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Abstract

This paper analyzes the optimal privatization policy when firms endogenously choose

their strategic variable. The level of privatization is shown to determine: (i) the choice

of strategic variable, whereby an asymmetric equilibrium could emerge (either

Cournot–Bertrand or Bertrand–Cournot); (ii) the stability of equilibrium when the

partially privatized firm and the private firm choose quantity and price respectively as

the strategic variable; and (iii) the level of welfare, whereby Cournot–Cournot and

Bertrand–Cournot games could lead to a greater welfare than the Bertrand–Bertrand

model.
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L00, L13, L33

1 | INTRODUCTION

Over the last decades, we have observed a worldwide wave of partial

and full privatization of state-owned firms. As a consequence,

competition between private firms and firms with public and private

co-ownership is very common in many countries in oligopolistic

markets such as airline, banking, education, healthcare and broadcast-

ing services, among others. The way the level of privatization affects

competition and welfare is an analytical issue with important practical

implications as a policy instrument to improve resource allocation in

imperfectly competitive markets. Specifically, this paper studies the

effects of privatization policies in industries where firms endoge-

nously choose their strategic variable. In this sense, the paper deals

not only with the effects of privatization policies but also with the

implications of choosing the strategic instrument when these policies

are implemented. The practical relevance of the endogeneity of the

choice of strategic variable has been shown by numerous studies that

have identified real-world markets where firms choose to use either

their price or their output level as their strategic variable

(see Tremblay & Tremblay, 2019, for a survey).

An extensive literature compares the implications of price and

quantity competition on company profits and welfare for environ-

ments in which the firms are private and profit maximizers and have

an active role in defining the type of market competition

(e.g., Häckner, 2000; Singh & Vives, 1984; Tremblay et al., 2013;

Zanchettin, 2006). More recently, many papers have revisited this

classic comparison in the context of mixed markets (e.g., Ghosh &

Mitra, 2010; Haraguchi & Matsumura, 2016) and in the context of

socially concerned firms (e.g., Kim et al., 2019; Kopel, 2015;

Matsumura & Ogawa, 2014). Noticeably, some results concerning

price, profit, and welfare rankings obtained for mixed markets may be

different and even the opposite of those obtained in private

oligopolies (Choi, 2019; Mahanta, 2019; Matsumura & Ogawa, 2012;

Nakamura, 2015; Scrimitore, 2013).

Following the contribution of Matsumura (1998), some works on

mixed markets endogenize the degree of privatization in order to

focus on the relationship between partial privatization and different

aspects both in Cournot and Bertrand settings. Examples in a Cournot

setting are Matsumura and Kanda (2005) analyzing the influence of

free entry, Fujiwara (2007) deals with the effects on product variety,
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M at s u m ur a a n d S hi mi z u ( 2 0 1 0 ) st u di e s s e q u e nti al pri v ati z ati o n,  H a n

a n d  O g a w a ( 2 0 1 2 ) c o n si d er t h e eff e ct s o n a d v erti si n g e x p e n dit ur e s,

a n d  N a k a m ur a a n d T a k a mi ( 2 0 1 5 ) c o n si d er t h at t h e str at e gi e s of a

pri v ati z e d fir m ar e d et er mi n e d t hr o u g h b ar g ai ni n g b et w e e n t h e

pri v at e s e ct or a n d t h e p u bli c s e ct or.  O n t h e ot h er h a n d, e x a m pl e s i n a

B ertr a n d s etti n g ar e I si b a s hi a n d  K a n e k o ( 2 0 0 8 ),  w h o st u d y q u alit y

c o m p etiti o n,  X u et al. ( 2 0 1 6 ),  w h o c o m p ar e e mi s si o n t a x e s a n d

pri v ati z ati o n p oli ci e s , a n d T o m ar u a n d  W a n g ( 2 0 1 8 ),  W a n g a n d  C hi o u

(2 0 1 8 ), a n d  C h oi (2 0 1 9 ),  w h o c o n si d er t h e r ol e of l o w er effi ci e n c y i n

t h e p u bli c fir m.

T hi s p a p er c o ntri b ut e s t o t hi s lit er at ur e b y a n al y zi n g t h e o pti m al

pri v ati z ati o n p oli c y  w h e n fir m s e n d o g e n o u sl y c h o o s e t h eir str at e gi c

v ari a bl e ( pri c e or q u a ntit y). F or t hi s p ur p o s e,  w e c o n si d er a d u o p ol y

wit h diff er e nti at e d g o o d s  w h er e o n e of t h e fir m s i s a pri v at e fir m

w hil st t h e ot h er i s p arti all y o w n e d b y b ot h pri v at e o w n er s a n d t h e

p u bli c s e ct or a n d  m a xi mi z e s t h e  w ei g ht e d a v er a g e of s o ci al  w elf ar e

a n d pr ofit s. T h e p a p er st u di e s t w o diff er e nt ti mi n g s: I n t h e fir st o n e,

t h e g o v er n m e nt i s a fir st  m o v er, a s u s u al i n t h e lit er at ur e o n pri v ati z a-

ti o n i n  mi x e d oli g o p oli e s,  w hil e i n t h e s e c o n d o n e, fir m s  m o v e fir st. I n

m o st g a m e s a b o ut diff er e nt f or m s of p u bli c i nt er v e nti o n, g o v er n m e nt s

ar e a s s u m e d t o  m o v e b ef or e fir m s.  W e a n al y z e t h e p o s si bilit y t h at t h e

i nt er v e nti o n  m a y h a v e t h e r e v er s e or d er. T hi s c o ul d b e p arti c ul arl y

r el e v a nt  w h e n d e ali n g  wit h fir m s t h at h a v e c a p a cit y t o a nti ci p at e

g o v er n m e nt' s o pti m al c h oi c e s. T hi s c a p a cit y c o ul d b e  m oti v at e d b y

t h e si z e a n d  m ulti n ati o n al c h ar a ct er of fir m s ( e x a m pl e s c a n b e f o u n d

i n t h e lit er at ur e o n str at e gi c tr a d e p oli c y, s u c h a s  C ar mi c h a el, 1 9 8 7 , or

Br a n d er, 1 9 9 5 ), b y t h e s p e cifi citi e s of t h eir pr o d u cti o n pr o c e s s e s

( e. g., t e c h n ol o gi c al c o m mit m e nt s b y fir m s, a s  w e c a n s e e i n p a p er s o n

o pti m al t a x ati o n s u c h a s  A n a nt et al., 1 9 9 5 , or  A m a c h er  &

M ali k, 2 0 0 2 ), or b y t h e c o m mit m e nt c a p a cit y a n d ti m e- c o n si st e n c y

pr o bl e m s a r e g ul at or c o ul d h a v e  w h e n i m pl e m e nti n g l o n g t er m

p oli ci e s ( s e e s o m e r e c e nt p a p er s o n pri v ati z ati o n a n d li b er ali z ati o n

p oli ci e s s u c h a s  X u et al., 2 0 1 7 , a n d L e e et al., 2 0 1 8 ). I n p arti c ul ar, o ur

a p pr o a c h i s r el at e d t o X u et al. ( 2 0 1 7 ),  w h o st u d y t w o c a s e s of pri v ati-

z ati o n p oli ci e s, n a m el y t h e g o v er n m e nt c h o o s e s t h e o pti m al l e v el of

pri v ati z ati o n b ef or e a n d aft er fir m s e nt er t h e  m ar k et. I n o ur  m o d el  w e

st u d y o pti m al pri v ati z ati o n b ef or e a n d aft er t h e c h oi c e of str at e gi c

v ari a bl e b y a pri v ati z e d fir m a n d a pri v at e fir m.

O ur p a p er s h o w s t h at t h e d e gr e e of pri v ati z ati o n i s a

d et er mi n a nt of:

- Fir st, t h e c h oi c e of str at e gi c v ari a bl e:  B e si d e s t h e  C o ur n ot – C o ur n ot

e q uili bri u m i n pri v at e d u o p ol y ( Si n g h  &  Vi v e s, 1 9 8 4 ) a n d t h e

B ertr a n d – B ertr a n d e q uili bri u m i n mi x e d oli g o p ol y ( M at s u m ur a  &

O g a w a, 2 0 1 2 ), o ur  m o d el s h o w s t h at a n a s y m m etri c e q uili bri u m c a n

e m er g e ( eit h er  C o ur n ot – B ertr a n d or B ertr a n d – C o ur n ot) f or c ert ai n

l e v el s of p arti al pri v ati z ati o n of t h e p u bli c fir m.

- S e c o n d, t h e st a bilit y of e q uili bri u m: Tr e m bl a y a n d Tr e m bl a y ( 2 0 1 1 )

e st a bli s h t h e c o n dit i o n s f or a st a bl e e q uili bri u m t o e xi st

d e p e n di n g o n t h e d e gr e e of diff er e nti ati o n  w h e n pri v at e fir m s

pl a y a  B ertr a n d – C o ur n ot g a m e.  O ur p a p er c o m pl e m e nt s t h at

w or k b y pr o vi n g t h at t h e st a bilit y of e q uili bri u m i s d et er mi n e d b y

t h e d e gr e e of pri v ati z ati o n  w h e n t h e p arti all y- o w n e d fir m a n d t h e

pri v at e fir m c h o o s e q u a ntit y a n d pri c e r e s p e cti v el y a s t h e str at e gi c

v ari a bl e.

- T hir d, t h e  w elf ar e l e v el. T h e lit er at ur e st at e s t h at t h e gr e at e st

w elf ar e i s a c hi e v e d i n t h e  B ertr a n d – B ertr a n d g a m e b ot h f or pri v at e

( e. g., Si n g h  &  Vi v e s, 1 9 8 4 ) a n d  mi x e d oli g o p oli e s ( s e e ;  G h o s h  &

Mitr a, 2 0 1 0 , a n d  M at s u m ur a  &  O g a w a, 2 0 1 4 ).  O ur p a p er s h o w s

t h at t h e  C o ur n ot– C o ur n ot a n d t h e  B ertr a n d– C o ur n ot g a m e s l e a d

t o a hi g h er  w elf ar e t h a n t h e  B ertr a n d– B ertr a n d  m o d el f or c ert ai n

d e gr e e s of pri v ati z ati o n.  A s e x p e ct e d,  w h e n t a ki n g i nt o a c c o u nt

fir m s' e n d o g e n o u s c h oi c e,  w e fi n d t h at t h e hi g h e st  w elf ar e l e v el i s

o bt ai n e d  w h e n b ot h fir m s pl a y  B ertr a n d a n d t h e l e v el of pri v ati z a-

ti o n i s z er o. I nt er e sti n gl y, t hi s e q uili bri u m  m ar k et c o nfi g ur ati o n i s

al s o o bt ai n e d  w h e n fir m s ar e fir st- m o v er s i n t h e g a m e.

T h e r e m ai n d er of t h e p a p er i s or g a ni z e d a s f oll o w s. S e cti o n 2

pr e s e nt s t h e  m o d el. S e cti o n 3 d e v el o p s t h e s u b g a m e s c o n si d er e d i n

t h e t hir d st a g e of t h e g a m e ( S e cti o n s 3. 1 – 3. 4 ) a n d pr e s e nt s s o m e

c o n s e q u e n c e s of t h e a n al y si s r e g ar di n g t h e st a bilit y ( S e cti o n 3. 5 ) a n d

w elf ar e ( S e cti o n 3. 6 ) i n t h e diff er e nt s u b g a m e s. S e cti o n 4 pr e s e nt s

t h e s e c o n d st a g e of t h e g a m e a n d d eri v e s t h e i m pli c ati o n s of e n d o-

g e ni zi n g t h e c h oi c e of str at e gi c v ari a bl e o n  m ar k et c o nfi g ur ati o n.

