presented theory applies to the construction of intervals and corresponding testing procedures. The analysis demonstrates that
the methods are asymptotically consistent under general regularity conditions, without assuming normality of stochastic components
in the model. Simulations compare the performance of various bootstrap schemes to construct cluster-wise and simultaneous inter-
vals for mixed parameters. The results indicate that the constructed intervals are robust to departures from modelling assumptions,
including asymmetry and long tails in the distributions of errors and random effects, outperforming competitors in terms of empirical
coverage probability. Additionally, the methodology is applied to construct simultaneous confidence intervals for household income
across counties in the Spanish region of Galicia. Finally, this simple bootstrap-based inference can be considered complementary to
other existing techniques that handle distributional model misspecifications and deal with outliers, such as robust inference methods
(Chambers and Tzavidis, 2006b; Sinha and Rao, 2009) or estimation by data transformation (Rojas-Perilla et al., 2020).

The remainder of this paper is structured as follows. Section 2 contains a brief introduction to the inference for mixed param-
eters. Section 3 describes the methodology to construct cluster-wise and simultaneous inference tools under distributional model
misspecification. Section 4 discusses potential extensions and limitations of proposed methodology in the broader context of con-
structing statistical methods under model misspecification. The simulation results and the data application are provided in Sections 5
and 6, respectively. Finally, Section 7 presents the conclusion. Proofs and regularity conditions can be found in Appendix A. The
supplementary material (SM) contains further analytical details and simulations.

2. Inference for mixed parameters

Consider an n-dimensional response vector y € R” modelled by y = X + Zu + e where X € R™®+D Z € R"™4 are known full
column rank design matrices for fixed and random effects, vector § € R?*! contains fixed effects, whereas random effects u € R and
errors e € R” are assumed to be mutually independent and identically distributed with var(e) = G and var(u) = R. The model of Laird
and Ware (1982) is used. It follows that for each cluster j one has

yj=Xjﬂ+Zjuj+ej, j=1,....m, (€9)

where y;, eR", X, € R7X@+D Z;, R, ¢; = (elT,ezT, e u=(uy,uy,...,u,)T. The total sample size is denoted with n, the
number of clusters with m such that n = Z;"Zl n;, where n; is the number of observations in the h cluster. Furthermore, G and R are
block-diagonal with blocks G; = G;(3) € R%*9 and R ;= R;0) € R"*"; which depend on variance parameters & = (5, ...,6,)" .
Let E(y) = Xf and var(y) =V = R+ ZGZ" where V is a block-diagonal with blocks V; = R; + Z;GZ!. Under normality of
random effects and errors, y; ~ N(X;p,V;) and y;|lu; ~ N(X;p + Z;u,G;). The methods of maximum likelihood and restricted
maximum likelihood are often used to obtain an estimator 6 = (51, ,5h)T (see, for example, Verbeke and Molenberghs, 2000,
Chapter 5). In contrast, f and u are estimated and predicted using two-stage techniques. In particular, after assuming that & is
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known, one can use maximum likelihood, estimating equations of Henderson (1950) or the h-likelihood of Lee and Nelder (1996)
to obtain best unbiased linear estimator (BLUE) f§ = f(6) = (XTV~1X)"!XT¥ 1y and the best unbiased linear predictors (BLUP)
ij=u; 6)=G . ZJ.TVJ.‘I(y =X £). In the second stage, 6 is replaced by 5 which results in empirical BLUE (EBLUE) ﬁ = ﬁ(S), and

empirical BLUP (EBLUP) &; =u j(g). The goal is to develop valid inferential tools for general cluster-level parameters

e J=lm, @

T T
0=k p+1u
with known k; € RP+! and | ; €RY,i.e., 0, is treated as random cluster-level parameter due to the randomness of u;. The application
of the two-stage approach leads to

i o— _TF, T~ b —p (A 1ThLiTs i
0;=0;0)=k; p+1;d;, 0;,=0;00)=k;p+1;a; j=1...m. 3)

The focus is on developing methods to construct 1 — a confidence (or prediction) intervals and perform hypothesis testing for
mixed parameters 6 i, J = 1,..., following the ideas of Reluga et al. (2023b). Let 0]2 = var(d j) and 62 = var(0 1) be a corresponding

estimator of the variability of the parameter estimate. A t-statistic and a maximal statistic are defined as follows:

/S j=tem, M= max o] )
J U/a\rl/2(éj) j=l,..m J

An individual confidence interval I; |_, at 1 — a-level for 6, is a region which satisfies P(6; € I; |_,) = | — a. To construct symmetric
intervals I; ;_,, it is enough to find a high quantile from the distribution of statistic 7, thatis g; ;_, =inf{a €R : P(f; <a)>1—a}.
One thus have

Iiig 0+ 4502 %80, + 0,1 _ap X8, ), j=1,...,m. )

Due to the central limit theorem, ¢; ,/, and g; ;_,/, are often replaced by high quantiles from the standard normal distribution or the
Student’s t-distribution. Alternatively, one can consider constructing symmetric intervals with +q¢; ;_,/,. In simulations in Section 5,
the performance of both symmetric and asymmetric intervals was tested, and it was concluded that the latter as defined in (5)
performed better in terms of empirical coverage.

