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TMA-FDA Range-Angle Beamforming with
Periodic Linear-Phase Time-Modulating Waveforms

Roberto Maneiro-Catoira, Member, IEEE, Julio Brégains, Senior Member, IEEE,
José A. Garcı́a-Naya, Senior Member, IEEE, and Luis Castedo, Senior Member, IEEE

Abstract—Frequency diverse arrays (FDAs) provide range-
angle time-invariant transmit-receive beamforming, although a
fine focus of their radiation patterns is costly since high-
resolution mixers and phase shifters are required. An innovative
approach to FDAs is proposed in which mixers and phase shifters
are replaced by the application of periodic linear-phase time-
modulating waveforms to the antenna excitations implemented
with 2-bit variable phase shifters controlled with periodic on-off
instants of binary sequences, which leads to a simple and precise
method for FDA beam focusing.

Index Terms—Time-modulated arrays, frequency diverse ar-
rays, beamsteering, beamforming.

I. INTRODUCTION

THE so-called 4D arrays introduce an additional degree
of freedom in antenna beamforming, namely time, in

case of time-modulated arrays (TMAs), and frequency, in
case of frequency diverse arrays (FDAs). Accordingly, FDAs
synthesize time-range-angle dependent radiation patterns by
applying frequency offsets to the individual array elements [1],
while TMAs perform beamsteering (BS) by adjusting the on-
off instants of the switches in their feeding network [2]–[12].

Since the FDA technique itself cannot generate range-
dependent beampatterns in transmission [13], array signal
processing is necessary at reception to activate the range-
dependent property [14], thus allowing for the synthesis of
dot-shaped time invariant diagrams in the range-angle space,
i.e., the energy radiated by the antenna array is focused on a
limited range-angle region during a certain time interval. This
singular feature of FDAs to perform range-angle constrained
transmit-receive beamforming is acquiring great potential in
the radar and radio navigation arena [15], [16].

Existing FDA designs with collocated transmit-receive an-
tennas [17], [18] utilize phase shifters and mixers whose
resolution limit the FDA ability to perform continuous and ac-
curate scanning or, if applicable, adaptive beamforming. This
letter explores a different approach to FDA transmit-receive
beamforming (BF) in which the antenna array excitations are
synthesized by means of periodic phase modulations [19]–
[21]. The benefits of the approach proposed are the following:
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1) The use of low-complexity 2-bit phase shifters (consisting
of 4 single-pole dual-throw (SPDT) switches) which avoids the
use of mixers. 2) Beam steering with better resolution since
both the FDA phases and frequency offsets can be adjusted
continuously [8], [21]. This simply requires modifying the
switch-on time instants of the periodic sequences that control
the 2-bit phase shifters. An extra advantage is that the number
of bits of the variable phase shifter (VPS) only determines
the level of rejection of the unwanted harmonic beampatterns,
thus achieving a suitable rejection level. 3) Additionally, and
for the first time in architectures based on periodic phase mod-
ulations [19]–[21], the impact of the SPDT switches rise/fall
times on both the level of rejection of the unwanted harmonics
and the time-modulation radiation efficiency is analyzed.

II. TRANSMIT-RECEIVE TMA-FDA SYSTEM

Fig. 1 shows the block diagram of the collocated transmit-
receive TMA-FDA system consisting of 1) a uniformly excited
N -element transmit antenna array with an innovative TMA
feeding network equipped with 2-bit VPSs and designed to
work as an FDA; and 2) a single receive antenna followed by
a signal processing chain based on the TMA technique.

A. Transmit signal model

We assume that the considered TMA-FDA system transmits
the single-frequency signal s(t) = ej2πfct, being fc the carrier
frequency (see Fig. 1). The excitation of each transmit antenna
element is time-modulated with a periodic LP-TM waveform
p(t) having unit amplitude and a linear phase that varies from
0 to 2π during every period of duration T0 (see Fig. 2a) or a
good approximation to it. The simplest case consists in time-
modulating the static excitations of a uniformly-excited linear
array (ULA) with the same periodic signal p(t). Note that p(t)
has only one spectral component at q= + 1 (Fig. 2b). Thus,
a single radiation pattern will appear at frequency fc + f0,
with f0=1/T0. In this case, the positive first-order Fourier
coefficient of p(t), P1=1, will become the excitation of each
element in the corresponding array factor at fc+f0. Hence, a
simple frequency translation of the ULA radiation pattern from
fc to fc+f0 is performed. Going one step further and consid-
ering time-shifted versions of p(t) for each antenna element,
p(t−Dn), being Dn a variable time-delay, the corresponding
positive first-order Fourier coefficient of p(t−Dn) will have
the form e−j2πf0Dn . Since the phases of the positive first-
order Fourier coefficients can be modified proportionally to
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Fig. 1. Block diagram of the collocated transmit-receive antenna system for range-angle beamforming. The transmit TMA-FDA has N antenna elements
while the receive processing chain has (N + 1)/2 branches. Both transmit and receive systems are based on periodic phase modulation with 2-bit VPSs.