S e cti o n 5 s h o w s t h e fir st st a g e of t h e g a m e b y c h ar a ct eri zi n g t h e

g o v er n m e nt' s o pti m al c h oi c e of t h e l e v el of pri v ati z ati o n. S e cti o n 6

e x pl or e s a v ari ati o n of t h e pr e vi o u s  m o d el b y c o n si d eri n g fir m s a s t h e

fir st- m o v er s of t h e g a m e. Fi n all y, S e cti o n 7 c o n cl u d e s t h e p a p er.

2 | T H E  M O D E L

L et u s c o n si d er a d u o p ol y  wit h diff er e nti at e d pr o d u ct s. T h e

r e pr e s e nt ati v e c o n s u m er' s utilit y i s a s s u m e d t o b e si mil ar t o t h at of

Si n g h a n d  Vi v e s ( 1 9 8 4 ), t h at i s, a q u a dr ati c f u n cti o n gi v e n b y

U ðq 1 ,q 2 ,m Þ ¼ q 1 þ q 2

1

2
q 2

1 þ q 2
2 þ 2 b q 1 q 2 þ m , ð1 Þ

w h er e q i i s t h e o ut p ut of fir m i (i ¼ 1, 2) a n d m i s t h e n u m er air e g o o d.

T h e p ar a m et er b � ½0, 1 i s a n i n d e x of pr o d u ct diff er e nti ati o n  wit h

diff er e nti ati o n i n cr e a si n g a s b ! 0. T h e c o n s u m er  m a xi mi z e s

U ðq 1 ,q 2 , m Þ p 1 q 1 p 2 q 2 p m m w h er e p i i s t h e pri c e of fir m i a n d p m

i s a s s u m e d t o b e e q u al t o 1. I n t hi s fr a m e w or k, i n v er s e a n d dir e ct

d e m a n d s ar e gi v e n r e s p e cti v el y b y

p i ¼ 1 q i b q j ð2 Þ

a n d

q i ¼ 1 b p i þ b p j = ð1 b 2 Þ , ð3 Þ

wit h i ≠ j: I n or d er t o si m plif y t h e a n al y si s,  w e a s s u m e t h at fir m s h a v e

i d e nti c al t e c h n ol o gi e s  wit h n o fi x e d c o st s a n d c o n st a nt a n d e q u al t o

z er o  m ar gi n al c o st s, t h e n e a c h fir m' s pr ofit i s gi v e n b y it s t ot al i n c o m e,

t h at i s, π i ¼ p iq i. It i s a s s u m e d t h at Fir m 2,  w hi c h i s a p ur e pri v at e fir m,
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m a xi mi z e s it s pr ofit s, a n d Fir m 1,  w hi c h i s a p arti all y pri v ati z e d fir m,

m a xi mi z e s t h e  w ei g ht e d a v er a g e of p a y off of t h e g o v er n m e nt, t h at i s,

a g gr e g at e d  w elf ar e, a n d it s o w n pr ofit ( B ö s, 1 9 9 1 , c h. 8;

M at s u m ur a, 1 9 9 8 ):

Φ ¼ α π 1 þ ð 1 α ÞW , ð 4 Þ

w h er e α � ½0, 1 r e pr e s e nt s t h e d e gr e e of pri v ati z ati o n of t h e p arti all y

o w n e d fir m a n d W d e n ot e s s o ci al  w elf ar e ( c o n s u m er s ur pl u s pl u s

fir m s' pr ofit s),  w hi c h i n t hi s fr a m e w or k i s gi v e n b y

W ¼ q 1 þ q 2

1

2
q 2

1 þ q 2
2 þ 2 b q 1 q 2 : ð 5 Þ

W e c o n si d er a t hr e e- st a g e g a m e.  A s  m e nti o n e d i n t h e I ntr o d u c-

ti o n, t hi s p a p er st u di e s t w o diff er e nt ti mi n g s t h at ar e cl o s el y r el at e d

t o t h e e x- a nt e a n d e x- p o st pri v ati z ati o n p oli ci e s a n al y z e d i n  X u et al.

(2 0 1 7 ). I n t h e fir st ti mi n g ( S e cti o n 5 ), t h e g o v er n m e nt a d o pt s t h e

e xt e nt of pri v ati z ati o n t h at  m a xi mi z e s s o ci al  w elf ar e i n t h e fir st st a g e.

I n t h e s e c o n d st a g e, aft er o b s er vi n g t h e c h oi c e of t h e l e v el of pri v ati-

z ati o n b y t h e g o v er n m e nt i n t h e fir st st a g e, b ot h fir m s si m ult a n e o u sl y

c h o o s e  w h et h er t o a d o pt pri c e or q u a ntit y a s str at e gi c v ari a bl e. I n t h e

t hir d st a g e, aft er o b s er vi n g t h e c h oi c e of t h e str at e gi c c o ntr a ct b y t h e

ri v al fir m i n t h e s e c o n d st a g e, t h e pri v at e fir m a n d t h e  mi x e d fir m

si m ult a n e o u sl y a n d i n d e p e n d e ntl y c h o o s e eit h er t h eir o pti m al pri c e or

q u a ntit y i n t h e  m ar k et. T hi s s et u p i s si mil ar t o t h e o n e di s pl a y e d b y

K o p el ( 2 0 1 5 ) f or s o ci all y c o n c er n e d fir m s, alt h o u g h t h e o pti m al v al u e s

o bt ai n e d f or e v er y s u b g a m e ar e sli g htl y diff er e nt a s t h e o bj e cti v e

f u n cti o n of a c o n s u m er-fri e n dl y fir m i s a c o m bi n ati o n of o w n pr ofit

a n d c o n s u m er s ur pl u s, t h at i s, it d o e s n ot t a k e i nt o a c c o u nt t ot al  w el-

f ar e (i. e., ri v al' s pr ofit). I n t h e s e c o n d ti mi n g ( S e cti o n 6 ),  w e s ol v e t h e

m o d el  w h e n t h e fir m s ar e fir st- m o v er s a n d t h e g o v er n m e nt c h o o s e s

t h e o pti m al d e gr e e of pri v ati z ati o n i n t h e s e c o n d st a g e aft er o b s er vi n g

t h e c h oi c e of str at e gi c c o ntr a ct b y t h e fir m s i n t h e fir st st a g e.

3 | T H I R D - S T A G E  S U B G A M E S

I n t hi s s e cti o n,  w e di s c u s s f o ur p o s si bl e s u b g a m e s:  B ot h fir m s c h o o s e

q u a ntit y c o ntr a ct s, b ot h fir m s c h o o s e pri c e c o ntr a ct s, o nl y t h e  mi x e d

fir m c h o o s e s t h e q u a ntit y c o ntr a ct, a n d o nl y t h e  mi x e d fir m c h o o s e s

t h e pri c e c o ntr a ct.

3. 1 | C o ur n ot g a m e ( C C)

I n t hi s c a s e, t h e  mi x e d fir m a n d t h e pri v at e fir m pl a y a st a n d ar d

C o ur n ot g a m e b y s etti n g q u a ntiti e s.  B e st-r e pl y f u n cti o n s ar e gi v e n b y

R 1 ð q 2 Þ q 1 ¼
1

α þ 1
1 b q 2ð Þ,

R 2 ð q 1 Þ q 2 ¼
1

2
1 b q 1ð Þ:

ð 6 Þ

T h e s e f u n cti o n s l e a d t o t h e f oll o wi n g e x pr e s si o n s f or t h e

e q uili bri u m v al u e s:

q C C
1 ¼

2 b

2 α b 2 þ 2
, q C C

2 ¼
1 b þ α

2 α b 2 þ 2
,

p C C
1 ¼

α 2 bð Þ

2 b 2 þ 2 α
, p C C

2 ¼
α b þ 1

2 b 2 þ 2 α
,

π C C
2 ¼

α b þ 1ð Þ 2

b 2 þ 2 α þ 2
2
,

W C C ¼
2 b 3 2 b 2 1 0 b α 6 b þ 3 α 2 þ 1 4 α þ 7

2 b 2 þ 2 α þ 2
2

,

Φ C C ¼
2 b 2 α 2 ð 1 b Þ 1 αð Þ þ 1 þ αð Þ 2 b α 3ð Þ 3 α 2 þ 7

2 b 2 þ 2 α þ 2
2

:

ð7 Þ

B e st-r e pl y f u n cti o n s a n d t h e eff e ct s of v ari ati o n s of t h e l e v el of

pri v ati z ati o n o n t h e s u b g a m e e q uili bri u m ar e ill u str at e d i n Fi g ur e A 1

i n  A p p e n di x A : A s α i n cr e a s e s fr o m 0 (i. e., fir m 1  w o ul d b e a p u bli c

fir m) t o 1 (i. e., fir m 1  w o ul d b e a f ull y pri v ati z e d fir m), t h e  mi x e d fir m

b e st r e pl y i s t o d e cr e a s e it s o ut p ut f or e v er y l e v el of it s ri v al' s o ut p ut.

A s a c o n s e q u e n c e, t h e pri v at e fir m o ut p ut i n cr e a s e s i n e q uili bri u m.

3. 2 | B ertr a n d g a m e ( B B)

I n t hi s c a s e, t h e  mi x e d fir m a n d t h e pri v at e fir m pl a y a st a n d ar d

B ertr a n d g a m e b y s etti n g pri c e s.  B e st-r e pl y f u n cti o n s ar e gi v e n b y

R 1 ðp 2 Þ p 1 ¼
1

α þ 1
α b α þ b p 2ð Þ,

R 2 ðp 1 Þ p 2 ¼
1

2
1 b þ b p 1ð Þ:

ð8 Þ

T h e s e f u n cti o n s l e a d t o t h e f oll o wi n g e x pr e s si o n s f or t h e

e q uili bri u m v al u e s:

q B B
1 ¼

b α þ b 2 α b 2 þ 2

b þ 1ð Þ b 2 þ 2 α þ 2
, q B B

2 ¼
α þ b α þ 1

b þ 1ð Þ b 2 þ 2 α þ 2
,

p B B
1 ¼

1

2 α b 2 þ 2
b þ 2 α 2 b α b 2 ,

p B B
2 ¼

1

2 α b 2 þ 2
1 b þ α b 2 α ,

π B B
2 ¼

ð 1 b Þ α þ b α þ 1ð Þ 2

1 þ bð Þ b 2 þ 2 α þ 2
2
,

W B B ¼

2 b 4 1 αð Þ b 3 3 α 2 þ 1 þ b 2 4 α þ α 2 7 þ b ð7 α 2 þ 1 Þ

þ 3 α 2 þ 1 4 α þ 7

2 b þ 1ð Þ b 2 þ 2 α þ 2
2

,

Φ B B ¼

2 b 4 1 αð Þ b 3 α α 2 þ α 3 þ 1 b 2 α 3 α 2 þ α 3 þ 7

þ 1 þ αð Þðb 1 αð Þ 3 α þ 1ð Þ 3 α 2 þ 7 Þ

2 b þ 1ð Þ b 2 þ 2 α þ 2
2

:

ð9 Þ

A g ai n, b e st-r e pl y f u n cti o n s a n d t h e eff e ct s of v ari ati o n s i n t h e

l e v el of pri v ati z ati o n o n t h e s u b g a m e e q uili bri u m ar e ill u str at e d i n
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A p p e n di x A ( s e e Fi g ur e A 2 ).  W h e n  w e  m o v e fr o m α ¼ 0 t o α ¼ 1, t h e

e q uili bri u m pri c e i n cr e a s e s f or b ot h fir m s b e c a u s e t h e v al u e s of p 1

a n d p 2 v erif y t h at R 1 ðp 2 ;α ¼ 0 Þ ¼ R 1 ðp 2 ;α ¼ 1 Þ ar e hi g h er t h a n p B B
1 a n d

p B B
2 , r e s p e cti v el y.

