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1 | INTRODUCTION

The standard survival model assumes that, if there is no censoring, at some point all individuals will experience the event
of interest. However, cure models have been developed because there are many situations in which this assumption is
not appropriate. In clinical settings, for example, it is very unlikely to have any recurrence of some tumors later than a
certain period after radiation treatment. Such examples can be found in many other disciplines: some people will never
get married, one-child mothers will never have a second child, some workers will never get a career shift, etc. In most
literature, subjects in which an event will never take place are referred to as cured subjects.

The mixture cure model, originally proposed by Boag (1949), has received much attention in recent years. It assumes that
the population is a mixture of cured and susceptible individuals. Note that here a “cured” individual is defined as being
free of experiencing the event of interest, not necessarily cured in medical terms. The goal is to model the probability of
cure and the survival function of the uncured subjects, also called latency. There has been substantial work on the mixture
cure model, mostly with a (semi)parametric approach (see Amico & Van Keilegom, 2018; Maller & Zhou, 1996; Patilea &
Van Keilegom, 2020, and references therein). These models are constructed under different (semi)parametric frameworks
for the proportion of long-term survivors and/or the latency. However, when the underlying functions cannot be well
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approximated by the assumed (semi)parametric structures, applying those models will lead to biased estimates. Therefore,
it is important to have completely nonparametric methods to model survival data with a cure fraction. Maller and Zhou
(1992) proposed a consistent nonparametric estimator of the cure rate but their method cannot handle covariates. Based
on the estimator of the conditional survival function in Beran (1981), Xu and Peng (2014), Lopez-Cheda, Cao, et al. (2017),
Lopez-Cheda, Jacome, et al. (2017), and Lépez-Cheda et al. (2020) developed nonparametric methods for the mixture cure
model in the presence of covariates.

Absence of an individual’s cure status (i.e., cured, uncured) is an important challenge for cure models. A subject who
experiences the event is known to be uncured. However, censoring prevents from observing whether a censored subject
would experience the event eventually. This hinders the classification of the censored observations as cured or uncured.
In this situation, it is customary to assume no additional information on the cure status of the censored individuals, thus,
to model the cure status as a latent variable. Nonetheless, there are situations in which some of the censored individuals
can be identified to be immune to the event of interest, that is, to be cured. For example, based on the result of a diagnosis
procedure, some patients could be assumed to be cured from a given disease. Also, for some types of cancer it is extremely
unlikely to have any recurrence later than a given fixed time after treatment, known as a cure threshold. Another example
of asituation with individuals known to be cured is the analysis of hospital bed and intensive care unit (ICU) occupancy. In
this, it is important to estimate the distribution of time a patient will be in the hospital ward or ICU, specifically, modeling
the time a patient stays in the hospital ward until admitted to the ICU. In the language of cure models, all patients who
have died or have been discharged from the hospital bed without entering the ICU are censored and are known to be cured
from the ICU admission. This is of great interest to hospital management, particularly in outbreaks of epidemic diseases
such as the novel coronavirus disease.

Few authors have explored cure models when the cure status is known for some censored observations. Laska and Meis-
ner (1992) and Betensky and Schoenfeld (2001) discussed nonparametric cure rate estimation with cure status available,
but neither of them considered the presence of covariates. Nieto-Baraja and Yin (2008) proposed a Bayesian semipara-
metric approach for estimating a survival function with a cure fraction in the presence of covariates. A semiparametric
approach based on a Cox proportional hazards cure model when cure information is partially known was studied by Wu
et al. (2014). Bernhardt (2016) proposed a flexible cure rate model with potentially known cure threshold and showed that
ignoring a known cure threshold may lead to biased estimates. Recently, Chen and Du (2018) developed a nonparametric
approach to modeling the covariate effects under the framework of promotion time. They considered a fixed cure thresh-
old, so that observations censored at times larger than that are assumed to correspond to cured subjects. Contrary to the
methods mentioned, in this paper we develop a completely nonparametric mixture cure model with covariates that can be
applied in general situations, in which the identification of the cured individuals does not depend on a fixed cured thresh-
old. Examples of situations in which a fixed cure threshold cannot be assumed were mentioned above: a study in which
a diagnostic procedure is used to discriminate between cured and uncured subjects, or a study of time to ICU admission
of hospital inpatients, in which discharge or death can occur before ICU admission. Therefore, we propose a generalized
product-limit estimator of the survival function that extends Beran’s estimator when cure status information is available.
From the proposed survival function estimator, further methods for the estimation of the cure rate and latency functions
can be derived, in the spirit of Xu and Peng (2014), Lépez-Cheda, Cao, et al. (2017), Lopez-Cheda, Jacome, et al. (2017),
and Lépez-Cheda et al. (2020).

This paper is organized as follows. In Section 2, after specifying the model notations, new estimators of the conditional
cumulative hazard and survival functions are proposed, and some asymptotic results for them are given. For the choice
of the bandwidth we propose a bootstrap procedure in Section 3. In Section 4, we study the efficiency of the estimator of
the survival function with a simulation study in which our estimator is compared to Beran’s estimator, which ignores the
available cure status information, as well as to the semiparametric estimator proposed by Bernhardt (2016). In Section 5,
the estimator is applied to estimate the distribution of the time to death from sarcoma cancer of 233 patients from the
University Hospital of Santiago de Compostela, Spain. Section 6 contains a discussion and thoughts for future work.

2 | MIXTURE CURE MODEL WHEN CURE STATUS IS PARTIALLY KNOWN
2.1 | Model notation

Let Y be the survival time, C the random censoring time, and X a vector of covariates. Assume that the survival time Y is
subject to random right censoring, so that instead of observing Y, only T = min(Y,C) and § = 1(Y < C) can be observed.
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The random variables Y and C are assumed to be conditionally independent given X = x. Let F(¢|x) = P(Y < t|X =Xx)
denote the conditional distribution function of Y and G(¢|x) = P(C < t|X = x) denote the conditional distribution func-
tion of C. Itis assumed that X, Y, and C are absolutely continuous. We set Y = oo if the subject is cured. Let v = 1(Y = o)
be an indicator of being cured. Note that v is partially observed because § = 1 implies v = 0. In addition, when the
cure status is partially known, v = 1 is also observed for some censored individuals. Suppose that & indicates whether
the cure status is known (£ = 1) or not (§ = 0). Hence, the observations {(X;, T;, §;, &;, §;v;) : i = 1,...,n} can be classi-
fied into three groups: (a) the individual is observed to have experienced the event and therefore known to be uncured
X;, T; =Y;,6; = 1,& = 1,&v; = 0); (b) the lifetime is censored and the cure status is unknown (X;, T; = C;,8; = 0,§; =
0, &;v; = 0); and (c) the lifetime is censored and the individual is known to be cured (X;,T; = C;,8; = 0,§; = 1,&v; = 1).
The probability of cure is 1 — p(x) = P(Y = o|X = x), and the conditional survival function of the uncured individu-
als, also known as latency, is Sy(t|x) = P(Y > t | Y < 00, X = x). The mixture cure model writes the survival function
S(t|x) =1—F(t|x) = P(Y > t|]X =X) as

St|x)=1-pE) + pE)Sy(t|x). O

Assuming model (1), the cure rate and the latency can be written in terms of the survival function S(¢|x) as follows:

S(t | x) —{1 - p(x)}
p(x) '

1-px) = tlirgloS(t [ x) >0, Sp(t|x)=

Therefore, the availability of a suitable estimator of S(t|x) would yield appropriate estimators of the cure probability
and the latency directly.