A similar strategy can be used to construct simultaneous confidence intervals I;_, at 1 — a-level which satisfy P(0; € I,_, Vj €
[m])=1—a, where [m] = {1,...,m}. Let q;_, =inf{a€R : P(M <a)>1—a} be a high quantile from the distribution of statistic
M. Then it follows that

m
o= X Iy i 0 £a2a %8}, j=1cm, ()
j=1

and it follows that I;_, covers all clusters with probability 1 — a (see Reluga et al., 2023a,b, for more details). The relation between
confidence intervals and hypothesis testing allows us to define modified statistics #; and M that can be used to carry out hypothesis
testing. Due to the inherent similarity between intervals and tests, the derivation can be found in the SM.

The construction of the studentized statistics in (4) requires the estimation of aj?. The most common measure to assess the vari-
ability of predictions is the mean squared error MSE(d )=E (@ -0 j)z], where E denotes the expectation with respect to the model
defined in (1). Nevertheless, following Chatterjee et al. (2008), a simpler choice of 6']2 = IJ,T(G =G, ZJ,T Vj‘l Z,Gpl;, which accounts
for the variability of 6; without accounting for the variability in the estimation of § or 6, leads to satisfactory numerical results. In
Section 5 the empirical performance of cluster-wise and simultaneous intervals is tested using six different estimators of 62, and the
application of &,2 leads to the best results under many bootstrapping schemes.

3. Bootstrap-based inference for mixed effects

Bootstrap schemes to construct individual and simultaneous intervals are introduced, with the aim of ensuring robustness to
model misspecifications, including asymmetry and long tails in the distribution of errors and random effects. Bootstrap-generated
observations are denoted as:

V'=Xf+ Zu* + e, @)

where e* and u* are bootstrap replica of random components in the model. The generation of e* and u* depends on the bootstrap
scheme, which will be further elaborated upon. Setting 6* = 5, V*=V, G* =G, the following definitions are used f* = p(5*) =
XTy*1x)"1xTy*=1y*, i =u;(8) = G;.“ZJ.TV}*‘I(yj — X, /7*). In addition, let §* be an estimated version of 6* obtained by regress-
ing y* on X. Then one obtains % = p(6*) and ﬁj =u; (6. Bootstrap mixed effects are thus defined as
* _ 1T A T, * N* _ Sxy _ 1. T px T A%
07 =k; B+1;uj, 07 =0,(c")=k; p*+1;07. ®)
The bootstrap versions of the statistics of interest in (4) are given by
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o — 0*
=L i=1..,m M*= max ‘t’f‘. 9)
J U/a\rl/2(9}k) j=1,..mlJ

Statistics in (9) are used to construct bootstrap equivalents of intervals in (5) and (6), that is

I, {9, +4;,,%6;.0; +q7,1—a/2><&j}’ 10
m

L= X e i 0 241, %65 an
=1

where qjyl_a =inf{aeR : P(t;f <a)>1-a} and q;‘_a =inf{faeR : P(M* <a) > 1 — a} are quantiles from the distributions of t;
and M*. Alternatively, one can consider a symmetric confidence interval in (10), that is Ij’il_a : {9 =+ q;.*,l_a 1’ X 6; } This choice has
hardly any effect on the performance of Ij’il_a for large n;, but it might make a difference once n; is small. The most popular choice in
the context of mixed models is to use a parametric bootstrap, drawing e* and u* from a postulated normal distribution with estimated
variance parameters. In contrast, a semiparametric bootstrap method introduced by Carpenter et al. (2003) and generalised by
Opsomer et al. (2008) is used. The empirical performance of this bootstrap scheme for fixed parameters and variance components has
been studied by Chambers and Chandra (2013). The goal is to mimic the data generating process in model (1). Before explicitly writing
down the bootstrap algorithm, it is important to provide some motivation behind it. Let = X§ = X(XTV-1X)"'XTv-ly= Hy,
e=y-Xp-Zi=1-ZGZTV-H)UI-H)y=RV'U-H)y,é=y— X - Zirand it= GZTV~!(y — X f). Then, by some algebraic
transformations one has I — ZGZTV~-! = RV-!, and

var@)=GZT (V' - H)}ZG, var(@®)=R{V~'I-H)}R.

Thus, é and i should be re-scaled before sampling with replacement to avoid the effects of shrinkage (Morris, 2002). Centring, that is
subtracting the empirical mean, is also advisable to ensure that the empirical rescaled residuals have a mean zero. Thus one should
consider sampling from

nooA

be=b=be &= & =RV - (2)
i=1
n i .

oo =iy =y, By= Y - 4, =[GZT (VNI - )21 (3)

Below is an algorithm to obtain bootstrap quantiles and construct intervals as in (10) and (11).

Algorithm 1. A semiparametric random bootstrap algorithm

1. Obtain consistent estimators § and §.

2. Forb=1,2,...,B:
(a) Obtain vectors e*® € R”, uA*(b) € R™ by sampling independently with replafement from é,, in (12) and &, in (13).
(b) Generate sample y*® = X f + Zu*® 4 ¢*® as in (7) and obtain 9;([’) = ijﬂ + leu;f(b), j=1...,m.
(c) Fit a LMM to the bootstrap sample of the previous step.
(d) Obtain bootstrap estimates §*®, §*®), 97(}'), t;(h) and M*® j=1,... m.

3. Estimate critical values q;'ka/Z’ q;l—a/Z’ q;_, by the [{(a/2)B} + 11" and [{(1 — @/2)B} + 1] order statistics of t;f, and [{(1 —
a)B} + 11" order statistic of M*®),

4. Construct bootstrap intervals as in (10) and (11).

Fisher consistency of 5* and §* obtained using the semiparamteric bootstrap of Algorithm 1 has been proven by Carpenter et al.
(2003). In Lemma 1 and 2 the consistency of statistics t}? and M* is shown.

