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1. Introduction

In the context of credit risks or credit scoring one is often interested in modelling and estimating the probability of
default (PD) measuring the probability of an obligor to run into arrears on his/her credit obligation. A binary classification
of customers into two categories (default or not default) is then required, which can be done using various statistical
techniques ranging from purely parametric to fully nonparametric. However, a more refined analysis is possible, in which
apart from this binary outcome (default or not default) one also takes the timing of default into account. The probability
that a customer defaults before a given time point is of practical importance, since it can provide the bank with the ability
to compute the profitability over a customer’s lifetime and perform profit scoring. In this paper we will propose a novel
method to estimate the probability of default (PD) in a time horizon t + b from a maturity time t using nonparametric
estimators. To estimate this probability, one commonly faces the problem that the time of default is censored to the right.
This is because at the end of the study period some (or many) customers will not have defaulted, or some customers might
be lost to follow up for various reasons in the course of the study period. As a result, appropriate estimators that take
right censoring into account should be used. This has been recognised by Pelaez et al. (2021a,b), who used nonparametric
estimators of the PD based on Beran’s estimator of the conditional survival function (Beran (1981)) given a set of covariates.
This estimator is an extension of the Kaplan and Meier (1958) estimator to the regression context, where kernel smoothing
and an appropriate bandwidth are used for the covariates. See also Naraim (1992), Stepanova and Thomas (2002), Roszbach
(2003), Glennon and Nigro (2005), Allen and Rose (2006), Baba and Goko (2006), and Dirick et al. (2003), among others, for
other contributions on the use of survival analysis in the context of credit scoring.
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In this paper we go one step further. In fact, the time to default does not only face a problem of right censoring. There is
a second issue that should also be taken into account, and which is caused by the fact that some customers never default,
that is, no matter how long you observe such individuals, they will never experience the event of interest. Hence, the
survival function of the time to default will have a point mass at infinity. Survival models that take this feature into account
are called cure models. We refer to Amico and Van Keilegom (2018), for an overview paper on this topic. Instead of working
with the Beran estimator (Beran (1981)), we will therefore use another nonparametric estimator, that estimates separately
the probability of no default (so the point mass at infinity), called the incidence, and the survival function for the defaulted
customers, called the latency. For both quantities a kernel estimator (depending on possibly different bandwidths) will be
used. This is useful, since different degrees of smoothness for the incidence and latency require different bandwidths in
order to estimate the PD in an optimal way.

Cure survival models are nowadays well developed in the statistics and biostatistics literature, where the number of
papers studying various aspects of cure models (on e.g. estimation, testing, prediction, model selection, among others) has
increased a lot over the last 10 years. However in the area of credit risks cure models have not been used a lot so far,
despite their natural applications. Notable exceptions are Beran and Djaidja (2007), Dirick et al. (2019) and Dirick et al.
(2015). In the latter paper an AIC variable selection procedure is proposed in the context of PD estimation based on cure
models.

The remainder of this paper is organised as follows. In Section 2, the nonparametric estimator of the PD based on
mixture cure models is proposed. Asymptotic properties of this PD estimator are presented in Section 3. Section 4 presents
a bootstrap bandwidth selector for the bandwidths involved in the nonparametric estimator of the PD based on mixture cure
models. In Section 5, a simulation study shows the behaviour of the nonparametric cure model estimator and a comparison
with Beran’s estimator and other semiparametric estimators. In Section 6, the PD estimators are applied to a set of modified
real data. Finally, Section 7 contains some concluding remarks. Appendix A and Appendix B include the assumptions and
detailed proofs of the theoretical results.

2. Probability of default estimator

Let {(Xi, Z;, Si)}?ﬂ be a random sample of (X, Z, §) where X is the credit scoring, Z = min{T, C} is the observed matu-
rity, T is the time to default, C is the time until the end of the study or the time until the anticipated cancellation on the
credit and § = I(T < C) is the uncensoring indicator. Let v be a binary variable where v = 0 indicates if the individual be-
longs to the susceptible group (the individual will eventually experience the default if followed for long enough) and v =1
indicates if the subject is cured (the individual will never experience the default). Therefore, T = (1 — v)To + voo, where Ty
denotes the survival time of an individual susceptible to default. According to these variables, the population is classified
into three groups: those who are susceptible to default and censored (v =0, § =0), those who are susceptible to default
and noncensored (v =0, § =1) and the group of cured individual who are not susceptible to default (v =1, § =0). The
situation v =1 and § =1 is not feasible. In practice, distinguishing whether or not the censored individual was susceptible
to experiencing the default (belongs to first or third group) is not possible without additional assumptions. In this context,
the Law of Total Probability provides a useful decomposition of the conditional survival function as follows

Stx) =P(T>tlv=1,X=x)P(v=1/X=x)
+P(T>tlv=0,X=x)PW=0/X=x)=1—p&x) + Sotx)px),

where p(x) is the probability of not being cured (susceptible to default) and So(t|x) the conditional survival function of the
uncured population. The functions 1 — p(x) and So(t|x) are called the incidence and the latency, respectively.

Let x € I C R be a fixed value of the covariate X (typically, the scoring), t covering certain interval It CR and b a
horizon time (typically, b =12 in months), then the probability of default in a time horizon t + b from a maturity time ¢ is
defined as follows

S(t+blx
PD(t|x):P(T§t—|—b|T>t,X:x):1—w. (1)
5(t|x)
Replacing S(t|x) with a conditional survival function estimator, §h (t]x), in (1), the following estimator for PD(t|x) is obtained:
—~ Sp(t +blx
PDp(t]x) =1 — Sh(t+blx) 2)
Sh(tlx)

where h = h;, is the smoothing parameter for the covariable.

The aim is to find an appropriate survival estimator, §h(t|x). that captures the existence of a group of individuals not
susceptible to default or cured, resulting in a good estimator of the probability of default, 155,1(t|x), in this context. For this
purpose, a nonparametric survival estimator based on cure models is considered. Beran’s estimator which, a priori, does not
take into account the proportion of the curative population is also considered in this work to estimate the probability of
default.
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2.1. Beran’s estimator

The estimator of the conditional survival function with censored data formulated in Beran (1981) is given by

n

§,‘3(t|x)=]‘[(1_ liz;<t. 5;=1yWn,i (%) ) o

i1 1= Lizj<zywn,j (%)

with
K((x— Xi)/h)
Y K(x—Xj)/h)’

where K is a kernel function (typically a density function to be picked up by the user) and h > 0 is a smoothing parameter.
Replacing (3) in (2), we obtain Beran’s estimator of the probability of default. It was previously used in Cao et al. (2009),
Pelaez et al. (2021b) and Pelaez et al. (2021a).

Wh,i(x) = =1,...,n,

2.2. Nonparametric cure model estimator
The nonparametric cure model estimator of the conditional survival function proposed by Lépez-Cheda (2018) is given
by
Shig " (t1X) =1 —Dr(X) + Pr(x) S0, (£[%). (4)

The incidence estimator, 1 — Py (x), is proposed by Xu and Peng (2014) and deeply studied in Lépez-Cheda et al. (2017b).
It corresponds to Beran’s estimator evaluated at the highest uncensored lifetime:

1—Pr(x) =SE(max{T;:i=1,....n, 8 = 1}[x).
The latency estimator, §0,g(t|x), proposed by Lopez-Cheda et al. (2017a) is as follows:
SB(tl0) — (1—Pg()
ﬁg(x)

where g > 0 is a smoothing parameter.
Replacing (4) in (2), we obtain the nonparametric cure model estimator (NPCM) of the probability of default:

So.g(tlx) =

’

SNPCM
DM (1) = 1 Shg (E+DbIx) 5)
h, =1— 7
£ ShecM(lx)

Note that the particular case h = g corresponds to Beran’s estimator, which does not take into account a priori the
existence of a group of cured individuals. In Lépez-Cheda (2018) it was found by simulation that the bandwidths h and g
are substantially different in practice, although they have the same convergence order. Choosing the best bandwidth h for
incidence and the best bandwidth g for latency has a considerable effect on the estimation of the conditional survival curve
in cure models and could have a considerable effect on the estimation of PD.

3. Asymptotic properties of the NPCM estimator
In this Section, asymptotic properties of the probability of default estimators are studied. Since Beran’s estimator of the
probability of default has been deeply studied in Peldez et al. (2021b) and details about its asymptotic properties can be

found in that work, this section will focus on the NPCM estimator of the PD. The following notation is used.
Let R :R — R be any function and define the constants

CR :/R(t)zdt, dr :/tzR(t)dt,

and given any constant a € R,
Cr(a) = f R(at)R(t)dt. (6)

Given any function f:RK — R, its first derivative with respect to the first variable is denoted by: f’(x1, ..., xx) =
9 f (X1, .0, Xp)

3X]
The following functions are required to state the results. A number of notations used below are defined in Appendix A.

. Correspondingly, the second derivative with respect to the first variable is denoted by f”(x1, ..., Xg).

