
F ull T e r m s & C o n diti o n s of a c c e s s a n d u s e c a n b e f o u n d at
htt p s:// w w w.t a n df o nli n e. c o m/ a cti o n/j o u r n alI nf o r m ati o n ?j o u r n al C o d e = u a s a 2 0

J o u r n al of t h e A m e ri c a n S t a ti s ti c al A s s o ci a ti o n

I S S N: ( P ri n t) ( O nli n e) J o u r n al h o m e p a g e: h t t p s:// w w w. t a n df o nli n e. c o m/l oi/ u a s a 2 0

Si m ul t a n e o u s I nf e r e n c e f o r E m pi ri c al B e s t
P r e di c t o r s Wi t h a P o v e r t y S t u d y i n S m all A r e a s

K a t a r z y n a R el u g a, M a rí a-J o s é  L o m b a r dí a & S t ef a n S p e rli c h

T o ci t e t hi s a r ti cl e:  K at a r z y n a R el u g a, M a rí a-J o s é L o m b a r dí a & St ef a n S p e rli c h
( 2 0 2 3) Si m ult a n e o u s I nf e r e n c e f o r E m pi ri c al B e st P r e di ct o r s Wit h a P o v e rt y St u d y i n
S m all A r e a s, J o u r n al of t h e A m e ri c a n St ati sti c al A s s o ci ati o n, 1 1 8: 5 4 1, 5 8 3- 5 9 5, D OI:
1 0. 1 0 8 0/ 0 1 6 2 1 4 5 9. 2 0 2 1. 1 9 4 2 0 1 4

T o li n k t o t hi s a r ti cl e:  htt p s:// d oi. o r g/ 1 0. 1 0 8 0/ 0 1 6 2 1 4 5 9. 2 0 2 1. 1 9 4 2 0 1 4

©  2 0 2 1 T h e A ut h o r( s). P u bli s h e d wit h
li c e n s e b y T a yl o r & F r a n ci s G r o u p, L L C

Vi e w s u p pl e m e nt a r y m at e ri al 

P u bli s h e d o nli n e: 0 9 A u g 2 0 2 1.

S u b mit y o u r a rti cl e t o t hi s j o u r n al 

A rti cl e vi e w s: 2 3 5 2

Vi e w r el at e d a rti cl e s 

Vi e w C r o s s m a r k d at a

Citi n g a rti cl e s: 4 Vi e w citi n g a rti cl e s 

https://www.tandfonline.com/action/journalInformation?journalCode=uasa20
https://www.tandfonline.com/loi/uasa20
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/01621459.2021.1942014
https://doi.org/10.1080/01621459.2021.1942014
https://www.tandfonline.com/doi/suppl/10.1080/01621459.2021.1942014
https://www.tandfonline.com/doi/suppl/10.1080/01621459.2021.1942014
https://www.tandfonline.com/action/authorSubmission?journalCode=uasa20&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=uasa20&show=instructions
https://www.tandfonline.com/doi/mlt/10.1080/01621459.2021.1942014
https://www.tandfonline.com/doi/mlt/10.1080/01621459.2021.1942014
http://crossmark.crossref.org/dialog/?doi=10.1080/01621459.2021.1942014&domain=pdf&date_stamp=09 Aug 2021
http://crossmark.crossref.org/dialog/?doi=10.1080/01621459.2021.1942014&domain=pdf&date_stamp=09 Aug 2021
https://www.tandfonline.com/doi/citedby/10.1080/01621459.2021.1942014#tabModule
https://www.tandfonline.com/doi/citedby/10.1080/01621459.2021.1942014#tabModule


J O U R N A L   O F T H E A M E RI C A N S T ATI S TI C A L A S S O CI ATI O N
2 0 2 3, V O L. 1 1 8,  N O. 5 4 1, 5 8 3 – 5 9 5: T h e or y a n d   M et h o ds
htt ps:// d oi. or g/ 1 0. 1 0 8 0/ 0 1 6 2 1 4 5 9. 2 0 2 1. 1 9 4 2 0 1 4

Si m ult a n e o u s I nf er e n c e f or E m piri c al B e st Pr e di ct or s   Wit h a P o v ert y St u d y i n S m all
Ar e a s

K at ar z y n a R el u g a a ,   M arí a-J o s é L o m b ar dí ab , a n d St ef a n S p erli c hc

a D P M M S,  U ni v ersit y of C a m bri d g e, C a m bri d g e,  U K; b CI TI C,  U ni v ersit y of A C or u ñ a, C or u ñ a, S p ai n; c G S E M,  U ni v ersit y of G e n e v a, G e n e v a, S wit z erl a n d