Lemma 1 (Consistency of t;?). Let t; and t;? be as defined in (4) and (9), m — oo, n; — oo, lim,,j,,,_>oo n;/n=c, c>0. If the regularity
conditions in Appendix A.1 are satisfied, then one has in probability

sup - 0.

a€eR

F, (@) = F:(@

Corollary 1 ensures the consistency of individual intervals introduced in (10).

Corollary 1 (Consistency of 1;.* |_o)- Lemma 1 implies that under the same regularity conditions one has

P(0j € Ij,l—a) —»1—a, a€(,1).
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Consistency of M* does not follow from Lemma 1 by the delta method, because the max function is not differentiable. Lemma 2
provides a heuristic proof based on some results known from extreme value theory.

Lemma 2 (Consistency of M*). Let M and M* be as defined in (4) and (9), m - oo, n
conditions in Appendix A.1 are satisfied and Lemma 1 holds, then one has in probability

. — 00, lim

; n;/n=c, c>0. If the regularity

nj,n—oo

sup | Fyr(a) = Fpg+(a)| = 0.
aceR

Corollary 2 ensures the consistency of bootstrap simultaneous intervals of (11).
Corollary 2. Lemma 2 implies that under the same assumptions one has
P@;el;_Vjelm)—1-a a€(01).
4. Inference beyond moderate distributional model misspecifications

Misspecification of modelling assumptions is a very broad concept. The methodology presented here is readily applicable when
dealing with distributional model misspecification, specifically when the true data generating process follows a linear mixed model in
(1) but does not assume normality for the random effects or errors, a common situation in practice (cf., the data analysis in Section 6).
However, one can consider at least two broader frameworks.

First, assume that the true data generating process G, i.e. y; ~ G}, is any distribution, which does not necessarily depend on
0;. In this context, considering inference for 6; becomes an ill-posed problem as the true ¢; might even not exist. Following White

(1982), one approach is to consider cluster-wise and simultaneous inference for a pseudo-true parameter § ; which minimizes the
Kullback-Leibler (KL) divergence between the true and the model density. The development of methodology to cover this case
requires substantial theoretical extensions such as supinf convergence of cumulative distribution functions of statistics which is an
interesting future research direction. While these considerations are interesting, the primary advantage of this paper for practitioners
lies in its provision of easy, yet theoretically well-grounded, solutions for anyone interested in conducting statistical inference on the
cluster or area effects under common model misspecification.

Second, let us consider a misspecification in covariates, often referred to as an omitted variable problem. In this scenario, the true
data-generating process follows a linear mixed model as shown in (1), but it is not modelled with the same linear mixed model, possibly
due to a lack of access to all covariates or an erroneous omission of some polynomial terms. If the omitted terms are uncorrelated with
the included covariates, the omission increases the variances of the random terms and may cause heteroscedasticity. However, nothing
else changes, and proposed method remains unaffected. This differs from cases where the omitted variables are correlated with the
included ones, leading to a correlation between the included covariates and random terms (u or ¢). Consequently, the estimates § ;
can be systematically biased, resulting in the incorporation of bias in the estimation of the empirical cumulative distribution function
F,j and its bootstrap version F«, as discussed in Lombardia and Sperlich (2012). As a result, both the cluster-wise and simultaneous

intervals are not guaranteed to provide good coverage. This was confirmed by the results of a simulation study, which, although not
presented here, is available upon request from the authors. The problem might be alleviated by introducing a surrogate covariate
highly predictive of the missing one.

Finally, this manuscript proposes simple tools for cluster-wise and simultaneous inference once analysed data suffers from moder-
ate departures from modelling assumptions. Nevertheless, alternatives should be used if data are contaminated by outliers, a problem
which is particularly severe in the small area estimation. In this situation, a common approach is to fit a robust working model to
the sample data and then use it to predict non-sampled units in the population of interest, see Chambers and Tzavidis (2006a); Sinha
and Rao (2009); Chambers et al. (2014). The construction of confidence intervals or the estimation of MSE in this challenging setup
often requires bootstrapping. The bootstrapping scheme needs to be adapted such that outliers from the sample have a controlled
effect on the bootstrap variability. Since the main goal is not to compare the performance of all existing bootstrap procedures in the
presence of various types of outliers (see the literature review in Section 1), this discussion is limited to some recent bootstrap schemes
whose performance was tested in the context of multi-level data and small area estimation. In the context of mixed and multi-level
data, Modugno and Giannerini (2015) compared numerically several bootstrap schemes. In their simulation study, a variation of wild
bootstrap performed the best in terms of the coverage of confidence intervals for fixed parameters and variance components. In the
context of SAE, Bertarelli et al. (2021) proposed a bounded block bootstrap, an extension of REB that uses ‘Huberized’ cluster-level
and individual-level residuals to restrict the effect of outliers. The latter proved to be effective for the construction of MSE for mixed
effects. Nevertheless, neither Modugno and Giannerini (2015) nor Bertarelli et al. (2021) studied the performance of their schemes
to construct cluster-wise or simultaneous intervals for mixed effects.