3
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t
1 — 1 dH
E(Z.5.6.%) = (Z<t,5=1) _/ (u<zydHq (u]x)

1-H(ZIx) (1—Hu)*
N PR PP | —p(x))2(1 = SE) ¢ 7.5, 00, ),
p(x) p=(x)

®(u,t,x) = E[6(Z,8,t,0|X=u], ®a(u,t,x) = E[£%(Z,8,t,x)|X =u],

di (So(tlx) —1 —1) 92
By e, = TS0 'x;m(x))(p ® )a?(@w,t,x)m(u))m:x,
diS(t|x) 92
- 2m(x) W((D(u,tax)m(u)ﬂu:x

dx(1-px)(1 - S(tx) 92

By(t,x) =

(@(u, 00, )m(W))|u=x.

2p(x)m(x) st agf)
~ + blx
By(t,x) = TS Bi(t+b,x)+ WBl(tsX),
~ 1 St+b
Bat.0) = — g Bt b0 + ;Tlx')")lsza,x),

D(u,ty,tz,%) = COV[é(Zl,81,t1,><),5(21,81,t2,X)(X1 =ulm(u),
L(u,ty,t2,X) = Cov[£(Z1,81.t1,%), ﬂ(zlaalafZ,X)‘Xl =u|m(u),
ck S(t11%)S (t21%) ckS(t11%) (1 = S(t21%))

Cq(ty,t2,x) = > D(x,tq,t2,x) + 3 D(x, t1, 00, X)
p(x) p>(x)
+C1<(1 - S(fllxi))f(if)zlx)(1 —p() D(x, . £, %)
2
+C1<(1 —p®) (1= St110)(1 = S(t21x)) B (x, 00, X)),
pA(x) ,
Vit b ) = (So(t11x) — 1)(So(t21x) — 1) (p(x) — 1) kP (X, 0. ),
m(x)
2
Vst b, %) = p (X)Clz(tlstbx)’
m=(x)
Vattr. b2, ) (So(t1lx) — 1)2(p(><) — l)p(X)L(X’ 00, 2.%)
m-(x)
N (So(t21x) — 1)2(p(><) - 1)p(X)L(X7 1. 00,%).
m+(x)

The required assumptions are listed in Appendix A. They are standard in the literature and not very restrictive in this
context. They were previously assumed by Peldez et al. (2021a) to prove the asymptotic properties for Beran's PD esti-
mator, by Lopez-Cheda et al. (2017a) and Lopez-Cheda et al. (2017b) to prove the asymptotic properties of the incidence
and latency estimators, and by Iglesias-Pérez and Gonzalez-Manteiga (1999) and Dabrowska (1989) in the nonparametric
conditional survival function estimation setup.

Assumptions A.1 and A.2 are about characteristics and independence of the variables involved. Assumptions A.3-A.12
are needed to bound some population functions. They require existence and continuity of population function derivatives.
Kernel function requirements are covered in Assumption A.13 and bandwidth assumptions are included in A.14 and A.15.
Assumption A.16 refers to the differentiability of the functions previously defined in this section.

Lemma 1 (Almost sure representation of the NPCM estimator for the conditional survival function). Under Assumptions A.1-A.16, for
fixed values (t, x) € [l, u] x I, defined in Appendix A,

SAPM(e1x) — S(t10) = (So(tho) — 1) (p(X) — 1) iy Wit (0&(Zi, 81, 00, %)

n A 1 7
+p(x) > i, Wg i (XON(Zi, 8i, t,%) + Ry (t1x)  a.s.,

/
1 K((x— X;)/h) 1 1
where wfl"i(x) = e and sup ¢ x et u)x1 [RL(t]x)| = Op lnn(E + @) .

Theorem 1 (Almost sure representation of the NPCM estimator for the PD). Under Assumptions A.1-A.16, for fixed values (t, x), (t +
b,x)e[l,u] x1I,
n
=NPCM
PDj, g (t1x) = PD(t|X) =) Wni(t,x) + Ra(t|x) as.,
i=1
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where

' _ 1 . S(t+b|x)
Wit x) = —S(t|X) Oni(t+b,x)+ 752(1_')()

@ni(t, %) = (So(t|x) — 1) (p(x) = 1) Wh ;(0)E(Zi, 8, 00, X) + pOWS ;(ON(Zi, 81, £, X)

@n,i(t, %),

and

3/4
2 1 1

sup  |R;(t|X)|=0p| Inn{ —+ — .
t,x)ellulxI nh ng

Theorem 2 (Asymptotic bias and variance of the NPCM estimator for the PD). Under Assumptions A.1-A.16, for fixed values (t, x), (t +

b, x) € [I,u] x I, the asymptotic expressions of the bias and the variance of the dominant term in the almost sure representation of
S=NPCM .
PDy ¢ (t|x) are the following:

ABias(PD) s " (t|%)) = B1(t. 0h? + B2 (¢, 01g% + o(h?) + 0(g?). (8)

h
(i) If Chg:= nlerolo E € (0, 00), then

Avar(PDy " (¢h0) = (V1 +b, 6,2 + Ca g Va(t +b,6,%)

~ ~ 1 1 h
+Ch,gCx (Chg)V3(t + b, t, X)) wh + O(E) +0 (H)

h
(ii) If lim — =0, then
n—oo g

—NPCM ~ 1 1 g
AVar(PD t =Vi(t+b,t,x)— — ol =).
ar(PDp,. ¢ (t1X)) = V1 (t + x)nh+o<nh>+ <n>
.8
(iii) If lim = =0, then
n—oo h
— ~ 1 1 h
Avar(PDy' " (1)) = Va(t +b.t, ) — + 0(—) +0 (—)
' ng ng n
The functions Vi(t1, tz, X) are defined as follows
Vittr, 20 = = Viten, 1,0 + o0y 42300y
1 1,82, - 52(t2|X) 1 1,1, 52(t2|x) ilt2,1t2, 52(t2|x) 1 1,82, )

where i =1, 2,3 and Ty is defined in (6).

Theorem 3 (Asymptotic normality of the NPCM estimator for the PD). Under Assumptions A.1-A.16, for fixed values (t, x), (t + b, x) €
[I, u] x I, the limit distribution oflgﬁl,;{lngM(tlx) is the following:

(i) Assuming Cp, := limp_, 0o n'/°h € (0, 00), Cg := limy_, 0o n/°g € (0, 00), then
g

Vih(PDYM %) — PD(EI0) —5 N(w, 5),

where L = C2/2§1 (t, %)+ Cz/zﬁz(t, x) and s2 = (Vl(t +b,t,x)+ Ch,gvz(t +b,t,x)+ Ch_g’EK(Chyg)V?,(t +b,t,x)).

(Inn)3

nn 34
(i) Assuming Cg :=limy_.oon!/>g € (0, 00) and limy_, oo n'/°h =0, — 0 and <:—gn> (nh)1/2 = 0, then

VR (FDYM (e[ — PD(t])) > N(u, 5),

where L = Cg/zﬁz(t, x) and s = V1(t + b, t, X).
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1 3
(iii) Assuming Cp, := limp_ oo n'/°h € (0, 00), limy_ 0o n'/°g =0, (Inm) — O0and
I\ 34
(ﬂ) (ng)1/? — 0, then
nh

JAg (D) (t1x) — PD(tx) ~> N(w. 5).

where = C,‘?/2§1 (t,X), s% = Vz(t +b,t,x) and Vi(ﬁ ,t2,%),1=1,2, 3 are defined in Theorem 2.

Proofs of the results presented here are included in Appendix B.

The particular choice h = g for the NPCM estimator corresponds to Beran’s estimator. Therefore, the case Cj z =1 should
give the same asymptotic bias and variance for Beran’s and the NPCM estimators. Asymptotic expressions for the bias
and variance of Beran’s estimator are available in Cao et al. (2009) and Peldez et al. (2021b). It is clear that the order of
these asymptotic expressions is the same for both estimators when nlingo h/g = Cpg € (0,00). If we consider the particular

case Cy gz =1, then bandwidths h and g are asymptotically equal and so are the expressions for the bias and variance
corresponding to Beran’s and NPCM estimators.

4. Bandwidth selection

The choice of the smoothing parameters on which these estimators depend is certainly a point of crucial interest. The
complexity of the asymptotic results shown in the previous section makes it difficult to obtain plug-in bandwidths, since
they depend on too many parameters and population functions. For this reason, bootstrap-based bandwidth selectors are
used.

An automatic selector based on a bootstrap procedure already exists in the literature for Beran’s PD estimator. In Pelaez
et al. (2022), the obvious bootstrap method is combined with a smoothed bootstrap for the automatic selection of the
bandwidth h of Beran’s estimator, ﬁﬁg(ﬂx), defined in Section 2.1.

There are two classic methods for bootstrap resampling in a censoring context: the obvious bootstrap and the simple
bootstrap. In Li and Datta (2001), both methods are extended to the case where a covariate is involved, assuming there
are no ties in the sample values of the covariate. In Lopez-Cheda et al. (2017a) and Lépez-Cheda et al. (2017b), automatic
selectors were proposed for the bandwidths h and g on which the incidence and latency respectively depend. The proposed
resampling algorithm is a simple weighted bootstrap, fixing the covariate, equivalent to the one presented in Li and Datta
(2001). In Peléez et al. (2022) this method is combined with the smoothed bootstrap to approximate the bandwidth involved
in Beran’s estimator of the probability of default. In this paper, these techniques are extended to the case where there exists
a cure fraction to approximate the smoothing parameters involved in the NPCM estimator. The algorithm for the bootstrap

resampling is detailed below. For the sake of brevity, the NPCM estimator, Ijl\),:{l)gCM(ﬂx), given in (5) is simply denoted by
Fﬁh,g(tlx) in this section.

