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We propose a two-dimensional flow model of a viscous fluid between two close
moving surfaces. We show, using a formal asymptotic expansion of the solution,
that its asymptotic behavior, when the distance between the two surfaces tends
to zero, is the same as that of the the Navier-Stokes equations.

The leading term of the formal asymptotic expansions of the solutions to the new
model and Navier-Stokes equations are solution of the same limit problem, and
the type of the limit problem depends on the boundary conditions. If slip velocity
boundary conditions are imposed on the upper and lower bound surfaces, the
limit is a solution of a lubrication model, but if the tractions and friction forces are
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known on both bound surfaces, the limit is a solution of a thin fluid layer model.
The model proposed has been obtained to be a valuable tool for computing vis-

cous fluid flow between two nearby moving surfaces, without the need to decide
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a priori whether the flow is typical of a lubrication or a thin fluid layer problem,
and without the enormous computational effort that would be required to solve
the Navier-Stokes equations in such a thin domain.

1 | INTRODUCTION

In our previous work [1], we used the asymptotic expansions technique to study the behavior of a viscous fluid that flows
between two very close moving surfaces. Asymptotic analysis is a mathematical tool that has been used successfully (since
the pioneering works of Dean [2, 3], Friedrichs and Dressler [4] and Goldenveizer [5]) to obtain and justify mathematical
models, in solid mechanics [6-11] and fluid mechanics [12-34], when at least one of the dimensions of the domain is much
smaller than the others. Using the same mathematical technique, the authors have also proposed several new shallow
water models [35-40] and curved-pipe flow models [41, 42].

We observed, in our prior article [1], that the viscous fluid that moves between two nearby surfaces has two very different
behaviors, depending on the boundary conditions of the problem. If the pressure differences are large in the open part
of the domain boundary (that is, the region of the domain boundary between the two surfaces), then the fluid obeys
Equation (17), which resembles a lubrication problem. If the pressure differences are small in the mentioned region of the
domain boundary, then the fluid obeys Equation (25), which is a thin fluid layer problem (it can also be understood as a
shallow water problem in which the depth is known).

This behavior reminds us of that observed in the works of Ciarlet et al. [43-45], where it is shown that the solution of
the linearized elasticity equations in a shell converges, when the shell thickness tends to zero, to different shell models,
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depending on the geometry of the shell and its boundary conditions. In particular, in the work of Ciarlet and Lods [46],
the authors show that the Koiter’s shell model has the same asymptotic behavior, that is, its solutions converge, when the
thickness of the shell tends to zero, to the same limit problems as the linearized elasticity equations do.

In this article we intend to justify a new two-dimensional flow model of a viscous fluid between two very close moving
surfaces in a similar way to what was done in the above mentioned works [43-46], and, to confirm that when the distance
between the two surfaces tends to zero, its behavior is the same as that observed in [1] for the Navier-Stokes equations,
justifying it in Sections 5 and 6, using a formal asymptotic expansion of the solution of the new model.

With this aim, in the first place, we will summarize, in Section 2, the results presented previously in our article [1], which
will allow us to make some assumptions about the behavior of the solutions of the Navier-Stokes. These hypothesis will
be used in Sections 3-6 to derive the new two-dimensional model proposed in Section 4. Next, in Section 5, we will begin
the asymptotic analysis of the model, deriving in Section 6.1 the limit model if the fluid velocity is known at the upper and
lower bound surfaces, and obtaining, in Section 6.2, the limit model when the tractions are known at the bound surfaces.
Finally we will discuss the results achieved in Section 7.

2 | SUMMARY OF THE MAIN PREVIOUS RESULTS

In our prior work [1] we studied the behavior of the Navier-Stokes equations in a domain bounded by two nearby moving
surfaces, when the distance between them tends to zero. We observed that the asymptotic behavior of the solutions of the
Navier-Stokes equations, in this case, strongly depends on the boundary conditions. In fact, two different limit models
were obtained (one similar to a lubrication model and the other similar to a thin fluid layer model), depending on the
boundary conditions in the original problem.

The two models presented in the preceding article [1] were derived from Navier-Stokes equations in a three-dimensional
thin domain, Q:, filled by a viscous fluid, that varies with time ¢ € [0, T], given by

Q= {(Xi,x;x;) ER X8, 6,0 < x; < xi(81, 85, 8) + hE(&1, &5, OONi(61, 62, 1),

(i=1,2,3), (£1,&) € D C R?} )
where X,(£,,&) = X(&, 65, 0) = (x1(61, &5, 1), X5(E1, &5, 1), x3(E1, &5, 1)) is the lower bound surface parametrization,
h(&,, &,,1) is the gap between the two surfaces in motion, and N(&;, &5, t) is the unit normal vector.

The lower bound surface is assumed to be regular and the gap is assumed to be small with regard to the dimensions

of the bound surfaces. We take into account that the fluid film between the surfaces is thin by introducing a small non-
dimensional parameter ¢, and setting that

W61, 65,1) = eh(€1, 65, 0), h(€1,6,0) 2 hg >0, VY (§,6) €D CR?, Ve e[0,T] 2
We introduce a reference domain
Q=Dx|0,1] ©)
independent of € and ¢, which is related to Q; by the following change of variable:

x; = x;(81, 62, 0) + €§3h(§1, &5, ONi(§1, 65, 0)  (1=1,2,3) )

where (§;,£,) € D and &; € [0,1]. Now, given any scalar function F E(ﬁ,xi,xé,xé) defined on Qf, we can introduce
another scalar function F(e)(t, &1, &,, &3) on Q, using the change of variable:

F(E)(t,§1,§2,§3) = FE(IE,Xi,Xg,Xg) (6)

We also define the basis {a;, d,, d;}
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0X(&1,6,0)

a(61,6,0) = 3t 7
- a X > >

ay(§1,62,1) = % ©)]
351,60 = N(£1,. 60.0) 9)

so that, the velocity, %%, and the external density of volume forces, f €, can be written in the new basis (7)-(9) as follows,
where we adopt the convention of summing over repeated indices from 1 to 3, except where otherwise indicated:

Ut = ufe; = w(e)dy, ul = (ue(e)dy) - € = ug(e)ay (10)

fo=fé = fi©@dr,  ff= (fi©d) - & = fr@a (1)

where a; = dj - €.