5. Simulation study
5.1. Setup

Numerical simulation studies are conducted to evaluate the finite sample properties of the bootstrap intervals. In all scenarios,
outcomes are generated from a linear mixed effect model (1) with a fixed and a random intercept, and a uniformly distributed
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Fig. 1. Probability density functions used to generate errors and random effects in simulations.

covariate. Specifically, the settings are x;;; =1, z;; = 1, x;;, ~ U(0, 1). Three types of sample sizes are considered to mimic joint
asymptotics: n; € {5, 10,15}, m € {25,50,75}. Furthermore, in each simulation run, errors and random effects are drawn from one
of the following distributions: standard normal, Student’s t with 6 degrees of freedom, or chi-squared with 5 degrees of freedom.
Fig. 1 displays kernel density plots of 10° realisations of a random variable generated using one of the above mentioned distribution.
The Student’s t-distribution is symmetric, but it has very long tails in comparison to the normal distribution. On the other hand,
chi-square is highly right skewed, with a long right tail. The simulation setting is deemed challenging enough to test the robustness
of the methods to misspecifications of distributions of errors and/or random effects.

The distributions are centred to zero and re-scaled to variances var(e; =1 and var(u =1 The following scenarios are considered:
@) e ~ 13, u; ~ x3, ) e ~ 42, u; ~ 16, () e;; ~ NO, 1), u; ~ N(0,1), (d) e;; ~ 16, u; ~ x2, (€) e;; ~ tg, u; ~ ts. The target
parameter in each simulation run was set to 6; = 1+ X, +u;, where X, = 2:’; | Xij2/n; and u; is a generated random effect in cluster
j which is different for each simulation run. The performance of cluster-wise intervals in (10) and simultaneous intervals in (11)
at the a = 0.05 level is compared. These intervals are obtained using the semiparametric bootstrap (SPB) presented in Section 3, a
parametric bootstrap (PB) as in Chatterjee et al. (2008), a wild bootstrap as in Lombardia and Sperlich (2008) and a random effect
block bootstrap as in Chambers and Chandra (2013). Different auxiliary distributions are considered while implementing a wild
bootstrap: Rademacher distribution (WBR), Mammen’s distribution (WBM, cf., Mammen, 1993), and a standard normal distribution
(WBN). Two variations of REB, as originally proposed by Chambers and Chandra (2013), are implemented: with a random selection
of clusters without scaling (REB) and with scaling (REBs). Additionally, the performance of the REB variants without the random
selection of clusters is tested: without scaling (REBnc) and with scaling (REBsnc). Moreover, the performance of intervals constructed
using large-sample asymptotic approximations (A) is evaluated with (1 —a/2) and (1 — & /(2 X m)) quantiles from a normal distribution
(the latter by Bonferroni correction).

Inference based on the asymptotic theory or parametric bootstrap is notorious for not being robust to model misspecifications.
Wild bootstrap proved to be successful in alleviating the problem of heteroscedasticity (see, among other Sugasawa and Kubokawa,
2017, for a recent contribution), whereas the random effect bootstrap with scaling turned out to be successful in the inference for
fixed effects and variance components in the presence of distributional misspecifications or autocorrelated errors (Chambers and
Chandra, 2013). Therefore, they are included in the study for comparison. Finally, six different methods to retrieve an estimate of
62 are used: 62 defined in Section 2 (var), asymptotic version of the MSE estimator under normality (mse,), and four bootstrap
estimators of the MSE (mse,, mses,, mse,, mseg,,). Since the choice of estimators of variability is of minor importance, the definition
of these estimators and related simulation results are deferred to the SM. In total, the performance of 55 types of cluster-wise and
simultaneous intervals is tested (9 bootstrap schemes X 6 variance estimators plus an asymptotic derivation).

The following criteria to assess the performance of intervals are employed: empirical coverage probability in (14) for individual
and simultaneous intervals, average widths of the intervals in (15), and the coverage error in percentage (16), all of them over
N, = 1000 simulation runs:

m Ny Ny
Covypy = — > >y ueer™), Covgy,= L > 16" e 1;") vjem), (14)

mN; = = ’ Ns =

1 m Ny
- () 1) _ o (1) 5 (1)
Len="N, ,ZT” N A O s
Covyyy— (1 —a Covg,— (1 —«a

%erryg = % X100, %errgy, = % x 100 (16)

a4 -

where (-) stands for subindices j, a for cluster-wise intervals, and index « for simultaneous intervals. In each simulation run, they are
B = 1000 bootstrap samples generated.

Remark 1. In their paper, Chambers and Chandra (2013) introduced three variations of the REB bootstrap: “REB/0”, “REB/1” and
“REB/2”. REB/0 and REB/1 correspond to REB and REBs in this manuscript. REB/2 involves scaling and bias adjustment after the
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Table 1
Empirical coverage (Cov.), length (Len.) and error of coverage in percentage (%err;, ) of individual intervals at

1—a=095level, e; ~ y2, u; ~ z2.