Fig. 2. Magnitude and phase of (a) the periodic extension of an LP-TM
waveform p(t); and (b) the corresponding Fourier coefficients. The only non-
zero coefficient is at q = +1. If the slope of the phase were negative, it
would be 2π for t=0 and zero for t=T0, and the only spectral component
would be at q=− 1.

Fig. 3. (a) Layout with 4 SPDT switches (internal architecture of a 2-bit VPS
governed by the binary signals a(t) and b(t)) to synthesize h(t), a 4-level
quantized version of the LP-TM signal p(t) in Fig. 2a. The input signal s(t)
is modulated by h(t), yielding x(t) = h(t) · s(t). See also the simplified
symbol that represents the switching architecture. (b) Synthesized h(t) from
the architecture in (a) for the 4 possible states of a(t) and b(t). Only ∡h(t) is
sketched since |h(t)| = 1. t∆ denotes the rise/fall time of the SPDT switches.

the time delay Dn, the single harmonic pattern at fc+f0 can
be steered to a given direction.

We next consider that the time-modulated (TM) fundamen-
tal frequency at the n-th element is different and given by

fTM
n = f0 +∆fn , (1)

where ∆fn is the n-th antenna-element frequency-offset with
respect to f0. Hence, when also applying the time-delay Dn,

the dynamic excitation of the n-th antenna element becomes
e−j2πfTM

n Dn , which can be configured via fTM
n and Dn.

This idea becomes more interesting when addressing its
implementation with switches. Fig. 3a shows a layout with
SPDT switches capable of generating h(t), a 4-level quantized
version of the signal p(t) shown in Fig. 2a. Fig. 3b illustrates
∡h(t), the quantized phase of h(t), showing the phase level
for each of the control signal values a(t) and b(t). Fig. 3b
also includes the non-ideal rise/fall time of the switches, t∆.
For the sake of simplicity, this non-ideal effect of the switches
is modeled as a linear phase transient. Accordingly, given an
interval A, if we define the indicator function χA as χA = 1
if x ∈ A, and 0 otherwise, a single period of h(t) is given by

h(t) = ejm∆(t−π
2 )χ[0,t∆) + ej0χ[t∆,T0/4)

+ ejm∆(t−T0
4 )χ[T0/4,T0/4+t∆) + ej

π
2 χ[T0/4+t∆,T0/2)

+ ej[m∆(t−T0
2 )+π

2 ]χ[T0/2,T0/2+t∆) + ejπχ[T0/2+t∆,3T0/4)

+ ej[m∆(t− 3T0
4 )+π]χ[3T0/4,3T0/4+t∆) + ej

3π
2 χ[3T0/4+t∆,T0)

(2)

with m∆ = π/(2t∆).
The time-modulation efficiency of the array is given by

ηTM=PTM
U /PTM

R [10] where PTM
U and PTM

R are the use-
ful and total average power values radiated by the TMA,
respectively. Note that ηTM accounts for the ability of
a TMA to filter out and radiate only over the useful

Fig. 4. Normalized Fourier series power spectrum of h(t) (see Fig. 3c)
considering three values of t∆=t∆/T0 (normalized rise/fall time of the
switches). The most meaningful undesirable harmonic corresponds to q=−3.
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harmonics, in this case the first positive one. According
to [22, Eq. 14], ηTM=|H1|2/

∑∞
q=−∞ |Hq|2, with Hq being

the Fourier coefficients of h(t). Normalizing h(t) such that
1/T0

∫ T0

0
|h(t)|2dt=

∑∞
q=−∞ |Hq|2=1, a closed form expres-

sion for ηTM=|H1|2 is obtained:

ηTM=

∣∣∣∣∣ 1T0

∫ T0

0

h(t)e−j 2πt
T0 dt

∣∣∣∣∣
2

=

∣∣∣∣∣2− 2je−2jt∆π

π − 4t∆π

∣∣∣∣∣
2

, (3)

a result that depends on the rise/fall time of the SPDT
switches, t∆. In fact, for t∆={0, 0.04, 0.08} we obtain
ηTM={0.81, 0.86, 0.91}, and hence 81% to 91% of the total
power corresponds to the first harmonic. This justifies hn(t),
the n-th antenna LP-TM waveform, being approximated as

hn(t) ≈ H1e
−j2πfTM

n Dnej2πf
TM
n t, 0 ≤ t < T0. (4)

Fig. 4 plots 20 log10 |Hq/H1|, the normalized Fourier series
power spectrum of h(t), where it can be seen that the level
of the most meaningful undesired harmonic at q= − 3 is
−9.54 dB, below that of the desired harmonic at q=1 in the
ideal case t∆=0, and even lower in the non-ideal cases in
which the switches rise/fall times are not zero.