Taking into account (4)—(11), Navier-Stokes equations can be written in the reference domain Q in the following way
(in the next equations, repeated indices indicate summation from 1 to 3, except for index ! and n, which take values from
1to 2):

0 oay; 0 S S d
0 02 + (00 1y 020 ) [ + i (B cbn % )|

auk(s) day; 1. 0X &onh
(gm0 5 )(‘%"3?‘75

dug(e)
+uk(8)akj<aqi 3¢, +u q(E) 3%, >(Oﬂza1j+5zazj+7’za3j)

o}
= _pi ‘I;%(«E)(alall + ﬁla21 + }/la31) + V{ [
O(u()ay) 9
agl agm

+ fk(E)aki’ (l =1,2, 3) (12)

3 (u(e)ay;)
W(“zau + Biay; + 7103))

( oa; + piay; + 7103]’)] (Oﬁmau + Bmayj + Vma3j)}

< du(e) |

6ak-
akja—gl uk(g)a_glj>(o‘lalj +B1ay; +y1035) =0 (13)

where ¢, §; and y; are defined in Appendix A by expressions (A11)-(A30). We denote by p the pressure, by p, the fluid
density and by v the kinematic viscosity.
We begin assuming that u;(e), f;(¢) (i = 1,2,3) and p(¢) can be developed in powers of ¢, that is,

wi(e) = u) +eu! + 2wl + - (i=1,2,3) (14)
pE=c?p2+elp T+ pP+ep' +e7p? + - (15)
fi©=f+efl +f7+- (i=1,2,3) (16)

As mentioned above, using asymptotic analysis we are able to derive two different models depending on the boundary
conditions chosen.

In the first place, if we assume that the fluid slips at the lower surface (£; = 0), and at the upper surface (¢; = 1), but
there is continuity in the normal direction, so the tangential velocities at the lower and upper surfaces are known, and
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the normal velocity of each of them must match the fluid velocity, we obtain

3 1 %
! diV( h MVp_Z) = 12/1% + 12,uhi<%—)t( . 53>

Vo \ 2y

—6uVh - (WU - 170) + %div(@(ﬁlo + 170)) 17)

that can be considered a generalization of Reynolds equation. We denote by V4, + V,d, the tangential velocity at the
lower surface and, by W,d, + W,a, the tangential velocity at the upper surface, and we have

V(e) = (V1,V,) = VO + 0O(e) (18)
W) = (W, W,) = WO + O(e) (19)

Coefficients A%, A! and matrix M are defined in Appendix A ((A7)-(A10)), and u = p,v is the dynamic viscosity.
Once obtained p~2 using (17), the following approximation of the three components of the velocity is yielded

W2 (&3 - &) 2 op~2
u = 3—M ZJ?,;O;% +EWP -V +V0, (i=1,2) (20)
k=1 k
X .
u = TS e2))

where J ?,;0 is given by (A37).

If instead of considering that the tangential and normal velocities are known on the upper and lower surfaces, we
assume that the normal component of the traction on &; = 0 and on &; = 1 are known pressures (denoted by 7y and 75,
respectively), and that the tangential component of the traction on these surfaces are friction forces depending on the
value of the velocities on D, then we get a thin fluid layer model:

wW=wl=v" (i=1,2) (22)
p?=pt=0 (23)
2udh
= et 24)
a0 2 0o 2 2
i 0 0 i 0 0 1,0 1,0
FT (v =€) 3t +Z<Rik+ZHllkvl>Vk
=1 I k=1 I=1
2 0 2 2 2210 2 2 0 2
1 07y 00 Vi oo Vi o0 0890 | 0
=—— —J 7+ J0+ —L) + V'S +x
fo ~ agl il mzzllg; agmagl Im k;l; agl ikl ]; k™ik i
X .
+F) - Q%(E . a3> i=1,2) (25)

where coefficients C?, R?k, Hl.olk, Jl()rf’ ]:?];(l), 5‘?];0, «!, F) and QY are defined in Appendix A (in (A32), (A45), (A35), (A37),

(A42), (A48), (A50), (A51) and (A44) respectively), and 71'8 is the term of order zero on ¢ of 718, that is, n'f) = 71'8 + O(e).

Remark 1. Equation (25) is exactly the same as Equation (168) in [1], although some of the constants have been redefined
here (see (A42) and (A48)) with respect to the definitions in [1] to simplify (25).
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3 | NEW HYPOTHESIS ABOUT THE DEPENDENCE OF THE SOLUTION ON ¢&;

If we carefully observe the steps of the proofs in the previous work [1], we can see that pk (k =-2,-1,0,1), and uf‘ (i=
1,2,3;k = 0,1) are polynomials in &5 of at most degree three. Because of this, we are going to assume that, for € small
enough, the following equalities are true:

3

ui(g)(t’ 51’ 52’ 53) = Z g;la:l(g)(t’ 51’ 52)’ (l = 1’ 2’ 3) (26)

n=0

3
Pt €1, 62,83 = ) E2p"(E)E, €1, £2), @7)
n=0

[ie)t, 61,6, 6) = ) E1FMEW €1,8). (1=1,2,3) (28)

n=0

We want to point out that the previous hypothesis is equivalent to neglecting in (14)-(15) the terms in O(¢?) when ¢
is small.

Using expressions (26)-(28) and (Al11)-(A15) (see Appendix A), we can rewrite Equations (12)—(13) as follows (repeated
indices k, j and q indicate summation from 1 to 3, while repeated indices [ and m indicate summation from 1 to 2):

3 aan 3 a—)
X &g ot X
n=0 n=0
3 aal’l 3 —> [e) a)—(‘ 65
- akzg::l—k'i‘z —k Z E§3h)r a1 +6la2) <—+E§3h—3>
n=0 0 l n=0 f = ot ot

. 3 . = 0 . . - a—)
2l<—>— o) (5 iy
Z < 253 +Z§3 % 3E >Z()(sggh)r(a{<ak-al>+ﬁ;<ak-az>)>
3
+y & (andg“d ' d)(Zs’%’“h’ e (@ - dy) + B(dr - az))+—(ak a3)>

n=0 =0

=__Z§3

Z(£§3h)r a d +B] d,)

3
1 1
s nz;ingg <Z £’§r+1h’ 1(oc a +ﬁ3a2) + —ha3>

r=0

6%(dyuy,

3
+Vlz—:‘)§3 3E,5E,, Z( EhY (oo + fjaz))

r=0

: o(@ ) (& 1
+22n§'31_1 agmk Zsrggﬂhr_l(agalj +‘8;a21) + an-
n=1

r=0

6(aku”)

3
+ X8

5?m <Z(s§3h)’ ajaj+B; 02])>

3 [~ 1
+ak2n§" la T(Z & (a a1J+,83a2J)+§a3j>]
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: Z(E§3h)s(“fna1j + .3fnazj)
s=0
+v lak 2 n(n — DEF2a ”(Z & (ahay; + Blay)) + %ay)