Method &2 m=25n;=5 m=50,n; =10 m=75n; =15

%erry,y  Cov. Len. %erry,y  Cov. Len. %erry,y  Cov. Len.
A mse, 0.22 94.79 1.67 0.04 95.04 1.21 0.02 94.98 1.00
SPB var 0.24 94.77 1.69 0.54 94.49 1.21 0.50 94.53 0.99
PB var 0.17 94.84 1.69 0.06 94.95 1.21 0.13 94.88 0.99
REB var 0.70 95.67 1.77 0.25 95.23 1.24 0.08 95.08 1.01
REBnc var 8.20 87.21 1.56 4.89 90.36 1.15 3.54 91.64 0.96
REBs mse, 0.15 95.14 1.72 0.07 95.07 1.23 0.00 95.00 1.01
REBsnc mse, 0.15 95.14 1.72 0.07 95.07 1.23 0.00 95.00 1.01
WBM var 7.02 88.33 3.58 4.82 90.42 1.13 3.71 91.48 0.94
WBN var 6.55 88.78 3.69 4.81 90.43 1.15 3.74 91.45 0.96
WBR var 8.93 86.52 1.47 5.86 89.44 1.11 4.41 90.82 0.93

Table 2
Empirical coverage (Cov.), length (Len.) and error of coverage in percentage (%err;,4) of simultaneous intervals at 1 — a = 0.95 level,

2 2
eij ~ X5> Uj~ X5+

Method m=25n,=5 m=50,n; =10 m=75n; =15

62 %err,y  Cov. Len. 67 %err,y  Cov. Len. 67 %erry,y  Cov. Len.
A mse, 4.84 90.40 2.64 mse, 5.68 89.60 2.03 var 6.21 89.10 1.73
SPB var 1.47 93.60 2.82 mseg, 1.58 93.50 2.17 mseg,, 211 93.00 1.85
PB var 3.16 92.00 2.70 var 5.26 90.00 2.04 var 6.00 89.30 1.73
REB msey, 1.37 96.30 3.08 msey, 2.95 97.80 2.46 mse, 3.16 98.00 2.08
REBnc mseg, 2.00 96.90 3.10 mseg, 3.47 98.30 2.48 mseg, 3.58 98.40 2.10
REBs msey, 3.58 98.40  3.38  mses, 3.79 98.60  2.58  mse,, 3.58 98.40 216
REBsnc  mse,  4.00 98.80 3.37 mse,  3.68 9850 258 mse,  3.68 9850  2.15
WBM mseg, 1.05 96.00 2.76 mseg,, 2.84 97.70 2.21 mseg,, 2.32 97.20 1.88
WBN var 2.84 97.70 3.33 mseg, 0.00 95.00 2.39 mseg, 0.74 94.30 2.01
WBR var 0.11 94.90 3.00 var 0.11 95.10 2.19 var 2.21 92.90 1.83

REB bootstrapping. The performance of the latter variation is not considered, as its construction is tailored to provide valid confidence
intervals only for parameters f, 0'3, and 0'62. It remains unclear how one can generalize their proposal to be applicable for the inference
of statistics 7; and M.

The variations REBnc and REBsnc, tested in this manuscript, were not proposed by Chambers and Chandra (2013), and as far as is
known, their theoretical properties have not been studied. Initially, their numerical performance was tested out of thoroughness and
scientific curiosity. These variations were included in this manuscript because, surprisingly, their numerical performance was found
to be comparable to variants REB/0 and REB/1 in Chambers and Chandra (2013) (see results in lines 5 and 7 of Tables 1 and 2). This
finding warrants additional scrutiny and could be explored in future research.

5.2. Results of simulations

5.2.1. Cluster-wise inference

Table 1 displays the numerical performance of individual intervals for the mixed effects 6; under scenario (a): ¢;; ~ )(52, uj~ ){52.
For the bootstrap-based intervals, for each sample size, only the performance of the interval with the lowest %err;,  is reported. For
example, SPB and var in the second row refers to the performance of the cluster-wise interval constructed using the semiparametric
bootstrap and &12 defined in Section 2. The remaining results can be found in the SM. In this case, the performance of all methods
apart from REBnc, WBM, WBN and WBR is similar — the coverage error is smaller than 1% which means that the distribution of errors
and random effects seem to hardly affect the empirical coverage, even for the intervals based on the asymptotic theory (cf. results in
the first line of Table 1). The cluster-wise individual intervals seem to be robust to distributional misspecification. Furthermore, the
PB, SPM and REB have similar performance which partially explains their popularity in small area estimation based on linear mixed
models. Since the analysis of the performance of cluster-wise intervals under other simulation scenarios leads to the same conclusions,
those results are deferred to the SM.

5.2.2. Simultaneous inference

The situation changes dramatically in Table 2 which shows the results for simultaneous intervals for mixed effects 6; under scenario
(@): e;; ~ )(52, uj ~ x2. Intervals obtained using Bonferroni correction (A) and parametric bootstrap (PB) suffer from a significant
undercoverage. The SPB-based intervals suffer from a minor undercoverage, the application of the REB leads to overcoverage, whereas
the intervals constructed by WBN are closest to the nominal coverage.

In Section 3 it was proved that asymptotically, the cumulative distribution function of statistic M * should approach the cumulative
distribution of statistic M. To understand better the results in Table 2, the shapes of the probability density functions of the bootstrap-
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Fig. 2. Monte Carlo approximation (red) of the true density function of statistic M and bootstrap approximations (green): (left) SPB, (middle) REB, (right) WBN. (For
interpretation of the colours in the figures, the reader is referred to the web version of this article.)
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Fig. 3. Monte Carlo approximation (red) of the true density function of statistic ¢; and bootstrap approximations (green): (left) SPB, (middle) REB, (right) WBN. (For
interpretation of the colours in the figures, the reader is referred to the web version of this article.)
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Fig. 4. Monte Carlo approximation of the true density function of statistic z, and: (left) the SPB approximations, (middle) the REB approximations, (right) WBN
approximations. (For interpretation of the colours in the figures, the reader is referred to the web version of this article.)

based approximations in the simulation scenario with m =75,n; = 15 are visually assessed (the results obtained from simulation
studies with the biggest sample size should be the most representative as one refers to the asymptotic theory to analyse them).

