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. H \ Z R UG V� $ G YHFWLYH�G Lp X VLYH WUDQ VS RUW� 3 HWURY �* DOHUN LQ Z HLJK WLQ J� 6 WDE LOL]DWLRQ S D�

UDP HWHUV

$ E VWUD F W� $ V LW LV Z HOO�NQ RZ Q � WKH Q XP HULFDO VLP XODWLRQ LQ r XLG P HFKDQ LFV LV TXLWH
GLs FXOW VSHFLDOO\ Z KHQ WKH YHORFLW\ RI WKH r XLG LV LP SRUWDQ W� 7 KHVH SUREOHP V DUH UHr HFWHG
LQ WKH DSSHDUDQ FH RI Q XP HULFDO RVFLOODWLRQ V Z KHQ ) LQ LWH ( OHP HQ W DSSURDFKHV Z LWK * DOHUNLQ
Z HLJKWLQ J DUH XVHG� ,Q ODVW \HDUV� VRP H DOWHUQ DWLYH IRUP XODWLRQ V KDYH EHHQ SURSRVHG LQ RU�
GHU WR RYHUFRP H WKHVH SUREOHP V� 6 WUHDP OLQ H 8 SZ LQ G 3 HWURY * DOHUNLQ 0 HWKRGV� 6 SDFH�WLP H
* DOHUNLQ / HDVW 6 TXDUHV 0 HWKRGV� 6 XEJULG 6 FDOH 0 HWKRGV� & KDUDFWHULVWLF * DOHUNLQ 0 HWKRG�
HWF� ,Q WKLV SDSHU� Z H IRFXVH RXU DWWHQ WLRQ LQ WKH DGYHFWLYH�GLp XVLYH WUDQ VSRUW GLp HUHQ WLDO
HTXDWLRQ � DQ G LWV DSSOLFDWLRQ WR HQ JLQ HHULQ J SUREOHP V� 7 KXV� Z H SUHVHQ W D EULHI UHYLHZ
RI WKH FDXVHV RI DSSHDUDQ FH RI WKHVH Q XP HULFDO RVFLOODWLRQ V DQ G D VKRUW UHYLVLRQ RI WKH
Q XP HULFDO VFKHP HV SURSRVHG IRU WKH VWDELOL]DWLRQ RI DGYHFWLYH�GRP LQ DQ W SUREOHP V� 7 KHQ �
D Q XP HULFDO IRUP XODWLRQ EDVHG RQ D 3 HWURY * DOHUNLQ VFKHP H DQ G D SURFHGXUH WR REWDLQ
VWDELOL]DWLRQ SDUDP HWHUV IRU �' � �' DQ G �' SUREOHP V DUH SURSRVHG� ) LQ DOO\� Z H SUHVHQ W
GLp HUHQ W Q XP HULFDO WHVW SUREOHP V� DQ G Z H VKRZ WKH IHDVDELOLW\ RI WKLV IRUP XODWLRQ Z LWK
LWV DSSOLFDWLRQ WR DQ HQ JLQ HHULQ J SUREOHP � WKH HYROXWLRQ RI D Z DWHU SROOXWDQ W VSLOW LQ D
KDUERXU DUHD�
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1 X P HULFDO VLP X ODWLRQ LQ ) OX LG 0 HFK DQ LFV LV T X LWH G Ls FX OW S DUWLFX ODUO\ LQ VLWX DWLRQ V LQ

Z K LFK WK H YHOR FLW\ q HOG RI WK H r X LG LV HOHYDWHG � 7 K H ) LQ LWH ( OHP HQ W 0 HWK R G � Z K LFK K DV

E HHQ VX FFHVVIX OO\ DS S OLHG WR D JUHDW G HDORI S URE OHP V LQ & RP S X WDWLRQ DO0 HFK DQ LFV�S UHVHQ WV

VHULRX V WURX E OHV LQ WK H UHVROX WLRQ RI K LJK �DG YHFWLYH r X LG S URE OHP V >�� �@� 7 K HVH S URE OHP V

DUH UHr HFWHG LQ WK H DS S HDUDQ FH RI LP S RUWDQ W RVFLOODWLRQ V RI WK H VROX WLRQ LQ VRP H DUHDV RI

WK H G RP DLQ �

,Q RUG HU WR X Q G HUVWDQ G WK H NH\ RI WK LV E HK DY LRX U� Z H IR FX VH RX U DWWHQ WLRQ LQ WK H DG YHFWLYH�

G Lp X VLYH WUDQ VS RUW G Lp HUHQ WLDO HT X DWLRQ �Z K LFK FDQ DOVR E H LQ WHUS UHWHG DV WK H OLQ HDU YHUVLRQ
RI WK H 1 DY LHU�6 WRNHV HT X DWLRQ V�� ,Q WK LV Z D\� Z H FDQ VWX G \ WK HVH S K HQ RP HQ D RI WK H Q X �

P HULFDO RVFLOODWLRQ V LQ D OLQ HDU S URE OHP � ,Q WK LV S DS HU� Z H q UVWO\ UHY LVH WK HLU RULJLQ � DQ G

UHY LHZ DOWHUQ DWLYH DS S URDFK HV S URS RVHG WR * DOHUN LQ IRUP X ODWLRQ WR RYHUFRP H WK LV S UR�

E OHP � 0 RUHRYHU� D Q HZ S UR FHG X UH WR RE WDLQ VWDE LOL]DWLRQ S DUDP HWHUV LQ 3 HWURY �* DOHUN LQ

IRUP X ODWLRQ V >�� �@ LV S URS RVHG � : H S UHVHQ W G Lp HUHQ W DG YHFWLYH�G Lp X VLYH DQ G K LJK �DG YHFWLYH

WHVW S URE OHP V� VROYHG E \ G Lp HUHQ W Q X P HULFDO WHFK Q LT X HV� 2 Q WK H RWK HU K DQ G � Z H VWX G \ WK H

DS S OLFDWLRQ RI WK HVH WHFK Q LT X HV WR WK H VROX WLRQ RI D S UDFWLFDO HQ JLQ HHULQ J S URE OHP � WK H

HYROX WLRQ RI D Z DWHU S ROOX WDQ W VS LOW LQ D K DUE RX U DUHD �LQ WK H H[ DP S OH S UHVHQ WHG LQ WK LV

S DS HU� Z H DQ DO\ ]H D �G S URE OHP � VR LW LV DVVX P HG WK DW WK H FRQ FHQ WUDWLRQ RI WK H S ROOX WDQ W

LV q [ HG DORQ J WK H Z DWHU FROX P Q RI HDFK S RLQ W RI WK H G RP DLQ >�� �@��
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� �� * H Q H UD O VWD WH P H Q W R I WK H S K \ VLF D O S UR E OH P

7 K HUH DUH WZ R G Lp HUHQ W S UR FHVVHV LQ WUDQ VS RUW S K HQ RP HQ D LQ r X LG P HG LD� 7 K H q UVW RQ H LV

WK H VR�FDOOHG GLp XVLRQ � DQ G LW FDQ E H G HVFULE HG E \ WK H S DUDE ROLF HT X DWLRQ
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Z K HUH � LV WK H WUDQ VS RUWHG X Q N Q RZ Q DQ G .............. LV WK H G Lp X VLRQ WHQ VRU RI WK H r X LG � 7 K H VHFRQ G

S UR FHVV DS S HDUV Z K HQ WK H r X LG P RYHV� DQ \ VX E VWDQ FH Z LWK LQ LW Z LOO E H FDUULHG DORQ J RU

?FRQ YHFWHG �� E \ WK H P DLQ VWUHDP YHOR FLW\� 7 K LV LV WK H FRQ YHFWLRQ RU DGYHFWLRQ S UR FHVV�

Z K LFK FDQ E H G HVFULE HG LQ D �' S URE OHP E \ WK H K \ S HUE ROLF HT X DWLRQ �
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E HLQ J F WK H r X LG YHOR FLW\� ,W LV RE Y LRX V WK DW WK H G RP LQ DQ FH RI RQ H Hp HFW RYHU WK H RWK HU

Z LOO G HWHUP LQ H Z K HWK HU WK H WUDQ VS RUW LV P DLQ O\ G X H WR G Lp X VLRQ RU WR DG YHFWLRQ �

7 DN LQ J LQ WR DFFRX Q W E RWK S UR FHVVHV DQ G FRQ VLG HULQ J DQ LVRWURS LF P HG LX P � WK H DG YHFWLYH�

G Lp X VLYH WUDQ VS RUW S URE OHP LV JLYHQ E \ WK H S DUWLDO G Lp HUHQ WLDO HT X DWLRQ
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) LJX UH �� ' Lp X VVLRQ DQ G $ G YHFWLRQ S UR FHVVHV LQ WUDQ VS RUW S K HQ RP HQ D�

Z LWK WK H IROORZ LQ J E RX Q G DU\ DQ G LQ LWLDO FRQ G LWLRQ V

UUUUUUUUUUUUUU � cQQQQQQQQQQQQQQ  � LQ c � � UUUUUUUUUUUUUU � cQQQQQQQQQQQQQQ  T LQ c � �

UUUUUUUUUUUUUU � cQQQQQQQQQQQQQQ  r b D � LQ c � �

� �[[[[[[[[[[[[[[ ���  I �[[[[[[[[[[[[[[ � � [[[[[[[[[[[[[[ � o � ���

E HLQ J c � � c � DQ G c � G Lp HUHQ W S RUWLRQ V RI WK H E RX Q G DU\ c Z K HUH WK H FRQ G LWLRQ V G Hq Q HG LQ

��� DUH S UHVFULE HG � VR WK DW c � > c � > c �  c � ,Q JHQ HUDO� r � N � D � T DQ G I �[[[[[[[[[[[[[[ � DUH WLP H DQ G

S RVLWLRQ G HS HQ G DQ WV G DWD�

� �� 9 D ULD WLR Q D O VWD WH P H Q W R I WK H S UR E OH P

,Q WK LV VHFWLRQ Z H S UHVHQ W D Q X P HULFDO DS S URDFK X VLQ J WK H ) LQ LWH ( OHP HQ W 0 HWK R G Z LWK

* DOHUN LQ Z HLJK WLQ J IRU WK H WUDQ VS RUW S URE OHP � ) LUVW� LW LV Q HFHVVDU\ WR G Hq Q H D YDULDWLRQ DO

IRUP X ODWLRQ RI ��� DQ G ���� WK DW FDQ E H VHW DV IROORZ V� q Q G � VR WK DW WK LV E RX Q G DU\ �YDOX H

S URE OHP LV VDWLVq HG LQ WK H P HDQ LQ J RI Z HLJK WHG �UHVLG X DOV=
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1 H[ W� LW LV Q HFHVVDU\ WR LQ WUR G X FH D G LVFUHWH DS S URDFK WR WK H VROX WLRQ RI WK H S URE OHP � DQ G
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Q X Q N Q RZ Q V� 7 K LV OLQ HDU V\ VWHP LV WK H G LVFUHWH DS S URDFK WR WK H E RX Q G DU\ �YDOX H S URE OHP