6(aku”

3
) —
253 Z re" &5 (ajay; + B ay;)
+ak2n§” La ”(Z(r+1)£r§3hr o a11+63a2]))]
r=0

<Z ssggﬂhs Yaday; + Baz)) + > Zé’;’fkak

=0

3 —n [

253 7, £ (e&sh) (e Gy - dy) + Bl (G - 32))
n=0 r=0

+2§3 k ag 2(E§3h) al] +:81a2j)

an” 1i n<25r§r+lhr 1( r(ak a1)+;83(ak az))+_(ak a3)>
r=0

(29)

(30)

and identify the terms multiplied by §¥ (n = 0,1,2,3) in (29)-(30). In Equation (31), below, repeated indices k and q

indicate, again, summation from 1 to 3, while repeated indices [ and m indicate summation from 1 to 2.

n—1 aam a—>
N k _moa n—m,n—m—1
- aQy—— +1u (eh)~ mC
z < “og Tk 5§l>

m=0
n+1l. (- 06X ne a(0h o
_ Rkt C?
en A\ G ) TR 5 Tt
n—2
—dg 2 (m+ 1)112”“5”"”‘1h"‘m‘zcg_m_l’"_m_z
m=0
n n—m aﬁj ad
— - q _j q n—m—j
+ a ag—— + i, — |(eh)" ™~ JB
m2=0 K ];0 < 1 afl 1 af
n—1 n—-m 1 n
+ Y an Y jermeiprme B G gl + —hz ™(n—m +1)(d,ar ")
m=0 Jj=1 m=0
1 w« 3p" n+1
- _ ( h)n m -mg +ﬁ n—mg \ _ pntlg
Po = 9§ ( o ) ehpg

3+ BTG
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n—r n—r

i( h)" r ( agu k s,n—r—S i n—rpn—r 16(61‘1’21}; S,n—F—S$
+v € J +2 re"™"h"T —— ’
r=0 ag afm 5s=0 b r=1 55,” 5s=0 i

B(@yity) "t

d(dray) oy - oh
+ ) (eh)™ " KT 4§ gnerpner-1 2 K2 —— s
Z SR Z : Z’] 9§, Z 08y, ™

r=0 s=0
n n—r n n—r oh
+d ) re" T T Y R G Y re TR T Y (s — D Jonrs
r=1 5s=0 r=1 5s=0 gm

+C‘l’k2(},+1)5n r—1lpn—r-1y r+1Hn r

mm3

n
+Vl5k2r(r—1)£" T2 stn "~ S+2—}12(1f1+2)(n+1)u”+2

n—1 a(a’kaz) n—r n n—r
n—rjn—r—1 S,n—r—=§ ped =T pn—r— 2 =r S,n—r—=s§
+Zoa h 6—§lz{sjl3 +ak21 h Z(s+1)J
r= S§= r= s=0

+ fla, (n=0,1,2,3) (31)
ch n 2 -m m
—n+1 __ — n—-m myyn—m myyn—m m n-m
Uyt = Zo(sh)” mkz:l LE;( —— B "+ H >+u Hi" + 7% By ]
m= = =
(n=0,1,2) (32)

3 2 2 a —-m _ 2
D (ehym lz > 651 it Z " Z ke + hm kZ_;ﬂi""BQ?{] =0 (3

where we have introduced the notation a“ 1‘4 =0, (i =1, 2,3). The coefficients Bljk, C0 C” Hljlk, ]ll ,jl Kj are given by
(A31), (A32), (A33), (A35), (A37), (A39).

We multiply Equations (31) by a?ai (i=1,2) and sum in i, then we repeat the procedure multiplying (31) by ﬁ?c_ii
(i =1,2) and adding in i again, to yield these equations:

2 =N n—1

A" 3 A 2 am
i _ 0 i ~0 _ 0 — n—-m,n—m—1
—_— +k§ uZQik— E a_glcl - E ( + E umHllk>(Eh)n mCl
=1

=1 m=0 [=1

n+1_,0(- 06X\ n_,(dh
P T M L2 B C
ch Y a3 ot huz ot
n—2
— 2 (m + 1)aim+1£n—m—1hn—m—zcgl—m—l,n—m—z

n 2 2
_ —m—ijph—m—j
DD I T
1 n
Jg”mlh”mle"mJJ _hz n—m+1)ﬂl.n_m+1
m=0

peh—mpn—m= 1]071 m

Il

|
D |~
M=
u?’x|*U§'
A

"é

3

g‘O

3

3

|
|~
||M=
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2

vin+1) 0 nm+2)n+1) . = .

o Y Hyy t v L (1=1,2,1=0,1,2,3)
m=1

where Q?k, (), Ly and S7" are given by (A43), (A44), (A38), (A40) and (A46) respectively.
If Equations (31) are multiplied by a5, we obtain:

aan 2 laa 2 65 ] 2 aan
3 -n k d k s 3 0
—+Ya a;— Y c0—k -y 2c
k 3 I 3 !
t kgl ot ; 65 ; 6] i
n-1

m=0 [=1 k=1

n+1l_,.1(- oxX n_,(0dh 0
BT (“3‘7 R\ TG
n—2

n 2 nm2 fgnl g5 .
i =J = —m—jph—m—j
LY Yary z(agl vy ~a3>(sh)” meig

n-1 2 n—-m—1 n
o i n—m—i 1
m i —-1p) mt—m—] =m n—m+1
+ Zuk Z (n—m—j)e/ /™" B;, ui, + o Z uy'(n—m+ )i
m=0 k=1 Jj=0 m=0
n 2 2 257 n 32 a—r
n+1_,.4 - auS - - Y nr
=— +v enr Ty e —L
ehpo Z& gfrnz::l 98198 " Z& zgig{ CHER

2 2
- _p Nl V(I’l + 1) =n+1 0 v 2
" Z T Z AN ] + ———1; Z H, -+ =75 (n+2)(n + g
+f%, (n=0,1,2,3)

where the coefficients L}, and S,." are defined in (A41) and (A47).

(34)

(35)

Since we have assumed that the velocity and the pressure are polynomials of degree three in &5 ((26)-(27)), we have 16
unknowns to determine. Out of these unknowns, the terms ﬁ’:j and p* (k = 1,2, 3) corresponding to the third component
of the velocity and the pressure, respectively, are given by (32) and (35) using the terms ﬁf‘ (i=1,2,k =0,1,2) once they

have been computed. Therefore, we must actually determine 10 unknowns.