A B S T R A C T

T o d a y, g e n er ali z e d li n e ar   mi x e d   m o d el s ( G L M M) ar e br o a dl y u s e d i n   m a n y fi el d s.   H o w e v er, t h e d e v el o p m e nt
of t o ol s f or  p erf or mi n g si m ult a n e o u s i nf er e n c e h a s  b e e n l ar g el y n e gl e ct e d i n t hi s  d o m ai n.   A fr a m e w or k f or
j oi nt i nf er e n c e i s i n di s p e n s a bl e t o c arr y o ut st ati sti c all y v ali d   m ulti pl e c o m p ari s o n s of p ar a m et er s of i nt er e st
b et w e e n all or s e v er al cl u st er s.   W e t h er ef or e d e v el o p si m ult a n e o u s c o n fi d e n c e i nt er v al s a n d   m ulti pl e t e sti n g
pr o c e d ur e s  f or  e m piri c al  b e st  pr e di ct or s  u n d er   G L M M. I n  a d diti o n,   w e i m pl e m e nt  o ur   m et h o d ol o g y  t o
st u d y   wi d el y  e m pl o y e d  e x a m pl e s  of   mi x e d   m o d el s, t h at i s, t h e  u nit-l e v el  bi n o mi al, t h e  ar e a-l e v el  P oi s s o n-
g a m m a  a n d t h e  ar e a-l e v el  P oi s s o n-l o g n or m al   mi x e d   m o d el s.  T h e  a s y m pt oti c r e s ult s  ar e  a c c o m p a ni e d  b y
e xt e n si v e si m ul ati o n s.   A c a s e st u d y  o n  pr e di cti n g  p o v ert y r at e s ill u str at e s  a p pli c a bilit y  a n d  a d v a nt a g e s  of
o ur si m ult a n e o u s i nf er e n c e t o ol s.

A R TI C L E   HI S T O R Y
R e c ei v e d A pril 2 0 2 0
Ac c e pt e d J u n e 2 0 2 1

K E Y W O R D S
E B P;  G e n er ali z e d   mi x e d
m o d els;   Mi x e d p ar a m et ers;
S m all ar e a esti m ati o n;
U nif or m i nf er e n c e

1.  I ntr o d u cti o n

G e n er ali z e d li n e ar   mi x e d   m o d els ( G L M M) ar e s uit a bl e f or   m o d-
eli n g  cl ust er e d  a n d  c orr el at e d  d at a   wit h  c at e g ori c al  or  c o u nt
o ut c o m es.  T h e y ar e u bi q uit o us i n a p pli e d st atisti cs, f or e x a m pl e,
i n bi o m etri cs or s m all ar e a esti m ati o n ( S A E). I n t h e l att er, t h e y
s er v e  t o  a n al y z e  s ur v e ys  o n  a  dis a g gr e g at e d l e v el.   D es pit e  a n
i n cr e asi n g i nt er est, f or e x a m pl e, t o g ui d e r es o ur c e all o c ati o n, t h e
d e v el o p m e nt of   m et h o ds f or si m ult a n e o us i nf er e n c e f or pr e di c-
t ors is   missi n g. It is s ur prisi n g  as  o nl y t h os e   w o ul d   m a k e j oi nt
c o nsi d er ati o ns  of  cl ust ers  v ali d.   A v ail a bl e (1 − α ) - c o n fi d e n c e
i nt er v als ( CI) f or   mi x e d p ar a m et ers ( e x c e pt t h e cr e di bilit y i nt er-
v als of   G a n es h 2 0 0 9 ) ar e c o nstr u ct e d s u c h t h at f or e a c h st u d y at
l e ast α 1 0 0 % of t h e m d o n ot c o nt ai n t h e tr u e v al u e.   U n d o u bt e dl y,
pr a ctiti o n ers  d o  c o m p ar e,  b ut  s o  f ar   wit h o ut  v ali d  st atisti c al
t o ols.   We  ai m t o cl os e t his  distr essi n g  g a p,  n ot t o i m pr o v e  a n y
e xisti n g   m et h o d.