Algorithm for bootstrap resampling based on the NPCM estimator (called BR). Let I, I; C R be intervals containing appropriate
bandwidth values and let (r,s) € I; x I be pilot bandwidths for the bootstrap resampling:

1. Obtain Uq, ..., Uy iid with U; ~U(0,1) foralli=1,...,n.
2. For eachi=1,...,n, define

X = Xuj+1,

where [u] is the integer part of u and generate T; from the NPEM estimator of the conditional distribution of T
using the sample {(Xj, Z;, Si)}?zl and bandwidths (r, s), denoted by Fr s(t|X), and C} from the NPCM estimator of the
conditional distibution of C usglg the sample {(X;, Z;j, 1 — 61-)}’1721 and bandwidths (r, s), denoted by Gy s(¢]X}).

The estimators F;s(t|X{) and G s(t|X]) are forced to be equal to one from the last observed lifetime (max{Z; :i =
1,...,n}) onwards.

3. For eachi=1,...,n, obtain

Z{ =min{T}, C}'},
§F=1(T} <C7).

n
i=1"

4. Consider the bootstrap resample {(X}, Z}, 8})}

1771

For the NPCM estimator, Fﬁh,g(tlx), and a fixed x, the optimal two-dimensional bandwidth is the pair (h, g) € I; x I C
RR? that minimises the mean integrated squared error given by

6
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MISEx(h, g) = E /(@h,g(ux)—PD(ux))zdt , (9)
It

whose bootstrap approximation is

MISE? (h, g) = E( / (PDy  (£1%) — ﬁﬁr,s(ux))zdr), (10)

It

where I3\Dr,5(t|x) is the NPCM estimator with pilot bandwidths (r, s) € I; x I using the sample {(X,-, Zi, Si)}?:] and @:’g(tlx)
is the bootstrap NPCM estimator of PD with bandwidths (h, g) using the bootstrap resample {(X;*, Zf, 8;*)}?:1.

The resampling distribution of @Z.g(t\x) cannot be computed in a closed form, so the Monte Carlo method is used.
The distribution of lgﬁzyg(tlx) is approximated by the empirical one of ﬁﬁ:j;(ﬂx), e @Z:g(ﬂx), obtained from B bootstrap
resamples using the bootstrap resampling algorithm (BR) explained above. Then, the bootstrap bivariate bandwidth, (h*, g*),
is the minimiser of the Monte Carlo approximation of MISE} (h, g) over a meshgrid of bandwidths (h, g) € I1 x I, given by

B

MISE (h, g) ~ % > (/ (ﬁﬁ;:’;(tlx) - ﬁﬁr,s(nx))zdt), (11)
k=1 f

where ﬁﬁr’s(ﬂx) is the NPCM estimator with auxiliary bandwidths (r,s) € I1 x I, using the sample {(x,-,zi,a,-)}le
and ﬁﬁ:jg(tlx) is the bootstrap NPCM estimator of PD with bandwidths (h, g) using the k-th bootstrap resample

{(X;“”‘, Z;“”‘, 8,.*”‘)}?:1. Likewise, the integral is approximated by a Riemann sum.

Concerning the auxiliary bandwidths, preliminary studies not shown here suggest that the pilot bandwidths defined by:
5
r= 6(QX(0.975) — Qx(0.025))n~ 12, (12)

s= ?(Qz(0.975) — Qz(0.025))n"/°, 1)

where Qx(u) is the u quantile of the sample {Xi}?:l, are suitable choices in this context.
Note that, in Lépez-Cheda et al. (2017a) and Lépez-Cheda et al. (2017b), the authors propose the following pilot band-

width for the incidence and the latency bandwidth selectors:

(X — Xay)n ™17, (14)

where X(1) and X are the minimum and maximum values of the covariate X, respectively, and ¢ > 0.

Regarding the auxiliary bandwidth r € Iy, instead of a naive selector depending on X(1) and X, we use the quan-
tiles Qx(0.025) and Qx(0.975) to avoid outliers. In addition, this bandwidth considers the variability of the covariate,
Qx(0.975) — Qx(0.025), and the sample size, n. The multiplicative constant 5/6 is derived from several attempts in simu-
lation.

The exponent of this sample size, —1/9, was heuristically determined by Lépez-Cheda et al. (2017a) and Lépez-Cheda
et al. (2017b). The order n=1/° for this pilot bandwidth satisfies the conditions of Theorem 1 in Li and Datta (2001) and is
the one obtained by Cao (1993) for the uncensored case in nonparametric density estimation. It should be noted that the
bandwidth sequence r =r(n) has to be typically asymptotically larger than h = h(n).

The pilot bandwidth s € I, given in (13) also follows the ideas of Lépez-Cheda et al. (2017a) and Lopez-Cheda et al.
(2017b). Simulation studies in Lopez-Cheda (2018) show that a good choice for the auxiliary bandwidth related to the
latency would be to consider the same naive selector as for the incidence. Once again, the variability of the sample is taken
into account, but we consider the quantiles Q z(0.025) and Q z(0.975) instead of the minimum and maximum to minimise
the effect of outliers. The multiplicative constant 15/4 is derived from several attempts in simulation.

Note that the proposed algorithm is also valid to obtain a bootstrap approximation of the optimal bandwidth for the
estimation of PD(t|x) for fixed values of ¢ € It and x € I by replacing MISE}(h, g) by MSE{ ,(h, g), which is the bootstrap
analogue of the mean squared error given by

MSE x(h, g) = E((@h,g(nx) - PD(t|x))2>.
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5. Simulation study

A simulation study was conducted in order to compare the performance of the two proposed estimators of the probability
of default. The study is focused on three different models. All three have a non zero probability of cure and the proportion
of cured subjects and the survival distribution of uncured subjects are modelled separately. Therefore, they are mixture cure
models.

In Model 1, the probability of cure 1 — p(x) is a logistic function with the incidence given by

exp(Bo + B1x)
pR) = —————,
1+ exp(Bo + B1X)
where Bp =1 and g1 = —1. A uniform distribution U(0, 1) is considered for the credit scoring variable X. In the uncured

population, the time to default conditional to the credit scoring, To|x—x, follows a Weibull distribution with parameters d
and A(x)~4, with d =2 and A(x) =1+ 5x, To|x=x ~ W(d, A(x)~/%), and the censoring time conditional to the credit
scoring, Colx—x, follows a Weibull distribution with parameters d and B(x)~1/4, with B(x) = 10 — 22x + 20x%, Co|x=x ~

W(d, B(x)~/4). Therefore, the latency is given by So(t|x) = e~ A0 It s quite close to fulfil a proportional hazards model
and an accelerated failure time model, since the polynomial A(x) is a linear function which is reasonable close to the
function exp(yx) for some y.

In this scenario, the conditional survival function and the probability of default are the following:

S(tlx) =1 — p(x) + p(x)e A0,
1— p(x) + plre AW
1— p(x) + p(x)e—A®

In Model 2, the incidence is given by

PD(t|x) =1 —

p(X) = exp(Bo + B1x + B2x° + B3%°)
1+ exp(Bo + B1X + Pax? + f3x3)’
where By =15, g1 =—190/3, B, =88 and f3 = —128/3. A uniform distribution U (0, 1) is considered for the credit scoring

variable X. In the uncured population, the time to default conditional to the credit scoring, To|x—x, follows an exponential
distribution with parameter Q (x) = 2+ 58x—160x%+107x3, and the censoring time conditional to the credit scoring, Co|x—x,

(15)

55
follows an exponential distribution with parameter R(x) = 10 — ==x + 20x2. Then, the latency is given by So(t|x) =e~Q®t,

In this scenario, the conditional survival function and the probability of default are the following:

S(tlx) =1—px) + p(x)e” 2",
1 p@) + p(ye” WD
1—p() +pxe- e

The incidence of this model is not a logistic function and the latency function does not fit a proportional hazards model nor
an accelerated failure time model, since the polynomial Q (x) is not monotone in x and, therefore, is far from an exponential
function.

In Model 3, the incidence is given by (15) with o =31, f1 = —398/3, B2 = 184 and B3 = —256/3. A uniform distribution
U(0,1) is considered for the credit scoring variable X. In the uncured population, the time to default conditional to the
credit scoring, To|x—x, follows a Weibull distribution with parameters k;(x) = 135 + 28x — 16x* and By (x) = (log(2))/k1®,
Tolx=x ~ W(kl(x), 1/B1(x)), and the censoring time conditional to the credit scoring, Co|x—x, follows a Weibull distribution
with parameters k(x) = 1+ 8x and By (x) = (log(2))/k2®™, Co|x=x ~ W(k2(x), 1/B2(x)). Therefore, the latency is given by

So(t]x) = e~ B1®Y% 1 this scenario, the conditional survival function and the probability of default are the following:

PD(t|x) =1 —

S(ﬂX) =1- p(x) + p(x)e—([gl(X)t)kl(x)7
1— p(x) + p(x)e~B10E+b)
1— p(x) + p(x)e—Brxna®

The incidence of this model is not a logistic function and the latency function does not fit a proportional hazards model nor
an accelerated failure time model, since the shape parameter of the Weibull distribution, kq (x), depends on x.