Fig. 2 displays the Monte Carlo approximation of the true cumulative distribution function of statistic M, and 50 out of 1000
bootstrap-based approximations in the simulation scenario with m = 75,n; = 15. The left panel refers to the SPB-based simultaneous
intervals with 62 = msey,, (the second row of Table 2). As one can see, some of the bootstrap approximations suffer from some bias
which may explain the small undercoverage. Nonetheless, the shape of the distribution is well maintained in each of the simulation
runs in contrast to the middle and right panel which represent the REB and WBN approximations respectively. Both of them seem to
be skewed to the right with fewer observations from the bulk of the data and more observations with extreme values which explains
their overcoverage. This is also an indication that it is unclear if the REB or the WBN can be used to obtain results similar to those in
Lemma 2.

The shape of the distributions in Fig. 2, and consequently the empirical coverage of simultaneous intervals, depend crucially on
the ability of bootstrap schemes to reproduce the distribution of statistic M as defined in (4). Since the latter is taken as a maximum
over studentized statistics 7; for which all three bootstrap schemes, SPB, REB and WBN, perform well, it might come as a surprise that
only SPB performs well as a tool for simultaneous inference. To understand this, Figs. 3-4 present the Monte Carlo approximations
of the true cumulative distribution function of two statistics 7;, along with 50 out of 1000 bootstrap-based approximations in the
same simulation scenario as in Fig. 2. Similarly to Fig. 2, only the SPB-based bootstrap-based approximations capture the shape of
the distributions of the true statistics in Figs. 3-4. In contrast, there is a lot of variability between bootstrap-based approximations
under the REB; some of them are biased (moved to the right or the left from the truth), and for others, a bigger amount of data is
located around the centre of the distribution — the bootstrap-based distributions are “taller” than the truth. High variability between
the REB approximations explains the overcoverage of the REB for the simultaneous intervals. As for the WBN, the bootstrap-based

approximations are once again quite variable, being sometimes flatter with longer tails, and sometimes taller with shorter tails. This
also explains why the WBN performed poorly for individual intervals but well for simultaneous intervals; for some clusters, the
quantiles were too low to give good individual coverage, but at least one of them was high enough to boost the maximum value
which drives the distribution of statistics M, and affects the shape of the distribution in Fig. 2.
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Table 3
The computation time (in seconds) to estimate high quantiles q;,_, />, 4; /25 q1—a-

Method PB SPB WRB WNB WMB REB REBs REBnc REBsnc

m=25 17.187 17.111 17.095 16.961 17.049 18.544 18.517 18.764 18.918
m=50 18.745 18.254 17.916 18.360 18.225 20.106 20.500 20.361 20.658
m=175 21.565 21.535 21.349 21.924 21.654 24.748 24.029 23.917 24.103

Apart from the numerical results presented in this manuscript, there is a lack of theoretical or computational results regarding the
robustness of bootstrap-based cluster-wise or simultaneous inference for mixed effects using wild or random effect block bootstrap.
Therefore, making general statements about their performance is challenging, and the discussion was confined to commenting on
numerical results in this section. Upon reviewing the literature on bootstrapping for linear mixed models, it has been observed that
the majority of scholars test the performance of bootstrap methods in terms of empirical coverage of intervals for fixed effects and
variance parameters. In this case, similar to the bootstrap estimation of the mean squared error for mixed effects (see discussion in
Section 1), bootstrap schemes are required to reproduce the first few moments of the underlying data-generating process. As shown
in Table 1 and Figs. 3-4, these quantities appear to be easier to reproduce by bootstrapping than the entire distribution of the statistic
M. The validity of bootstrapping to accurately estimate moments can be assessed by analyzing either the bootstrap version of the
likelihood or estimating equations, both converging to some sum-stable distribution.

5.2.3. Computational time

Finally, the computational time to construct different intervals depends on (a) the method to estimate 0'/2, (b) the method to
estimate high quantiles g; 1 _,», 4; 4/2, 414 FOr example, when using 62 as an estimator of af, the asymptotic method (A) to construct
intervals does not require any computational time, as the high quantiles from a standard normal distribution are tabularized. On the
other hand, the average computation time (in seconds) to estimate quantiles for bootstrap-based methods is given in Table 3. The
computations were performed using a personal laptop with an Intel(R) Core(TM) processor running at 2.40GHz and 32GB of RAM.
The computation time for all considered sample sizes and methods does not exceed 25 seconds, making it very affordable.

5.2.4. Summary of results

In summary, SPB-based cluster-wise and simultaneous intervals seem to be a viable option when addressing distributional model
misspecifications. Other bootstrap schemes provide satisfactory coverage only for either the cluster-wise or the simultaneous intervals,
but not for both. As the findings in other simulation settings lead to the same conclusions, they were deferred to the SM.