Denoting, as previously done, by V,a; + V,a, and W,a,; + W,a, the tangential velocity at the lower and upper surfaces,

respectively, we have

- - - - a)_() - -
uper = w(e)ax = Vi(e)a, +Vy(e)a, + <E . a3>a3 oné; =0

OX +¢hdy) . \.
%-a3>a3on§3:1

u; & = u(e)d = Wi(e)d; + W(e)d, + <

and, taking into account (26), we yield

@)=V, (i=12)

(36)

(37)

(38)
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o 0X .
ug =5 @ (39)
3

Yak=w,-v; (=12 (40)
k=1

3

>ak=S (1)

k=1 t

Equality (39) gives us an expression for , S0 it is no longer an unknown, it is determined by the lower bound surface.
At this point, nine unknowns are left, u (z =1,2, k=0,1,2,3) and p°, but we will see that not all are needed to obtain
an approximation of the velocity and the pressure.

4 | NEW MODEL

As we have just seen in Section 3, operating with the truncated part of the formal asymptotic expansion of the solution,
hypotheses (26)-(28) allow us to derive a two-dimensional limit model, which we shall call new model from now on,
formed by equations:

3
ui(g)(t, 519 52! §3) = Z g;lﬂ{l(g)(t’ gl! 52)9 (l =12, 3) (42)
n=0
3
PE)t, 61, 65,63) = ) Ep"(E)t, &1, 62), (43)
n=0
o ] 210 : o o_n_n(0h 0
at +IZ41 Kk zk_lz:a_glcl ~ U (at +C3>

m=0 [=1 k=1
n—2
_Z(m+1)am+1n m 1hnm2Ci’l m—1,n—m-—2
m=0 '
1 v w dp” 1 &
= _— _(Eh)n—WI_]Q’"—m_ = mpMeh—mpn—m—1yon-m
n 2 2 257 3 2 —r 3
0l o
— i — k ynr —r ol
+y25”rl Zagag L?mr+ZZa_lel+zu£Slk]
r=0 m=1[=1 ~>l¥5m k=11=1 °5! k=1
1) Al 2 1 _
—v("EZ )Aoal"“ 4,20+ D +82)§Z + )a?“ +/% (=1,2,n=0,1,2,3) (44)
3 2 2 aai—m 3 2 3 m 2
m ~3—m m _ “3—-mpm | _
Z(Eh)m lz Z 3¢ By + Z“k ZHllk t— Z Uk BSk] =0 (45)
m=0 k=1 =1 l k=1 I=1 k=1
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oxX
_0 -
u —-a 46
3 at 3 ( )
Eh n 2 2 aam m
-n+1 __ — n-m myyn—m miyyn m —mpn—m
U =—u PACOID) Z EY: B Ay H ™ )+ al H + 7 M Bax
m=0 k=1 LI= !
(n=0,1,2) (47)
~n+1 H —n+2 #Al =n+1 =m n—m+1
p =E(n+2)u3 +Fu3 n+12u (n—m+ )i,

choo [ 0 &, 0, nan( 0l co
+n+1{ at ;qu Z C Fat\ar TG

n-1 2 aam 2
_3 UL pd n—m~nh—m,n—m—1
+ + Q1 a3> (ehyr"mcC
m=0 lzzl l agl Z ( 6§ ] !
n—2
+ Z (m + Daltlgn—m-lpn-m-2c-m-ln=m=2
m=0

no 2 2 a-j /aa R
S ra gy |5 (5 a ) e

n-1 2 n—-m-—1 ) )
- z ) Z n—m-— j)sfhf‘lBéka:_m_J

m=0 k=1 Jj=0

n 2 2 5217{; 3 2 aaz 3
n—r nr —r QT n
+”ZE’” Z 3E,0¢ ‘Im +223_L3k1+2“253k + 13
r=0 I=1 m=1 “Sl¥Sm k=11=1 “5! k=1

(n=0,1,2) (48)

Examining the new model, we observe that the equations can be divided into two groups: a first group, including
Equations (44) and (45), that must be solved to obtain the terms !, @), po al, u%, u%, ug, @ and @3, and a second
group, including Equations (46)-(48), that allow us to eliminate the terms ﬂ3, ué, i u3, p', p%, p3 from Equatlons (44)-
(45) Once the aforementioned elimination has been carried out, we can solve the flrst group of equations to compute

(k 0,1,2,3,i = 1,2) and p°, and use the second group of equations to obtain @ (k 0,1,2,3)and p’ (j = 1,2,3).

Boundary and initial conditions must be added to this system of equations.

5 | ASYMPTOTIC ANALYSIS OF THE NEW MODEL

This section is devoted to the asymptotic analysis of the model (42)—(48), proposed in the previous section. We want to
check if the asymptotic behavior of the new model, when ¢ tends to zero, is the same as the Navier-Stokes equations,
shown in [1].

Let us start assuming that u”(s) f "(e), p"(e), W;(e) and V,(¢) (i = 1,2,3, n = 0,1, 2, 3) can be developed in powers of
¢, that is:

a'(e) = Zsk A (1=1,2,3, n=0,1,2,3) (49)

p'e) = 2 epk (n=0,1,2,3) (50)
k=-2
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o= (1=1,23,n=012,.) (51)
k=0
Vie) = ) e vE (i=1,2) (52)
k=0
Wie) = Y wk (i=1,2) (53)
k=0

The substitution of the developments (49)-(53) in (44)-(48), (38) and (40)-(41) and the identification of the terms mul-
tiplied by the same power of €, lead to a series of equations that will allow us to determine un 0 , P, .. (i=1,2,3, n=
0,1,2,3).

In this way, we identify the terms multiplied by

* £72in (44) and (48):

1 ap*% 00 2V 29
- JO = 220 (1=1,2) (54)
90; agl il h2 i
2
1 0P 00 12,1400 6 30 .
%lz se i FPTN = visit, (i=1.2) (55)
=1
2
a—n,—2
%Z l;& POpnprh % =0, (n=2,3, i=1,2) (56)
=1
P2 =0, n=1,23 57
-2 ( ) (57)
Taking into account (57), we obtain from (55)
i, =0, i=1,2 58
. (i=1,2) (58)
* ¢ 1in (44) and (48) (considering (57) and (58)):
1 w 9P v _10Al 2
p—z 5= pu s v, (=1.2) (59)
2 53211
1_10_10 1 9P o0 5p 1 1 4,.1,00
—U, U, =—— J - = hJ —pbln~ly
h3 90; o i Pol < 9§ " ooF .
2v Al 6 _ :
Wﬁuf’0+vﬁu?’l, (i=12) (60)
1 < 1 w 8p*~ 2
p 2 - me -p—Z P P, (=1.2) (6D
m=1 =1
1 - 1 3-1 n
o 2 @ —mm —p—Z or i TP (=12.n=23) (62)
m=2 =1
prtl = —(n+2)u"“°, (n=0,1) (63)
p3,—1 =0 (64)