The simulation analysis is conducted for different credit scoring values in each model. The unconditional probability
of censoring of Models 1, 2 and 3 and the probabilities of censoring conditional on each chosen value of x are shown in
Table 1.

Fig. 1 shows the theoretical probability of default of Models 1, 2 and 3 when the credit scoring is x = 0.5.

)k1(x)
PD(t]x) =1 —

8
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Table 1
Unconditional and conditional probabilities of censoring in
Models 1, 2 and 3.

Model 1 Model 2 Model 3

P(6=0) 0.7715 0.6566 0.7068
P(3=0|X=0.2) 0.8357 0.3993 0.4832
P(8=0|X=0.5) 0.7095 0.6111 0.7454
P(6=0|X=0.8) 0.7305 0.8847 0.8705
Q| e Qe
@ | © ©
o g 2
P © | ©
x © X © X ©
a b= =
o < | E < E <
=} o =]
N4 N N
=} /”_\ o \ o
o | o | < |
° T T T T °© T T T T T T © T T T T T
0.0 0.2 0.4 0.6 0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.2 0.4 0.6 0.8
t t t

Fig. 1. Theoretical probability of default for Model 1 (left), Model 2 (centre) and Model 3 (right) when x =0.5.

The software for Beran's estimator was developed in R by the authors themselves. The nonparametric estimators of
the incidence and latency required to compute the NPCM estimator are implemented in the R-Package npcure (see Lopez-
de Ullibarri et al. (2020)). Two other estimators are considered in this analysis as benchmark methods: the proportional
hazards cure model estimator (PHCM) and the accelerated failure time cure model estimator (AFTCM).

The PHCM estimator and the AFTCM estimator both assume that the conditional survival function is defined by S(t|x) =
1—p()+ p(x)So(t|x) with 1— p(x) fitting a logistic model and the latency Sq(t|x) fitting a proportional hazards model or an
accelerated failure time model, respectively. A comprehensive review of these models can be found in Peng and Yu (2021).
The identifiability of the PHCM and the AFTCM, as well as the existing literature on these two models, can be consulted
in Parsa and Van Keilegom (2022). The PHCM and AFTCM estimators are based on maximum likelihood techniques for the
joint estimation of the incidence and latency regression parameters using the nonparametric form of the likelihood and an
EM algorithm. The reader could check Sy and Taylor (2000) and Sy and Taylor (2001) for more details. Both methods are
implemented in the R-Package smcure (see Cai et al. (2012)).

Model 1 fits Cox and AFT cure models with logistic cure probability, meanwhile Model 2 and 3 move away from semi-
parametric models. Therefore, the PHCM and AFTCM methods are expected to have a reasonable behaviour in Model 1 but
worse in Models 2 and 3.

The conditional survival function and the probability of default are estimated in a time grid of size n;, 0 <t1 <--- < ty,,
where t;, +b = F0_1(0.95|x) with Fg being the distribution function of the time variable in the uncured population and b is
about 20% of the time grid. The size of the time grid is n; = 100. The sample size is n = 400. The truncated Gaussian kernel
is used for the covariable smoothing in Beran’s estimator.

The optimal value of the bandwidth h, involved in Beran’s estimator, is chosen as the value that minimises a Monte Carlo
approximation of the MISE given by

MISEx (h) = E (/ (PDy (t1x) — PD(t|x))2dt) , (16)

based on the estimation for N = 100 simulated samples for each value of h in a grid of n, = 50 possible values. Then,
N =300 samples are simulated to approximate MISE,(h).

The optimal bivariate bandwidth (h, g) involved in the NPCM estimator is chosen (from a meshgrid of 50 values of h
and 50 values of g) as the pair that minimises a Monte Carlo approximation of the MISE given in (9) based on N =100
simulated samples. Then, N = 300 simulated samples are used to approximate MISE(h, g).

Of course, these bandwidths cannot be used in practice, but this choice produces a fair comparison since the two estima-
tors are constructed using their best possible bandwidths. In practice, automatic bandwidth selectors are used, as discussed
in Section 2 and as it will be done in Section 5. The value of MISE and its square root, RMISE, are used as a measure of the
estimation error committed by the PD estimators.

Tables 2-4 contain the optimal bandwidths and the square root of MISE (RMISE) for each estimator in Models 1, 2 and 3
when x=0.2, x=0.5 and x=0.8.
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Table 2
Optimal bandwidth and RMISE for the probability of default estimators when x =
0.2, x=0.5 and x=0.8 in Model 1.

Beran NPCM PHCM AFTCM
w0 Mg 05224 (09265 08714)  — -

= RMISE 01351 0.1349 0.1391 0.0969
v—o05 Mg 05592 (10000,0.7245)  — -

RMISE 0.0589 0.0589 0.0548 0.0507

v—o0g Mg 04306 (10000, 0.6878)  — -
== RMISE 00377  0.0376 0.0457  0.0452

Table 3
Optimal bandwidth and RMISE for the probability of default estimators when x =
0.2, x=0.5 and x=0.8 in Model 2.

Beran NPCM PHCM AFTCM
v—0p Mg 01082 (01276,03755)  — -

= RMISE 00890  0.0766 00939 01026
«—o05 Mg 01857  (04571,03020)  — -

RMISE 0.0250 0.0252 0.0299 0.0305

=08 h/(h, g) 0.1469 (0.2633, 0.6327) - -
- RMISE 0.0668 0.0551 0.0519 0.0521

Table 4
Optimal bandwidth and RMISE for the probability of default estimators when x =
0.2, x=0.5 and x=0.8 in Model 3.

Beran NPCM PHCM AFTCM
=02 h/(h, g) 0.0776 (0.1602, 0.1786) — —
- RMISE 0.0684 0.0680 0.1016 0.1593
=05 h/(h, g) 0.3531 (0.9286, 0.5653) - -
- RMISE 0.0236 0.0238 0.0293 0.0581
=08 h/(h, g) 0.1786 (0.6143, 0.8143) - -

RMISE 0.0169 0.0251 0.0283 0.0461

The NPCM estimator is performing very well in all scenarios. In general, it provides smaller errors than the semiparamet-
ric methods in Model 2 and 3. As expected, the behaviour of the AFTCM estimator is better under semiparametric Model 1,
although the NPCM estimator is still competitive.

Beran’s estimation error is similar to the NPCM estimation error in some cases. This is remarkable given that Beran’s
estimator does not consider the existence of a cured group in its definition, as the NPCM estimator does. Beran’s estimator
makes no assumptions about the survival function, but uses only the information provided by the data, being able to detect
the nonzero tendency of the survival function and reflect it in the PD estimation.

The performance of the NPCM estimator is compared with Beran’s estimator, @E(ﬂx), when both are computed with
bootstrap bandwidths. The bandwidth selectors presented in Section 4 are used. Models 1 and 2 when x = 0.2 are both
considered for the study.

A number of N =300 samples are simulated. For each simulated sample, the corresponding bootstrap bandwidths are
approximated from B = 500 resamples, obtaining (h*, g}‘) with j=1,..., N. The mean values of the N bootstrap bandwidths
defined by:

N N
7 = (S h g,
Nj—l ! Nj—l !

are included in Table 5.
For each sample, the estimation error of the NPCM estimator with the corresponding bootstrap bandwidth,

MISE,(h%, g7) = E(/ (13‘13,1;@7 (tx) — PD(t|x))2dt),
It
and its square root, RMISEx(hjf, g}‘), are approximated via Monte Carlo using 300 simulated samples. The mean of these
estimation errors given by

10
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Table 5

MISE and average bootstrap bandwidths and estimation er-
rors of Beran's and the NPCM estimators of PD(t|x) for Mod-
els 1 and 2 when x=0.2.

Beran NPCM
h/(h, g) 0.5224 (0.9265, 0.8714)
RMISE 0.1351 0.1349
Model 1 —x
h*/(h*, g*) 0.1282 (0.2036, 0.1944)
RMISE, 0.2065 0.2180
h/(h, g) 0.1082 (0.1276, 0.3755)
Model 2 @/Il% . 0.0890 0.0766
h*/(h*, g*) 0.13756 (0.3103, 0.3119)
RMISE, 0.1011 0.1020

Table 6

Computation time (in seconds) for the estimation of PD(t|x) in time grid of size
100 and x = 0.5 for one sample of size n with Beran’s estimator, the NPCM
estimator, the PHCM estimator and the AFTCM estimator.

Sample size n=100 n =400 n=_800 n=1600 n = 2400

Beran 0.02 0.03 0.03 0.04 0.04

NPCM 0.02 0.02 0.02 0.02 0.02

PHCM 0.24 0.40 0.43 139 2.49

AFTCM 0.42 1.61 6.12 39.57 82.96
Table 7

Computation time (in minutes) for the approximation of the bootstrap band-
widths for N =1 sample of size n using B = 100 bootstrap resamples to esti-
mate PD(t|x) in time grid of size 100 and x = 0.5 with Beran’s estimator and
the NPCM estimator.