Accordingly, the signal transmitted by the n-th element of
the TMA-FDA in Fig. 1 is

xn(t) = hn(t)e
j2πfct ≈ H1e

−j2πfTM
n Dnej2π(fc+fTM

n )t (5)

Denoting

φn = −2πfTM
n Dn, and fn = fc + fTM

n (6)

and normalizing xn(t) with respect to H1, we obtain

xn(t) ≈ ej(2πfnt+φn). (7)

As in [22], [23], we consider that the frequency offsets in (1)
have the form ∆fn = ∆f ·Υn, where ∆f is a fixed frequency
offset and

Υn =
1

β0(α)
β0

α

√
1−

(
2(n− (N + 1)/2)

N − 1

)2
− 1 (8)

are the weights of a Kaiser window [24, Chapters 4 & 5] where
α is a configuration parameter which allows for adjusting
linearly the trade-off between sideband-lobe level (SLL) and
half power beamwidth (HPBW), and β0(·) is the modified
Bessel function of the first kind and zero order. We will assume
that N is odd to obtain a symmetric Kaiser window and, hence,
the same ∆fn is applied to each pair of antenna elements
with indices n and N−(n−1). The central element with
index n=(N+1)/2 will be the reference element with ∆fn=0.
Notice also that, according to (1) and the second equation in
(6), symmetric frequency offsets ∆fn are properly applied to
fc+f0, which is the frequency of the useful harmonic.

B. Signal processing at reception

Let us assume that the signal transmitted by the TMA-FDA
is reflected on a target located at an arbitrary point with spatial

coordinates (θ, r). The reflected signal, once collected by the
receive antenna (see Fig. 1), will have the form [15]–[18]

ya(t) =
N∑

n=1

ej(2πfn(t−
rn
c − rr

c )+φn) (9)

where c is the speed of light, rn ≈ r − (n − 1)d sin(θ) is
the distance between the n-th element of the transmit antenna
and the target (with d being the antenna element spacing), and
rr ≈ r is the distance between the target and the collocated
receive antenna. Next, ya(t) is multiplied times e−j2πfct (see
Fig. 1) and under the assumption –according to Fig. 4– that
the level of unwanted harmonics is negligible, the following
signal –see (6) and (7)– is obtained

yb(t) =
N∑

n=1

ej[2π(f
TM
n t−fn(

rn+rr
c ))+φn] (10)

As explained in Section II-A, due to the symmetry of ∆fn ,
yb(t) will have (N+1)/2 distinct spectral components. Since
in a Kaiser window the minimum separation between two
frequency offsets takes place between the center frequency
and its adjacent frequency, we will employ bandpass filters
(BPFs) (see Fig. 1) with bandwidth ∆f(N+1)/2

−∆f(N−1)/2
to

ensure a correct filtering of the (N+1)/2 transmitted spectral
components. If the index k ∈ {1, . . . , (N+1)/2} represents
each branch of the receive chain in Fig. 1, we can express the
signal at the output of each BPF as

yk(t) =


ej[2π(f

TM
k t−fk( ri+rr

c ))+φi]+

+e
j
[
2π

(
fTM
k t−fk

(
rj+rr

c

))
+φj

]
, k ̸= N+1

2 ,

e
j
[
2π

(
fTM
k t−fk

(
rk+rr

c

))
+φk

]
, k = N+1

2

(11)

with i+j=N+1.
We next time-modulate each BPF output yk(t) with a

periodic LP-TM signal hk(t) similar to the one in (4), but
with negative slope (see the caption of Fig. 2). Instead of an
ascending staircase (see Fig. 3c), we apply a descending one
with Dk=0 and obtain the following constant signal1

yk ≈ H1e
−j2πfTM

k tyk(t), 0 ≤ t < T0. (12)

Normalizing (12) with respect to H1, and considering that the
level of the unwanted harmonics is negligible, we obtain

yk =


e
j
(

−2πfk(ri+rr)

c +φi

)
+

+e
j
(−2πfk(rj+rr)

c +φj

)
, k ̸= N+1

2 ,

e
j
(

−2πfk(rk+rr)

c +φk

)
, k = N+1

2

(13)

and we can observe that the time-variant character (inherent
to any transmit FDA) is removed by using LP-TM quantized
waveforms at reception. We highlight that the Kaiser window
symmetry allows us to use only (N+1)/2 BPFs (similar to the
symmetric logarithm frequency offsets in [15]) but, in addition,
the use of periodic LP-TM signals yields BPFs with center

1For the sake of simplicity, in this letter we consider null time delays at
reception. However, non-zero delays could be considered (without additional
hardware) to optimize the transmit-receive diagram, in the same way that
phase shifters are used in [15], [17], [18].
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Fig. 5. Normalized 3-D transmit-receive beampatterns with N=21,
∆f=10 kHz, (r0, θ0)=(50 km, 0◦), and: (a) α=1.64; (b) α=1.86. The
Kaiser window configuration parameter α allows for the adjustment of the
trade-off between SLL and HPBW [24, Chapter 5].