3. 3 | C o ur n ot – B ertr a n d g a m e ( C B)

I n t hi s c a s e, a s i n di c at e d, it i s a s s u m e d t h at t h e p arti all y o w n e d fir m

a n d t h e pri v at e fir m s et o ut p ut a n d pri c e r e s p e cti v el y a s str at e gi c

v ari a bl e s.  B e st-r e pl y f u n cti o n s ar e gi v e n b y

R 1 ðp 2 Þ q 1 ¼
1 b þ b α p 2

1 b 2 1 þ αð Þ
,

R 2 ð q 1 Þ p 2 ¼
1

2
1 b q 1ð Þ,

ð1 0 Þ

w h er e  w e c a n s e e t h at t h e hi g h er α , t h e hi g h er fir m 1' s sl o p e of t h e

r e a cti o n f u n cti o n. T h e s e f u n cti o n s l e a d t o t h e f oll o wi n g e q uili bri u m

v al u e s:

q C B
1 ¼

2 2 b þ b α

2 α b 2 α 2 b 2 þ 2
, q C B

2 ¼
1 bð Þ α þ b α þ 1ð Þ

2 α b 2 α 2 b 2 þ 2
,

p C B
1 ¼

1 bð Þ α b 2 þ b þ 2 α

2 α b 2 α 2 b 2 þ 2
, p C B

2 ¼
1 bð Þ α þ b α þ 1ð Þ

2 α b 2 α 2 b 2 þ 2
,

π C B
2 ¼

1 bð Þ 2 α þ b α þ 1ð Þ 2

2 α b 2 α 2 b 2 þ 2
2
,

W C B ¼

3 b 4 α 2 þ 2 b 3 α þ 1ð Þ 4 αð Þ b 2 6 α þ 7 α 2 þ 9

þ 2 b 7 α þ 2 α 2 3 þ 1 4 α þ 3 α 2 þ 7

2 2 α b 2 α 2 b 2 þ 2
2

,

Φ C B ¼

2 b 3 4 þ α α 2 b 2 5 α 5 α 2 3 α 3 þ 9

α þ 1ð Þ b 4 α 2 þ 2 b 3 αð Þ 7 3 α 2
h i

2 2 α b 2 α 2 b 2 þ 2
2

:

ð1 1 Þ

I n t hi s s u b g a m e, a s t h e d e gr e e of pri v ati z ati o n i n cr e a s e s t h e

mi x e d fir m e q uili bri u m o ut p ut d e cr e a s e s a n d t h e pri v at e fir m e q uili b-

ri u m pri c e i n cr e a s e s ( s e e Fi g ur e A 3 i n  A p p e n di x A ) b e c a u s e t h e v al u e s

of q 1 a n d p 2 t h at v erif y t h at R 1 ðp 2 ;α ¼ 0 Þ ¼ R 1 ð p 2 ;α ¼ 1 Þ ar e hi g h er

t h a n q C B
1 a n d p C B

2 , r e s p e cti v el y. Si mil arl y t o  M at s u m ur a a n d  O g a w a

(2 0 1 2 ),  w h e n α ¼ 0, t h at i s, w h e n t h e  mi x e d fir m b e c o m e s a p u bli c

fir m, it e x p a n d s it s o ut p ut t o it s gr e at e st a c hi e v a bl e v al u e q 1 ¼ 1
b þ 1ð Þ ,

w hi c h i n d u c e s t h e pri v at e fir m pri c e t o it s l o w e st v al u e p 2 ¼ 1
2 b þ 1ð Þ .

3. 4 | B ertr a n d – C o ur n ot g a m e ( B C)

N o w, it i s a s s u m e d t h at t h e p arti all y o w n e d fir m s et s it s pri c e a n d t h e

pri v at e fir m s et s it s o ut p ut l e v el.  B e st-r e pl y f u n cti o n s ar e gi v e n b y

R 1 ðq 2 Þ p 1 ¼
α

1 þ α
1 b q 2ð Þ,

R 2 ðp 1 Þ q 2 ¼
1

2 ð1 b 2 Þ
1 b þ b p 1ð Þ,

ð1 2 Þ

w h er e  w e c a n s e e t h at t h e hi g h er α , t h e hi g h er t h e a b s ol ut e v al u e of

fir m 1' s sl o p e of t h e r e a cti o n f u n cti o n. T h e s e f u n cti o n s l e a d t o t h e

f oll o wi n g e x pr e s si o n s f or t h e e q uili bri u m v al u e s:

q B C
1 ¼

2 b 2 b

2 α b 2 α 2 b 2 þ 2
, q B C

2 ¼
1 b þ α

2 α b 2 α 2 b 2 þ 2
,

p B C
1 ¼

2 α b α b 2 α

2 α b 2 α 2 b 2 þ 2
, p B C

2 ¼
1 b 2 α b þ 1ð Þ

2 α b 2 α 2 b 2 þ 2
,

π B C
2 ¼

1 b 2 α b þ 1ð Þ 2

2 α b 2 α 2 b 2 þ 2
2
,

W B C ¼

b 4 2 α þ 1ð Þ þ 6 b 3 α þ 1ð Þ 2 b 2 6 α þ α 2 þ 4

2 b 5 α þ 3ð Þ þ 3 α 2 þ 1 4 α þ 7

2 2 α b 2 α 2 b 2 þ 2
2

,

Φ B C ¼

α þ 1ð Þðb 4 þ 2 b α 3ð Þ 3 α 2 7 Þ

2 b 2 ðb α 2 3 α þ 2ð Þ α 2 2 Þ

2 2 α b 2 α 2 b 2 þ 2
2

:

ð 1 3 Þ

B e st-r e pl y f u n cti o n s a n d t h e eff e ct s of v ari ati o n s of t h e l e v el of

pri v ati z ati o n (fr o m α ¼ 0 t o α ¼ 1 Þ o n t h e s u b g a m e e q uili bri u m ar e

ill u str at e d i n Fi g ur e A 4 i n  A p p e n di x A .  A s t h e l e v el of pri v ati z ati o n

i n cr e a s e s, b ot h t h e mi x e d fir m e q uili bri u m pri c e a n d t h e pri v at e fir m

e q uili bri u m o ut p ut i n cr e a s e.  N oti c e a bl y, f or α ¼ 0, t h e  mi x e d fir m

(i n t hi s c a s e, t h e p u bli c fir m) b e st-r e pl y f u n cti o n  m at c h e s t h e v erti c al

a xi s f or q 2 � ½0, 1 = b , t h e n t hi s fir m pr o d u c e s t h e p erf e ctl y c o m p etiti v e

l e v el of o ut p ut (i. e., it s e q uili bri u m pri c e e q u al s  m ar gi n al c o st, t h at i s

z er o i n o ur  m o d el).

3. 5 | St a bilit y of s u b g a m e e q uili bri u m

I n t hi s s u b s e cti o n,  w e pr e s e nt a r e s ult o n t h e r el ati o n s hi p b et w e e n

t h e l e v el of pri v ati z ati o n a n d t h e st a bilit y of t h e e q uili bri u m o bt ai n e d

f or t h e pr e vi o u s s u b g a m e s. F oll o wi n g  Di xit (1 9 8 6 ) a n d Tr e m bl a y

a n d Tr e m bl a y ( 2 0 1 1 ), a st a bl e e q uili bri u m r e q uir e s t h at

∂ 2 π i= ∂ s 2
i > ∂ 2 π i= ∂ s i∂ s j wit h i,j¼ 1, 2 a n d i ≠ j, b ei n g s i ¼ p i, q i: T hi s

c o n diti o n h ol d s f or a n y b i n b ot h  C o ur n ot– C o ur n ot a n d  B ertr a n d –

B ertr a n d g a m e s.  M or e o v er, st a bilit y i n t h e  B ertr a n d – C o ur n ot g a m e

r e q uir e s a l o w- e n o u g h l e v el of pr o d u ct diff er e nti ati o n, a s st at e d i n

Tr e m bl a y a n d Tr e m bl a y ( 2 0 1 1 ) f or t w o pri v at e fir m s. I n ot h er  w or d s,

w e fi n d t h at st a bilit y i n t h e  C o ur n ot– C o ur n ot,  B ertr a n d – B ertr a n d,

a n d  B ertr a n d – C o ur n ot g a m e s d o e s n ot d e p e n d o n t h e d e gr e e of pri-

v ati z ati o n.  H o w e v er,  w e fi n d t h at t h e d e gr e e of pri v ati z ati o n pl a y s a n

i m p ort a nt r ol e i n t h e st a bilit y of t h e e q uili bri u m i n t h e  C o ur n ot–

B ertr a n d g a m e. S p e cifi c all y,  w e fi n d t h at pri v ati z ati o n d o e s n ot i m p a ct

t h e st a bilit y of t h e s u b g a m e if pr o d u ct diff er e nti ati o n i s s uffi ci e ntl y

hi g h; h o w e v er, if t h e pr o d u ct diff er e nti ati o n i s l o w e n o u g h, a l o w

d e gr e e of pri v ati z ati o n i s r e q uir e d f or st a bilit y. T hi s r e s ult c a n b e

e x pr e s s e d b y t h e f oll o wi n g pr o p o siti o n:

Pr o p o siti o n 1. St a bilit y of e q uili bri u m. W h e n t h e

pri v ati z e d fir m c h o o s e s q u a ntit y a n d t h e pri v at e fir m
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c h o o s e s pri c e, t h e e q uili bri u m i s st a bl e f or a n y α if

b <
ffiffiffiffi
1 7

p
1

4 a n d f or α < 1 b 2

b 2 þ b 1
if b >

ffiffiffiffi
1 7

p
1

4 :

Pr o of . S e e  A p p e n di x A . ◼

T hi s r e s ult c o m pl e m ent s Pr o p o siti o n 1 i n Tr e m bl a y a n d Tr e m bl a y

(2 0 1 1 ),  w hi c h e st a bli s h e s t h e s uffi ci e nt pr o d u ct diff er e nti ati o n t o

s u p p ort e q uili bri u m st a bilit y i n a pri v at e d u o p ol y  wit h a  C o ur n ot-t y p e

fir m a n d a  B ertr a n d-t y p e fir m. T h e sit u ati o n s d e s cri b e d i n  Pr o p o siti o n

1 ar e r e pr e s e nt e d i n Fi g ur e 1 .

T h e fi g ur e i s dr a w n f or a hi g h d e gr e e of pri v ati z ati o n (i. e., α 0 i s

cl o s e t o 1).  W e h a v e t w o p air s of r e a cti o n s f u n cti o n s, d e p e n di n g o n

t h e l e v el of pr o d u ct diff er e nti ati o n. T h e r e a cti o n f u n cti o n s  wit h

c o nti n u o u s li n e s c orr e s p o n d t o a  m ar k et  wit h a hi g h pr o d u ct

diff er e nti ati o n (i. e., a l o w b )  w hil st di s c o nti n u o u s li n e s c orr e s p o n d t o

l o w pr o d u ct diff er e nti ati o n (i. e., b i s cl o s e t o 1).  A s  w e c a n s e e, if  w e

st art at a p oi nt s u c h a s p 0
2 , t h e e q uili bri u m i s u n st a bl e  w h e n pr o d u ct

diff er e nti ati o n i s l o w b e c a u s e t h e a dj u st m e nt pr o c e s s d o e s n ot

c o n v er g e t o t h e e q uili bri u m, a n d c o n v er s el y, it i s st a bl e  w h e n pr o d u ct

diff er e nti ati o n i s hi g h.