One key issue in cure models is identifiability. This arises because of the lack of cure status information at the end of the
follow-up period, hence resulting in difficulties in distinguishing models with high incidence of susceptibles and long tails
of the latency distribution from low incidence of susceptibles and short tails of the latency distribution (Li et al., 2001).
Following the argumentation of Hanin and Huang (2014), who discussed in detail the identifiability of the mixture cure
model, model (1) is identifiable if the latency function is proper. Thus, we assume that lim,_, .,So(¢|x) = 0 for all x. This
condition is similar to the zero-tail constraint in Taylor (1995), Lopez-Cheda, Cao, et al. (2017), and other papers.

2.2 | Proposed estimators

Without loss of generality, for simplicity we only consider a single continuous covariate X with density function m(x). As
shown in the Appendix, an estimator of the conditional cumulative hazard function of Y, A(¢|x), when the cure status is
partially known is

N - 8B ()1 (T < t
A=Y (i1Brii) D1 (T <1)

. , @)
-1
= X By () + X B ()L (§jyv = 1)

where X1, dy;, §[;}» and vy;) are the concomitants of the ordered observed times T(;y < - - - < T,); By;)(x) are the
Nadaraya-Watson weights,

K (x = Xp)
Z;‘lleh (x —X;)

By (x) =

and K, (-) = K(-/h)/h is a kernel function K(-) rescaled with bandwidth h. We work with Nadaraya-Watson kernel esti-
mates because it is the natural choice for random design regression.

The corresponding product-limit estimator of the conditional survival function S(¢|x) when the cure status is partially
known, is

. S1iyBuji) ()1 (T < t)

Slx=[]1-

n i— (3)
= EBu (0 + By (01 (G = 1)
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An important feature of these estimators is that subjects who are known to be cured below time T ;) remain in the risk set,
that is, they are counted in the denominator. In the following, we also refer to this estimator as 1 — F ;(t|x). A motivation
for estimators (2) and (3) is given in the Appendix.

Proposition 1. The proposed estimator §;(t|x) has the following general properties.

1. When there are no censored observations known to be cured, that is, £;v; =0 fori =1, ...,n, §;(t|x) reduces to Beran’s
estimator:

~ z S1)Bhyi) ()1 (T < t
Sl =[[d1-0 i () (T <)
i=1 2 j=iBnij) ()

)

2. In the specific case when some individuals are observed as cured when their survival time exceeds a known fixed cure
threshold, S;"l(t |x) also reduces to Beran’s estimator in (4).

3. When there is no censoring, §fl(t|x) reduces to the kernel-type estimator of the conditional survival function (Nadaraya,
1964):

S~h (t | )C) = ZBh[l] (X)l (T(l) > l') .
i=1

4. In an unconditional setting, the proposed estimator is

~ z Sl (T <t
so=T]- i (T < ¢)

. i—1
=1 on—i+ Y (g = 1)

In the particular case where an individual is known to be cured only if the observed time is greater than a known fixed
time, say d, :S'\,Cq(t) reduces to the generalized maximum likelihood estimator in Laska and Meisner (1992).

The proof of these properties is outlined in the Appendix.
Proposition 2. Thel — F Z(t |x) estimator in (3) is the nonparametric local maximum likelihood estimator of 1 — F(t|x).

The proof of Proposition 2 is given in the Appendix.

2.3 | Asymptotic results

In this section, we investigate the asymptotic properties of /A\‘;l(tlx) and §fl(t|x). In order to prove our asymptotic results,
we consider the following (sub)distribution functions:

H({|x)=P(T<t|X=x),
HW(t|x)=P(T <t,6=1|X=x),
HYt|x)=P(T<t,{=1,v=1|X=x),

Jt|x)=1—H(|x)+H" (t | x),

and Assumptions 1-8. Assumptions such as these have been commonly used in literature; see, for example, Iglesias-Pérez
and Gonzalez-Manteiga (1999).
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Theorems 1 and 2 present the asymptotic representations of IA\Z(t |x)and1 — F ,(t]x), respectively. Based on these results,
in Corollary 1 we show that IA\Z(t|x) and1-F ;(tlx) are strongly consistent estimators of A(¢|x) and 1 — F(¢|x), respec-
tively. The asymptotic normality of 1 — F ,(t|x) is proved in Theorem 3.

Theorem 1. Suppose that Assumptions 1-8 hold, and the bandwidth h = (h,,) satisfies h — 0,logn/(nh) - 0 and
nh®/logn = O(1) as n — 0. Then, for x € I,t € [a, b] we have

R 1) = A1 x) = X B ()¢ (T8, &, vi, LX) + Ry (8,),

i=1

with
LT <1,5,=1) ! G dH' (v ] x)
$(T3, 65,60, vit,x) = W _/o 1T 20)+1(T; <v,§v; = 1)}m, 5)
~ 1 1 x—Xi
B ) = s ok (553, ©

where R, (t, x) satisfies

sup |R,(t,x)|=0 {(nh)_3/4(log n)3/4} almost surely.

a<t<b,xel

Theorem 2. Suppose that Assumptions 1-8 hold, and the bandwidth h = (h,,) satisfies h — 0,logn/(nh) - 0 and
nh’/logn = O(1) as n — oo. Then, for x € I,t € [a, b] we have

Byt 1x)=F(t|x)={—=F (|} ) Bu()¢ (T, 60,vi,1,X) + Ry (8,%),
i=1

where ¢(T;, 8, &, v;, £, x) is defined in (5), By,;(x) in (6) and R,»(t, x) satisfies

sup |R,(t,x)|=0 {(nh)_3/4(10g n)3/4} almost surely. (7)

a<t<b,xel

The sketch of the proofs of Theorems 1 and 2 is outlined in the Supporting Information. The detailed proofs follow that of
Theorem 2 of Iglesias-Pérez and Gonzalez-Manteiga (1999) for Beran’s estimator. As an immediate consequence of these
theorems, the following corollary on the strong consistency of the estimators /A\Z(t |x)and 1 — F' Z(tlx) is obtained.

Corollary 1. Suppose that Assumptions 1-8 hold, and the bandwidth h = (h,,) satisfies h — 0,logn/(nh) - 0 and
nh’/logn = O(1) as n — 0. Then, for x € I,t € [a, b], we have

sup | A5 ([0 = A |2 =0 { )

(log n)l/2 } almost surely,
a<t<b,xel

and

sup | By (t1%)—F(t]x)1=0{m "/

a<t<b,xel

(log n)l/ 2 } almost surely.