« £0in (44)-(48), (38) and (40) (keeping in mind (57) and (58)):
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6_00

2
+ -+ VU +f00 (i=1,2) (65)

1 2 ~1-m,0 3
ou. 2
_m,0 i _1-m 0,0 1p0 =10 _1,1-1,0
ADIPIH Z(—agl + 2" llq> +Zu OB +

6 _
Trv=a 4 0 (i=1,2) (66)

1
+ =g+ 20 (1=1,2) (67)

EI'—‘

3
24 m)(uml 4m0+am0 4m1)

1 3.2 apm,m—3 1 3
=—-— S T —— mpmm=3p2=myo3Tm 3.0,
Po lezz ; 9§ il Po mzzz P B /i

(i=1,2) (68)
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nk -
where 2k = (@, 7"

> 72

* £2in (46), (47) and (38) and (40)-(41) (keeping in mind (76)):

i X
u(3),0 =3 as (69)
aj"=0, (n=0,1,2) (70)
e = —(n +2)ai ™, (m=0,1) (71)
=0 (72)
10 =V (i=1,2) (73)
a’+a =wo-v? (i=12) (74)
prt=p""1=0 (75)
ay' =0 (76)
1
bl = —h div(\/AOﬁO"’) + a0 77
VA0 A
. ﬁ - [ 10d1v<\/ *"0) _ —Vh ] (n=1,2) (78)
a’t=vl (i=1,2) (79)
Yat=wl-vl (=12 (80)
i = i =54
k=1
3
> abt on (81)
= at
4’ =0 (82)
al? div( \/Aoa’o’l) (83)
v/ A0
o,
Y =Bl H ) @+ DBl (84)
l agl 1k kk3 h k 3k
=1
3 -mm—1
k 2 _m,m—1y;2— _m,m—1 72— m _mm—1p2—
LZ ( 3E, By "+ Hllkm> a7 Hg s+ e By m] (85)
=1
a2 =v?: (i=1,2) (86)
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3
Ya?=w2-v? (i=1,2) (87)
k=1
3
Y ay? =0 (88)
k=1

Once the Equations (54)-(88) have been derived, we will proceed, in the next section, to impose the boundary conditions.

6 | IMPOSING BOUNDARY CONDITIONS
6.1 | Boundary conditions leading to a lubrication problem

Let us assume that the fluid slips at the lower surface (§; = 0), and at the upper surface (£; = 1), that is, let us assume
that the tangential velocities of the fluid at the lower and upper surfaces are known, and, that the normal velocity of both
surfaces matches the normal velocities of the fluid at the surfaces.

In this case, the terms @ (l = 1,2) are known (38), @ The k (i=1,2,k=0,1,...) are known (see (73), (79), (86)), and from
Equations (54) and (74), we obtain

2 350,-2
20 h? 0 9P"7% o0 .
" =— I, (i=1,2) (89)
i u ; agl il
2 2 53702
10 _ 0 0 R 9p™"" 00 .
wm =W, -V, —2# lzl 3E, Ji (i=1,2) (90)

_k,1

We can substitute &L, (k = 1,2, 3) in (81) by the expressions (77)-(78) and then, using (73), (69), (89) and (90) we yield:

0,—2 v 1
——div[ Vaor3 00,500 —h(a—Xf)A—
12#\/_ V( g; 3t (11 ) ar ) a0

aiv(V A0 + 7)) + 2V (70— 79) = 38

(o)

24/A0

Remark 2. Equation (91) is exactly the same as Equation (17) (equation (99) in [1]), although the divergence term is written
in a slightly different form using

M J00 400
= VA ( o b
VA 21 22

As explained in [1], (91) is a generalized version of the Reynolds equation.
The following result can be proved using (10), (42), (43), (56), (58), (69), (70), (73), (89) and (90):

Theorem 1. Ifwe assume that there exist asymptotic expansions (49)—(53), that (28) holds and that the tangential and normal
velocities are known on the bound surfaces, then the solution of model (42)—(48) verifies

op
(€)= VO + E5(WO — VO + hﬂ 2 L S E 8400, (=12 92)
=1
1) = o3 +00), 93)
p(e) = 2502 + 0(e), (94)
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where p*~2is the solution of the Equation (91). Thus, the velocity, u¢, and the pressure, p¢, defined in the original domain,
satisfy

2
Z k<s) + us(ON;,  (i=1,2,3) (95)
2 2 -
W~ 9p%72 oo 9x; ox -
;1 VO+§3 V2)+ﬂl=21 agl Jil (53 53)‘| ag < a3>Ni+O(E), (96)
pf=e2p% 2+ 0(™h). (97)

Remark 3. Following the steps of [42], it would be possible to show that the norm of the difference between the exact
solution of (42)—(48) and its asymptotic approximation is small. In this way, error estimates could be obtained not just
formally and, Theorem 1 could be mathematically proved. However, the adaptation of the method used in [42] to prove
Theorem 1 is not trivial and it would be very laborious.

6.2 | Boundary conditions leading to a thin fluid layer problem

Now, instead of considering that the tangential and normal velocities are known on the upper and lower surfaces, we
assume that the normal component of the traction on &3 = 0 and on &5 = 1 are known pressures, and that the tangential
component of the traction on these surfaces are friction forces depending on the value of the velocities on dD. Therefore,
we assume that

T¢ - niy = (o°nf) - i = —7r;, oné; =0 (98)
T¢ i = (0% - i = —7t8 onéy =1 (99)
Te . d; = (075 - d; = —f;o - g, oné =0, (i=1,2) (100)
Te - OF = (07E5) - OF = —f5 - OF oné&y =1, (i=1,2) (101)

where T¢ is the traction vector and ¢ is the stress tensor given by

auf auj
& _— _nES.. - -
ij i+ # 6x§ + dx¢

) 3 2 _n,k
= Z & l Z PG Y Y Y (‘m‘a—gf’m)(Z(e&gh)’(a aj+ By a2,>>

k=-2 k=0 m=1I=1

oy, ap
+ %(Z(Eéh)r(a;ali +5;’a2i)>>]

r=0

Q
|

co 3 3 <)
k —1:nk r+lpr—1
+u z € 2 Z n&l i, Z e (af(amiarj + apjar)
k=0 n=1m=1 r=0