G Hq Q HG LQ ��� DQ G ���� ,I D * DOHUN LQ Z HLJK WLQ J VFK HP H LV DS S OLHG �S M  Z M� M  � �Q �� WK H

Z HDN YDULDWLRQ DO VWDWHP HQ W OHDG V WR WK H IROORZ LQ J V\ VWHP RI OLQ HDU HT X DWLRQ V�
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( T X DWLRQ V ��� DQ G ��� UHS UHVHQ W WK H DS S URDFK WR WK H VROX WLRQ RI D WUDQ VS RUW S URE OHP

X VLQ J D ) LQ LWH ( OHP HQ W IRUP X ODWLRQ Z LWK * DOHUN LQ Z HLJK WLQ J� $ V Z H VK DOO VHH� WK H FK RLFH

RI WK LV Z HLJK WLQ J VFK HP H S UR G X FHV K LJK �RVFLOODWLQ J Q X P HULFDO VROX WLRQ V LQ K LJK �DG YHFWLYH

S URE OHP V�
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) RU K LJK �DG YHFWLYH S URE OHP V� LW FDQ E H G HP RQ VWUDWHG >�� �� ��@ WK DW WK H Q X P HULFDO VFK HP H

RE WDLQ HG Z LWK D * DOHUN LQ Z HLJK WLQ J LV X Q DE OH WR S URS DJDWH S UHFLVHO\ E RWK WK H IUHFXHQ F\
DQ G WK H DP SOLWXGH RI DQ HLJHQ IX Q FWLRQ RI WK H DQ DO\ WLFDO VROX WLRQ RI FHUWDLQ S URE OHP V�

7 K LV IUHT X HQ F\ DQ G WK LV DP S OLWX G H DULVHV DV D FRQ VHT X HQ FH RI WK H H[ LVWHQ FH RI FRP S OH[

HLJHQ YDOX HV DVVR FLDWHG WR D FHUWDLQ HLJHQ IX Q FWLRQ � 7 K HVH FRP S OH[ HLJHQ YDOX HV DUH WK H RULJLQ

RI WK H DS S HUDQ FH RI WK H Q X P HULFDO RVFLOODWLRQ V� 1 RZ � Z H Z LOO LOX VWUDWH WK H DS S HDUDQ FH RI

WK HVH FRP S OH[ HLJHQ YDOX HV DQ G LWV LQ r X HQ FH LQ WK H S URE OHP >�@�

8 VLQ J 7 D\ ORU VHULHV H[ S DQ VLRQ V Z H RE WDLQ WK H Q H[ W IX OO\ G LVFUHWH IRUZ DUG V\ VWHP IRU WK H

S URE OHP ���
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7 K X V� WK H VROX WLRQ LQ D WLP H VWHS M � � FDQ E H RE WDLQ HG IURP WK H VROX WLRQ LQ D WLP H M
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: H FDQ DQ DO\ VH WK H WHP S RUDO HYROX WLRQ RI � E \ G Hq Q LQ J D Q RUP WR WK H IDFWRU ����� 7 K LV

Q RUP FDQ E H VHW LQ WHUP V RI WK H HLJHQ YDOX HV RI % b� $ >�@� 6 LQ FH WK H FRP S OHWH G HYHORS P HQ W RI

WK LV DQ DO\ VLV LV WR R FX P E HUVRP H WR E H H[ S OLFLWHG LQ WK LV S DS HU �LW FDQ E H IRX Q G LQ >�� �� ���

��@�� Z H Z LOO VK RZ WK HLU LQ r X HQ FH LQ D S DUWLFX ODU FDVH� ,Q WK H IROORZ LQ J H[ DP S OH LW LV VK RZ Q

WK DW� LQ K LJK �DG YHFWLYH S URE OHP V� WK H HLJHQ YDOX HV RI WK LV P DWUL[ FDQ E H FRP S OH[ YDOX HV�

DQ G WK HUHIRUH WK H Q X P HULFDO VROX WLRQ Z LOO S UHVHQ W VS X ULRX V RVFLOODWLRQ V� ,I RQ H FRQ VLG HUV D

�' FDVH Z LWK OLQ HDU q Q LWH HOHP HQ WV �Z LWK D P HVK VL]H K �� WK HQ WK H IROORZ LQ J H[ S UHVLRQ V WR

WK H P DWULFHV G Hq Q HG LQ ��� DUH RE WDLQ HG
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$ V LW FDQ E H VHHQ � WK H P DWUL[ RI V\ VWHP ���� LV WK H UHVX OW RI DVVHP E OLQ J WK H G Lp X VLYH