3. 6 | W elf ar e eff e ct s

T hi s s u b s e cti o n pr e s e nt s s o m e c o n s e q u e n c e s of t h e pr e vi o u s a n al y si s

o n t h e r e s ulti n g l e v el of  w elf ar e i n e v er y s u b g a m e. T h e lit er at ur e

st at e s t h at i n b ot h pri v at e a n d  mi x e d oli g o p ol y t h e hi g h e st  w elf ar e i s

a c hi e v e d  w h e n b ot h fir m s pl a y  B ertr a n d ( G h o s h  &  Mitr a, 2 0 1 0 ;

M at s u m ur a  &  O g a w a, 2 0 1 2 ; Si n g h  &  Vi v e s, 1 9 8 4 , a m o n g ot h er s).

H o w e v er, t hi s r e s ult d o e s n ot al w a y s h ol d  w h e n  w e c o n si d er a

p arti all y- o w n e d fir m. S p e cifi c all y,  w e fi n d t h at f or c ert ai n d e gr e e s of

pri v ati z ati o n, b ot h t h e  C o ur n ot – C o ur n ot a n d  B ertr a n d – C o ur n ot

str at e gi e s l e a d t o a gr e at er  w elf ar e l e v el t h a n t h e  B ertr a n d – B ertr a n d

str at e g y. T hi s r e s ult i s e x pr e s s e d i n t h e f oll o wi n g pr o p o siti o n:

Pr o p o siti o n 2.  Pri v ati z ati o n a n d  w elf ar e . It i s v erifi e d

t h at

a) 9 α � ð0, 1 Þ s u c h t h at W B B < W B C :

b) 9 α � ð 0, 1 Þ s u c h t h at W B B < W C C :

Pr o of . S e e  A p p e n di x A . ◼

I n c o n tra st t o c o n v e nti o n al  wi s d o m, t hi s pr o p o siti o n st at e s t h at t h e

hi g h e st l e v el of  w elf ar e d o e s n ot al w a y s c orr e s p o n d t o  B ertr a n d c o m p e-

titi o n, b ut it c a n b e o bt ai n e d f or i nt er m e di at e l e v el s of pri v ati z ati o n

w h e n b ot h fir m s ar e q u a ntit y s ett er s ( si mil ar t o  Pr o p o siti o n 2 i n  K o p el

2 0 1 5), a n d al s o  w h e n t h e pri v ati z e d fir m c h o o s e s t h e pri c e c o ntr a ct a n d

t h e pri v at e fir m c h o o s e s t h e q u a ntit y c o ntr a ct. T o e x pl ai n t h e s e diff er-

e n c e s i n t h e l e v el of  w elf ar e, n oti c e t h at ( 5 ) c a n b e r e writt e n a s W ¼

ðq 1 þ q 2 Þ ð 1 þ b Þðq 1 þ q 2 Þ 2 = 4 ð1 b Þðq 1 q 2 Þ 2 = 4. Fir st, it i s e a s y t o

s e e t h at, b ot h i n C C a n d i n B C , t h e o v er all o pti m al q u a ntit y i n t h e  m ar-

k et i n cr e a s e s c o m p ar e d t o B B f or c ert ai n v al u e s of α a n d b . S e c o n d, it

h ol d s t h at q C C
1 q C C

2 > q B B
1 q B B

2 , a n d  m or e o v er t h at q B C
1 q B C

2 > q B B
1

q B B
2 u n d er t h e s a m e c o n diti o n r e q uir e d f or q B C

1 þ q B C
2 > q B B

1 þ q B B
2 : C o n-

s e q u e ntl y, t h e t hir d t er m i n W d et er mi n e s t h e s u b g a m e  wit h t h e hi g h-

e st  w elf ar e: f or C C s u b g a m e, a l o w b i s r e q uir e d f or W C C W B B > 0,

a n d f or B C s u b g a m e,  w e h a v e t h at W B C W B B >  0 f or a c o m bi n ati o n

of i nt er m e di at e v al u e s of α a n d b . I n a d diti o n, it  m u st b e n oti c e d t h at

o ur a n al y si s i s c o n si st e nt  wit h t h e a v ail a bl e lit er at ur e  w h e n t h e

e xtr e m e v al u e s of t h e l e v el of pri v ati z ati o n α ¼ 0 a n d α ¼ 1 ar e c o n si d-

er e d:  W e o bt ai n t h at t h e hi g h e st l e v el of  w elf ar e c orr e s p o n d s t o  B er-

tr a n d c o m p etiti o n b ot h i n a pri v at e d u o p ol y ( Si n g h  &  Vi v e s, 1 9 8 4 ) a n d

i n mi x e d oli g o p ol y ( G h o s h &  Mitr a, 2 0 1 0 ;  M at s u m ur a  &

O g a w a, 2 0 1 2 ). Fi n all y, w e c a n e a sil y s e e t h at W C C < W B C f or a n y v al u e

of α a n d b i n t h e r el e v a nt i nt er v al.

4 | S E C O N D - S T A G E  G A M E

T hi s s e cti o n d e al s  wit h e a c h fir m' s o pti m al c h oi c e of str at e gi c v ari a bl e.

T hi s c h oi c e c a n b e di s pl a y e d i n t er m s of t h e l e v el of pri v ati z ati o n t h at

t h e g o v er n m e nt c h o o s e s at t h e fir st st a g e of t h e g a m e. F or t h at p ur-

p o s e, l et u s d efi n e α 1 M ðb Þ a s a n y α s u c h t h at Φ B B Φ C B ¼ 0, α 2 M ðb Þ a s

a n y α s u c h t h at Φ C C Φ B C ¼ 0, α 1 P ðb Þ a s a n y α s u c h t h at π C B
2 π C C

2 ¼

0, a n d α 2 P ðb Þ a s a n y α s u c h t h at π B B
2 π B C

2 ¼ 0 : T h e f ull e x pr e s si o n of

t h e s e criti c al v al u e s c a n b e f o u n d i n  A p p e n di x A w h er e

α 2 P ðb Þ < α 2 M ðb Þ < α 1 M ðb Þ < α 1 P ðb Þ al o n g t h e i nt er v al α ,b � ½0, 1 i s al s o

s h o w n t o h ol d.  W e c a n  writ e t h e f oll o wi n g pr o p o siti o n.

Pr o p o siti o n 3. E n d o g e n o u s c h oi c e of str at e gi c

v ari a bl e.

- If α < α 2 P ðb Þ, t h e n  B B i s d o mi n a nt str at e g y  N a s h

e q uili bri u m.

- If α 2 P ð b Þ < α < α 2 M ðb Þ, t h e n  B C i s t h e e q uili bri u m of

t h e g a m e.

F I G U R E  1 St a bilit y of e q uili bri u m i n t h e  C B s u b g a m e
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- If α 2 M ðb Þ < α < α 1 M ðb Þ, t h e n n o e q uili bri u m e xi st s.

- If α 1 M ðb Þ < α < α 1 P ðb Þ, t h e n  C B i s t h e e q uili bri u m of

t h e g a m e.

- If α 1 P ðb Þ < α , t h e n  C C i s d o mi n a nt str at e g y  N a s h

e q uili bri u m.

Pr o of . S e e  A p p e n di x A . ◼

T hi s pr o p o siti o n st at e s t h at t h e d e gr e e of pri v ati z ati o n of t h e

p artl y o w n e d fir m pl a y s a cr u ci al r ol e i n t h e d et er mi n ati o n of t h e

e q uili bri u m of t h e g a m e. T h e r e s ult g e n er ali z e s b ot h  Pr o p o siti o n 1 i n

M at s u m ur a a n d  O g a w a ( 2 0 1 2 ),  w hi c h e st a bli s h e s t h at c h o o si n g t h e

pri c e c o ntr a ct i s t h e d o mi n a nt str at e g y  w h e n p u bli c a n d pri v at e fir m s

c o m p et e, a n d al s o Si n g h a n d  Vi v e s ( 1 9 8 4 ),  w h o pr o v e t h at  C o ur n ot

c o m p etiti o n i s a d o mi n a nt str at e g y f or t h e t w o fir m s i n a pri v at e

d u o p ol y  wit h s u b stit uti v e g o o d s.

T h e i nt uiti o n of t hi s pr o p o siti o n i s b a s e d o n t h e v ar yi n g of t h e

p arti all y pri v ati z e d fir m ‘s o bj e cti v e f u n cti o n u n d er diff er e nt d e gr e e s

of pri v ati z ati o n a n d t h e c h a n g e s i n t h e d e m a n d el a sti cit y f or a fir m

c a u s e d b y c h a n g e s i n t h e c h oi c e of str at e gi c v ari a bl e b y it s ri v al. F or

e x a m pl e, f or α ¼ 1,  w e h a v e t h e st a n d ar d s y m m etri c pri v at e d u o p ol y,

w h er e q u a ntit y i s d o mi n a nt str at e g y f or b ot h fir m s, t h at i s, C C i s t h e

o pti m al  m ar k et c o nfi g ur ati o n ( Si n g h  &  Vi v e s, 1 9 8 4 ).  A s fir m 1 b e c o m e s

m or e p u bli c (i. e., α d e cr e a s e s ), w elf ar e i s i n cr e a si n gl y i m p ort a nt i n it s

o bj e cti v e f u n cti o n a n d  m ar k et o ut c o m e s ar e c h ar a ct eri z e d b y hi g h er

q u a ntiti e s a n d l o w er pri c e s. T h e n, b el o w a c ert ai n v al u e of α , t h e pri-

v at e fir m h a s i n c e nti v e s t o s wit c h t o a pri c e c o ntr a ct b e c a u s e t h e

r e s ulti n g r e d u cti o n of pri c e s ar e l o w er (i. e., t h e pri v ati z e d fir m f a c e s a

m or e el a sti c d e m a n d). T hi s ar g u m e nt c a n b e r e v er s e d f or α ¼ 0, t h e

st a n d ar d  mi x e d oli g o p ol y,  w h er e t h e pri c e c o ntr a ct i s d o mi n a nt str at-

e g y f or b ot h fir m s, t h at i s, B B i s t h e o pti m al  m ar k et c o nfi g ur ati o n

( M at s u m ur a  &  O g a w a, 2 0 1 2 ):  A s t h e l e v el of pri v ati z ati o n i n cr e a s e s,

t h e s u b s e q u e nt r e d u cti o n of q u a ntit y gi v e s i n c e nti v e s t o t h e pri v at e

fir m t o s wit c h t o t h e q u a ntit y c o ntr a ct b e c a u s e i n t hi s  m a n n er t h e

i n cr e a si n gl y pri v ati z e d fir m f a c e s a l e s s el a sti c d e m a n d a n d t h e r e s ult-

i n g pri c e s ar e hi g h er. Fi n all y, t h er e i s a r e gi o n b et w e e n t h e a s y m m etri c

m ar k et c o nfi g ur ati o n s ( B C a n d C B )  w h er e n o e q uili bri u m e xi st s

b e c a u s e, f or e x a m pl e, fr o m B C , a s α i n cr e a s e s, t h e pri v ati z e d fir m fi n d s

o pti m al t o s wit c h t o t h e q u a ntit y c o ntr a ct ( b e c a u s e pr ofit s ar e

i n cr e a si n gl y i m p ort a nt i n it s o bj e cti v e f u n cti o n), b ut t h e pri v at e fir m

w o ul d c h a n g e t o pri c e c o ntr a ct i n t h at c a s e, a n d s o o n.