1 ..
+ BIr(amias) + amjaz)) + E(amia?)j + amja3i)]a (i,j=1,2,3) (102)
and vectors n n are, respectively, the outward unit normal vectors to the lower and the upper surfaces, that is

n = S0, (103)
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.
ne = —SOL (104)
! 15511
where
So=—lorsy=1 (105)
is fixed (7i§ = d; or riy = —d;, depending on the orientation of the parametrization X), and
oh da
r=d +£< h—3> (106)
R AT
oh da
E=d +£< h—3> (107)
SRR VTR T
E=0"X0E=d,Xd,+¢ %(a xds)+h|ad « 9% 3+6—&3><& +ﬂ(& X d,)
oh dds oh . da,
+£2[<—a +h—> ><< h—)] (108)
58, e ) T \a5 " T ey,
- - > > - 683 - a 2
051l = llay X ay|l +ehjas - (ay X =~ ) +az- ><a2 + 0(g”) (109)
0§, EB)
Typically, the friction force is of the form
Fou = PoCElliE N on &3 = o, (@ =0,1) (110)
where Cj, is a small constant. Let us assume that it is of order ¢ (see [35] or [47]), that is,
C; = eCp (111)

If we assume that the pressures and the friction forces on the upper and lower surfaces admit a development in powers
of ¢ too:

(s8]
m(e) =Y ', (i=0,1) 112)
r=0
. 0
fEr, = X fk, (@=0,1) (113)
k=1
condition (98) can now be written (using (102), (103)) as:
o2,
(oijazjlaz = —p° + =T (114)
Next, we identify the terms multiplied by the same power of ¢, we obtain (for ¢ 72, ¢! and £°) taking into account (69),
(70) and (77):
pO~2 =p*1 =0 (115)
i 1
P =m) - d1v<\/ V°> <a—X . ag) 4 (116)

ot A0

From (54), (115), (78), (71), (60), (74), (59) and bearing in mind (70), (75), (115) we get:

_2,0
u.
L

=0, (i=1,2) (117)
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a;”l =0 (118)

P =0 (119)

=0 (i=1,2) (120)
a’=wo-v% (i=1,2) (121)
' = —gi—;(wl? -V9. (i=12) (122)

Boundary condition (99) can be written (using (104)) as follows:

(o5,05,) - vi =~ NP on & =1 123
and, using (102), (108), (109) and (112) to substitute o;;, vector Us, its module and ﬂi into the above condition, we identify
the terms multiplied by £° (the terms multiplied by =2 and ¢~ trivially vanish):

3 3
2
= "0 Xl + - X nil G X ol
n=0 n=1

32 - N
2 - > o h - - - aa aa - h - -
+ 2K Z Z nilC||dy X d,|dy, - [%(al X d3) + h<a1 X —2 4 —2 x a2> + a—(a3 X d,)
2 1

0, 6§ e3

lld; x d,|I* (124)

Taking into account (119), (72), (58), (117), (118), (71), (78), (116), (121) and, that

(41 X d3) - dy = (d3 X d) - dy = —[|dy X &l (125)
- aa3> > <aa3 > > >
WX )@= Xaq ‘a1=0 (126)
< 9&, 9&,

Equation (124) can be written as follows:

oy 5 oo (VA (0 7)) 4 - (0= 7) ) = a)

Boundary conditions (100) on &3 = 0 have been re-written using (102), (103) and (113), then we identify the terms
multiplied by each power of ¢:

—1.

* £
10 =0, (i=1,2) (128)
and from (121):
w)=Vv?, (i=1,2) (129)
+ ¢ (keeping in mind (69), (73)):
o [aX 2 da 1<
— (= a)+ Y vl =2-a)+- Y a)d, -a=0 (=12 130
5& < At a3> mzzl m< agi a3> hmz=1um A - q; (l ) ( )
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* ¢ (considering (76), (79)):

2 > 2
aa - 1 _ - - s > .
sw[Z V3n<a_§ - a3> g 2 i o ai] =—fh, @ (=12 (131
1

m=1

If we sum Equation (130) (i = 1) multiplied by oc(l) and Equation (130) (i = 2) multiplied by ﬁf (and we repeat the process
analogously multiplying by a) and 89) we obtain:

2
=—h2{<l°l°aa§< -ag)+vl°D3>, (i=1,2) (132)

Coefficients D) are defined in (A34).
We do the same operations from (131) to get:

2
s .
% =-h ) ( Oy °°<fRO am)+v1D° ) (i=1,2) (133)
m=1
From (78), (71), (122), (85), (66), taking into account (128), (129), (115), (70), we have:
' =0 (134)
p=0 (135)
_i2,1 — 0’ (l = 1,2) (136)
@’ =0 (137)
-3,2 h2 71,0 .
ul’ =_6fi’ ’ (l= 1:2) (138)
Next, we yield from (81), (77), (69), (73), (134) and (118)
oh  _11
5 = (139)
oxX Al h -
= — = .a - - 3 01/0
h< = a3>A0 AOle(\/A % > (140)

and, now, (116) reads (using (140))
(141)

Boundary conditions (101) can be rewritten taking into account (102), (104), (106)—-(109) and (113). Then we identify the
terms multiplied by the each power of ¢:

+ ¢ (considering (58), (117), (128), (70), (120), (136)) we re-obtain (130)
* ¢ (using (125)—(126), bearing in mind (76), (118), (134), (120), (70), (58), (117), (128), (136) and dividing by ||@; X d,||):

gyt 2 da 1w 1 6h
0,1 m = _n,2 _1,1

% +Eu’<—-a>+—§ Enu a)+ — —5 Uy

{ 3¢; m\ g ) TR e M T g

m=1

2 2 -0,0 3 -
00h 0 0h Oty (= o 100(99m =
DICE ST )[Z g, (@n 1) + 2 i (5 “)]

=1 =1
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2 0u%’ on  h oy’ 1 = 00f%Gm -
"Lt ma T (5 7m)

m

2
=) iy (- Eis)I} = So(leel : al.) (i=1,2) (142)

where coefficients I and 7(h) are defined in (A36) and (A49) respectively.