DQ G DG YHFWLYH WHUP V RI P DWUL[ $$$$$$$$$$$$$$ G Hq Q HG LQ ����� 7 K H DG YHFWLYH FRP S RQ HQ W \ LHOG V D Q RQ �

V\ P P HWULFDO P DWUL[ � Z LWK P DQ \ FHURV LQ WK H P DLQ G LDJRQ DO� 7 K LV P DWUL[ LV WK H RULJLQ RI WK H

DS S HDUDQ FH RI WK H FRP S OH[ HLJHQ YDOX HV Z K HQ DG YHFWLRQ LV P RUH LP S RUWDQ W WK DQ G Lp X VLRQ �

7 K LV FLUFX P VWDQ FH LV VK RZ Q LQ WK H Q H[ W WK UHH FDVHV FRUUHVS RQ G LQ J WR D P HVK RI � OLQ HDU

HOHP HQ WV� LQ Z K LFK Z H K DYH FRP S X WHG DOO HLJHQ YDOX HV IRU G Lp HUHQ W 3 xHFOHW Q X P E HUV�

�� ' Lp XVLYH SUREOHP � �� $ GYHFWLYH SUREOHP
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,I Z H S D\ DWWHQ WLRQ WR HT X DWLRQ ����� Z H FDQ VHH WK DW UHP HVK LQ J WK H G RP DLQ �L�H�� DG RS WLQ J

D VP DOOHU VL]H RI HOHP HQ W K � LV D VWUDLJK WIRUZ DUG Z D\ WR VWDE LOL]H WK H S URE OHP � VLQ FH WK H

G Lp X VLYH FRP S RQ HQ W E HFRP HV P RUH LP S RUWDQ W� 2 E Y LRX VO\� WK LV UHP HVK LQ J S UR FHG X UH Z RX OG

LP S O\ D K X JK H LQ FUHDVH RI FRP S X WDWLRQ DO FRVW LQ S UDFWLFDO FDVHV� VR LW LVQ 
W D JR R G VROX �

WLRQ � ) RU WK LV UHDVRQ � VRP H DOWHUQ DWLYH IRUP X ODWLRQ V K DYH E HHQ S URS RVHG WR RE WDLQ VWDE OH

Q X P HULFDO VFK HP HV� $ OO RI WK HP HVWDE OLVK G Lp HUHQ W N LQ G V RI Z HLJK WLQ J� WU\ LQ J WR HQ K DQ FH

WK H G Lp X VLYH WHUP � L�H� WK H V\ P P HWULFDO S DUW RI WK H HT X DWLRQ �

� $ / 7 ( 5 1 $ 7 ,9 ( ) 2 5 0 8 / $ 7 ,2 1 6 7 2 7 + ( 3 5 2 % / ( 0

,Q ODVW \HDUV� G Lp HUHQ W DOWHUQ DWLYH VFK HP HV WR WK H * DOHUN LQ Z HLJK WLQ J K DYH E HHQ S UR�

S RVHG WR VWDE LOL]H WK H Q X P HULFDO IRUP X ODWLRQ RI WK H WUDQ VS RUW HT X DWLRQ � 6 RP H RI WK HVH

DUH� 6 WUHDP OLQ H 8 SZ LQ G � 3 HWURY�* DOHUNLQ �6 8 3 * � >��@� 6 SDFH�WLP H * DOHUNLQ �OHDVW�VTXDUHV
�6 7 � * / 6 � >��@�& KDUDFWHULVWLF * DOHUNLQ 0 HWKRG �& * � >��@� 6 XEJULG 6 FDOH 0 HWKRG �6 * 6 �
>��@ DQ G 7 D\ORU�* DOHUNLQ 0 HWKRG �7 * � >��@� % DVLFDOO\� DOO WK HVH P HWK R G V FRQ VLVW RI WK H

DG G LWLRQ RI D VWDE LOL]HU WHUP WR WK H * DOHUN LQ IRUP X ODWLRQ � 7 K X V� WK H YDULDWLRQ DO VWDWHP HQ W

RI S URE OHP ���

=
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LV P R G Lq HG E \ DQ DG G LWLRQ DO WHUP RI WK H JHQ HUDO IRUP >��@

=
o K

3 �Z K �� 5 �S K �G o � ����

Z K HUH 3 �Z K � LV DQ RS HUDWRU Z K LFK LV DS S OLHG WR WK H WHVW IX Q FWLRQ V� � LV D VWDE LOL]DWLRQ

S DUDP HWHU� DQ G 5 �S K � LV WK H UHVLG X DO RI WK H G Lp HUHQ WLDO HT X DWLRQ �

5 �S K �  
# a�

# W
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0 RVW FODVVLFDO VWDE LOL]DWLRQ P HWK R G V IRU WK H WUDQ VS RUW HT X DWLRQ S URE OHP IDOO Z LWK LQ WK H

S UHY LRX V IUDP HZ RUN � ) RU H[ DP S OH� 3 HWURY �* DOHUN LQ IRUP X ODWLRQ V LQ WUR G X FH WK LV VWDE LOL]D�

WLRQ WHUP E \ X S Z LQ G LQ J WK H WHVW IX Q FWLRQ V DJDLQ VW WK H FX UUHQ W OLQ HV� WK X V� LQ WK H �' FDVH�

IRU D OLQ HDU HOHP HQ W� WHVW IX Q FWLRQ V Z L�} � DQ G WULDO IX Q FWLRQ V S L�}� FDQ E H G Hq Q HG DV

S L�}�  

�!�!�
S � �}�  �

� �� b }�

S � �}�  �
� �� � }�

� Z L�}�  

�!�!�
Z � �} �  �

� �� b } � b p
� �� � }��� b }�

Z � �} �  �
� �� � }� � p

� �� � } ��� b } �

����

Z K HUH p LV D VFDOLQ J IDFWRU WK DW VS HFLq HV WK H DP RX Q W RI X S Z LQ G E LDV G HVLUHG �XSZ LQ G
SDUDP HWHU�� DV LW LV VK RZ Q LQ q JX UH ��

) LJX UH �� 6 WDQ G DUG S LHFHZ LVH�OLQ HDU E DVLV IX Q FWLRQ V DQ G T X DG UDWLFDOO\ E DVHG WHVW IX Q FWLRQ V

IRU 3 HWURY �* DOHUN LQ DS S URDFK HV�

$ W S UHVHQ W� WK H G HYHORS P HQ W RI D JHQ HUDO P HWK R G IRU FRP S X WLQ J WK HVH S DUDP HWHUV DV D

IX Q FWLRQ RI WK H YHOR FLW\ r RZ LV VWLOO DQ RS HQ q HOG RI VWX G \� 7 K X V� VRP H P HWK R G V S URS RVH

WR FRP S X WH WK LV S DUDP HWHU E \ LP S RVLQ J H[ DFW Q R G DO VROX WLRQ V >�� �� ��@� DQ G RWK HU VHHN

IRU WK H UHG X FWLRQ RI RVFLOODWLRQ V E \ WK H FRP S DULVRQ RI UHVX OWV RE WDLQ HG IURP D S R RU P HVK

Z LWK WK RVH RE WDLQ HG IURP DQ HQ ULFK HG P HVK � RU HYHQ E \ P HDQ V RI VP R RWK LQ J S UR FHG X UHV

>��@�

$ Q HZ P HWK R G IRU FRP S X WLQ J WK HVH VWDE LOL]DWLRQ S DUDP HWHUV Z LOO E H S UHVHQ WHG E HORZ � 7 K LV

P HWK R G LV E DVHG RQ WK H DQ DO\ VLV RI WK H HLJHQ YDOX HV RI HOHP HQ WDO P DWULFHV� DFFRUG LQ J WR WK H

LG HDV S UHVHQ WHG E HIRUH� + RZ HYHU� Z H Z LOO VK RZ q UVW K RZ WK H LQ WUR G X FWLRQ RI D E LDV LQ

WK H WHVW IX Q FWLRQ V VWDE LOL]HV WK H Q X P HULFDO P R G HO� 7 K X V� LI Z H FRQ VLG HU D �' FDVH Z LWK

OLQ HDU HOHP HQ WV DQ G WK H WHVW IX Q FWLRQ V G Hq Q HG LQ ����� Z H RE WDLQ WK H Q H[ W V\ VWHP RI OLQ HDU

G Lp HUHQ WLDO HT X DWLRQ V >�@�

�
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,W LV YHU\ LQ WHUHVWLQ J WK H DQ DO\ VLV RI HOHP HQ WDO P DWULFHV E% � E$ � DQ G E$ � DVVR FLDWHG WR WK H

FX DG UDWLF E LDV� WK DW DUH JLYHQ E \

E% H s eEELMfH  
K
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�b � �

b � �

z
� ����
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�
s eED � LM

f
H
 

�
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�
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1 RWH WK DW HOHP HQ WDO P DWUL[ ���� LV D Q HZ DG YHFWLYH FRQ WULE X WLRQ WR WK H WHUP DS S HDUHG LQ

����� 7 K LV LV D V\ P P HWULFDO P DWUL[ Z K LFK Z LOO FRQ WULE X WH WR VWDE LOL]H WK H Q RQ �V\ P P HWULFDO

P DWUL[ ����� / LNHZ LVH� WK H Q HZ G Lp X VLYH FRQ WULE X WLRQ JLYHQ E \ ���� LV HT X DO WR ]HUR� VR LW

G R HV Q RW S HUWX UE WK H V\ P P HWULFDO P DWUL[ ����� ,W LV LP S RUWDQ W WR Q RWLFH WK DW WK LV DQ DO\ VLV

FDQ DOVR E H P DG H >�� �@ IRU K LJK �RUG HU HOHP HQ WV DQ G �' DQ G �' S URE OHP V� RE WDLQ LQ J VLP LODU

FRQ FOX VLRQ V�

7 K HUHIRUH� RX U JRDO LV WK H G HYHORS P HQ W RI Q X P HULFDO IRUP X ODWLRQ V WK DW S UR G X FH VWDE OH

VFK HP HV E \ WK H DS S URS LDWH Z HLJK WLQ J RI WK H HOHP HQ WDO DG YHFWLYH DQ G G Lp X VLYH P DWULFHV E \

P HDQ V RI VX LWDE OH VWDE LOL]DWLRQ S DUDP HWHUV�

� % $ 6 ,6 2 ) 7 + ( 3 5 2 3 2 6 ( ' 0 ( 7 + 2 ' 7 2 & 2 0 3 8 7 (

6 7 $ % ,/ ,= $ 7 ,2 1 3 $ 5 $ 0 ( 7 ( 5 6

,I Z H G R Q RW FRQ VLG HU WK H WHUP V RI ��� DVVR FLDWHG WR WK H r X [ S UHVFULE HG LQ WK H E RX Q G DU\�

WK HQ Z H RE WDLQ

$ LM  
K=

o K

�X cUUUUUUUUUUUUUU S M�S L G o K

L
�
K=

o K

N UUUUUUUUUUUUUU S M cUUUUUUUUUUUUUU S L G o K

L
� ����

7 K X V� HDFK HOHP HQ WDO P DWUL[ LV WK H VX P RI DQ DG YHFWLYH WHUP �Z K LFK \ LHOG V Q RQ � V\ P P HW�

ULFDO P DWULFHV� DQ G D G Lp X VLYH WHUP �Z K LFK \ LHOG V V\ P P HWULFDO P DWULFHV�� 7 K HVH HOHP HQ WDO

P DWULFHV P D\ K DYH FRP S OH[ HLJHQ YDOX HV LQ K LJK �DG YHFWLYH S URE OHP V� VR WK HLU DVVHP E OLQ J

Z LOO S UR G X FH DQ LOO�FRQ GLWLRQ HG S URE OHP Z K LFK S UHVHQ W DQ RVFLOODWLQ J VROX WLRQ �

�
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' Lp HUHQ W IRUP X ODWLRQ V DUH X VHG WR RYHUFRP H WK LV S URE OHP � ) RU H[ DP S OH� WK H 3 HWURY �

* DOHUN LQ IRUP X ODWLRQ P R G Lq HV WK H * DOHUN LQ VS DFH RI Z HLJK WLQ J IX Q FWLRQ V E \ LQ WUR G X FLQ J

DQ X S Z LQ G LQ J E LDV LQ WK H WULDO IX Q FWLRQ V� 7 K LV P R G Lq FDWLRQ VHHN V IRU WK H VWDE LOL]DWLRQ RI

WK H Q RQ �V\ P P HWULFDO P DWULFHV DVVR FLDWHG WR DG YHFWLRQ � MX VW OLNH LW Z DV VK RZ Q LQ ����������

1 RZ WK H P DWWHU LV WR G HWHUP LQ H WK H DP RX Q W RI WK LV E LDV�

7 K H P HWK R G Z H S URS RVH IRU WK H FDOFX ODWLRQ RI WK HVH S DUDP HWHUV LV WK H IROORZ LQ J� ) LUVWO\�

HOHP HQ WDO P DWULFHV DUH FRP S X WHG DG RS WLQ J IRU WK H VWDE LOL]DWLRQ S DUDP HWHU D Q X OO YDOX H

�VR� Z H RE WDLQ D * DOHUN LQ IRUP X ODWLRQ �� 1 H[ W� WK H FRP S X WDWLRQ �RU HVWLP DWLRQ � RI WK H VHW

RI HLJHQ YDOX HV I z LJ RI HDFK HOHP HQ WDO P DWUL[ $$$$$$$$$$$$$$ H LV S HUIRUP HG � ,I DOO RI WK HVH HLJHQ YDOX HV

DUH UHDO Q X P E HUV� WK HQ WK H VWDE LOL]DWLRQ S DUDP HWHU LV HT X DO WR ]HUR� + RZ HYHU� LI LW VK RX OG

Q RW E H VR� WK HQ LW LV Q HFHVVDU\ WR LQ FUHDVH WK H YDOX H RI WK H VWDE LOL]DWLRQ S DUDP HWHU VLQ FH

Q R FRP S OH[ HLJHQ YDOX HV LQ WK H HOHP HQ WDO P DWULFHV DS S HDU� 7 K DW LV� Z H S UHWHQ G WR q Q G

I p HJ  , P I z L >$$$$$$$$$$$$$$ H@J  � � L  � �����Q � H� ����

E HLQ J I p HJ WK H VHW RI VWDE LOL]DWLRQ S DUDP HWHUV RI HDFK HOHP HQ W�

,Q WK LV S RLQ W� LW LV LP S RUWDQ W WR Q RWH DQ HVVHQ WLDO FK DUDFWHULVWLF RI WK LV P HWK R G � LW LV

DE VROX WHO\ JHQ HUDO DQ G LQ G HS HQ G HQ W RI WK H G LP HQ VLRQ RI WK H S URE OHP � 7 K H VWDE LOL]DWLRQ

S DUDP HWHUV DUH Q RW FRP S X WHG LQ DQ K HX ULVWLF Z D\� DQ G LW DOVR Z RUN V LI LQ WHUQ DO IRQ WV DQ G

UHDFWLYH WHUP V DUH FRQ VLG HUHG LQ WK H WUDQ VS RUW G Lp HUHQ WLDO HT X DWLRQ � & RQ VHT X HQ WO\� LW LV

D JHQ HUDO P HWK R G RORJ\� YHU\ VLP S OH IURP D FRQ FHS WX DO S RLQ W RI Y LHZ � WK DW VWDE LOL]HV WK H

Q X P HULFDO P R G HO RI WK H S URE OHP E \ DQ DO\ ]LQ J RQ O\ LWV HOHP HQ WDO P DWULFHV�

$ W S UHVHQ W� Z H K DYH RE WDLQ HG YHU\ S URP LVLQ J UHVX OWV LQ WK H FDVHV VWX G LHG X Q WLO Q RZ >�� ���

��@� DQ G Z H DUH G HYHORS LQ J D P HWK R G IRU WK H FRP S X WDWLRQ RI WK HVH S DUDP HWHUV X VLQ J WK H

LQ IRUP DWLRQ FRQ WDLQ HG LQ WK H HLJHQ YDOX HV IRU �' DQ G �' S URE OHP V� 1 H[ W� Z H S UHVHQ W D �'