5 | F I R S T - S T A G E  G A M E

Fi n all y, a q u e sti o n ari s e s:  W hi c h i s t h e o pti m al d e gr e e of pri v ati z ati o n

fr o m a  w elf ar e p oi nt of vi e w ? I n or d er t o a n s w er t hi s q u e sti o n, it  m u st

b e t a k e n i nt o a c c o u nt t h at, a s  w e h a v e s h o w n i n t h e s e c o n d st a g e of

t h e g a m e, t h e l e v el of pri v ati z ati o n c h o s e n b y t h e g o v er n m e nt aff e ct s

fir m s’ o pti m al str at e g y, a n d c o n s e q u e ntl y  w elf ar e. T h e n, t h e fir st-

st a g e d e ci si o n  m u st c o n si d er t h at f a ct t h at b y c h o o si n g a d e gr e e of

pri v ati z ati o n, t h e g o v er n m e nt i s i n d u ci n g a t y p e of c o m p etiti o n  w hi c h

g e n er at e s a l e v el of  w elf ar e.

T h e f oll o wi n g pr o p o siti o n r el at e s t h e l e v el of pri v ati z ati o n  wit h

b ot h t h e e n d o g e n o u s c h oi c e of t h e str at e gi c v ari a bl e a n d t h e

a g gr e g at e d  w elf ar e l e v el.

Pr o p o siti o n 4.  Pri v ati z ati o n, e n d o g e n o u s c h oi c e of

str at e gi c v ari a bl e a n d  w elf ar e . T h e  m ar k et c o nfi g ur a-

ti o n  B B i s t h e e q uili bri u m of t h e g a m e a n d l e a d s t o t h e

hi g h e st  w elf ar e l e v el if α B B ¼ 0 :

Pr o of . S e e  A p p e n di x A . ◼

T h e i nt uiti o n of t hi s pr o p o siti o n r e st s o n t h e f a ct t h at t h er e i s a

c o nfli ct b et w e e n t h e l e v el of pri v ati z ati o n t h at  m a xi mi z e s  w elf ar e a n d

t h e  m ar k et c o nfi g ur ati o n t h at fir m s  w o ul d c h o o s e  w h e n t h at l e v el of

pri v ati z ati o n i s s et b y t h e g o v er n m e nt: If t h e g o v er n m e nt  w er e t o

c h o o s e t h e l e v el of α s u c h t h at W B C > W B B ( s e e  Pr o p o siti o n 2 ), t h e

r e s ulti n g  m ar k et c o nfi g ur ati o n  w o ul d n ot b e B C b ut B B , a s s h o w n i n

Pr o p o siti o n ( 3 ), a n d c o n s e q u e ntl y t h e r e s ulti n g  w elf ar e  w o ul d b e

s u b o pti m al. I n f a ct, t h e criti c al v al u e of α b el o w  w hi c h t h e l e v el of

pri v ati z ati o n t h at gi v e s a d o mi n a nt str at e g y  N a s h e q uili bri u m f or B B

(i. e. α 2 P ð b Þ) i s t h e s a m e a s t h e l e v el of pri v ati z ati o n b el o w  w hi c h

t h e l e v el of  w elf ar e f or B C i s hi g h er t h a n t h e l e v el of  w elf ar e f or B B :

I n ot h er  w or d s,  Pr o p o siti o n s 3 a n d 2 s h o w t h at if α < α 2 P ðb Þ , B B i s

t h e e q uili bri u m  m ar k et c o nfi g ur ati o n, a n d it h ol d s t h at W B B ðα Þ > W iðα Þ

( wit h i ¼ C C ,B C ,C B ), r e s p e cti v el y.  M or e s p e cifi c all y, t h e o pti m al

c h oi c e f or t h e g o v er n m e nt i n t hi s fir st st a g e i s α B B ¼ 0,  w hi c h

i m pli e s t h at b ot h fir m s pl a y  B ertr a n d a n d t h e hi g h e st l e v el of

w elf ar e i s a c hi e v e d  w h e n t h e  mi x e d fir m b e c o m e s a f ull y st at e-

o w n e d fir m.

6 | FI R M S  M O V E  F I R S T

A s e x pl ai n e d i n t h e I ntr o d u cti o n, t h er e ar e  m a n y r e al- w orl d

sit u ati o n s  w h er e g o v er n m e nt d e ci si o n s c a n b e  m a d e b ot h b ef or e a n d

aft er b u si n e s s d e ci si o n s. I n t hi s s e cti o n,  w e a s s u m e a diff er e nt ti mi n g

f or t h e g a m e: fir m s  m o v e fir st.  A g ai n,  w e h a v e a t hr e e- st a g e  m o d el.

I n t h e fir st st a g e, t h e fir m s c h o o s e si m ult a n e o u sl y t h eir str at e gi c

v ari a bl e. I n t h e s e c o n d st a g e, aft er o b s er vi n g t h e c h oi c e of

str at e gi c c o ntr a ct b y t h e fir m s i n t h e fir st st a g e, t h e g o v er n m e nt

c h o o s e s t h e o pti m al d e gr e e of pri v ati z ati o n f or e a c h s u b g a m e.

I n t h e t hir d st a g e, t h e pri v at e fir m a n d t h e  mi x e d fir m si m ult a n e o u sl y

a n d i n d e p e n d e ntl y c h o o s e eit h er t h eir o pti m al pri c e or q u a ntit y i n

t h e  m ar k et, o n t h e b a si s of t h eir d e ci si o n s i n t h e fir st st a g e.

O b vi o u sl y t hi s t hir d st a g e i s i d e nti c al t o t h e t hir d st a g e di s pl a y e d i n

S e cti o n 3 .

T h e o pti m al pri v ati z ati o n p oli c y diff er s d e p e n di n g o n t h e

e q uili bri u m  m ar k et c o nfi g ur ati o n, t h at i s, o n t h e fir m s' c h oi c e of

str at e gi c v ari a bl e. I n ot h er  w or d s,  w e c a n fi n d a n o pti m al l e v el of

pri v ati z ati o n f or e a c h o n e of t h e s u b g a m e s c o n si d er e d i n t h e t hir d

st a g e of t h e g a m e. T h e n t h e s e c o n d st a g e i s a st a n d ar d  m a xi mi z ati o n

of t h e t hir d- st a g e e q uili bri u m  w elf ar e t h at gi v e s t h e f oll o wi n g o pti m al

v al u e s of α i n e a c h s u b g a m e ( S e e  A p p e n di x A ):

1 2 2 0 M E N D E Z- N A Y A A N D N O V O- P E T EI R O
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α C C ¼
b ð1 b Þ

4 3 b
,

α B B ¼ 0,

α C B ¼
α C B

1 ¼ 0 if b <
ffiffiffiffiffiffi
1 7

p
1 = 4

α C B
2 ¼ ð 1 b 2 Þ= ð b 2 þ b 1 Þ if b >

ffiffiffiffiffiffi
1 7

p
1 = 4,

8
><

>:

α B C ¼
b ð1 b 2 Þ

4 þ b 3 b 2 b 3
:

ð1 4 Þ

T h e o pti m al l e v el α C C i s i n a c c or d a n c e  wit h  M at s u m ur a (1 9 9 8 ),

w h o pr o v e d t h at a p arti al pri v ati z ati o n of t h e p u bli c fir m i s o pti m al

fr o m t h e a g gr e g at e d  w elf ar e p oi nt of vi e w.  M or e s p e cifi c all y,

M at s u m ur a ( 1 9 9 8 ) c o n si d er s a  C o ur n ot-t y p e  m o d el  wit h h o m o g e-

n e o u s pr o d u ct a n d d e cr e a si n g r et ur n s.  W h e n t h e s e el e m e nt s ar e

c o n si d er e d i n t h e C C - s u b g a m e (b ¼ 1 a n d c iðq iÞ ¼ c q 2
i ),  w e al s o o bt ai n

t h at a p arti al pri v ati z ati o n i s o pti m al; i n p arti c ul ar,  w e o bt ai n t h at

p arti al pri v ati z ati o n i s o pti m al f or α ¼ 2 c = ð1 þ 6 c þ 4 c 2 Þ.  O ur a n al y si s

s h o w s t h at p arti al pri v ati z ati o n i s al s o o pti m al i n t h e a s y m m etri c

s u b g a m e s: Fir st, it i s o pti m al f or all b i n t h e B C s u b g a m e, a n d s e c o n d,

it i s o pti m al f or l o w pr o d u ct diff er e nti ati o n i n t h e C B s u b g a m e.  A s

e x pl ai n e d i n  A p p e n di x A , t h e o pti m al l e v el of pri v ati z ati o n f or C B i s a

c o n s e q u e n c e of Pr o p o siti o n 1 ,  w hi c h e st a bli s h e s a n u p p er li mit f or

α f or st a bilit y t o e xi st i n t h at s u b g a m e. T h e o pti m al l e v el of pri v ati z a-

ti o n f or B B i s si mil ar t o  W a n g a n d  C hi o u (2 0 1 8 ),  w h o c o n si d er

diff er e n c e s i n effi ci e n c y b et w e e n a  mi x e d fir m a n d a pri v at e fir m i n a

B ertr a n d s etti n g a n d o bt ai n t h at t h e o pti m al pri v ati z ati o n p oli c y i s

c o m pl et e n ati o n ali z ati o n  w h e n t h e p u bli c fir m c o st i s cl o s e t o t h e

pri v at e fir m c o st. I n o ur a n al y si s, a c o m pl et e n ati o n ali z ati o n of t h e

mi x e d fir m i s al s o o pti m al i n t h e C B s u b g a m e if pr o d u ct diff er e nti ati o n

i s n ot s uffi ci e ntl y l o w.