Sample size n=100 n =400 n =800 n=1600 n = 2400

Beran 2.28 4.53 20.37 156.48 455.90
NPCM 240 4.07 5.06 12.90 28.05
1 ¥
RMISEy(h*, g°) = — > RMISE, (1}, g7)
j=1

is used as a measure of the estimation error made by the bootstrap two-dimensional bandwidth in the method.

In addition, for each model, the estimation error function of Beran’s estimator given in (16) is approximated via Monte
Carlo using 300 simulated samples. The bandwidth that minimises MISEy(h) is obtained and denoted by hyysg. The value of
the mean integrated squared error made by hyysg and denoted by MISE (hyse) is computed.

In the simulation study, N = 300 simulated samples are used. For each sample, B = 500 bootstrap resamples are gen-
erated by using the resampling algorithm presented in Peldez et al. (2022) to approximate the bootstrap MISE function,
MISE; (h) by the expression

B

1 . —~
MISE} (h) ~ 3 Z ( / (pD;J‘(”X) BB, (t|X))2 dt)
k=1 Ir
and obtain the bootstrap bandwidth associated to each simulated sample, h’;. j=1,2,...,N. In addition, the estimation

error of Beran’s estimator with the corresponding bootstrap bandwidth, MISEx(hjf), is computed for each sample. The mean

of the square root of these estimation errors, RMISEy (h*) is also considered for the comparison. The results are shown also
in Table 5.

From the results shown in Table 5 it can be extrapolated that the observed differences between Beran’s and the NPCM
estimators of the probability of default are attenuated by using bootstrap bandwidths.

Since computational cost is an important aspect to be considered in the comparison of several estimators, a small study
of the computation time is addressed in this section. Table 6 shows the computation times in seconds needed to estimate
the PD for a single sample of different sizes with the four studied estimators. Table 7 shows the computation times in
minutes needed to approximate the bootstrap bandwidths to estimate the PD for one simulated sample of different sizes
with Beran’s estimator and the NPCM estimator using B = 100 bootstrap resamples. The estimators based on PH cure model
and AFT cure model do not depend on any smoothing parameter.

11
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Fig. 2. PD(t|x = 0.85) estimated by Beran’s estimator with bootstrap bandwidths (solid line), NPCM estimator with bootstrap bandwidths (dashed line),
PHCM estimator (dotted line) and AFTCM estimator (dash-dotted line) for the German credit data.

According to Table 6, the NPCM estimator is the fastest of the four studied estimators. The NPCM estimator and Beran’s
estimator are barely affected by the increase in the sample size. Given the definitions of Beran’s and the NPCM estimators,
the differences in their computational costs are due to programming efficiency. The implementation of the NPCM estimator
in the npcure package is based on the use of C++. The semiparametric methods are slower; in particular, the AFTCM es-
timator. It is the use of the EM algorithm to estimate the curve by the semiparametric methods that makes them slower.
Nonparametric methods do not rely on the EM algorithm. However, the optimal bandwidth approximation is what slows
down nonparametric methods as opposed to semiparametric methods, which do not depend on bandwidth parameters, as
can be seen in Table 7. When analysing the times shown in Table 7 it is important to mention that the computation time
increases linearly as the value of the number of resamples, B, increases.

An important advantage of the NPCM estimator over Beran’s estimator is its computational efficiency. Both the estimator
and its automatic bandwidth selector are less sensitive to the increase of the sample size than Beran’s estimator, which
leads to significantly shorter computational times.

6. Application to real data

In this section we apply the above PD estimators to the German Credit data set which is publicly available on the
webpage http://archive.ics.uci.edu/ml/datasets/Statlog+(German+Credit+Data) and was previously analysed in Strzalkowska-
Kominiak and Cao (2013). This data set includes information of 1000 credits with a censoring ratio of 70.7%. The duration
of the credits in months (Z) is available along with the amount of the credit in DM (X7), the amount of money in the
checking account in thousands of Deutsche Marks (X»), the savings amount in thousands of Deutsche Marks (X3) and
years of employment (X4). Let the credit scoring be denoted by X = X1 + 6, Xy + 63X3 + 64X4. Since some of the original
covariates are ordinal (interval) variables, they are changed into numerical variables by following the criteria explained
in Strzalkowska-Kominiak and Cao (2013) and the single-index method proposed there is used to estimate (1,62, 63, 64),
obtaining X = X7 +3.2091X; 4+ 0.2312X3 + 2.1891X4. A distinction is made between credits for which default is observed
and those that are censored. Censored credits correspond to cured credits that will never run into arrears, credits cancelled
in advance or credits susceptible to default if the follow-up of the credit would be longer enough. The probability of default
conditional on the credit scoring is estimated using the four estimators presented in this paper and the result is shown
in Fig. 2. The estimations of these curves are obtained at x = 0.85. The default horizon b is 1 year, approximately 20% of
the time range in the sample. The bandwidths involved in the estimators are chosen by automatic bootstrap selectors. The
Beran estimation is computed with h* = 0.5000 obtained by the selector proposed in Peldez et al. (2022). The bandwidths
for the NPCM estimator are provided by the selector referred to in Section 2, (h*, g*) = (0.3163, 0.0108).

7. Conclusion

A nonparametric estimator of the probability of default is proposed in this paper. This estimator takes into account
the existence of a group of cured individuals who will never experience the default. It is based on the nonparametric
survival estimator for mixture cure models proposed by Lépez-Cheda (2018). The asymptotic bias and variance and the
asymptotic normality of the NPCM probability of default estimator are proved. The simulation study carried out shows
that the NPCM estimator is a very reasonable choice for estimating the probability of default, since it provides smaller
estimation errors than classical methods, even in semiparametric models. The good behaviour of Beran’s estimator, which
was also included in the comparative study as another nonparametric method, is remarkable. Work is currently underway
to reduce the computation times of the bandwidth selectors for the smoothing parameters involved in the above-mentioned
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estimators. Using cure models when the cure status is partially known is an appealing idea to be considered for future
work. A nonparametric view along the lines similar to Safari et al. (2020) can be used.
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Appendix A. Assumptions

Al
A2.
A3.

A4.

A5.

A.6.

A7

AS8.

A.9.

A10.

All

Al2.

Al3.

Al4.

A15.
A16.

X, T, C are absolutely continuous random variables.

The density function of X, m, has support [0, 1].

Let H(t) = P(Z <t) be the distribution function of Z and H(t|x) be the conditional distribution function of Z|X =x,
(a) Let I =[x1,x2] be an interval contained in the support of m such that,

0<y=infim(x):xel;} <sup{m(x):xel;}=T < o0

for some I =[x —c,xy +c]withc>0and 0 <cI" < 1.
b) For any x € I, the random variables T and C are conditionally independent given X =x.
c) Denoting ly(.x) = inf{t : H(t|x) > 0} and up(|x) = inf{t : H(t|x) =1}, for any x € I, 0 <Ip(|x), 0 < Up(x) < 0.
d) There exist [,u, 6 € R with | < u, satisfying inf{1 — H(u|x) : x € I} > 6 > 0. Therefore 1 — H(t|x) > 6 > 0 for every
t,x)ell,u] xI.
Let G(t) = P(C <t) be the distribution function of C and G(t|x) be the conditional distribution function of C|X = x.
Let T¢(x) = sup{t : G(t|x) < 1}, Ts,(x) = sup{t : So(t|x) > 0} and Tg = sup{ts,(x) : x € I}, then, 1o < 76 (X), Vxel.
Let H{(t) = P(Z <t,8 = 1) be the subdistribution function of Z when § = 1. The corresponding subdensity functions
of H(t) and Hq(t) are uniformly bounded away from 0 on [I, u].
The first and second derivatives of m, m’(x) and m” (x), respectively, exist and are continuous on I.
Let Hq(t|x) be the conditional subdistribution function of Z|X = x when 8 = 1. The first derivatives with respect to t
of the functions So(t|x), G(t|x), H(t|x) and Hy(t|x), i.e. Sy(t|x), G'(tlx), H'(t|x) and H(t|x) exist and are continuous
on [l u] x I.
The first and second derivatives with respect to t of the functions H(t|x) and Hq(t|x), i.e. H'(t|x), H{(t|x), H”(t|x) and
HY(t|x), exist and are continuous on [I,u] x I..
The second partial derivatives first with respect to x and second with respect to t of the functions H(t|x) and Hq(t|x),
ie. H'(t|x) and FI/l (t|x) respectively, exist and are continuous on [I, u] x I.
The functions So(t|x), H(t|x) and G(t|x) have bounded second-order derivatives with respect to x € I given any value
of t e [l,ul.
The density function of T, f(t) is bounded away from 0 on [/, u].

77(”-11(”)() <0 Vxel
3 .
J (1= H(tv)

The kernel, K, is a symmetric, continuous and differentiable density function with compact support [—1, 1] and the
total variation of K is less than some A < oco.

(
(
(

h® Inn)3
The smoothing parameter h = h,, satisfies h — 0, Tn_n =0(1) and ( nh) -0
5 3
n Inn
The smoothing parameter g = g, satisfies g — 0, % =0(1) and ( , ) — 0.