5.3. On the comparison with the results of Chambers and Chandra (2013)

It is important to exercise caution when attempting direct comparisons between the results of Chambers and Chandra (2013) and
the simulations in this manuscript. Several reasons underpin the decision to avoid such comparisons: (a) this paper explores different
simulation scenarios, including varied data-generating processes and departures from model assumptions; (b) the focus is on different
parameters of interest; (c) different assumptions and methods are employed to establish Fisher consistency; (d) access to the code
used to generate their results is limited; and (e) two out of three bootstrap schemes proposed by Chambers and Chandra (2013)
are implemented. Nevertheless, given the poor performance of SPB reported by Chambers and Chandra (2013) in some simulations,
the above results might come as a surprise for certain readers, particularly within the small area estimation community, prompting
comments on some of them.

Chambers and Chandra (2013) considered the construction of confidence intervals for fixed effects and variances of random effects
using, among others, the SPB and the REB. They considered four simulation setups: without departures from normality (scenario A),
with scaled and centred random effects and errors following y2-distribution with 1 degree of freedom (scenario B), with first-order
autocorrelated errors within each cluster (scenario C), with first-order autocorrelated errors in the entire sample of size n (scenario D).
Poor results for SPB were reported by the authors only for: (i) the intercept under scenarios A and B for n; = 20 and under scenarios C
and D regardless of n;, (ii) the variance of random effects under scenario B regardless of n;, (iii) the variance of errors under scenarios
B, C, D regardless of n;.

Regarding case (i), Chambers and Chandra (2013) acknowledge the lack of significant differences between the coverage rates for
regression coefficients under different bootstrap schemes. They admit that the poor coverage of SPB for the intercept might stem
from “a potential bias problem with our implementation of this method.” Therefore, they decided to assess the quality of different
bootstrap methods by comparing the coverage of their intervals for the variances of random effects and errors, which brings us to
the analysis of the SPB in cases (ii) and (iii). The simulation setups B to D violate the assumptions imposed to prove the consistency
of the SPB (i.e., the lack of correlation between errors and the existence of the first 4 + b, 5 > 0 moments of the outcome variable,
errors, and random effects, as outlined in regularity condition 3 in Appendix A.1). Therefore, the better performance of SPB in the
simulation study can likely be attributed to (a) a meticulous implementation of the method proposed by Carpenter et al. (2003),
which includes both centering and rescaling, as suggested by the authors; and (b) considering robustness in scenarios with moderate
departures from modelling assumptions, such that the consistency of bootstrap-based equivalents of statistics of interest 7; and M
can still be ensured.
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Fig. 6. 95% bootstrap CPI and SPI for the county-level averages of the monthly household income in Galicia.

6. Simultaneous inference for household income in Galicia

The method is applied to construct simultaneous confidence intervals for household income across m = 52 counties (comarcas) in
the Spanish region of Galicia and n = 9203 households. Descriptive statistics of households across counties are as follows: Min = 18,
0, =50, 0, =108, Mean = 177, Q5 = 184, Max = 1008. In some counties, the data were collected from only 18 households, indicating
a small area estimation problem. Similarly to Reluga et al. (2023b), household income data from the Structural Survey of Homes
of Galicia is considered. In their analysis, Reluga et al. (2023b) compared the performance of direct estimates of household income
data and model-based estimates, and constructed cluster-wise and simultaneous intervals using parametric bootstrap. In the current
analysis, the same linear mixed model and target parameter are considered: ¢; = kJT p+ leu ;. The parameter is estimated with EBLUP

o ;= Xdir f+a ;, where X4ir is an estimate of the county-level means of covariates including age, education level, type of household,
and variables indicating financial difficulties of the household at the end of a month (see Reluga et al., 2023b, for the list of covariates
and model selection criterion).

Income data are well known to be right-skewed. Fig. 5 displays the REML empirical Bayes estimates of random effects together
with the density and QQ-plot of Cholesky REML residuals. While the random effects (left panel) appear to follow a normal distribution,
the skewness of the residuals (middle and right panel) is apparent. Parametric bootstrap is not appropriate to construct simultaneous
intervals in settings with skewed residuals and/or random errors (cf., results in Section 5). The standard trick is to apply a log-
transform to the income. However, the challenge lies in obtaining an unbiased back-transformation of the predicted log-income to
real income. As demonstrated in Section 5, confidence intervals constructed using the semiparametric bootstrap are robust to this
type of model misspecification, allowing us to avoid the log transformation.

Fig. 6 presents bootstrap-based cluster-wise and simultaneous confidence intervals. Clearly, Fig. 6 closely resembles Figure 5 in
Reluga et al. (2023b) as the same covariates and model to obtain the EBLUP were used. The estimate of the high quantile g;_, obtained
using SPB is 1.95% greater than the one obtained by PB, resulting in a corresponding increase in the widths of the simultaneous
intervals across all counties. However, this increase is not detrimental — one can still distinguish many counties with significantly
different levels of household income. On the other hand, the change in widths of individual intervals when switching from PB to SPB
ranges from -6% to 8.30%, with a mean of 1.07%. In summary, the application of the semiparametric bootstrap, which is robust to
distributional model misspecifications, leads to a minor increase in interval widths compared to those of the parametric bootstrap,
which is not robust and model-dependent. Fig. 7 displays maps of the lower and upper boundaries of the simultaneous intervals for
the county-level averages of household income. Certainly, one can again observe similarities with former results, but also note that
some of the poorest counties are now assigned to different categories. In other words, the semiparametric bootstrap, which is robust
to distributional assumptions, leads to different conclusions for the most precarious areas.

10
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Fig. 7. 95% bootstrap SCI for the county-level averages of the average household income in Galicia: (left) lower boundary, (middle) upper boundary.