The proof of Corollary 1 is outlined in the Appendix.
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Proposition 3. Suppose that Assumptions 1-8 hold, and the bandwidth h = (h,) satisfies h — 0,logn/(nh) — 0 and
nh®/logn = O(1) as n — 0. Then, the bias and variance of 1 — F Z(tlx) are, respectively,

Hne(t, ) = B8, ) +0 (K), 0} (%) = (nh)'s3(t,x) + O(n ™" ), ®)
with
Bt ) = LD F 0N e b 0)m’ () + O (b x)m ()i ©)
2m(x)
25
2t x) = LECIDF @t x)ek o

m(x)
where dy = [ V2K (v)dv,cx = [ K*(v)dv,
q)c(y,[,X) =E{§(T,5,§,V,[,X) |X =y}9 CD;: (y,t,X) =E{§2(T,5,§,V,[,x) |X ZY},

with {(T,8,&,v,t,x) given in (5). Besides, ®.(y,t,x) and ®/(y,t, x) are the first and second derivatives of ®.(y, t, x) with
respect to y.

The proof of Proposition 3 is outlined in the Appendix. The following theorem, whose proof is in the Appendix, establishes
the asymptotic normality of 1 — F\;(t | x).

Theorem 3. Suppose that Assumptions 1-8 hold, then, for x € I and t € [a, b] it follows that

(i) ifnh® - 0and (logn)®/(nh) — 0, then

1/2

(nh) {ﬁ;(t | x) = F(t | x)} — N(0,s2(t, x)) in distribution;

(ii) ifnh®> - C> > 0, then
(nh)'? {FS(t | x) = F(t | )} = N(C/2B,(t, x),53(t, X)) in distribution,

with B.(t, x) given in (9), s3(t, x) in (10) and C is constant.

2.4 | Effect ofignoring the cure status

In this section, we make a theoretical comparison between the proposed estimator 1 — ﬁ;(tlx) and Beran’s estimator.
The asymptotic properties of Beran’s estimator were obtained by Iglesias-Pérez and Gonzalez-Manteiga (1999) and Van
Keilegom and Veraverbeke (1997), among others. More precisely, in order to understand the effect of ignoring the cure
status, the dominant terms of the bias and variance of Beran’s estimator are compared with those of the proposed estimator.
The asymptotic bias and variance of Beran’s estimator are, respectively,

pn(t,x) = BB(t,x) + O (h*) and o2(t,x) = (nk) "' s2(t,x) + O(n~"h), 1)
with

1—F (| x)}29 (x,t,x)m’' (x) + " (x,t,x) m (x)}dx

Bt x) = 2m (x)

(12)
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and

{1-F (| x)P®, (x,t,x)cg

s2(t,x) = s

; (13)

where, see Lemmas 4 and 5 in Lopez-Cheda, Jicome, et al. (2017),

‘dH' (1Y) " 1-H@ |y
x)= | ——— [ gyt :
P (y,t,x) /0 T Ho [0 /O PR H'(v|x)

t
q)l (X, t’ x) = / le)z, (14)
o {1-H(v™ | x)}

and ®'(y, t,x) and @ (y, t, x) are the first and the second derivatives of ®(y, t, x) with respect to y. Expressions (11)-(13) for
Beran’s estimator are equivalent to the bias and variance terms (8)-(10) for §2(t | x), replacing ®(x, t, x) and ®{(x, ¢, x)
with ®(x, t, x) and ®,(x, ¢, x), respectively. From Lemmas 2 and 5 in the Supporting Information, we have

"1-H@ | y)+H" (v |y)

' dH' (v | y)
®c s by = -
0.5,%) /0 1-H(@~ [x)+H" (v~ | x) /o{1—H(u—|x)+H11(u—|x)}2

t

dH' (v | x),

dH' (v | x)
0 {1—H(@ | x)+H@- | )P

@f (x,t,x) =

As for the variance, when the cure status information is ignored then H H(t]x) = 0 for all t and x. Therefore, @i (x,t,x) <
®,(x,t,x). Note that when the same bandwidth is used for both estimators, ignoring the cure status increases asymptoti-
cally the variance of the estimator.

Returning to the bias, by applying Lemma 3 in the Supporting Information, we have

S 1x)

@p (x,t,x) = D' (x,t,x) = — ,
e (x, 1, %) (x, t,x) St 1)

where S’(t|x) is the derivative of S(¢|x) with respect to x, meaning that the effect of knowing the cure status on the bias
is given by ®//(x, t, x). From Lemma 4 in the Supporting Information,

with
1=Ge(t | x)=1-=G(t | x)+ m(t, x){1 — p(x)}G, (¢t | x),
where
mx)=PE=1|v=1,C<t,X=x), G (t|x\)=P(C<t|v=1X=x), (16)

and S’(t|x), S”(t|x) and G'(t | x) refer to the derivatives with respect to x. If the cure status is ignored, that is, 77, (x,t) = 0
for all ¢ and x, then (15) reduces to

t / - !/
ey gL d{smx)}
0

S" (" 1x)
1-G@ | x)ds | S(s|x)

St %)

S=v"
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In terms of bias, the advantage of knowing the cure status is not straightforward as it depends on the derivative with
respect to x of the cure probability 1 — p(x) and the functions 7;(t, x) and G,(¢, x) in (16). This implies that there is no
guarantee that there will be a gain in terms of bias for the proposed estimator with respect to Beran’s estimator.

3 | BANDWIDTH SELECTION

Bootstrap procedures have been successfully used to address the issue of bandwidth selection in the context of the mixture
cure model (Lopez-Cheda, Cao, et al., 2017; Lépez-Cheda, Jacome, et al., 2017). Next, we propose a bootstrap bandwidth
selector to choose the smoothing parameter & of the proposed estimator §Z(t|x). The bootstrap bandwidth, k3, is the
bandwidth minimizing the bootstrap version of the mean integrated squared error (MISE). This bootstrap MISE can be
approximated using Monte Carlo by

B 2
MISE,(h) = %gi / {§;’*b(u | x)— St (v x)} w(v, x)dv, a7

where §Z’*b(t|x) is the proposed estimator computed with the bth bootstrap resample and a bandwidth h, and §§x(t|x) is
the same estimator computed with the original sample and with a pilot bandwidth g,. Note that w(v, x) is a nonnegative
weight function, intended to give lower weight in the right tail of the distribution. The algorithm to compute the bootstrap
bandwidth for a fixed covariate value x, is as follows:

Step 1. With the original sample and the pilot bandwidth g,, compute §§x (t]x).

Step 2. Choose a dense enough grid of L bandwidths {h, ..., hy }.

Step 3. Generate B bootstrap resamples {(Xi(b), Tl.*(b), 5;(1)), é'li*(b), 5;(1’)7/?(17)) :i=1,..,n} forb=1,..,B.
Step 4. For the bth bootstrap resample and the bandwidths h;, forl =1, ..., L, compute ./S\Z’l*b(tlx).

Step 5. For h;,l =1, ..., L, compute the Monte Carlo approximation of MISE%(h;) given by (17).

Step 6. The bootstrap bandwidth, h, is the bandwidth of the grid {h, ..., h; } that minimizes the approximation of MISE . (h)
in (17).