~11 -00 -00 -01 -1, _1,2

Now, we replace in (142) the terms @i, , @iy, @, , @, , 4, and @, (i = 1,2) by the expressions obtained in (139), (69),

(73), (79), (132) and (133) respectively, and taking into account (138) we can write:

#h 10hdh 2~ 22 -
5i0F, T g ar i & W @ @)
B n )3 2w g ()
lagl 1652 m=1 agl " m=1 " agl l
B LS5 ) (e )
38 0km  Jao 2 "I\ 9 ok
oX . 0 1 (6d;
+(5a) [H = "7(”)]
S h 2
0( 71 71 71,0, >
_;(fR1+fRO> al+5mzzllfm @ -d) (1=1,2) (143)

Next, we multiply (143) by J;.)lfo for j = 1,2 and we sum in i = 1, 2. In this way we are able to infer the terms aiz,z

0 M no
-z (g oot
2 32h  16hdh <« VY an 1 < dd
aron_ m_—" _ V&(—’"-”h)
; <azagj h 6E; ot ,,;1 08j 9m  \fa0 i 9 s >
= 2
X . 700 1 da,
(5 )Z ngﬂ \/—<6§J (h))]

2

So 00( 7 2 IR h 7,0 .

+;Z]ij (leel"'f}lzo)'aj'*'ﬂfi , (=12 (144)
Jj=1

0

2
2 22:_26
nti 6§'

We can rewrite Equations (65) considering (73), (69), (141), (132) and (144) to substitute 11?’0 (i=1,2,3),p, ﬁl.l’l (i=1,2)
and aiz,z (i = 1,2) respectively by the expressions obtained previously:

avoe 2 avY

T Z g(vo —C0) + Z V0<R° + Z V?Hgk)

2 0 2 2 2770 2 2 0
1 00975 vV o aV o
=—-— -+ T + 1+ ) Vs
Po i3 tag) L;l; 0§08, " kz=:11 1 lkl 2
o (X ,
+F) - <§ : az3>Q?3 (i=1,2) (145)
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K and F0 are defined in (A42), (A45), (A48), (A50) and (A52) respectively.

where coefficients L%, R® , §%°
ikl® ik k

Remark 4. Equation (145) is exactly the same as Equation (25) (see (A51)-(A54)).

Taking into account (10), (26), (27), (56), (58), (69), (70), (73), (115), (117), (128), (141), (135), (119) and (72), we can prove
the following result:

Theorem 2. Ifwe assume that there exist asymptotic expansions (49)-(53) and (112)-(113), and that the hypothesis (28) and
(111), and the boundary conditions (98)-(101) hold, then the solution of model (42)-(48) verifies

u(e) =V, +0(e), (k=1,2) (146)
uz(e) = %_)t( - d; + O(¢), 147)
pe) =7+ 27#2_? + 0(e), (148)

where Vl(() (k = 1,2) are the solutions of the Equations (145). Thus, the velocity, uf, and the pressure, p, defined in the original
domain, satisfy

2

ox; R .
w= 2 kagl ( aa>N +0(e), (1=1,23) (149)
k=1 k
ohe
pf =7+ h‘g‘ o+ 0. (150)

Remark 5. As stated in Remark 3, the steps of [42] could be followed to prove (146)—(148) obtaining error estimates.

7 | CONCLUSIONS

In this article, we propose a two-dimensional flow model of a viscous fluid between two very close moving surfaces and we
show (using a formal asymptotic expansion of the solution) that its asymptotic behavior, when the distance between the
two surfaces tends to zero, is the same as that previously obtained in [1] for the Navier-Stokes equations. In fact, we have
justified that, under the assumptions about the boundary conditions made in Subsection 6.1, the solution of the new model
approaches the solution of model (91) as € tends to zero, just as in the previous work [1], where we showed that the solution
of the Navier-Stokes equations approaches the solution of (17). And, we have also seen that, under the assumptions about
the boundary conditions shown in Subsection 6.2, the solution of the the new model tends to the solution of (145), as it
happened in our prior article [1] with the solution of the Navier-Stokes equations (see (25)).

As we have already pointed out in Remarks 3 and 5, the justification of Theorems 1 and 2 is based on the formal asymp-
totic expansion of the solution of model (42)—(48). This could be seen as an engineering approach to the justification of the
newly derived model. We have also commented, in Remarks 3 and 5, on how, following the steps of [42], error estimates
could be obtained and, thus Theorems 1 and 2 could be mathematically proved.

As it is well known, numerical solution of three-dimensional Navier-Stokes equations requires large computational
resources, and solving these equations in such a thin domain presents even more numerical problems, while solving the
new two-dimensional model presented here is much easier.

On the other hand, as we have already mentioned, the new model has the same asymptotic behavior as the Navier-Stokes
equations, so, in a certain sense, it encompasses the two limit models presented in Subsections 6.1 and 6.2.

For all the above reasons, the new model proposed in this article can be considered a good option for calculating vis-
cous fluid flow between two nearby moving surfaces, without the need to decide a priori whether the flow is typical of a
lubrication problem or it is of thin fluid layer type, and without the enormous computational effort that would be required
to solve the Navier-Stokes equations in such a thin domain.
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We are currently working on performing numerical simulations that allow us to compare the accuracy and computation
time required for each of the models that we have mentioned in this article. We hope to be able to present the results of
these simulations very soon.
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APPENDIX A: COEFFICIENTS DEFINITION
In this appendix, we introduce some coefficients that depend either only on the lower bound surface parametrization, X
or on both the parametrization and the gap h. We will use these coefficients throughout this article.

In the first place, the coefficients of the first and second fundamental forms of the surface parametrized by)? have been
denoted by E, F,G and e, f, g, respectively:

G = 52 . 52 (A3)
- 6(-1)3 - 351
= -0, — =4y — A4
e a4 3E, as 3E, (A4)
L 0ds L das ., dda, . 0a,
e T (A3
L da; . 0dad,
= 8 — = 2 A6
g a 3t, as 3E, (A6)
and, from them, we define:
- - - - 2 - -
A® = |d|12l1d)1* — (d; - d2)” = EG — F? = ||d; X d,]|? (A7)
da da
Al =g 12l &, - =2 ) +1a. 12l a, - =
llas |l <a1 6§1> llay[I={ a2 3E,
- - - 653 - 653
- . -—+a, - — | =—eG—gE +2fF A8
(a1 a2)<a1 3%, a 6§1> € 4 S (A8)
L daz\ (. das L daz\ (. 0da,
A2 = 2 2 ) = L2 2 ) =g — 2 A9
(a5) (@ 5) - (@5 ) (& 5 ) =es (4
G -F
M = <—F E ) (A10)
The following coefficients are involved in the change of variable defined in Section 2:
a; = o +e&sha) + 280l + o, (1=1,2) (A11)
€3/ 0 1 2322
o = 7(0% +e&sha; +e?E3h%as + ), (A12)
Bi =B} +e&shBl + B+, (i=1,2) (A13)
§
By = 5 (B +e&shpy + EEH26] + ), (A14)
-1 y=p=0 (AI5)
y3 - Eh.’ J/I - J/Z — Y
where
> 12
0 _ lla, | _ G (Al6)