Let (t,x) € [, u] x I.. The second derivative of m(u) exists at u = x. The second derivative of ®(u,t, x) exists at (x, t, x)
and (x, oo, x). The second derivative of ®;(u, t, x) exists at (x, t, x) and (x, co, x). The second derivative of D(u, t1, t2, x)
exists at (x,t,t + b,x), (x,t,00,x) and (x, 0o, t,x). The second derivative of L(u,tq,t,X) exists at (x,t,o0o,x) and
(x,00,t,X).

Appendix B. Proofs

Lemma 2. Denote ®(u, t, x) = E[s(Z, 8,6, X)X = u] with &£(Z, 8, t, x) defined in Section 3. Under Assumptions A.13 and A.16, then

x— X 1,92
E[K( . )5(21,81,t,x)]=§h3w(¢>(u,t,x)m(u))|u=x+0(h3).

13
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Proof. Using a Taylor expansion for ®(u, t, x)m(u) when u =x — hv around u = x and Assumption A.13:

x— X i X—1u
E|:K< P )S(Z1,81,t,x)]:/1<< P ><I>(u,t,x)m(u)du

dg 9?
= O LM + o (S(u. £.m(w) |, +o(h?).

Moreover, ®(x,t,x) =0 V(t,x) € [0, 00) x I, since

t

d(u,t,x) =E[6(Z,8,t,0)|X =u] =/
0

dH1(z|u) f 1— H(v|u)

1—H(lx) J (1-H)

del(v|x). ]

Lemma 3. Denote ®,(u, t, x) = E[SZ(Z, 8,t,X)|X = u] with £(Z, 8, t, x) defined in Section 3. Under Assumptions A.13 and A.16, then

X—X]
Var[l(( p >§(21,81,t,x)}=hd>2(x,oo,x)m(x)c,(

dg> 0
+h? =L (@21, 00, X)m(W)) lums + 0(h?).

Proof. First,

X — X]
Var[l((T)S(ZLSL f,X)]
2
= E|:K2<%>52(Z1,81, t,x)] - E[K(x —hx1 )S(Zl,81»t7x)j| .

Using a Taylor expansion for ®;(u, t, x)m(u) when u =x — hv around u = x and Assumption A.13:
00

+
E[I(Z(%)gz(zhaht,x)]: / K2<x;u><b2(u,t,x)m(u)du

dKZ 82 3 3
=k D2(X, £ MR + == =5 (2(u, £, M) |uey® + o).

x—Xq

2
From Lemma 2, E| K >5(21, 51, t,x)] = 0 (h®). Then,

X—X]
Var[l(( . )5(21,31,&?()]

dKZ 82

=cxPa(x, t, h
CkP2(x. £, )X + —= -7

(®2(u.t, x)m))|,_p> + o). O

Lemma 4. Denote D(u,tq,tz,X) = Cov[£(Z1,81,t1,X),£(Z1,81,t2,%)|X1 = u] and B(u,t1,t2,x) = ®(u, t1,x)P(u, tz, X)m(u).
Under Assumptions A.13 and A.16, then

x— X3 x—X;
COV|:K< h )S(Z1,81,t1,x),1<( 0 )5(21,81,t2,x)]

d
=ckD(x, t1, 62, Oh + %(D”(x, tr,t2,%) + B" (X, t1, t2, 0))h + o(h3).

Proof. Using the Law of total covariance,

14
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x—Xq x— X1
Cov| K R £(Z1,61,t1,%), K p £(Z1,61,t2,%)

- E[Cov[[((x_hxl )5(21,81,t1,x), 1<<X_hXl )g(zl, 51,t2,x)|x1H

YE |:K2<X_hxl)@(Xl,t1,x)¢(x1,t2,x):| (B.1)

X—X] X—X]
—E|K p O(Xq1,t1,x) |E[ K h O(X1,t2,%) | =S1+ S2— Ss.

Using a Taylor expansion for D(u, t1,t2, x)ym(u) when u =x — hv around u = x and Assumption A.13:

d
S1=ckD(x,t1, 2, )h + %D”(x, t1,t2, )3 +o(h3).

Using a Taylor expansion for B(u,ti,tz,X) when u =x — hv around u = x and Assumption A.13 and considering that
B(x,t1,t2,x) =0 for all t1,t; € [0, 00), since ®(x,t,x) =0 V(t,x)e[0,00) x I:

d
Sy = %B”(x, ty, t2, X)h3 + o(h3).

x— X1

Finally, from Lemma 2, E[K( )@(Xl,t, x)] = 0(h®). Then, S3 = 0(h®), and replacing S;, S» and S3 in (B.1), the

lemma is proved. O

Proof of Lemma 1. Let us denote Sy 4(t[x) ::?,’;”;CM(HX). According to the definition of the NPCM estimator in (4),

Shg (1) = S0 =1 = Pr(9) + Ba(®)So.¢ €0 — (1= P + P(S0(t1¥))
= (So(tlx) — 1) (Br () — () + p(0) (S0, (t1x) — So(t]x)) (B.2)
+(Pr(®) — p®) (So,g(t1%) — So(t[x)).

From Theorem 3 in Lopez-Cheda et al. (2017b) and Theorem 1 in Lépez-Cheda et al. (2017a), the almost sure represen-
tations of the incidence and the latency nonparametric estimators are available:

Ph(0) —p) = (p(x) — 1) Y Wi (VE(Zi. 81, 00, %) + Ra(x), (B.3)
i=1

n
So,g(t|x) — So(tlx) = Z wgyi(x)n(zi, 8i, t, %) + Rn(t]x), (B4)
i=1
with
Inn\>* Inn\>/4
sup |Rp(x)|=0 (—) a.s. and sup |Ru(tlx)|=0 (—) a.s.
xel nh (t.0ellulx] ng

Replacing (B.3) and (B.4) in (B.2), the almost sure representation of the NPCM survival estimator is as follows:
Sh.g(t1x) — S(t|x) =

= (So(tlx) = 1)(p(x) = 1) Y Wi (VE(Zi, 81,00, %) + p(X) Y wg :(X)N(Zi, 81, t,X)
i=1 i=1
+(So(tlx) — 1)Ra(x) + pX)Rn(t1%) + (Pr(X) — p(®)) (So,¢(t1%) — So(t]x)).

From Theorem 3 in Lopez-Cheda et al. (2017b) and Theorem 3 in Lopez-Cheda et al. (2017a), it follows that

—~ 1 ~ 1
pn(x) —p(x) = Op<ﬁ>, So.g(t]x) — So(t|x) = op<J_n_g>,

Then,

" . 1
(Pr(®) — p(x))(So,g(t]x) — So(t|x)) = Op( )
n/hg

15
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and

Sh.g(tlx) = S(t1%) = (So(tlx) = 1) (p(x) = 1) > Wi ,(X)&(Zi. 8. 00. %)

i=1

n
+p(X) Y wh (0N(Zi, 8, £, %) + Ry(t]x),
i=1

where

RA(¢1%) = (So(t1X) — 1) Rn(x) + PR (t]x) + 0p<

3/4
=0yp| Inn ! -I—l m]
- P nh  ng ’
—NPCM

Proof of Theorem 1. Let us denote PDj, 4(t|x) := PD), ¢ (t]x) and Sh.g(t]x) —?;:”;CM (t|x). Consider the function

i)

S(t1%) (Sh.g(t +bIX) — S(t +bIx)) — S(t + b|x)(Sh.¢ (t1%) — S(tIx))

Who(t,t +b,x)= —
nal ) Sh.g ((1X)S(E[x)

Since
Shg(t+blx)  S(E+blx)
Shg(tlx) S(t]x)

—(PDpg(tlx) — PD(¢]x))

and__
Sng(t+b)  St+bl) _

Sh.g(t1X) S(tlx)

S(r|x)(‘hg(t+b|x) S(t+b|x)) S(¢ +bx) (Sh.g(tlx) — S(t1x))
Sh (X)) 5(t]x)
h,g (£1%) Tl Sh, g(tlx)>

S(t]x) S(t]x)
S(t + b|x)

S2(tlx)

= Wh,g(t,t+b,x)<

———(Sh.g(t +blx) — S(t +b|x)) — (Sh.g(t1%) — S(tlx))

Sh,g(”"))
Sty )’

S(tl )
+Wh,g(t»t+b,X)(1 -
we have

PDy g (t1%) — PD(t1x) = a1 (Shg (¢ +bIX) — S(t + bIX)) + a2 (S g (1) — S(¢[%)

g — B.5
+Wh,g(t,t+b,x)<W>, s

1 S(t+blx
with ay = ———— and azzw.
5(tlx) S2(t|x)
Using the almost sure representation of Sh g(t + blx) from Lemma 1 m (B.5) and considering the functions ¢ ;(t|x)
defined in the statement of Theorem 1, the almost sure representation of PDh £(t1x) is as follows:

l;[\)h,g(ﬂX) — PD(t|x) = ay Z?=1 @n.i(t +blx) +az Z?:] On.i(t]%) + R%(HX)
=30 Wnit, %) + R2(t]x),

where W, ;(t, X) = a1¢,,i(t + b|x) + ax¢n i(t|x) are independent and identically distributed for alli=1,...,n and

Sh.g(tx) — S<t|x>)
S(t|x) ‘

(B.6)

, S(t +blx)
Ry (t|x) = S(t| )R 2t +bl )+W

From Equation (7) in Lemma 1, we have ?h,g(ﬂx) — S(t|x) =11 + T2 + T3 Where

RL(E1X) + Wi g(t,t +b, x)(

= (So(tx) — 1) (p() — 1) Y Wit ()£ (Zi. 81, 00, %),

i=1

16
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n
=P Y Wy XN(Zi,8,t,%),
i=1

3/4
1 1
‘[3:Op Inn E'l‘@ .