The bootstrap resamples in Step 3 are generated as follows: fix x, for i = 1,...,n, set X" = X; and generate a 4-tuple
(T},67,§, & v)) from the weighted empirical conditional distribution of {(T1, 81, §1, §1v1), s (T, 0, §s §nVi)}:

n
ﬁgx(t,d,w,z | x) = Zngi(x)l (T; £t,6; <d, & <w, &v; < 2),
i=1

where B, ;(x) are the Nadaraya-Watson weights with bandwidth g,.

The pilot bandwidth g, should tend to O at a slower rate than h}. This oversmoothing pilot bandwidth is required for the
bootstrap integrated squared bias and variance to be asymptotically efficient estimators of the integrated squared bias and
variance terms. For practical applications we recommend to use g, = c,n~'/?, as suggested by Li and Datta (2001), which
coincides with the optimal order obtained by Cao and Gonzalez-Manteiga (1993) for the uncensored case. Simulation
results in the Supporting Information (see also Lépez-Cheda, Cao, et al., 2017; Lopez-Cheda, Jacome, et al., 2017) show
that the choice of the pilot bandwidth has a small effect on the selected bootstrap bandwidth. We propose to use the same
local pilot bandwidth as in Loépez-Cheda, Cao, et al. (2017) and Lopez-Cheda, Jacome, et al. (2017):

_ df(x) +d; (x) .

g = > 00"/%n=1/°,
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where d; (x) and d_(x) are the distances from x to the kth nearest neighbor on the right and left, and k is a suitably chosen
integer depending on the sample size. If there are not at least k neighbors on the right (or left), we use d; (x) = d (x) (or
d, (x) = d;(x)). Following Lépez-Cheda, Cao, et al. (2017) and Lopez-Cheda, Jacome, et al. (2017), we suggest setting
k = [n/4].

4 | SIMULATION STUDY

We studied the practical performance of §fl(t|x) through a simulation study. We considered the conditional survival func-
tion S(t|x) = 1 — p(x) + p(x)Sy(t]|x), where

exp (—a(x)t) —exp (—a(x)4.605)

0<t<4.605 + 20
So(t]x)= 1 —exp (—a(x)4.605) - , a(x) =exp <x 0 >
t > 4.605
We simulated two scenarios given by the cure rates:
exp (0.476 + 0.358x) 1 5
1- =1- , 1-— =0.5— .
pi(x) 1+ exp (0.476 + 0.358x) P2(¥) 16000~

The censoring variable C was generated from an exponential distribution with mean 10/3. The covariate X was uni-
formly distributed on the interval [—20, 20]. The percentage of censoring was 54% and the average cure probability 0.467
in Scenario 1, whereas in Scenario 2, 61% of the observations were censored and the average cure probability was 0.5. In
both scenarios, the proportion of the identified cured individuals was 7 = 0.2,0.8 and 1. Data were generated so that the
censoring times C and the lifetimes Y were independent conditionally on X. We generated 1000 datasets of sample sizes
n = 50,100, and 200. This section contains the results for 7 = 0.8 and n = 100; the rest of the results can be found in the
Supporting Information.

Our first goal was to evaluate the performance of §§l(t|x) in terms of the MISE. It was approximated over a grid of
bandwidths equispaced in a logarithmic scale, from h; = 3 to h;oy = 20 in Scenario 1, and from h; = 4 to h;p; = 100 in
Scenario 2. For the weight function we chose w(t, x) = 1(a, <t < b,) where a, = 0 and b, = 7,, the 90th percentile of
So(t]x). We compared §Z(t |x) computed in a grid of bandwidths with Beran’s estimator, S,,(t|x), computed with the opti-
mal bandwidth. The semiparametric estimator by Bernhardt (2016), which fits a logistic regression for the cure probability
and seminonparametric accelerated failure time model for the latency function, was also considered for comparison. The
semiparametric estimator is expected to perform well in Scenario 1. We chose the Epanechnikov kernel to compute §;(t|x)
and §h(t|x).

Figure 1shows the MISE curves of the three estimators. In Scenario 1, as expected, the semiparametric estimator behaves
well. Nevertheless, both §fl(t|x) and §h(t|x) are quite competitive for suitable values of the bandwidth, even beating the
semiparametric estimator for some values of X close to 0 and 20. In Scenario 2, both nonparametric estimators outperform
the semiparametric estimator. Taking into account the known cure status gives either similar or better results than ignoring
it for most values of X, especially in Scenario 2 (see Figure 1). In Table 1, the performance of the estimators is compared
in terms of the integrated squared bias, integrated variance and MISE for the covariate values x = —10, 0, and 10. In both
scenarios, at x = —10, the proposed estimator has smaller integrated squared bias and variance than Beran’s estimator.
On the contrary, for x = 10, the integrated squared bias and variance of Beran’s estimator is smaller compared to §;(t|x)
estimator. As expected, the integrated squared bias and variance estimates for the semiparametric estimator are larger in
Scenario 2.

The performance of the bootstrap bandwidth selector was assessed using B = 1000 resamples and an increased grid of
bandwidths from 1.5 to 100 for both scenarios. Figure 2 displays the quartiles of the selected bootstrap bandwidths together
with the optimal bandwidth. Corresponding contour plots in Figure 3 show the density of the bootstrap bandwidths and
the MISE of §;(t|x) as a function of the bandwidth /4 and the covariate value x. Figure 4 shows the MISE of §;(t|x)
as a function of the bandwidth h, for four values of the covariate. Figures 2 and 3 illustrate that the bootstrap bandwidth
approximates quite well the optimal bandwidth. Note that in Figure 3 vertical contour lines indicate that, given x, the MISE
of §Z(t|x) tends to be constant as a function of h. Therefore, different bandwidths would yield approximately the same
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FIGURE 1 MISE of the proposed estimator §Z(t|x) for a selection of 25 bandwidths from the lowest (darkest gray line) to the highest
(lightest gray line) in Scenario 1 (left) and Scenario 2 (right). Also §h(t|x) computed with the optimal bandwidth (solid black line), and of the
estimator by Bernhardt (2016) (dashed black line)

TABLE 1 Integrated squared bias (Ibias?), integrated variance (Ivar), and MISE of the proposed estimator, .’S\;(tlx), Beran’s estimator,
S,,(t]x) (both computed with the optimal bandwidth), and the semiparametric estimator by Bernhardt (2016)

Proposed Beran Semiparametric
Ibias? Ivar MISE Ibias? Ivar MISE Ibias? Ivar MISE
Scenario  x h x10° x10°  x10° h x10° x10°  x10° x10° x10°  x10°
1 —10 6.582 0.119 1.022 1.141 6.334 0.163 1.177 1.340 0.002 0.299 0.301
0 20.000 0.371 1.834 2.205 20.000 0.119 1.927 2.046 0.035 5.274 5.310
10 12.152 0.375 2.902 3.277 12.387 0.355 2.885 3.240 0.372 2.337 2.709
2 -10 25.874 0.076 2.206 2.282 23.492 0.065 2.501 2.566 2.795 2.330 5.125
0 36.867 0.058 1.517 1.575 30.392 0.151 1.632 1.783 0.037 1.652 1.689
10 26.721 0.103 1.474 1.577 28.497 0.058 1.492 1.550 2171 2.109 4.280
[ )
| 1
o _| o | | !
@ D | \
| 1
| 1
1 1
1 1
2 i c \
& 1 & )/ \