K LJK �DG YHFWLYH H[ DP S OH LQ Z K LFK LV VK RZ Q WK H IHDVDE LOLW\ RI WK H S URS RVHG P HWK R G �

� � ' 1 8 0 ( 5 ,& $ / ( ; $ 0 3 / (

: H FRQ VLG HU WK H �' Q X P HULFDO WHVW G Hq Q HG E \ �VHH q JX UH ���

X
# �

# [
 N

# � �

# [ �
� � � [ � / � � ���  � � �

# �

# [
�/ �  K >� / b � �/ �@ ����

) LJX UH �� ' RP DLQ DQ G E RX Q G DU\ FRQ G LWLRQ V RI WK H WHVW S URE OHP �

�
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7 K H G LVFUHWL]DWLRQ S DUDP HWHUV IRU WK LV S URE OHP DUH DV IROORZ V�

1 X P E HU RI HOHP HQ WV  �� 1 X P E HU RI Q R G HV S HU HOHP HQ W  �

� �  � ���� � /  ����� K  ��� ' Lp X VLRQ N  � ����

7 K H YHOR FLW\ q HOG FRQ VLG HUHG LQ WK LV S URE OHP LV UHS UHVHQ WHG LQ WK H Q H[ W q JX UH

) LJX UH �� 9 HOR FLW\ S URq OH IRU WK H WHVW S URE OHP �

7 K LV YHOR FLW\ S URq OH \ LHOG V WK H Q H[ W G LVWULE X WLRQ RI 3 xHFOHW Q X P E HUV� WK DW DV LW FDQ E H VHHQ �

WK H\ DUH YHU\ HOHYDWHG DW WK H HQ G RI WK H G RP DLQ

) LJX UH �� ' LVWULE X WLRQ RI 3 xHFOHW Q X P E HUV IRU WK H WHVW S URE OHP �

5 HVX OWV RE WDLQ HG Z LWK G Lp HUHQ W IRUP X ODWLRQ V DUH S UHVHQ WHG E HORZ � FRP S DULQ J WK HP Z LWK

WK H H[DFW VROX WLRQ WR WK H S URE OHP � 7 K LV H[DFW VROX WLRQ K DV E HHQ RE WDLQ HG E \ X VLQ J D YHU\

G HQ VH P HVK ����� HOHP HQ WV� DQ G D * DOHUN LQ Z HLJK WLQ J VFK HP H�

7 K H IRUP X ODWLRQ V WK DW K DYH E HHQ X VHG DUH�

�� * DOHUNLQ IRUP XODWLRQ

�� 3 HWURY�* DOHUNLQ IRUP XODWLRQ Z LWK �FODVVLFDO� GHWHUP LQ DWLRQ RI VWDELOL]DWLRQ SDUDP HWHUV�

�� 3 HWURY�* DOHUNLQ IRUP XODWLRQ Z LWK WKH SURSRVHG P HWKRG IRU FRP SXWLQ J SDUDP HWHUV�

,Q q JX UH �� LW FDQ E H VHHQ WK DW RVFLOODWLRQ V LQ WK H * DOHUN LQ VROX WLRQ DUH YHU\ HOHYDWHG � DV LW

Z DV IRUHVHHDE OH� 7 K LV DS S UR[ LP DWLRQ LV H[ WUHP HO\ S R RU� ,Q WK H �FODVLFDO� 3 HWURY �* DOHUN LQ

��
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DS S UR[ LP DWLRQ WK H FRP S X WLQ J RI WK H VWDE LOL]DWLRQ S DUDP HWHUV Z DV P DG H E \ P HDQ V RI WK H

N Q RZ Q H[ S UHVVLRQ >��@�

p  FRWK �r � b �

r
� r  

X K

� N
 

3 H

�
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5 HVX OWV RE WDLQ HG Z LWK WK LV IRUP X ODWLRQ DUH P X FK E HWWHU WK DQ WK H S UHY LRX V RQ HV� 7 K H VWD�

E LOL]DWLRQ S DUDP HWHU G Hq Q HG LQ ���� LV RE WDLQ HG DV D UHVX OW RI LP S RVLQ J WK DW WK H Q R G DO

HT X DWLRQ V RI WK H G LVFUHWH V\ VWHP RE WDLQ HG IURP WK H q Q LWH HOHP HQ W P HWK R G K DYH Q R WUX Q �

FDWLRQ HUURUV >��@�

Parámetro de estabilización para cada elemento del dominioα

) LJX UH �� �' WHVW S URE OHP � 5 HVX OWV RE WDLQ HG Z LWK G Lp HUHQ W IRUP X ODWLRQ V�

��
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,Q WK H FDVH RI WK H S URS RVHG P HWK R G WK H FRP S X WDWLRQ RI WK H VWDE LOL]DWLRQ S DUDP HWHUV K DV