1 1
Lemmas 2 and 3 and straightforward but tedious calculations give 71 = Op(h2 + —) and 7, = Op(g2 + —) Since
V/ng

Vnh
nh

— oo and ne
(Inn)3 (Inn)3

— 00, T3 is negligible with respect to 71 and t,. Then,

Sh.g(t1X) — S<t|x>>

Wh,g(t,t-l-b,x)( SEo

1 1
:op<h4+g4+—+—>.
nh ng

Therefore,

3/4

1 1 1 1
R:tlx) =0, [ Inn — + — Oplh*+g*+—+—).
7 (1) p< nn(nh+ng>> + p< +8 +nh+ng>

3/4
1 1
Using Assumptions A.14 and A.15, the second term in Rﬁ(t|x) is negligible with respect to Op<lnn<ﬁ + @)) and

Theorem 1 is proved. O

Proof of Theorem 2. According to the almost sure representation of ﬁﬁh’ g (tlx) = @EZCM(HX), the asymptotic expression of

the bias is obtained from its dominant term. Then,

n

E [ > W, x)j| =Y E[Wni(t,0)] =nE[W1(t,%)]
i=1

i=1 (B.7)
=na1E[@n1(t+b,X) ] +nazE[¢n1(t.%)],
with a1 = —— azzw.
S(t]x) S2(t)x)
The expression of E[(pm(t, x)] in (B.7) is then calculated using Lemmas 2 and 3:
E[@n1(t, 0] = (Sotlx) — 1) (p(x) — 1)E[w}f | (0&(Z1, 81, 00,%)]

+PE[wg (0n(Z1,81,¢,%)] (B.8)

h2 g2 h2 g2

= B1(t,X)— + Ba(t, x)— +o<—> +o<—>.
n n n n

Replacing the expression (B.8) in (B.7), the bias part of the theorem is proved:

E[an,mr,x)} = Bi(t, 0h? + B2(t, )82 + o(h?) + 0(g?),
i=1

where 51(t, x) and §1(t, x) were defined in Section 3.
The asymptotic expression of the variance of PDy ¢(t|x) is obtained from the variance of the dominant term of its almost
sure representation:

Var[ Z W i(t, X)i| = Z Var[\IJ,m (t, X)] = nVar[\Ijnyl (t, X)]
i=1 i=1
= na?Var[gn1 (¢ + b, 0] +naVar[gn1 (€. )] (B.9)

+2na1a2Cov[@n 1 (t +b, X), gn.1 (£, 0)].
To find the asymptotic expression of Cov{@n1(t + b, X), gn1(t, x)],

17
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Cov[@n1(t1, %), Pn1(t2,%)]

1
= (So(t11x) — 1)(So(t21x) — 1) (p(x) — 1)2m1“1
(S0 =1) (P = 1)pX) 575 Ao
HSo(E210) = 1) (PO = NP e + PPN A

First, from Lemma 3,

Ay = Var[l((x —

Second, using Lemmas 3 and 4,

x— X3 X—
As=Cov|K n(Z1,81,t1,%), K

= C1(t1,t2, X8 + 0(g>).

Xi )g(zl,al, 00, x)] = hdy(x, 00, X)m(x)ck + 0 (h3).

X1
>n(21,81,t2,x)}

In order to obtain asymptotic expressions of A, and As, an asymptotic expression for

X_
Cov[K(

is obtained by distinguishing three different cases:

X1 x— X
§(Z1,01,t1,%,K n(Z1,681,t2,%)

(i) If Cp g := llmge(Ooo)

COV[K(X_hX )g(z1,51,t1,x),1<<x_
C |:K X—
ov ( h h/C
— E|cov|k(X2 7181t K (X=X ZBt‘X
= ov h £(Z1,61,t1,%), h/Ch n(Zy, 81, t2,X)| X1
X—1u
+E|:K<T)K<Chg h )CD(Xl t1, X)CD (Xq, t2, X)i|
X — X X—1u
_E|:K< )CD(X]’tl’X)j|5|:l<<Ch’gT>¢n(X]’tz’X)i|

= S14+S5,—S3.

X1
)ﬂ(zl,Sl,fz,X)}

1

—Xi
)5(21 01, t1,X), K( )’7(21 1, tz,X)]

Considering the function L(u, t1, ty, x) and its Taylor expansion when u =x — hv around u = x:

400
51=/1<(Xh )K(chg - >L(u t1, t2, X)du
o0

+00
=h / 1<(v)1<(ch,gv)<L(x, t1,t2,%) —hvL'(x,t1, 62, %) + O(h2)>dv

—00

(B.10)

(B.11)

(B.12)

Since K is symmetric, K(Cp gv) = K(—Cp gVv) and the function K(v)K(Cp gVv) is also even. Consequently, fj:co K(v) x

K(Cp,gv)vdv =0. Then,

S1="Ck (Chg)L(x,t1,t2,)h + O (h3).

(B13)

Defining B, (u, t1,t2,X) = ®(u, t1, X)®y(u, t2, x)m(u) and using a Taylor expansion for By (u, t1,t2,x) when u=x —hv
around u = x and considering that By (x, t,t2,x) =0 for all t1,t € [0,00), x € I, since ®(x,t,x) =0 for all (t,x) €

[0, 00) x I:

18
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+
- X—u X—u
Sy = f K( )K(Ch,gT>d>(u,t1,x)<l>,7(u,t2,x)m(u)du

h (B.14)

—0o0

=Tk (Cn,g)By(x,t1,t2, x)h + O (h%) = O (h3).

x—Xq

From Lemma 2, E|:K< ><I>(X1, t,x) | = 0.
Now, using a Taylor expansion for & (u, t, x)ym(u) when u =x — hv around u =x,

+00

E|:K (Ch,g%ﬁn(x],t,x)} = ( / 1<(c,,,gv)dv><1>n(x, t,x)ym(x)h + 0 (h>).

Considering the definition of the function 7(Z,§,t,x) given in Section 3 and Lemma 2, ®;(x,t,x) =0 for all (t,x) €

- X
[0, 00) x I and E|:K (Ch,ng1>c1>,,(xl, t, x)] = 0 (h?). Therefore,

S3 = 0(h"). (B.15)
Using the expressions of St in (B.13), S, in (B.14) and S3 in (B.15),

x— X3 x— X3
Cov| K p £(Z1,61,t1,%), K 2 n(Zy, 81,2, %)

=Tk (Chg)L(x, t1, t2, x)h + O (h).

Therefore,

x— X x—Xj
Ay =Cov|K h §(Z1,81,00,%), K 2 n(Z1,681,t2,%)

=T (Ch,g)L(x, 00, 2, x)h + O (h%)

(B.16)

and

x— X3 x— X3
Az =Cov|K A £(Z1,81,t1,%), K 2 n(Z1,81,00,x)

=Tk (Chg)L(x, t1, 00, x)h + O (h3).

(B.17)

h
Replacing (B.11), (B.12), (B.16) and (B.17) in (B.10) and assuming nlim § = Cp,g, We have
— 00
Cov[@n1(t1. %), n1(t2.%)]

2
_ (So(t11x) — 1) (So(t21x) — 1) (p(x) — 1) kDo, 00. %)
m(x)
(So(t11x) — 1) (p(x) — 1) p(x) [
m2(x)

~ So(t21x) — 1)(p(x) — 1) p(x)
+Ch,gC1<(Ch,g)( o2 m)z((x) )

2
pX)Cy(t1,t2,x) 1 1 h
+Chg e 2o ) +0( = ).

h.g m2(x) nZh nZh n2
Considering the functions V1, V, and V3, defined in Section 3:
Cov[@n1(t1,%), Pn1(t2, %)]

n2h

+Ch,gCk (Ch,g) (x, 00, t2, X)

n2h

1
L(x, t1,00,X)——
(x,t1,00 )n2h

~ 1
= <V1 (t1,t2,%) + Cp gVa(ty, t2, X) + Cp gCx (Ch,g) V3(ty, t2, X)) =T

] h n*h (B.18)

Using Equation (B.18) with t; =t; =t +b and t; =t =t, the expressions of Var[¢n 1(t +b,x)] and Var[gy1(t,x)] are
also available. Therefore, Case (i) of the Theorem is proved by replacing (B.18) in (B.9):

19
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(ii)

(iif)

Var[z};1 W i(t, x)]
- - N ~ 1
= (Vi(t+b,t,X) 4 ChgVa(t +b,t,X) + Ch gCk (Chg) V3(t + b, t,x))%
() +o ()
4o — )|+ 0O( - ).
nh n

If lim E =0:

n—-oo g
From Lemma 3 and Equation (B.12) when t; =t;, we have

va k(5
vak(*-

Then, using the Cauchy-Schwarz inequality:

— X — X
wv[K(" 1)5(21,51,t1,x>,1<<" 1)n<z1,a1,tz,x>}

X
! >‘§(Z1,51,f1,><)] = heg @2(x, t1, )m(x) + 0 (h%),

X‘] 3
N(Zy,81,t2,%) | = Cq1(t2,t2, )2+ 0(g°).