40

20
1

Covariate X Covariate X

FIGURE 2 Median (solid black line) and first and third quartiles (dashed lines) of the bootstrap bandwidths for §ﬁ(t|x) in Scenario 1 (left)
and Scenario 2 (right). The optimal bandwidth (solid gray line) is displayed as reference
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Bandwidth h
Bandwidth h

Covariate X Covariate X

FIGURE 3 Contour plots of the MISE of §;(I |x) as a function of the bandwidth h and the covariate value x in Scenario 1 (left) and Scenario
2 (right). For each value of covariate, the optimal bandwidth is marked with a cross. The density of the bootstrap bandwidths is shown in gray
scale
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FIGURE 4 MISE of §§l(t|x) as a function of the bandwidth h for four different values of the covariate x = —10 (solid line), x = 0 (dotted),
x = 5 (dot-dashed) and x = 10 (long dash) in Scenario 1 (left) and Scenario 2 (right). For each value of the covariate, the optimal bandwidth
where the minimum MISE is reached is marked with a cross

MISE. In those cases, the bootstrap bandwidth being far from the optimal bandwidth does not imply a loss of efficiency.
Similar results are observed in Figure 4. For example, let us consider x = 0 in Scenario 2, we see that the MISE initially
decreases as the bandwidth increases, although afterward it becomes constant.

5 | APPLICATION TO REAL DATA

To illustrate the practical performance of S‘\Z (t]x), we considered a dataset of 233 patients of sarcoma cancer aged 20-90
from the University Hospital of Santiago de Compostela, Spain (CHUS). Sarcoma is a rare type of cancer that represents 1%
of all adult solid malignancies. If a tumor can be surgically removed to render the patient with sarcoma free of detectable
disease, 5 years is the survival time at which sarcoma oncologists assume long-term remissions (Choy, 2014). Overall, 59
patients died from sarcoma, and the remaining 174 patients were censored. Among censored patients, 18 patients were
tumor free for more than 5 years. Hence, they were assumed to be long-term survivors. The aim was to estimate the
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TABLE 2 Descriptive demographic and clinical characteristics of sarcoma patients stratified by age, sex, location of the sarcoma,
metastatic, and the margin status
Censored
Characteristics n (%) Death Cured Unknown
Age?
<60 105 (45.3) 25 71
>60 127 (54.7) 33 85
Sex
Male 100 (42.9) 25 7 68
Female 133 (57.1) 34 1 88
Tumor site?
Retroperitoneal 86 (37.2) 28 4 54
Extremities 70 (30.3) 14 5 51
Other sites 75 (32.5) 16 9 50
Metastatic*
No 112 (67.1) 11 9 92
Yes 55 (32.9) 32 3 20
Margin status®
Negative 133 (65.8) 26 12 95
Positive 69 (34.2) 17 3 49

Note: In addition, the total number of patients for each subgroup (n), the number of patients died of sarcoma (death), those who were known to be cured (cured),
and those with unknown cure status (unknown) are given.

2A few missing data.

0.8
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0.4

0.0
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0.8

0.4
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Survival probability

08
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FIGURE 5

Time (years)

Time (years)

Time (years)

Survival estimates for sarcoma patients aged 40 (left) and 90 (center) years are obtained with the proposed estimator §Z(t|x)

(solid black line) and Beran’s estimator §h(t|x) (solid gray line), both computed with the corresponding bootstrap bandwidth, and the semi-
parametric estimator of Bernhardt (2016) (dashed gray line). The right figure shows survival estimates stratified by the margin status, negative
margin (solid lines) versus positive margin (dashed lines). These estimates are computed using the proposed estimator Se(¢) (black lines) and
the Kaplan-Meier estimator (gray lines)

survival time of the patients until death from sarcoma as a function of covariates such as the age at diagnosis, sex, tumor
site, cancer spread (metastasis), and the margin status. The variables selected for estimating the survival probabilities
were previously reported to be related to long-term sarcoma survival (Carbonnaux et al., 2019; Daigeler et al., 2014, among
others).

Table 2 shows the descriptive demographic and clinical characteristics of sarcoma patients by age, sex, and relevant
clinical factors. Of the 233 patients, 100 (42.9%) were males. Tumor site was categorized as retroperitoneal, extremities,
or other. Most tumors were found in the retroperitoneum (37%) and in the extremities (30%), with other areas of the body
accounting for about 33%. Fifty-five (32.9%) patients were diagnosed of metastatic sarcoma.

Figure 5 compares the results obtained using the proposed estimator §Z(t|x), which takes into account the 18 long-

term survivors, with Beran’s estimator §h(t|x), which ignores individuals known to be cured and treats them as simply
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censored observations. Both estimators were computed with the corresponding bootstrap bandwidth. The semiparametric
estimator of Bernhardt (2016) was also considered as reference. All estimators show that the survival curve decreases when
age increases from 40 to 90 years. We find the largest differences between the proposed estimator and Beran’s estimator
at the right tail of the distribution, where the survival curve for §;(t|x) is slightly higher. As the cure probability can be
obtained as the limit of S(¢|x) when t — oo using the proposed estimator of the survival curve will yield in higher estimates
of the probability of cure.

On the other hand, the survival curve estimated by the semiparametric estimator of Bernhardt (2016) tends to decrease
much slower than those obtained with the nonparametric estimators §Z(t |x) and S}, (¢|x), suggesting that further testing
is required to provide evidence that assumptions in the semiparametric model are fulfilled.

Figure 5 on the right shows the survival curves of sarcoma patients stratified by the margin status. In this case, the pro-
posed estimator in an unconditional setting §f,(t) is applied and the Kaplan and Meier (1958) estimator is considered as
reference. The survival curves tend to decrease with time in both subgroups. The positive margin survival curve decreases
slightly faster than the negative survival curve. In addition, the distinction between S%(t) and the Kaplan-Meier esti-
mator is found at the right tail of the distribution with the survival curves estimated by St (t) being slightly higher than
the Kaplan-Meir curves. For example, the survival probability, at the tail of the distribution, for patients with negative
margins is around 0.51 when estimated by §§l(t), while it is around 0.47 when estimated by the Kaplan-Meier estimator.
Again, the estimated probability of cure is slightly higher when the survival curve is fitted taking into account the known
cured subjects.

6 | DISCUSSION

The proposed nonparametric estimator of the survival function takes advantage of the additional cure status informa-
tion that Beran’s estimator ignores. As a further step, it could be used to derive nonparametric estimators for the cure
probability and the latency function.

Thus far, the estimation procedure was discussed involving a single continuous covariate. It would be of interest to
extend our estimator to the case of multiple covariates, with X a vector of mixed discrete, categorical, and/or continuous
variables. One possibility is to consider product kernels (Li & Racine, 2008). Another possibility is to use dimension reduc-
tion techniques like a single-index model. Specifically, the idea is to apply the proposed estimator of the survival function
with a new covariate given by an estimator of the index X = 37X, with 8 a parameter vector of the same dimension of X.
Semiparametric index estimation of the conditional distribution in the presence of right censoring was considered recently
by Li and Patilea (2018).