E HHQ G RQ H E \ X VLQ J ��Q R G HV FX DG UDWLF HOHP HQ WV� Z K LFK VK DS H DQ G WHVW IX Q FWLRQ V DUH JLYHQ

E \ �

S L�} �  

�!!!!!�!!!!!�
S � �} �  

}�} b ��
�

S � �} �  
}�} � ��

�

S � �} �  �� b } � �

����

Z L�} �  

�!!!!!�!!!!!�
Z � �}�  

}�} b ��
� b p �} � b }�

Z � �}�  
}�} � ��

� b p �} � b } �

Z � �}�  �� b } � � � p �} � b } �

����

) LJX UH � VK RZ V WK H YDOX HV RI WK H VWDE LOL]DWLRQ S DUDP HWHU p DQ G UHVX OWV RE WDLQ HG Z LWK

WK H S URS RVHG P HWK R G � $ V LW FDQ E H VHHQ � UHVX OWV DUH DV JR R G DV RQ HV RE WDLQ HG Z LWK WK H

�FODVVLFDO� IRUP X ODWLRQ � RU HYHQ E HWWHU� 7 K H UHG X FWLRQ RI WK H RVFLOODWLRQ V LV YHU\ LP S RUWDQ W

DQ G WK H YDOX H RI WK H VWDE LOL]DWLRQ S DUDP HWHU LV JUHDWHU LQ WK RVH DUHDV RI WK H G RP DLQ Z K HUH

WK H YHOR FLW\ LV P RUH HOHYDWHG � ,Q WK LV H[ DP S OH� Z H UHP DUN WK H JUHDW DG YDQ WDJH RI WK LV

IRUP X ODWLRQ WK DW LW G R HV Q RW G HS HQ G RQ DQ \ K HX ULVWLF P HWK R G IRU S DUDP HWHUV FRP S X WLQ J�

VLQ FH D V\ VWHP DWLF DQ DO\ VLV LV S HUIRUP HG RI HDFK HOHP HQ WDO P DWUL[ �

� � ' $ 3 3 / ,& $ 7 ,2 1 ( ; $ 0 3 / (

,Q WK LV VHFWLRQ Z H Z LOO VROYH D �' WUDQ VS RUW S URE OHP G Hq Q HG E \ HT X DWLRQ V ��� DQ G ��� LQ

D G RP DLQ o G Hq Q HG E \ WK H K DUE RX U DUHD RI WK H 3 RUW RI / D & RUX Q Q D� 7 K H S URE OHP WR E H

VROYHG LV WK H HYROX WLRQ RI D Z DWHU S ROOX WDQ W DFFLG HQ WDOO\ VS LOW LQ WK H K DUE RX U DUHD� ) LUVW

RI DOO� LW LV Q HFHVVDU\ WR E RX Q G VRP HK RZ D VHP L�LQ q Q LWH G RP DLQ � & RQ VLG HULQ J WK LV� WK H

RSHQ �WR�VHD�ERXQ GDU\ K DV E HHQ G Hq Q HG E \ DQ DUF IURP WK H HQ G RI WK H G \ NH WR WK H H[ WUHP H

RI ' DUVHQ D G H 2 ]D
V Z K DUI �VHH q JX UH ��� $ V Z H VK DOO VHH� WK H E RX Q G DU\ FRQ G LWLRQ V P X VW

E H LP S RVHG FDUHIX OO\ LQ WK LV S RUWLRQ RI WK H G RP DLQ >��@�

7 K H VROX WLRQ WR WK LV S URE OHP Z LOO E H RE WDLQ HG E \ X VLQ J D q Q LWH HOHP HQ W DS S URDFK � Z K LFK LW

LV P RUH DG HFT X DWH WK DQ RWK HU Q X P HULFDO IRUP X ODWLRQ V �H�J�� q Q LWH G Lp HUHQ FHV� >��@ VLQ FH LW

DOORZ V WR G HDO Z LWK P RUH FRP S OH[ G RP DLQ V DQ G E RX Q G DU\ FRQ G LWLRQ V� 7 K H q Q LWH HOHP HQ W

P HVK X VHG DQ G LWV FK DUDFWHULVWLFV DUH UHS UHVHQ WHG LQ q JX UH ��

� �� ' H VF ULS WLR Q R I E R X Q G D U\ F R Q G LWLR Q V

2 Q FH LW K DV E HHQ G Hq Q HG WK H G RP DLQ DQ G LWV q Q LWH HOHP HQ W DS S UR[ LP DWLRQ � LW LV Q HFHVVDU\

WR VS HFLI\ WK H E RX Q G DU\ FRQ G LWLRQ V ��� WR E H DS S OLHG LQ HDFK S RUWLRQ RI WK H E RX Q G DU\� 7 K H

��
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E RX Q G DU\ q Q LWH HOHP HQ WV RI q J� � DUH G LY LG HG LQ WR WK UHH JURX S V� DFFRUG LQ J WR WK H G Lp HUHQ W

E RX Q G DU\ FRQ G LWLRQ V DS S OLHG � 7 K HVH JURX S V DUH DV IROORZ V�

D � ( OHP HQ WV OR FDWHG LQ WK H Z K DUYHV �c � �� ,Q WK HVH HOHP HQ WV� D FRQ G LWLRQ RI Q X OO Q RUP DO

r X [ LV LP S RVHG � 7 K LV DVVX P HV WK DW WK HUH LV Q R JDLQ Q RU ORVW RI S ROOX WDQ W FRQ FHQ WUDWLRQ

DFURVV WK H Z K DUYHV� 6 R�

UUUUUUUUUUUUUU � cQQQQQQQQQQQQQQ  
# �

# Q
 � LQ c � ����

Número de elementos: 2499

Número de nodos por elemento: 4

Número total de nodos: 2692

) LJX UH �� ' RP DLQ RI WK H S URE OHP � WK H K DUE RX U DUHD RI WK H 3 RUW RI / D & RUX Q Q D� ) LQ LWH

HOHP HQ W P HVK RE WDLQ HG Z K LWK * ( 1 �8 V\ VWHP >��@�

E � ( OHP HQ WV OR FDWHG LQ WK H S RLQ W RI S ROOX WDQ W�VS LOOLQ J �c � �� $ 1 HX P DQ Q FRQ G LWLRQ LV

DS S OLHG LQ WK LV S RUWLRQ RI WK H E RX Q G DU\� VR WK H r X [ RI FRQ WDP LQ DQ W LV S UHVFULE HG DV IROORZ V�
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