17 A0~ EG-F2
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.
- 043 o

1_ 2 0§, i _ g+aal
o = 20 T 40
al?A? 4+ Al
a{lz— N nZZ
A0
o_ a0 Gy-d; F
% ﬁl - A0 _E
. ada 0
a, - +adAl
1 _ pl _ g agl 2 f—O{gAl
=P =" 40 T A0
O{”_ZAZ + O{”_lAl
ol = pr = —2 A02 , n>2
%a .a _ﬂ”a I1?
o 06 " on T ,oh _ o0
3 A° tog  2ag,
. [onda; on aa, 0.1
G, 22223 P75 40
g 1950k 9&oE] T ek, oh
3 AP to§, 204,
al?Ar + oAl
ag:— . n22
A0
ol _E
27 A0 T A0
L ddy
.2 R941
gl = “on TR erpa
2 A0 - A0
6;1—2A2+6;1—1A1
By =-— 0 , n>2
ﬂa -a _ﬂ”a II?
‘30= 651 ! 2 652 ' :_ﬁoﬂ_ﬁoﬂ
3 A° tog 2ok,
éh (. aa3> oh <ﬁ aa3> 0 A1
— g - —)—-—|a,-—)—-8’A
ﬁlza;ﬁ(l 6h) 96\ o%) VN _noh gk
3 AD tag 2ok,
n—ZAZ+ n—lAl
B! __F 5 , n>2

AO

The next set of coefficients depend on the parametrization X and, some of them also depend on function h:

Bl =al@ -a)+p(@-d) (j=012 [=123 k=1,23)

o_ of= 09X of = 90X —
Cl—ocl(al-—t>+ﬁl<a2-—at> (1=1,2,3)

(A17)

(A18)

(A19)

(A20)

(A21)

(A22)

(A23)

(A24)

(A25)

(A26)

(A27)

(A28)

(A29)

(A30)

(A31)

(A32)
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i - 08X (. 8X (. Bd, (. dds
C/=dld -=—)+pay=— |+a/(d - == )+ (d- ==
l @5 ) FAle 5 AT Ai\a 5

(1=1,2,3; i=12 j=0,1,2) (A33)
. Y da - da
Dl’k—a’<a3-ﬂ>+ﬁ{<a3-ﬂ> (i=1,23; k=1,23 j=01) (A34)
agl a§2
. 8& (. 0d,
H =dla, = )+p/a, - == 1=1,2; i,k=1,2,3; j=0,1,2 A35
ilk l< 1 a§l> 61 2 551 ( J ) ( )
I=<&1xa—53>~& +<aa *>-a3 (A36)
CIS) CIS)
57 =aB! +BB . (Lm=123 ij=012) (A37)
n
o=kt Y M (Lm=1,2 n=0,1,2,3) (A38)
5=0
2 Jj Jj
. da B
s l pi ..
KM= a—B;nl+a—Bl +alH +p/H ), (1=1,23 ij=01) (A39)
m=1 gm gm

L n—r Sn—r=s snrs
zkl_h Z lme(J )

+ hr- 15k2 lthn r— s+ Z sn r— s+2r]§}n—r—s+sjfén—r—s]

i,l=1,2;, k=1,2,3; n=0,1,2,3; 0<r<n) (A40)

2 n—r
da
nr k - S,n—r— s S,n—r—s S,n—r—S§
LY = h- ’lz <5§m a3> Z(J o )+5k3S§0K1 ]

S=i

+hn_r_153 lzs anrs_i_2 stn r—s+zsjsnrs]

(k=1,2,3; 1=1,2; n>0; 0<r<n) (A41)
1 6h Sik el ke
lel lel + EE] — TJ?’Z ’ (l, =1,2; =1,2, 3) (A42)
da da -
Q= a?(&l atk> +5°< a, - 6tk> Y H,CO, (=12 k=12.3) (A43)
=1
- 2
da aa
0 _ (= %)\ _ > Ytk 0 —
oxX
0 0 ;o . —
=Q, +Hlk3< 3 a3> (i=12, k=1,2) (A45)

s=0 I= m=1

n—r 2 2 92a
— hh-r k + ()an r=s 4 go gSnrs
2 . l <2 3E,3E,, (diag + @87) i

n—r—1170 S,n—r—§ S,n—Fr—§ S,n—r—§
+h Hilk<2rJ3l +5 Z _agmjlm +sT}; )]
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n—r 2
1 _ _ _
+r5ikh""z lZ H;“Mf;l+zl<§’” ISy ((s—l)Z 5 IS+ Iy S)]
m

s=0 | m=1

(i=1,2 k=1,23 n=0,1,23 0<r<n) (A46)

n—r 2 2 azak
ST — pn—r 3anrs
S PIOE-E

N 2
day 2F sin—r—s sn—r—=s | S ;sp—r—s | S Oh _sn—r—s
+ <E )(hJSI’n +K,, +E.Im3 +E E a—ljml

2
+53kh<Ksn r— S+r‘;l'SJ§,3n—r s+S;1 aagh JenT= S+hZH:}z/m:;—1>‘|
m=1

(k=1,2,3, n>0, 0<r<n) (A47)
I 1 2 aa,
SQ,O - SOO ]0 OHO ]930< k (h)>
ik /_ AO k h Z ilk \/E j;l ij ag}
(i=12 k=1,23) (A48)
dd; 503 oh - .
" Xas) | X ot e + 5 (@ A49
n(h) = f ((11 ds) <a1 3%, 551 > 3t (a3 x ay) (A49)
2 - 0,0 2
0 [0X Al J. 8h 3 32h
0_ '—v 070__ 0,0 _i___ 0’0
Ki ; agl ( a3> <Li3l A()]il > hz at ]’l k;l]kl —agkat
ox SO,O 1 2 JO’OHO 1 2 JO»O aa h =12 A50
+ ﬁ-a3 i3_ﬁlz 3l us_h AOIZ“ 6—77() (i=1,2) (A50)
=1 -1

where &;; is the Kronecker Delta.
Finally, we have the coefficients that include the external density of volume forces and the friction force

/ g+ ( o+ 75 (ofd +BG,) (=1,2) (AsD)

=0 _ %0 00 71 > 1 71,0 70,0 s
FO = po—h; D(Fh + L) @+ S F+ 0 (=12) (A2)

J:
It can be proved that
=0 (=1,2n21) (A53)
So we obtain
o 2

0_ £0 _ 90 0,0( 71 71 = 70,0 s _

FO = Ff _po_h;]if (fR1+fRO)-aj+fl. (i=1,2) (A54)
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