< \/hch Dy (x, t1, )m(x)C1 (t2, t2, X) + 0 (hg?) + O (gh3). (B.19)
Therefore,
Ay =0(hg)'?), As=0((hg)"?). (B.20)

Plugging (B.11), (B.12) and (B.20) in (B.10), we have
Cov[@n1(t1, %), Pn1(t2,%)]

_ (Sott11x) = 1)(So(tzb0 — 1) (P — 1)’

1
cxPr(x, 00, X) —
Kk Pa( )nzh

mx) (B21)
X)Cq(t1,t2,x) 1 h h
+P()12(12)T+O 40 g 40 \/Zg
m?(x) n‘g n‘hg
Assuming nlim g =0 and considering the function V1(t, t2, x), we have
—00
1 g

COv[gn1(t1. X0, g1 (2. 0)] = V1 (01, tz,x)+o( h)+o<n—2>. (B22)

Using the expression of Cov[gom(tl,x),(pn,l(tz,x)] in (B.22) with t;y =t =t+b and t; =ty =t, the expressions of
Var[go,m(t + b,x)] and Var[gom(t, x)] are also available. Therefore, Case (ii) of the Theorem is proved by replacing
(B.22) in (B.9):

~ 1 1 g
Var| Sy it 0] = Vae b, 6.0 +O(E> n 0(5).
From Equation (B.21) and assuming that nlim g/h =0, we have
—00
Cov|[gn1(t1,X) (t2,%)] = Va(t1,t2, %) —— ! +o0 ! +0 h (B.23)
@n,1(t1,X), n1(L2,X) | = Vallq, b2, nZg n2g 2 .

Considering the expression of Cov[gom (t1,X), ¢n1 (tz,x)] in (B.23) with t; =ty =t + b and t; =t =t, the expressions
of Var[(pm(t +b, x)] and Var[gon,] (t, x)] are also available. Therefore, Case (iii) of the Theorem is proved by replacing
(B.23) in (B.9):

Varl:Z?:1 ‘I’n,i(t’x)] Vz(t—i-b t, X)_+O(n]g)+o<ﬁ)' O

n

== NPCM

Proof of Theorem 3. Denote PD;1 g(t]x) :=PDy o (t|x).

20
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(ii) From Equation (B.6) in the proof of Lemma 1 we have

\/nh(ﬁﬁh, g(t1X) — PD(t]x)) = v/nh Y1, Wi i(t, %) + R2(t]x), (B.24)
1 S({t+b ~
where W, ;(t, ) = a1¢n.i (t + b|x) + a2, i (t]x) with a; = — ap = (+blx and R2(t|x) = v/nhR2(t|x). The vari-

Stly)' 7 S2(t]x)
ables W, ;(t, x) are independent and identically distributed for all i =1, ...,n
From Theorem 3 in Lépez-Cheda et al. (2017b) and Theorem 1 and Theorem 3 in Lépez-Cheda et al. (2017a) and

h
assuming lim,_, oo E € (0, 00), it follows that

3/4

~ 3/4 I
R2(t]x) = VnhR2(t|x) = «/—op< h) +Mop(:—;>

1 1
+«/nh0p(h4+g +—+ —).
nh  ng

Inn)3
Under the assumptions of Theorem 3, (Inn)

3/4
Inn ~
-0, <E (nh)'/2 — 0 and nh — oo, the remainder term R2(t|x) is

negligible with respect to the dominant term of (B.24).
On the other hand, from Case (i) of Theorem 2 and Equation (B.24), the variance of the dominant term is finite, since
it is given by:

Var[vnh 31, W i(t, x)]

~ N N - 1
= nh(V1 (t+Db,t,X) + CpgVa(t +b, t,X) + Cp Tk (Ch.g) V3(t + b, t, x)) —

—l—nho(l) +nhO <E> =0().
nh n

Therefore, the asymptotic distribution of «/nh(l?Dh,g(tlx) — PD(t|x)) is the same as the asymptotic distribution of
Vnh YL W i(t, x). If Lindeberg’s condition for triangular arrays (see Theorem 7.2 in Billingsley (1968)) is satisfied,
then

n

> (VAR (e %) = E[VaR ¢, 9]) — N, ), (B.25)
i=1

where

s2=V1(t+b,t,X) + CpngVa(t + b, t,X) + Ch ¢k (Ch.g) V3(t + b, t, X).

Lindeberg’s condition is now checked. It is given by

n—o0 §2

lim lE[Z (\/%q/n,,-(t, x) — E[v/nhW, i(t, x)])zn,u-] =0 (B.26)
i=1

for every ¢ > 0, where 1,; denotes the indicator function given by

Lni= n(|m\pn,,~(t, X) — E[vVhW, (£, 01| > es).

One can define

K((x— Xi)/h
Zn,i(t, X) = (So(tx) — 1) (p(x) — 1)ME(Z, 3, 00, %)

m(x)
K((x— Xp)
1poo E=XDIE) 7 st
m(x)
Then,
1
W i(t,x) = EXn,i(ta X),
S(t+Db|x)

1
where X i(t, x) = ( St ){n it+b,x)+ {n,i(t,x)>, which leads to

S2(t[x)

21
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1 1
Ini=1{|——=xXnit,X) — E| —=xn,i(t,
, <‘MX,(X) [MX,(X)]

Using Assumption A.3d, £(Z, §,t, x) is found out to be bounded:

> 85) . (B.27)

t

1
£Z.5.600 < +/

0

dH1(ulx) - 1

1 HER _
62 0

1 1
62 0

92

- -

and, consequently, 7 is also bounded:
S /1 1 (1=p@)(1=5Sew) /1 1
Z,5,t,X)| < g -+ —=).
In( X)| o0 <9 +92)+ 200 ot

On the one hand, nh — oo, then, 1/+/nh — 0. On the other hand, n was proved to be bounded and K and m have
compact support, according to Assumptions A.2 and A.13. Therefore, there exists ng € N such that for all i =1, ...,n,
1, =0 for all n > ng with 1, ; defined in (B.27). Consequently,

lim lE[Z (m\pn,i(t, x) — E[v/nhW, i(t, x)])zun,i] -0,

n—oo g2 | 4
i=1

which proves Lindeberg’s condition in (B.26).
Finally, assuming h = C,n~1/5 and g = Cgn~1/> and considering Equation (8), we have

Vb3 Wit %) 5 NG, 5),

i=1

where pu = CS/2§1 (t,x) + C§/2§2(t, X).

(ii) Considering again (B.24), under the assumptions of Case (ii) in Theorem 3 and following the argument of the previous
case, the remainder term ﬁﬁ(ﬂx) is found to be negligible with respect to the dominant term in (B.24). Furthermore,
the variance of this dominant term is finite, since, from the proof of Theorem 2,

~ 1 1 h
Var[vnh Y}l Woi(t,x)] =nh{ Vit +b,t,x)— +0o| — |+ O = | | = 0(D).
’ nh nh n
Therefore, the asymptotic distribution of «/nh(ls\Dh,g(tlx) — PD(t|x)) is the same as the asymptotic distribution of
ng; W, i(t, x). If Lindeberg’s condition given in (B.26) is satisfied, then

3 («/;%yn,,-(r,x) — E[VRh W i(t, x)]) 2, N@,s), (B.28)

i=1

where s2 = V{(t +b, t, x).
Lindeberg’s condition is proved here following the same argument shown in the first case. Finally, assuming g =
Cgn~1/5 and n'/>h — 0 and considering Equation (8),

n
Vi S W60 -5 N ),
i=1

where y = Cg/zﬁz (t, x).

(iii) Assuming Cp, := limy—oon'/*h € (0, 00) and limy— oo n'/>g =0:

Considering again (B.24), under the assumptions of Case (iii) in Theorem 3 and following the argument of the first case,
the remainder term R%(t|x) is found to be negligible with respect to the dominant term in (B.24). Furthermore, the

variance of this dominant term is finite, since, from the proof of Theorem 2,

" ~ 1 1 h

Var[\/ng Y i Wni(t,x)] =ng| Vot +b,t,x)— +o( — |+ 0( = || =0(D.

ng ng n
Therefore, the asymptotic distribution of A/ng(ﬁﬁhg(tlx) - PD(t|x)) is the same as the asymptotic distribution of

Jng Z?zl W, i(t, x). If Lindeberg’s condition given in (B.26) is satisfied, then
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n

> (VAgWni(e, %) — E[Ag¥n,i(t 0]) = N(O.9), (B.29)

i=1

where s2 = Vo (¢t + b, t, %).

Lindeberg’s condition is proved here following the same arguments used in the first case. Finally, assuming h = Cyn~1/>
and n'/°g — 0 and considering Equation (8), we have

n
VAE S Wit %)~ N, ),

i=1

where pu = C2/2§1(t,x). O
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