7. Discussion

Linear mixed effects are still popular for predicting cluster-level parameters in various domains. Yet, the underlying assumptions
that should guarantee satisfactory numerical performance are often violated in practice. It has been shown that the application of
a relatively simple bootstrapping scheme can remedy issues arising from distributional model misspecifications without the need to
reach for more complex techniques such as robust estimation or data transformation. Furthermore, compared to methods based on
parametric bootstrap, which is still the most commonly used technique in small area estimation, proposed bootstrap-based method-
ology offers at least three advantages: (a) robustness to distributional model misspecification, (b) no additional computational cost,
and (c) simplicity of implementation. In addition, the numerical study confirms that mixed effects are fairly robust to distributional
model misspecification, including asymmetry and long tails of distributions of errors and random effects, unless they undergo com-
plex, nonlinear transformations such as max transformation. This is particularly important in the context of small area estimation in
which mixed effects are often used for nonlinear indicators (Rojas-Perilla et al., 2020). For future research, it would be interesting to
study how the bootstrap-based methodology could be extended to applications such as poverty analysis under model misspecification.
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Appendix A. Regularity conditions and proofs
A.1. Regularity conditions

The regularity conditions from Shao et al. (2000) and Reluga et al. (2023b) are adopted. Let 9 = (8, 6), 9= (ﬁ, ) and dpEBC
RP+h+1 be the true parameter value. The following assumptions are made:

1. Score equation s,(9) = 2;.":1 :Z . w(y;;,9) is well defined if: (a) s,(9) is continuous and differentiable for each fixed y, (b)
E{s,(®} =0 at 9y, (c) 9 is an interior point of ® and the estimator J is an interior point of the neighbourhood of 9.

2. limninf A[n‘lvar{sn(ﬂ)}] >0 and limninf A[—n“E{Vs,,(&)}] > 0 where Vs,(9) = % and A[A] indicates the smallest eigenvalue
of matrix A.

3. There exists a b> 0 such that E <||W(yij’19||4+b> <o, and E [{hy(y;))}***| in a compact neighbourhood N, where hc(y;;) =

supgen ||Vs,(9)||-
4. V;(6) has a linear structure in 6, j = 1,...,m.

Conditions 1 — 3 ensure that one can use the score equation s, to estimate fixed parameters J up to a vanishing term. Condition 4
implies that the second derivatives of R; and G; are 0.

11
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A.2. Proofs

A.2.1. Proof of Lemma 1

Without loss of generality, it is assumed that the sequence of estimators 7; converges to a continuous distribution function F. A
standard way of proving the consistency of bootstrap procedures (see, for example, Van der Vaart, 2000, Chapter 23) is to show that,
for every a Ft,- (a) = F(a) in distribution and F;:(a) — F(a) given the original sample size in probability. Let 9 = (ﬁ*, 5*) and E* be

J

a bootstrap operator of the expected value. Then 7; and t;‘.‘ can be written as ¢; = f 9,9,u ;) and z;f = 19,9 =, u;f), respectively for a
continuous and a differentiable function f. Consider the score equation s,(9) in A.1 and its bootstrap equivalent s (9) = Z:’ v(y;,9)
with y replaced by y*. It follows that E*{s}(9)} =0 at 9 = § which yields the consistency of the sequence of bootstrap estimators

9*. The consistency of random effects under random effect bootstrap was proven by Field and Welsh (2007) under m — o, n = 00,

lim, n;/n=c, c >0, which is in alignment with results of Jiang (1998). One thus has that \/Z(é;? - 6;.‘) and \/;(9 ; —0;) converge

nj,n—o00
to the same distribution. Finally, the consistency result follows by Slutsky’s lemma.

A.2.2. Proof of Corollary 1
The proof follows along the same lines as in Lemma 23.3 of Van der Vaart (2000). By Lemma 1, the sequences of distribution
functions F,j and F;+ converge weakly to F, which implies the convergence of their quantile functions F;l and F -1 at every continuity
J J J

point. One thus concludes that q;,* g = Ft ~1(1 —a) » F~'(1 — &) almost surely, and
: J

R 0.—-0.
P{0;20;,-6;q7, ,}=P —’&_ L<qf , p > P{SF -0} =1-q
J
which completes the proof.

A.2.3. Proof of Lemma 2
Observe that Fy,(a) = P(M <a)=P(t; <a,...,t,<a,—t; <Za,...,—t, <a). Since 1, J= 1,...,m are asymptotically indepen-

dent and identically distributed. The following approximation is used: Fy;(a) =~ HJZZI F;(a) where F;(a) is a proper, non-degenerate
distribution. By classical results of extreme value theorem (or Fisher-Tippett-Gnedenko theorem, see Beirlant et al., 2004; Em-
brechts et al., 2013, for more details), one can assume that there exist sequences of re-normalizing constants {b; > 0}, {c;} such that
P{(My—c ) /b ;< a} converges to a non-degenerate distribution function H(a) as j — 0, i.e., F;(a) belongs to the max-domain of
attraction of some non-degenerate, continuous distribution H (a). The consistency of F,,«(a) follows by evoking the properties of the
random effect bootstrap and the arguments used in the proof of Lemma 1.

A.2.4. Proof of Corollary 2
The proof follows along the same lines as in Corollary 1 with statistic ; replaced by M.

Appendix B. Supplementary material
Supplementary material related to this article can be found online at https://doi.org/10.1016/j.csda.2024.108014.
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