T h e r el ati o n s hi p b et w e e n b ot h t h e o pti m al l e v el s of pri v ati z ati o n

a n d t h e a s s o ci at e d  w elf ar e i s s u m m ari z e d i n t h e f oll o wi n g pr o p o siti o n:

Pr o p o siti o n 5.  O pti m al pri v ati z ati o n a n d  w elf ar e

r a n ki n g. T h e o pti m al l e v el of pri v ati z ati o n f or e v er y

s u b g a m e f oll o w s t hi s r a n ki n g: α C B
2 > α B C > α C C > α B B ¼

α C B
1 ¼ 0 : T h e s e o pti m al l e v el s i m pl y t h at

W B C ðα B C Þ > W B B ðα B B Þ > W C C ðα C C Þ > W C B ðα C B
i Þ :

Pr o of . S e e  A p p e n di x A . ◼

Fir m s' s d e ci si o n at t h e fir st st a g e of t h e g a m e i s str at e gi c b e c a u s e

of t w o r e a s o n s: Fir st, e a c h fir m' s d e ci si o n o n it s str at e gi c v ari a bl e

m u st t a k e i nt o a c c o u nt it s ri v al ‘s o pti o n s, a n d s e c o n d, t h e o ut c o m e of

t hi s i nt er a cti o n i n v ol v e s a g o v er n m e nt d e ci si o n o n t h e l e v el of pri v ati-

z ati o n i n t h e f oll o wi n g st a g e of t h e g a m e. T h u s, t hi s fir st st a g e c a n b e

r e pr e s e nt e d b y t h e f oll o wi n g p a y off  m atri x:

# Φ ,π 2 ! C B

C Φ C C ð α C C Þ ,π C C
2 ð α C C Þ Φ C B ð α C B

i Þ ,π C B
2 ð α C B

i Þ

B Φ B C ð α B C Þ ,π B C
2 ð α B C Þ Φ B B ð α B B Þ ,π B B

2 ð α B B Þ

Aft er c o m p ari n g o pti m al pr ofit s r e s ulti n g fr o m t h e s e c o n d st a g e

of t h e g a m e,  w e fi n d t h at c h o o si n g pri c e a s str at e gi c v ari a bl e i s d o mi-

n a nt str at e g y f or t h e pri v at e fir m,  w hil st c h o o si n g pri c e i s d o mi n a nt

str at e g y f or t h e  mi x e d fir m o nl y if t h e l e v el of pr o d u ct diff er e nti ati o n

i s n ot s uffi ci e ntl y l o w, s p e cifi c all y, if b < 0 :8 5 9 8 4 : Ot h er wi s e, t h e

mi x e d fir m d o e s n ot h a v e a d o mi n a nt str at e g y a n d c h o o s e s q u a ntit y

( pri c e)  w h e n t h e pri v at e fir m c h o o s e s q u a ntit y ( pri c e).  C o n s e q u e ntl y,

w e o bt ai n t h e f oll o wi n g r e s ult:

Pr o p o siti o n 6. B ertr a n d – B ertr a n d i s t h e e q uili bri u m

m ar k et c o nfi g ur ati o n  w h e n t h e pri v at e a n d t h e  mi x e d

fir m ar e fir st- m o v er s.

Pr o of . S e e  A p p e n di x A . ◼

A B ertr a n d – B ertr a n d  m ar k et c o nfi g ur at i o n i s a n u s u al o ut c o m e i n

t h e lit er at ur e o n pri v ati z ati o n p oli ci e s a s t h e p oli c y  m a k er i s pri m aril y

c o n c er n e d  wit h  w elf ar e  m a xi mi z ati o n ( M at s u m ur a  &  O g a w a, 2 0 1 2 ).

H o w e v er, t hi s pr o p o siti o n pr o vi d e s t h e s a m e r e s ult i n a diff er e nt

s etti n g,  w h e n t h e fir m s  m a k e t h eir d e ci si o n s o n t h eir str at e gi c v ari a bl e

i n t h e fir st st a g e of t h e g a m e. I n t hi s c a s e, t h e y a nti ci p at e t h e

g o v er n m e nt d e ci si o n ( gi v e n b y α B B ¼ 0) a n d B B i s t h e e q uili bri u m of

t h e g a m e a n d c o n s e q u e ntl y t h e ti mi n g of t h e g a m e i s n e utr al.

7 | C O N C L U SI O N S

I s it s o ci all y a d v a nt a g e o u s a n d d e sir a bl e t o pri v ati z e p u bli c fir m s ? T hi s

p a p er a n al y z e s t h e e xt e nt t o  w hi c h t h e d e gr e e of pri v ati z ati o n of

p u bli c fir m s c a n b e u s e d a s a p oli c y i n str u m e nt t o aff e ct t h e t y p e of

c o m p etiti o n a n d t o i m pr o v e  w elf ar e i n a n i m p erf e ctl y c o m p etiti v e

m ar k et. T h e  m o d el st u di e s o pti m al pri v ati z ati o n p oli c y  w h e n fir m s

m a k e a n e n d o g e n o u s c h oi c e of str at e gi c v ari a bl e ( eit h er pri c e or

q u a ntit y) i n a d u o p ol y  wit h diff er e nti at e d pr o d u ct s,  m a d e u p of a p ur e

pri v at e fir m a n d a p arti all y pri v ati z e d fir m,  w hi c h i s j oi ntl y o w n e d b y

b ot h p u bli c a n d pri v at e s e ct or s. T h e  m ai n c o ntri b uti o n of o ur p a p er i s

pr o vi di n g diff er e nt r e s ult s b y d et er mi ni n g t h e i nfl u e n c e of t h e l e v el of

pri v ati z ati o n o n t h e st a bilit y of e q uili bri u m, t h e e xi st e n c e of a s y m m et-

ri c e q uili bri u m o ut c o m e s a n d t h e r a n ki n g s of b ot h  w elf ar e l e v el s a n d

d e gr e e s of pri v ati z ati o n t h at r e s ult i n t h e diff er e nt s u b g a m e s.

T h e arti cl e h a s i m p ort a nt i m pli c ati o n s f or p u bli c p oli c y, si n c e it

s h o w s t h at pri v ati z ati o n i s n ot n e utr al i n t er m s of  w elf ar e:  C h a n g e s i n

t h e l e v el of pri v ati z ati o n i n v ol v e c h a n g e s i n t h e  w a y fir m s c o m p et e; a s

a c o n s e q u e n c e, t h e r e s ulti n g l e v el of  w elf ar e i s aff e ct e d. I n p arti c ul ar,

w h e n t h e e n d o g e n o u s c h oi c e of str at e gi c v ari a bl e i s t a k e n i nt o

a c c o u nt,  w e s h o w t h at t h e hi g h e st  w elf ar e l e v el i s o bt ai n e d  w h e n

b ot h fir m s pl a y  B ertr a n d a n d t h e l e v el of pri v ati z ati o n i s z er o.

R e m ar k a bl y, t hi s r e s ult i s o bt ai n e d  w h e n t h e g o v er n m e nt i s t h e fir st-

m o v er i n t h e g a m e, a n d al s o  w h e n t h e fir m s ar e a bl e t o a nti ci p at e t h e

g o v er n m e nt' s d e ci si o n o n t h e l e v el of pri v ati z ati o n. T h e r e s ult s u n d er-

li n e t h e i m p ort a n c e of p u bli c fir m s t o i m pr o v e  w elf ar e  w h e n t h e y ar e

u s e d a s a pri c e c o m p etiti o n e n h a n ci n g t o ol i n t h o s e s e ct or s  w h er e
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fir m s c a n c h o o s e t h eir str at e gi c v ari a bl e. T h u s, t h e i m pli c ati o n s of o ur

a n al y si s ar e c o n c er n e d  wit h t w o p oli c y i n str u m e nt s, n a m el y, t h e l e v el

of pri v ati z ati o n of t h e i n d u str y a n d t h e str at e gi c v ari a bl e c h o s e n b y

t h e  mi x e d fir m.

A C K N O W L E D G E M E N T S

T h e a ut h or s t h a n k a n a n o n y m o u s r ef er e e f or h el pf ul c o m m e nt s a n d

s u g g e sti o n s. T h e u s u al di s cl ai m er a p pli e s. F u n di n g f or  O p e n  A c c e s s

C h ar g e:  U ni v er si d a d d e  A  C or u ñ a / CI S U G.

D A T A  A V AI L A B I LI T Y  S T A T E M E N T

D at a s h ari n g i s n ot a p pli c a bl e t o t hi s arti cl e a s n o d at a s et s  w er e

g e n er at e d or a n al y s e d d uri n g t h e c urr e nt st u d y.

O R CI D
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Pr o of of Pr o p o siti o n 1.  A s st at e d b y  Di xit ( 1 9 8 6 ) a n d Tr e m bl a y a n d Tr e m bl a y (2 0 1 1 ), a st a bl e e q uili bri u m i n a  C o ur n ot– B ertr a n d

m o d el r e q uir e s t h at π iij j > π ij : I n o ur c a s e,  w h e n t h e pri v ati z e d fir m c h o o s e s q u a ntit y a n d t h e pri v at e fir m c h o o s e s pri c e, t h e e q uili b-

ri u m i s st a bl e if ð1 þ α Þð1 b 2 Þ > b α .  T hi s c o n diti o n b e c o m e s α > ð1 b 2 Þ= ð 1 b 2 b Þ if ð 1 b 2 b Þ > 0 a n d α < ð1 b 2 Þ= ð1

b 2 b Þ if ð1 b 2 b Þ < 0 : I n t h e fir st c a s e, t h e c o n diti o n h ol d s f or a n y α b e c a u s e t h e ri g ht- h a n d si d e of t h e i n e q u alit y i s n e g ati v e. I n

t h e s e c o n d c a s e,  w e h a v e t h at t h e c o n diti o n al w a y s h ol d s if ð1 b 2 Þ

1 b 2 b
>  1, t h at i s, if b <

ffiffiffiffi
1 7

p
1

4 : T h er ef or e, i n t h e  C o ur n ot – B ertr a n d

s u b g a m e t h e e q uili bri u m i s st a bl e f or a n y α if b � 0,
ffiffiffiffi
1 7

p
1

4 , a n d f or α < 1 b 2

b 2 þ b 1
if b �

ffiffiffiffi
1 7

p
1

4 , 1 .

Pr o of of Pr o p o siti o n 2.

a) Si m pl e c al c ul ati o n s s h o w t h at si g n ð W B B W B C Þ ¼ si g n A B wit h A ¼ α 2 1 6 b 2 b 3 þ 3 b 4 þ 1 6 þ α 2 4 b 2 2 b 3 þ 9 b 4 þ 2 b 5 þ 1 6 b 3 1 b 2

a n d B ¼ b α þ α 2 þ b α 2 þ b 2 1 : It h ol d s t h at:

(i) A ¼ 0 f or α B C
1 ðb Þ ¼

2 4 b 2 2 b 3 þ 9 b 4 þ 2 b 5 þ 1 6ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 4 b 2 2 b 3 þ 9 b 4 þ 2 b 5 þ 1 6ð Þ
2
þ 4 1 6 b 2 b 3 þ 3 b 4 þ 1 6ð Þ b 3 1 b 2ð Þ

q

2 1 6 b 2 b 3 þ 3 b 4 þ 1 6ð Þ
,  w h er e  w e h a v e t w o r o ot s, o n e  wit h + ,

d e n ot e d b y α B C
1 þ ðb Þ, a n d o n e  wit h , d e n ot e d b y α B C

1 ðb Þ.  N ot e t h at A i s c o n v e x f or b � ½0, 1 b e c a u s e 1 6 b 2 b 3 þ 3 b 4 þ 1 6 ¼ ð 1 b Þ

ð 3 b 3 2 b 2 þ 1 4 b þ 1 4 Þ þ 2 > 0.  M or e o v er 2 4 b 2 2 b 3 þ 9 b 4 þ 2 b 5 þ 1 6 ¼ 1 bð Þ 2 b 4 1 1 b 3 9 b 2 þ 1 5 b þ 1 5 þ 1 > 0. It f oll o w s t h at

α B C
1 <  0 a n d α B C

1 þ >  0, a n d t h e n, o nl y α B C
1 þ i s r el e v a nt a s t h e l e v el of pri v ati z ati o n i s d efi n e d f or α � ½0, 1 : C o n s e q u e ntl y, A < 0 f or α B C

1 < α < α B C
1 þ

a n d A > 0 ot h er wi s e. I nt er e sti n gl y, n e g ati v e r o ot s s h o ul d b e t a k e n i nt o a c c o u nt  w h e n st u d yi n g s o ci all y c o n c er n e d fir m s: if t h e fir m  m a xi-

mi z e s V i ¼ π i þ α iC S ( e. g., i n  K o p el, 2 0 1 5 ), t h e v al u e of α i o bt ai n e d f or A ¼ 0 ( a n d f or B ¼ 0) c o ul d b e eit h er p o siti v e or n e g ati v e, r efl e cti n g

t h e l e v el of “ c o n s u m er fri e n dli n e s s ” t h at c h ar a ct eri z e s t h e fir m o bj e cti v e f u n cti o n.