Fig. 6. For the beampatterns in Fig. 5a and Fig. 5b: (a) θ0-plane
cuts for α=1.64 (HPBWr=9.2 km and SLLr= − 8.24 dB) and α=1.86
(HPBWr=5.3 km and SLLr= − 7.45 dB); (b) r0-plane cuts which are not
sensitive to α and yield HPBWθ=4.8◦ and SLLθ=− 13.2 dB..

frequencies in the order of f0, with f0≪fc. Therefore, our
proposal exhibits a fractional bandwidth (FBW) much more
affordable than those proposed in [15], [17].

C. TMA-FDA transmit-receive beamforming

In view of (1), (6), and (13), the array factor of the
collocated transmit-receive TMA-FDA system in Fig. 1 is

FA(r, θ) =

(N+1)/2∑
k=1

yk =
N∑

n=1

ej(
−2πfn(rn+rr)

c +φn) =

=
N∑

n=1

e
j
(

−2π(fc+f0+∆fn)(2r−(n−1)d sin θ)
c +φn

)
(14)

Since max (∆fn)≪ (fc+f0), the array factor expression (in
the same way as in [15], [16], [18], [25]–[28]) simplifies to

FA(r, θ) =
N∑

n=1

ej(
2π
c [(n−1)d(fc+f0) sin θ−2fnr]+φn). (15)

Accordingly, the useful harmonic beampattern at fc+f0 can
be steered towards a target with spatial coordinates (r0, θ0),
generating a maximum value in the power radiated beampat-
tern. Indeed, by adjusting

φn = − (2π/c) [(n− 1)d(fc + f0) sin θ0 − 2fnr0] (16)

TABLE I
SLL COMPARISON FOR DIFFERENT TRANSMIT-RECEIVE FDAS WITH

UNIFORM WEIGHT VECTORS AT THE RECEIVER.

Transmit-receive FDA SLLΩ (dB) SLLr (dB) SLLθ (dB)

SLFO1 [15] -4.85 -7.80 -13.20
SLFO2 [15] -6.27 -7.00 -13.20

MSLFO1 [15] -4.49 -11.00 -13.20
MSLFO2 [15] -5.42 -10.20 -13.20

This work (α=1.64) -6.02 -8.24 -13.20

the array factor takes the form

FA(r, θ) =
N∑

n=1

ej(
2π
c [(n−1)d(fc+f0)(sin θ−sin θ0)−2fn(r−r0)])

(17)

which means that we can select φn so that the maximum of
the radiation pattern points towards the target.

III. NUMERICAL EXAMPLES

Considering an observation region Ω={r∈[10 km, 90 km],
θ∈[−90◦, 90◦]}, Fig. 5 plots the resulting time-invariant
dot-shaped beam patterns obtained with the proposed
transmit-receive TMA-FDA system for a target position
(r0, θ0)=(50 km, 0◦). We considered fc=10GHz, f0=1MHz,
∆f=10 kHz, d = λc/2 (with λc being the carrier wavelength),
and two values of α (α=1.64 and α=1.86) to illustrate its
usefulness to adjust the trade-off between SLL and HPBW.
To quantify this feature, the caption of Fig. 6 provides the
resulting values for the SLL and HPBW in the corresponding
θ0 and r0 plane cuts for the two values of α.

Table I shows the comparison in terms of SLL between
the FDA approaches symmetric logarithmically increasing
frequency offset (SLFO) [15] and modified symmetric log-
arithmically increasing frequency offset (MSLFO) [15] which
are equivalent to the one proposed in this letter. Both the
proposed TMA-FDA and SLFO2 exhibit the best SLLΩ over
the whole observation area Ω, but with the advantage that
the SLLr (θ0 cut) improves over the SLLΩ by 36.7% for
the proposed TMA-FDA, whereas such improvement is only
11.6% for SLFO2.

IV. CONCLUSIONS AND FUTURE WORK

We have presented an innovative transmit-receive TMA-
FDA approach governed by periodic LP-TM waveforms which
is able to synthesize time-invariant dot-shaped beampatterns in
the range-angle domain. The application of a highly efficient
TMA scheme to accomplish FDA features enables a simple
array architecture that uses 2-bit phase shifters and SPDT
switches instead of more expensive high resolution VPS and
mixers. While the results of this analysis are promising, we
are aware that there are future lines of research yet to be
addressed. The next advances are the realization of full-wave
simulations, and the construction and characterization of a
hardware prototype.
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