Although the proposed estimator utilizes the cure status information and shows good results both theoretically and
practically, it is not without limitations. It is competitive over Beran’s estimator in terms of the MISE, showing a general
better behavior. But for some values of the covariate, it does not result in an improvement but a slightly worse MISE
performance. The clear gain in terms of the integrated variance could be cancelled out by the integrated squared bias,
which depends on the cure probability, the conditional censoring distribution, and the conditional probability of observed
cured individuals. For the semiparametric estimator by Bernhardt (2016), our numerical experience indicates that if the
sample size is small (<100), it is challenging to obtain stable values for the model parameters.

The R package npcure by Lopez-de-Ullibarri et al. (2020) provides the nonparametric estimation and testing procedures
in mixture cure models proposed by Lépez-Cheda, Cao, et al. (2017), Lopez-Cheda, Jacome, et al. (2017), and Lopez-Cheda
et al. (2020), including Beran’s estimator. The situation when cure status is partially known is not currently supported by
the package but will be considered in future versions. Further, the estimator of the conditional survival function intro-
duced in this paper and subsequent estimators of the cure rate and latency functions will be incorporated in the upgraded
package.
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APPENDIX A
The following assumptions are made.
Assumption 1.

(i) LetI = [x;,x,] be an interval contained in the support of the density function of X, m(x), such that

0 <y = infm(x) < supm(x) =T < o0
)CGIE XGIE

for some I, = [x; —¢,x, + ] with e >0 and 0 < e' < 1. And for all x € I, Y, C are conditionally independent at
X =x.
(i) There exist a,b € R, with a < b satisfying J(t|x) > 6 > 0 for (¢,x) € [a,b] X I,.

Assumption 2. The first derivative with respect to x of function m(x) exists and is continuous in x € I, and the first
derivatives with respect to x of functions H(¢|x), H'(t|x), and H'!(¢|x) exist and are continuous and bounded in (¢, x) €
[0, 00) X I.

Assumption 3. The second derivative with respect to x of function m(x) exists and is continuous in x € I, and the
second derivatives with respect to x of functions H(¢|x), H'(t|x), and H'!(¢|x) exist and are continuous and bounded in
(t,x) € 10,00) X I.

Assumption 4. The first derivatives with respect to t of H(¢|x), H!(t|x), and H'!(t|x) exist and are continuous in (¢, x) €
[a,b] X I.

Assumption 5. The second derivatives with respect to t of H(t|x), H!(t|x), and H'!(¢|x) exist and are continuous in
(t,x) € [a,b] X I.

Assumption 6. The first derivative with respect to x and the second derivative with respect to t of H(t|x), H'(t|x), and
H'!(t|x) exist and are continuous in (¢, x) € [a,b] X I..
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Assumption 7. The (sub)densities corresponding to the (sub)distribution functions H(t|x), H'(t|x), and H''(¢|x) are
bounded away from 0 in [a, b] X I..

Assumption 8. The kernel function K(v) is a symmetrical density with zero mean, vanishing outside (—1, 1), and the
total variation is less than 1 < oo.

Motivation of the proposed estimators. The cumulative hazard function A(¢|x) can be written as follows:

At | x) = / dF (U | x) 3 t {1 -G | x)+ G (v | x)} dF( | x)

1-F@ [x) o {1=G~ | x)+ G (v~ | x)}{1—F(v~ | x)} (AD

where G'(t|x) = P(C <t,& = 1,v = 1]X = x) is the conditional censoring subdistribution of the individuals observed to
be cured. The numerator in (A1) is dH(t | x):

t
/ {1-G™ | x)+G"(v™ | x)} dF(v | x)
0

t t
=/P(CZU|X=x)dF(v|x)+/P(C<v,§=1,v=1|X=x)dF(v|x)
0 0
=P(Y<t,C>Y|X=x)+P(Y <t,C<Y,E=1Y =0 | X =X)
=P(T<t,d=1|X=x)=H(t|x). (A2)
Similarly, the denominator in (A1) is J(t | x):
{1-G@ | x)+ Gt~ | x)} {1 =F(t™ | x)}
={PC>2t|X=x)+PC<t,€=1v=1|X=x)}P(Y >t |X =Xx)
=PY >t,C>2t|X=x)+PY >t,C<t,f=1v=1|X=Xx)
=PT>t|X=x)+PT<t,f=1v=1|X=x)

=1-H{ | x)+HY (¢ | x)=J@1 | x). (A3)

Taking (A2) and (A3) into account, (Al) can be written as

3 "dHY (v | x)

Consider the Nadaraya-Watson kernel estimates of H'(¢|x) and J(t~|x):

Al x)=) Bu(L(T; < 1,6, =1), (AS)
i=1
Th@™ 1x) = Y. BrGOL(T; 2 ) + Y Bl (T; < t,§v; = 1). (A6)
i=1 i=1

The estimator of A(¢|x) when the cure status is partially known, A° ,,(t]x), is obtained by plugging in (A4) the estimates
(A5) and (A6). As for the estimator of the survival function, it can be shown that S(t|x) = exp{—A(t|x)}. By considering
a Taylor’s expansion of the exponential function around 0 and evaluating it at each increment of /A\Z(tlx), the estimator
§Z(t|x) in (3) is obtained.

Proof of Proposition 1. The estimator §Z(t|x) has the following properties:
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1. If there is no known cure status, §fl(t|x) reduces to §h(t|x).
Proof. 1t is straightforward because &;v; = 0,i =1,...,n. O

2. In the specific case when some individuals are observed as cured when their survival time exceeds a known fixed cure
threshold, Sfl(t|x) reduces to Sy (t]x).

Proof. Assume there exists a common specific known cure threshold d; = d for i = 1, ..., n. This implies that in the
ordered sample, {(X};1, T(), S[i1» €[y §1iyvpip) - i@ = 1, ..., n}, the n first observations correspond to individuals with T;) <
d either not cured or with unknown cure status (§};v;; = 0), and the remaining m observations are cured individuals
with T(; > d and §[;;v[;; = 1. Therefore,

~ " 8B ()1 (T < t " 8B ()1 (T < t ~
S(ln=[l1- -0 i) () 5 w<t) oy pr 11 ) To<{_s 0
= Bt )+ X o Buj )| = 2 j=iBnj) (%)
This completes the proof. O

3. When there is no censoring, the estimator §Z(t|x) reduces to the kernel type estimator of the conditional survival func-
tion.