(ii) B ¼ 0 f or α B C
2 ð b Þ ¼

b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b 2 4 ð1 þ b Þ b 2 1ð Þ

p

2 ð1 þ b Þ : A g ai n  w e h a v e t w o r o ot s.  W e c a n s e e t h at t h e r o ot  wit h + , α B C
2 þ ðb Þ, i s p o siti v e a n d t h e r o ot  wit h ,

α B C
2 ðb Þ, i s n e g ati v e, a n d  m or e o v er B i s a c o n v e x f u n cti o n.  C o n s e q u e ntl y B < 0 if α B C

2 ð b Þ < α < α B C
2 þ ðb Þ a n d B > 0 ot h er wi s e.

(iii) α B C
1 þ ð b Þ < α B C

2 þ ðb Þ i n t h e r el e v a nt i nt er v al of v al u e s f or α a n d b , a s ill u str at e d i n Fi g ur e A 5 ,  w h er e t h e s e criti c al v al u e s f or α ar e r e pr e s e nt e d i n

t h e α b pl a n e. T h e n A a n d B ar e b ot h n e g ati v e f or α < α B C
1 þ ðb Þ, a n d b ot h p o siti v e f or α > α B C

2 þ ðb Þ: M or e o v er, if α B C
1 þ ðb Þ < α < α B C

2 þ ðb ÞA i s

p o siti v e a n d B i s n e g ati v e, a n d t h e n W B C > W B B .  C o n v er s el y, if α B C
1 þ ðb Þ > α or if α > α B C

2 þ ðb Þ, it h ol d s t h at W B C < W B B .

b) Si m pl e c al c ul ati o n s s h o w t h at W B B W C C ¼ b α 2 b þ 1ð Þ 4 3 bð Þ 2 α b þ 2ð Þ b 1ð Þ 2 þ b 1 bð Þ

2 b þ 1ð Þ 2 α b 2 þ 2ð Þ
2

T h e d e n o mi n at or i s stri ctl y p o siti v e i n t h e r el e v a nt i nt er v al of α a n d b : T h e n, si g n ðW B B W C C Þ e q u al s t o t h e si g n of t h e n u m er at or.

M or e o v er, b e c a u s e 1 þ bð Þ 4 3 bð Þ > 0, t h e n u m er at or i s a c o n v e x f u n cti o n  wit h t w o r o ot s gi v e n b y α C C
1 ðb Þ ¼

2 b þ 2ð Þ 1 bð Þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 b þ 2ð Þ 1 bð Þ 2ð Þ

2
4 1 þ bð Þ 4 3 bð Þb 1 bð Þ

q

2 1 þ bð Þ 4 3 bð Þ ,  w hi c h ar e ill u str at e d i n t h e α -b pl a n e i n Fi g ur e A 6 . S p e cifi c all y, t h e r o ot  wit h , α C C
1 ðb Þ,

F I G U R E  A 5 Criti c al l e v el s of α i n  WB B W B C
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c orr e s p o n d s t o t h e i n cr e a si n g p art of t h e c ur v e, a n d t h e r o ot  wit h + , α C C
1 þ , i s t h e d e cr e a si n g p art.  C o n s e q u e ntl y,  w e h a v e t h at if

α C C
1 ðb Þ < α < α C C

1 þ ðb Þ it h ol d s t h at W B B W C C < 0.

Pr o of of Pr o p o siti o n 3. π C C
2 π C B

2 ¼
b 2 α 2 1 b αð Þ 1 bð Þ½ α 2 4 3 b 2ð Þ þ α b 1ð Þ b 2ð Þ b þ 2ð Þ 2 þ 1 bð Þ 4 3 b 2ð Þ½

2 α þ b 2 2ð Þ
2

2 α þ b 2 α þ 2 b 2 2ð Þ
2

T h e fir st br a c k et i n t h e n u m er at or h a s t w o r o ot s gi v e n b y 1
2 b b 1ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 bð Þ 2 bð Þ b 2 þ b þ 2

r

.  T h e r o ot  wit h + b el o n g s

t o t h e r el e v a nt i nt er v al of α , a n d t h e r o ot  wit h d o e s n ot (it i s n e g ati v e).  M or e o v er, t h e fir st br a c k et i s a c o n v e x f u n cti o n i n α , a n d

t h e n, it i s p o siti v e if α > α 1 P ð b Þ ¼ 1
2 b b 1ð Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 bð Þ 2 bð Þ b 2 þ b þ 2

r

: T h e s e c o n d br a c k et i n t h e n u m er at or al s o h a s t w o

r o ot s, gi v e n b y

1
8 6 b 2 b 1ð Þ 2 bð Þ b þ 2ð Þ 2 b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b 1ð Þ 4 b þ b 2 4 b 2 þ b 3 þ 4

r

.

B ot h r o ot s ar e n e g ati v e.  M or e o v er, b e c a u s e t h e s e c o n d br a c k et i s al s o a c o n v e x f u n cti o n (i. e., 4 3 b 2 > 0), it f oll o w s t h at it i s

p o siti v e i n t h e r el e v a nt i nt er v al of α : T h e n,  w e c a n c o n cl u d e t h at π C C
2 π C B

2 > 0 if α > α 1 P ð b Þ a n d vi c e v er s a.

π B C
2 π B B

2 ¼
b 2 b þ 2ð Þ 1 bð Þ α 2 1 þ bð Þ 2 bð Þ þα 4 3 b 2ð Þ þ 2 bð Þ 1 b 2ð Þ½ α 2 ð1 þ b Þ þb α þ b 2 1½

b þ 1ð Þ 2 α þ b 2 2ð Þ
2

2 α þ b 2 α þ 2 b 2 2ð Þ
2

T h e fir st br a c k et i n t h e n u m er at or h a s t w o r o ot s gi v e n b y 4 þ 3 b 2 b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 3 b 2 4 b þ 4 b 3

p

2 b þ 1ð Þ 2 bð Þ a n d b ot h ar e n e g ati v e. T h e n, b e c a u s e t h e

e x pr e s si o n i nt o t h e fir st br a c k et s i s a c o n v e x f u n cti o n (i. e., 1 þ bð Þ 2 bð Þ > 0), it h ol d s t h at t hi s e x pr e s si o n i s p o siti v e f or a n y α > 0 :

T h e s e c o n d br a c k et i n t h e n u m er at or al s o h a s t w o r o ot s, gi v e n b y b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 b 3 b 2 4 b 3 þ 4

p

2 ð1 þ b Þ : T h e r o ot  wit h + b el o n g s t o t h e r el e v a nt i nt er v al

of α , a n d t h e o n e  wit h d o e s n ot ( b e c a u s e it i s n e g ati v e).  B e c a u s e t h e e x pr e s si o n i n si d e t h e s e c o n d br a c k et s i s a c o n v e x f u n cti o n

w e h a v e t h at t h at e x pr e s si o n i s p o siti v e f or a n y α > α 2 P ð b Þ ¼ b þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 b 3 b 2 4 b 3 þ 4

p

2 ð1 þ b Þ : T h e n,  w e c a n c o n cl u d e t h at π B C
2 π B B

2 > 0 if α > α 2 P ðb Þ

a n d vi c e v er s a.  N ot e t h at α 2 P ðb Þ ¼ α B C
2 þ ðb Þ:

Φ C C Φ B C ¼
b 2 1 þ αð Þ 1 þ α bð ÞC

2 2 α þ b 2 2
2

2 α þ b 2 α þ 2 b 2 2
2

wit h C ¼ 4 b 2 1 bð Þðα 2 2 b þ 1ð Þ 1 b 2 Þ þ α 4 3 b 2 ðα 2 1 bð Þ 2 Þ: T h e n si g n ðΦ C C Φ B C Þ ¼ si g n C , b ei n g C c u bi c i n α wit h a

r e al r o ot d e n ot e d b y α 1 M ðb Þ:

F I G U R E  A 6 Criti c al l e v el s of α i n W B B W C C
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Φ C B Φ B B ¼ b 2 1 bð Þ α þ 1ð Þ α þ b α þ 1ð ÞD

2 b þ 1ð Þ 2 α þ b 2 2ð Þ
2

2 α þ b 2 α þ 2 b 2 2ð Þ
2 wit h D ¼ 4 b 2 1 þ bð Þðα 3 α b 1ð Þ 2 Þ þ 4 3 b 2 ðα 2 2 b þ 1ð Þ 1 b 2 Þ: T h e n

si g n ðΦ C B Φ B B Þ ¼ si g n D , b ei n g D c u bi c i n α wit h a r e al r o ot d e n ot e d b y α 2 M ðb Þ :

Fi g ur e A 7 pl ot s t h e s e criti c al v al u e s f or α a n d b i n t h e r el e v a nt i nt er v al ½0, 1 a n d s h o w s t h at it h ol d s t h at α 2 P ðb Þ < α 2 M ð b Þ < α 1 M ðb Þ < α 1 P ðb Þ:

Aft er c o m p ari n g t h e s e criti c al v al u e s  w e c a n  writ e t h at:

- F or a n y α < α 2 P ð b Þ it i s v erifi e d t h at π B B
2 > π B C

2 a n d Φ B B > Φ C B , 8 b � 0, 1½ , t h at i s, pl a yi n g  B ertr a n d i s d o mi n a nt str at e g y f or t h e t w o fir m s

a n d t h er ef or e  B B i s t h e e q uili bri u m of t h e g a m e.

- If α 2 P ðb Þ < α < α 2 M ðb Þ, t h e n π B C
2 > π B B

2 a n d Φ B C > Φ C C , 8 b � 0, 1½ , t h at i s, n o fir m h a s i n c e nti v e s f or c h a n gi n g u nil at er all y it s str at e g y fr o m

B C a n d, t h er ef or e  B C i s t h e e q uili bri u m str at e g y.

- If α 2 M ðb Þ < α < α 1 M ðb Þ , it c a n b e ar g u e d a s f oll o w s:  C C i s n ot e q uili bri u m b e c a u s e π C C
2 < π C B

2 ;  B B i s n ot e q uili bri u m b e c a u s e π B B
2 < π B C

2 ; B C i s

n ot e q uili bri u m b e c a u s e Φ B C < Φ C C ; a n d  C B i s n ot e q uili bri u m b e c a u s e Φ C B < Φ B B : T h er ef or e at l e a st o n e fir m h a s i n c e nti v e s t o d e vi at e

fr o m a n y c o m bi n ati o n of str at e gi e s a n d t h er e i s n o e q uili bri u m f or t h e g a m e.

- If α 1 M ðb Þ < α < α 1 P ðb Þ, t h e n π C B
2 > π C C

2 a n d Φ C B > Φ B B , 8 b � 0, 1½ , a n d c o n s e q u e ntl y  C B i s t h e e q uili bri u m of t h e g a m e i n t hi s c a s e.

- Fi n all y, f or a n y α 1 P ðb Þ < α it i s v erifi e d t h at π C C
2 > π C B

2 a n d Φ C C > Φ B C , 8 b � 0, 1½ , t h at i s, pl a yi n g  C o ur n ot i s d o mi n a nt str at e g y f or t h e t w o

fir m s a n d  C C i s t h e e q uili bri u m of t h e g a m e.