Proof. Without censoring, T; = Y;,8; = 1 and the cure status is always observed £; = 1. In this situation, the n = n; +
m observations can be ordered and split into the n; uncured individuals with finite lifetimes Y;, and the m cured
individuals with lifetime Y; = 0. Thus,

Bpji) ()1 (Y <1t)
i—1
X i—Buij) () + X By ()1 (v = 1)

n
Selx)=][31-
i=1

-

S

n
B ()1 (Y <t) 3 i1 Briji ()

n n n
B )+ X, B ) | v | X Bai (%)

I
N
I

Il
—

L

Note that the kernel estimator of the survival function Sj,(t|x) = Z?leh[i 1()1(Y () > 1) is a step function with jumps
By,;(x) at the observations, Y;. By defining k = max{i : Y; < t}i.e., Y() <t and Y1) > t, one can write

n ~ ~ ~ ~
H Ej=i+1Bh[j] (x) 3 { Sp(Yiy | x) } S5 Yy 1 %) Sp(Yplx) Sh(Y ey | %)
i<t Z?:iBhljJ (x) Y <t Sh(Y -1y | x) 1 ShYy 1 %) Sh(Y—1y | %)

n
=Sy (Ygo | %) = ZBh[i] X UY > o).
i=1

This completes the proof. Ol

4. In an unconditional setting the proposed estimator is

~ I Sl (T <t
so=T]- it (T < 1)

. i—1
i=1 n—i+1+ 23:11 (g[j]”[j] =1)
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Proof. In unconditional setting the weights are 1/n for i = 1, ..., n. Thus, the proposed estimator becomes

n . l .
8i1=1 (T <t
& (1) H ) il (T <1t)

1 . 1 «i—1
i=1 ~(n—i+1)+ ;Zj=11 (v =1)

In the particular case where an individual is known to be cured only if the observed time is greater than a known fixed
time, say d, with n = n; + m observations, when m are identified as cured, the ordered observed lifetimes are T(;) <
-+ < T(y,) strictly lower than d, and the m cured individuals with T(;) > d. Thus, §§l(t|x) reduces to the generalized
maximum likelihood estimator in Laska and Meisner (1992):

1
n ;=1 (T < t) n (T,
~ li] 0) Sil(Ty <t
so=T]41- S =||{1_M}.
i=1

i=1 S —i+ D)+ im n—i+1
n n
This completes the proof. Ol

Proof of Proposition 2. The proof follows the argument in Theorem 2 in Lépez-Cheda, Cao, et al. (2017) and Theorem 1
in Laska and Meisner (1992). To derive the expression of the local likelihood of the mixture cure model, we consider the
three potential cases for the ith observation:

1. Casel:§; = 1. The event is observed and the individual is not cured. We observe Y; = t;, v; = 0, with probability:

P =1,C>4,1,=0|X=x)=P(C;>4|Y;=t;,v,=0,X =X)
XP(Yi=ti|Vi=0,X=X)P(Vi=0|X=x)

= Sciyxv=o (ti | X) {So(t; | x) = So(t; | X)} p(x),

where S¢|y x,=o(t | X) is the conditional survival function for the censoring variable C for uncured individuals.
2. Case 2: (8; = 0,&;v; = 0). The individual is censored and the cure status is unknown. We observe C; = t;, and v; is
unknown, with probability:

P(Yl->ti,Cl-=ti|X=x)=P(Yl->t,-,Cl-=tl-|Vl-=1,X=x)P(vl-=1|X=x)
+P(Yi>ti,ci=ti|Vi=O,X=X)P(Vi=O|X=X)

=fox =1 1) {1 = p O} + fexp=o (i | X)So (& | X) p(x),

where fcx ,=1(t | x) and fcx,=o(t | x) are the conditional density functions for the censoring variable C of the cured
and uncured individuals, respectively.

3. Case3:(8; = 0, &;v; = 1). Theindividual is censored and known to be cured. We observe C; = t;, v; = 1, with probability

P(Yl >ti’Ci =ti7vi =1 |X=X)=P(Ci =ti | Yi >l’i,7)i = 1,X=X)
XP(Y[>t[ |Vi=1,X=X)P(Vi=1|X=X)
= fexp=1 (6 | X){1 — p (x)}.

In the absence of specification of the distribution of X, the terms in the log-likelihood are weighted with the kernel
weights By[;)(x). Then, the local likelihood of the data is

n

L. T,6,69) = [ [Servxmo (T 1) { ST, 1 %) = STy 10} p )

]Bn[i]<x)1(5[i]=1)
i=1
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B(ij()1(8;=0,8[1v[i)=0
X [fepw=t (Tay | X) {1 = p QY+ fepvmo (Tay | %) So (Tay | x) p(x)] N (Bt =05014=0)

B ,»(x)l 6i=0,§ivi:1
% [fepnmr (T 1 x) 1 — p o] 0O Cur=osur=1),

If the distribution of the censoring variable C is conditionally independent of Y and the cure status v given the covariate
X, then

n

L(X,T,8,£,v) =[] [a:0p =1 — p () S, (T | x) p ()}

i=1

By ()1(8y1y=0.[1)v[11=0)

By (x)1(8jy=1)
Byji1 (0)1(8;1=0
) ()P (81=0) (A7)

-1
X{l1—p (x)}ma(x)l(sm20’5[””“]zl)<1 - g
Jj=1

where, fori =1, ...,n, g;(x) = SO(T(_i)lx) — So(T(y|x) are the increments of Sy(¢|x), and g;(x) = G(T(;|x) — G(T(_i)lx) the
increments of G(t|x). Let P;(x) = p(x)q;(x) be the increments of S(¢|x), then Z?:lpi (x) = p(x). Maximizing (A7) is equiv-
alent to maximizing the likelihood

By ()1(8[31=0.8 131 v151=1)

n o1 Bji (0)1(0711=0.[11v[11=0) "
L(X,T,8,£v) = [[ Ptz =) <1 -y P (x)> <1 -2 <X>)
i=1 j=1 j=1

(A8)
Further, consider the functions 4;(x) = P;(x)/{1 — Z;_:IIP (%)} satisfying
k k
1- Y P =[]i1-2; (0% (A9)
j=1 j=1
Then, the increments P;(x) can be written in terms of 4;(x):
i-1 i-1
P (x) = 2; (x) {1 -\ P; (x)} =L@ [[{1-4®}. (A10)
j=1 j=1
By substituting (A9) and (A10) in (A8), the likelihood (A8) is
n n i1 Bji()1(81y=1)
L(X,T,8,&v;p,So) = [[ )™ Co=D I lH (1-4 (x)}]
i=1 i=1 [j=1
v [iel Buiij(O1(811=041vi1=0) ,,  , By (01(8111=0.¢11v(11=1)
<[] [H{l—%-(x)}] I1 [H{l—%-(x)}]
i=1 | j=1 i=1 | j=1

n
n Zj=i+1bj
i=1"i

. b;

. . n i—1 l
Taking into account that [],_, [T] 9] = I1
negative numbers, the likelihood becomes

, Where q; and b;, i = 1, ..., n, are arbitrary sequences of non-

n
L(X,T,8,&v;p,S,) = Hli(X)Bh'”(x)l(a"":l) ITa- (e Z = Bt COMCE 1 =0+ Ejy B (o101 =0€ 1 =1) |

n
i=1 i=1
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Maximizing the likelihood L(X, T, &, &, v; p, Sy) is equivalent to maximizing the local log-likelihood:

n

WA, (%), .y Ay (X)) = Z [Buji) ()1 (81 = 1) ,1og 4; (x)

i=1

+ { 2 Buiit GO (&) = 0) + X Bigjy ()1 (8 = 0, &pjyvy = 1) } »log(1 —/11')]