Pr o of of Pr o p o siti o n 4. Fir st, fr o m  Pr o p o siti o n 2 w e k n o w t h at W B B < W C C if α C C
1 ðb Þ < α < α C C

1 þ ð b Þ. Si m pl e c al c ul u s s h o w t h at

α C C
1 þ ðb Þ < α 1 P ðb Þ: T h e n, a c c or di n g t o  Pr o p o siti o n 3 , if t h e g o v er n m e nt c h o o s e s a l e v el of pri v ati z ati o n α < α C C

1 þ ð b Þ t h e e q uili bri u m

m ar k et c o nfi g ur ati o n i s B B : I n ot h er  w or d s, t h er e i s n o i nt er s e cti o n b et w e e n t h e i nt er v al of α t h at h ol d s t h at W B B < W C C a n d t h e

i nt er v al  w h er e C C i s t h e e q uili bri u m  m ar k et c o nfi g ur ati o n.

S e c o n d, fr o m  Pr o p o siti o n 2 w e k n o w t h at W B B < W B C if α B C
1 þ ðb Þ < α < α B C

2 þ ðb Þ a n d fr o m  Pr o p o siti o n 3 w e k n o w t h at α B C
2 þ ðb Þ ¼

α 2 P ðb Þ: T h e n, a c c or di n g t o  Pr o p o siti o n 3 , if t h e g o v er n m e nt c h o o s e s a l e v el of pri v ati z ati o n α < α B C
2 þ ð b Þ t h e e q uili bri u m  m ar k et

c o nfi g ur ati o n i s B B : T hi s  m e a n s t h at t h er e i s n o i nt er s e cti o n b et w e e n t h e i nt er v al of α t h at h ol d s t h at W B B < W B C a n d t h e i nt er v al of

α w h er e B C i s t h e e q uili bri u m  m ar k et c o nfi g ur ati o n.

F I G U R E  A 7 O pti m al  m ar k et c o nfi g ur ati o n a n d l e v el of pri v ati z ati o n

1 2 2 6 M E N D E Z- N A Y A A N D N O V O- P E T EI R O
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T hir d, it i s c a n b e e a sil y pr o v e d t h at W B B > W C B f or all α � 0, 1½ :

C o n s e q u e ntl y,  B ertr a n d – B ertr a n d i s t h e o nl y o pti m al s u b g a m e t h at pr o vi d e s t h e hi g h e st l e v el of  w elf ar e.  M or e o v er,  w e h a v e

t h at ∂ W B B = ∂ α < 0, a n d t h e n t h e hi g h e st l e v el of  w elf ar e i s a c hi e v e d f or α ¼ 0 :

O pti m al l e v el s of pri v ati z ati o n

St a n d ar d  m a xi mi z ati o n of e q uili bri u m  w elf ar e gi v e s t h e f oll o wi n g o pti m al v al u e s of α f or e a c h s u b g a m e:

- C C s u b g a m e: ∂ W C C

∂ α ¼ b 2ð Þ b þ 4 α 3 b α þ b 2

2 α b 2 þ 2ð Þ
3 ¼ 0 i m pli e s t h at α C C ¼ b ð1 b Þ

4 3 b , a n d ∂ 2 W C C ðα C C Þ
∂ α 2 ¼ 1

b 2ð Þ 2

3 b 4ð Þ 4

3 b 2 4ð Þ
3 < 0 :

W C C ðα C C Þ ¼ 7 6 b
2 ð4 3 b 2 Þ

.

- B B s u b g a m e: ∂ W B B

∂ α ¼ b 1ð Þ 3 b þ 2ð Þ b þ 4 α þ 3 b α þ b 2

b þ 1ð Þ 2 α b 2 þ 2ð Þ
3 <  0 f or all α � 0, 1½ : T h e n α B B ¼ 0 : W B B ðα B B Þ ¼ b 7 b 2 b 3 þ 2 b 4 þ 7

2 b 2 2ð Þ
2

b þ 1ð Þ
.

- C B s u b g a m e: ∂ W C B

∂ α ¼ b 1ð Þ 2 b þ 2 b 2 2 b 4 α þ b α þ 3 b 2 α

2 α þ b 2 α þ 2 b 2 2ð Þ
3 ¼ 0 f or α̂ ¼ b

b þ 3 b 2 4
<  0,  wit h ∂ W C B ð α̂ Þ

∂ α ¼ b 1ð Þ 6

b þ 2 b 2 2ð Þ
2

3 b þ 4ð Þ 4

3 b 2 4ð Þ
3 < 0 : T h e n α̂ i s a  m a xi-

m u m b ut it i s n ot a f e a si bl e l e v el of pri v ati z ati o n b e c a u s e it i s n e g ati v e.  N ot e t h at si g n ∂ W C B

∂ α ¼ si g n b þ 2 b 2 2 i n t h e r el e v a nt i nt er v al of

v al u e s f or α a n d b , t h e n if b > ð < Þ
ffiffiffiffi
1 7

p
1

4 it h ol d s t h at ∂ W C B

∂ α > ð < Þ0.  C o n s e q u e ntl y if b <
ffiffiffiffi
1 7

p
1

4 t h e n α B C ¼ 0, a n d if b >
ffiffiffiffi
1 7

p
1

4 , t h e n

α B C ¼ 1 b 2

b 2 þ b 1
,  w hi c h i s t h e t hr e s h ol d f or α f or e q uili bri u m st a bilit y t o e xi st i n t h e C B s u b g a m e ( s e e  Pr o p o siti o n 1 ). W C B ðα C B

1 Þ ¼ 8 b þ 7
8 b þ 1ð Þ 2 ,

W C B ðα C B
2 Þ ¼ 4 b þ 1 5 b 2 þ 8 b 3 þ 3 b 4 þ 6 b 5 þ 3 b 6 4

2 b 2 b þ 2ð Þ 2 b þ 1ð Þ 2 .

- B C s u b g a m e: ∂ W B C

∂ α ¼ b 1ð Þ 2 b þ 2ð Þ b þ 4 α þ b α 3 b 2 α b 3 α þ b 3

2 α þ b 2 α þ 2 b 2 2ð Þ
3 ¼ 0 i m pli e s t h at α B C ¼ b ð1 b 2 Þ

4 þ b 3 b 2 b 3 , a n d ∂ 2 W B C ðα B C Þ
∂ α 2 ¼ 1

b 1ð Þ b þ 2ð Þ 2

b þ 3 b 2 þ b 3 4ð Þ
4

b þ 1ð Þ 3 3 b 2 4ð Þ
3 < 0 :

W B C ðα B C Þ ¼ b þ 5 b 2 þ b 3 7
2 b þ 1ð Þ 3 b 2 4ð Þ

:

Pr o of of Pr o p o siti o n 5.  Pr o of i s str ai g htf or w ar d fr o m c o m p ari s o n s b et w e e n o pti m al v al u e s of α gi v e n b y ( 1 4 ) a n d b et w e e n t h e

r e s ulti n g  w elf ar e f or e a c h s u b g a m e:

-  C o m p ari s o n of t h e o pti m al l e v el of pri v ati z ati o n: α C B
2 α C C ¼ 1 bð Þð 2 b þ 4 b 2 þ b 3 4 Þ

3 b 4ð Þ b þ b 2 1ð Þ
> 0 ( n ot e t h at b þ b 2 1 > 0 f or t h e v al u e s of b t h at

d efi n e α C B
2 Þ, α C B

2 α B C ¼ 2 b þ 2ð Þ b 1ð Þ 2 b þ 1ð Þ 2

b þ b 2 1ð Þ b þ 3 b 2 þ b 3 4ð Þ
> 0, α C C α B C ¼ b 4 ð1 b Þ

3 b 4ð Þ b þ 3 b 2 þ b 3 4ð Þ
< 0 : It f oll o w s t h at

α C B
2 > α B C > α C C > α B B ¼ α C B

1 ¼ 0 :

-  C o m p ari s o n of t h e o pti m al l e v el s of  w elf ar e: W B B ðα B B Þ W B C ðα B C Þ ¼ 1
2 b 2 b þ 1ð Þ b 1ð Þ 3

3 b 2 4ð Þ b 2 2ð Þ
2 < 0,

W C C ðα C C Þ W B B ðα B B Þ ¼ 1
2 b 2 b 1ð Þ 2 b 2 3

b þ 1ð Þ 3 b 2 4ð Þ b 2 2ð Þ
2 < 0,

W C B ðα C B
1 Þ W C C ðα C C Þ ¼ 1

8
b 2

3 b 2 4ð Þ b þ 1ð Þ 2 < 0, W C B ðα C B
2 Þ W C C ðα C C Þ ¼ 1

2

2 b 6 b 2 þ 2 b 3 þ 3 b 4 þ 4ð Þ
2

b 2 3 b 2 4ð Þ b þ 2ð Þ 2 b þ 1ð Þ 2 < 0 : It f oll o w s t h at

W B C ðα B C Þ > W B B ðα B B Þ > W C C ðα C C Þ > W C Bi ðα C B
i Þ :

Pr o of of Pr o p o siti o n 6. Φ C C ðα C C Þ Φ B C ðα B C Þ ¼ 1
2 b 2 1 bð Þ 1 2 b 1 9 b 2 þ 8 b 3 þ 6 b 4 þ 1 6

3 b 4ð Þ b þ 1ð Þ 3 b 2 4ð Þ b þ 3 b 2 þ b 3 4ð Þ
< ð > Þ0 if b < ð > Þ0 :8 5 9 8 4,

Φ C B ðα C B
1 Þ Φ B B ðα B B Þ ¼ 1

8 b 2 3 b 2 4

b þ 1ð Þ 2 b 2 2ð Þ
2 < 0,

Φ C B ðα C B
2 Þ Φ B B ðα B B Þ ¼ 1

2
2 0 b 1 0 8 b 2 þ 7 b 3 þ 1 6 9 b 4 þ 4 3 b 5 9 7 b 6 4 1 b 7 þ 1 8 b 8 þ 1 1 b 9 þ b 1 0 þ 1 6

b b þ b 2 1ð Þ b þ 2ð Þ 2 b þ 1ð Þ 2 b 2 2ð Þ
2 <  0 f or b > 0 :3 2 8 8 1 (r e c all t h at α C B

2 st a n d s f or

b > 0 :7 8 0 7 8 Þ:

T h e n, c h o o si n g pri c e i s d o mi n a nt str at e g y f or t h e pri v at e fir m if b < 0 :8 5 9 8 4 :

π C C
2 ðα C C Þ π C B

2 ðα C B
1 Þ ¼ b 2

4
7 b 2 8

b þ 1ð Þ 2 3 b 2 4ð Þ
2 < 0,

π C C
2 ðα C C Þ π C B

2 ðα C B
2 Þ ¼  2 b þ 1 4 b 2 þ 2 b 3 3 b 4 1 2 2 b 6 b 2 þ 2 b 3 þ 3 b 4 þ 4

b þ 2ð Þ 2 b þ 1ð Þ 2 3 b 2 4ð Þ
2 <  0 f or α ,b � ½0, 1 ,

π B C
2 ðα B C Þ π B B

2 ðα B B Þ ¼
b 2 7 b 2 þ b 4 þ 8ð Þ b 1ð Þ 2

b 2 2ð Þ
2

3 b 2 4ð Þ
2 < 0 :

T h e n, c h o o si n g pri c e i s d o mi n a nt str at e g y f or t h e pri v at e fir m.
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