Jj=i+1 j=1
subject to H?zl{l — 2;(x)} = 1 — p(x). The maximizer 4;(x) of the log-likelihood is

By ()1 (8 = 1)

;1\1- (X) g i—1 '
X —iBupj 0O + X Bupj ()1 (8w = 1)

In virtue of (A10), the estimator §;(t|x) computed by forming the product of ;l\i’s such that T(;y < ¢ is the nonparametric
maximum likelihood estimator of S(¢|x). This completes the proof of Proposition 2. O

Proof of Corollary 1. The dominant part of //i‘;l(t|x) — A(t]x) in Theorem 1 verifies

“dH} (v ] x) _/ffh(v— |x)dH1(v|x)
0

;Bhi(x)f (T;, 6,61, vi,t,%) =/0 T % 20 %

dH' (v | x)

_/fdﬁi(le)—dHl(le)_/tfh(v_Ix)—J(U_Ix)
~Jo J(=|x) 0 J2(v™ | x)

1 - t t 651 _yl
:th(le) H (U|x)] +/ H, (v|x)—H (U|X)dJ(v|x)
0

J(= | x) J2 (v~ | x)

t — —
J —J
_/ HCAE R CRE P
0 J2 (v~ [ x)
1 ~ 1 A~
<= sup |H}11(t|x)—H1(t|x)|+— sup |lel(t|x)—H1(t|x)|
] a<t<b,xel 6 a<t<b,xel

1 ~
—2; sup |Jp [ x)=J(]x)].

0 a<t<b,xel

The last three terms in the inequality are bounded by applying Lemma 5 in Iglesias-Pérez and Gonzalez-Manteiga (1999),
which holds not only for conditional survival functions like 1 — H(t|x), but also for conditional subdistribution functions
as H'(t|x) and H''(t|x) (see Remark 2 in Iglesias-Pérez and Gonzéalez-Manteiga, 1999, and the proof of Theorem 2.1 in
Dabrowska, 1989). As a consequence, the dominant term of /A\Z(t|x) — A(t|x) is bounded by

n
-1/2 1/2
sup | Y B (T, 85, & vis ) 1= O { (nh) ™ *(logm)*/2 }.
a<t<b,xel ;=
Using the results of Theorem 2 it is straightforward to prove the second part of this corollary. O

Proof of Proposition 3. From Theorem 2, the bias of the nonparametric estimator 1 — ﬁ;(tlx) is asymptotically equal to
the expected value

(nh)" {1 —F(t | x)}
m (x)

n

_X.
ZK(%)g(Ti»ai’gi»Vi’f,x)=I+H» (A1)
i=1
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where
-1 n ;
_(nh) {;le)”(t | x)} LZ‘K <x —hXi> $ (T, 0:, &, vi,t,x) —E {;K ( ) ¢ (T, 6;, &0, 8, x)}] ,  (A12)
_en T -Felo) [ (X=X
= e E{;K(T>§’(Ti,5i,§i,vi,t,x)}. (A13)

As E(I) = 0, the asymptotic bias of the estimator 1 — ﬁ;(t | x)is II. Using Lemmas 1 and 2 in the Supporting Information,

h2{1 —F (t | x)}(®! (x,t,x) m(x) + 2@ (x,t,x) m’ (x))dg ‘o

= o () (h*),

with ®.(y, t, x) and ®//(y,t, x) the first and second derivatives of ®.(y, t, x) with respect to y. Recalling (A11), the asymp-
totic variance of 1 — ﬁfl(tlx) is

(1-F(|x)}f
m2(x)

V1=$E{K2<x X>§2(T5§vtx)}, —ﬁ[E{KCC X>§(T5§vtx)}]z

From Lemmas 1 and 2 in the Supporting Information, V', reduces to

Var(l) = (Vi—=V,), (A14)

where

v, = lh_de{(Dé/ (x, t,x)m (x) + 2@ (x,t,x)m’ (x) }2 40 (h_4> ] (A15)

m (x) n

As for V1, let us define @i (,t,x) = E(¢X(T,6,&,v,t,x)|X = y). Then, after a change of variable and a Taylor’s expansion
(as in the proof of Lemma 1 in the Supporting Information) we obtain

1 1h d? _
V= ﬁq)i (x,t,x)m(x)cg + EﬁeKd_yZ (@, x)mY)} )=y + O (n71R3), (A16)
where ex = [ v2K?(v)dv. The proof concludes by substituting (A15) and (A16) into (A14). O

Proof of Theorem 3. From Theorem 2, we consider

1/2 1/2

L=F (|0} Y By ()¢ (16, &% £, ) + (00) /Ry (£, %)

i=1

(k) {Fe (¢t | x) = F (¢ %)} = (nh)

with ¢(T,6,&,v,t,x) and R,,(t,x) given in (5) and (7), respectively. The condition (logn)/(nh) — 0 implies that
(nh)'/?(logn/(nh))*/* - 0, so the remainder term (nh)l/ R, (t, X) is negligible. Consequently, the asymptotic distribu-

tion of (nh)'/*{F¢ (¢ | x) — F(t | x)} s that of

1/2

I + 1), (A17)

o P LE D 3 ke (S5 ¢t = o)
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where I and II are given in (A12) and (A13). Under the assumption nh> — 0, we have (nh)l/ 1 = 0(1). Therefore, the
asymptotic distribution of (A17) is that of (nh)l/ ’I. Let us define (nh)l/ 1= Zi":lni,h(t, x), Where

-1/2

ni,h(t’x) =(nh) {1 _F(t | x)} [K <x _th> g(Ti’aivgi’vi’t’x) —-E {K <x _]/le> g(Ti’ai’gi’Vi’tﬂx)}]

m(x)

is a sequence of n independent random variables with mean 0. Note that

h? 1 h?
(x,t, x)cg + O <7> = —s2(t,x)+0 <7>

n

a-F@ | x)}

Var(z; (¢, x)) = hVar(I) = % m(x)

with Var(I) in (A14) and s2(t, x) in (13). As Var(n; ,(t,x)) < oo for i = 1,...,n and Var(n,(t,x)) = Zin:lVar(ni,h(t, X)) is
positive, then we can apply Lindeberg’s theorem (Billingsley, 1968) to obtain

2?:[771',1'1 (t’ X)

— N (0,1) in distribution.
sa(t, x)

Therefore, (nh)l/ 2{ﬁ2(t|x) — F(t|x)} = N(0,s2(t,x)) in distribution. This proves (i). In parallel to the proof (i) we
can prove (ii) as follows, note that if nh> = C> then the bias term is (nh)l/ 1 =(nh)1/ 2{thc(t, x)+0(h*)} =

(nh%)*B,(t, x) + 0{(nh®)""*} with B,(¢, x) in (9). Thus, (rh)"/*{F (t]x) — F(1])} — N(C¥/2B,(t, x), s2(t, x)) in distribu-
tion. This completes the proof. O
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