S p e ci fi c all y,   w e i ntr o d u c e si m ult a n e o us  c o n fi d e n c e i nt er v al
( S CI) a n d   m ulti pl e t est  pr o c e d ur e ( M T P) f or t h e e m piri c al b est
pr e di ct or  ( E B P)  of  Ji a n g  ( 2 0 0 3 ).   T h e y  ar e  b as e d  o n   m a x-t y p e
st atisti cs c o m bi n e d   wit h e xtr e m e v al u e t h e or y.   We pr o v e as y m p-
t oti c c o n v er g e n c e  of  S CI  a n d   M T P f or  n est e d ( or  hi er ar c hi c al)
G L M M   wit hi n t h e e x p o n e nti al f a mil y.   We st u d y t h e  n u m eri c al
p erf or m a n c e  of  o ur  S CI  a n d   M T P f or t w o  ar e a-l e v el  a n d  o n e
u nit-l e v el   mi x e d   m o d els  t h at  ar e   wi d el y  us e d,  f or  e x a m pl e,
f or  st u d yi n g l o c al  p o v ert y  r at es ( Pr at esi 2 0 1 6 ).   All i ntr o d u c e d
m et h o ds  s h o w  a  s atisf a ct or y  p erf or m a n c e   wit hi n  c o nsi d er e d
m o d eli n g  fr a m e w or ks.  E v e n  t h o u g h  o ur  esti m at es  u n d er  t h e
ar e a-l e v el   m o d els  a p p e ar t o  b e l ess  v ol atil e,  o n e c a n  ar g u e t h at
E B Ps ar e n ot dir e ctl y c o m p ar a bl e b e c a us e di ff er e nt   m et h o ds a n d
m o d el cl ass es ar e us e d. Fi n all y, u n d er ar e a-l e v el P oiss o n- g a m m a
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m o d el,   w e  d eri v e  a  n e w   m e a n  s q u ar e d  err or ( M S E)  esti m at or
w hi c h is of cr u ci al i nt er est i n S A E.

T h e  a m o u nt  of lit er at ur e  o n  esti m ati o n  a n d  t esti n g  u n d er
G L M M is c o nsi d er a bl e, s e e, i. a., t h e r e vi e w  of   T u erli n c k x et al.
(2 0 0 6 ), t h e   m o n o gr a p h of Ji a n g (2 0 0 7 ), a n d t h e arti cl e of   G h os h
et al. ( 1 9 9 8 )   w hi c h is p arti c ul arl y i nt er esti n g   wit hi n t h e c o nt e xt
of S A E.  F urt h er m or e, r es e ar c h ers  p ut f or w ar d s e v er al   m et h o d-
ol o gi es  br o a dl y  us e d  i n  t h e  a n al ysis  of  c o u nt  d at a.   M oli n a,
S a ei, a n d  L o m b ar dí a ( 2 0 0 7 ) a n d S c e al y (2 0 1 0 ) st u di e d t h e esti-
m ati o n  of l a b or  f or c e  st at us  usi n g   m ulti n o mi al l o gisti c   m o d-
els,   w h er e as  S a ei  a n d   Ta yl or  ( 2 0 1 2 )  f o c us e d  o n  t h e  s a m e  t ar-
g et  p ar a m et er,  a n d  e x a mi n e d  t h e  p erf or m a n c e  of  a  bi v ari at e
r a n d o m  c o m p o n e nts   m o d el.   C h a n dr a,   C h a m b ers,  a n d  S al v ati
(2 0 1 2 )  a n d  Fr a n c o  a n d  B ell  (2 0 1 5 )  pr o vi d e d  e xt e nsi o ns  f or
m o d eli n g  pr o p orti o ns  usi n g l o gisti c  u nit-  a n d  ar e a-l e v el   m o d-
els.   H o b z a  a n d   M or al es ( 2 0 1 6 ) i m pl e m e nt e d t h e E B P f or u nit-
l e v el,  a n d   B o u b et a,  L o m b ar dí a,  a n d   M or al es  (2 0 1 6 ) f or ar e a-
l e v el   G L M M t o st u d y p o v ert y i n s m all ar e as.   C h a m b ers, S al v ati,
a n d   Tz a vi dis  ( 2 0 1 2 ) a n d Tz a vi dis et al. (2 0 1 5 )  e xt e n d e d  t h e
M- q u a ntil e i nf er e n c e  f or  r o b ust  esti m ati o n  a n d  pr e di cti o n  of
c o u nt  d at a.   Yet, t o t h e b est  of o ur k n o wl e d g e,  n o o n e a d dr ess es
t h e iss u e of si m ult a n e o us i nf er e n c e f or cl ust ers-l e v el p ar a m et ers
w h e n a p pl yi n g   G L M M. Li k e wis e, littl e r es e ar c h h as b e e n c arri e d
o ut  o n  si m ult a n e o us i nf er e n c e  f or  cl ust er l e v el  p ar a m et ers i n
li n e ar   mi x e d  e ff e cts   m o d els ( L M M).   G a n es h (2 0 0 9 ) d e v el o p e d
cr e di bilit y i nt er v als f or a   mi x e d  p ar a m et er i n a  p arti c ul ar ar e a-
l e v el   m o d el.   R el u g a,  L o m b ar dí a, a n d  S p erli c h (2 0 1 9 ) pr o p os e d
b o otstr a p  S CI  a n d   M T P  f or   mi x e d  p ar a m et er  u n d er  L M M,
w h er e as   Kr a mli n g er,   Kri v o b o k o v a,  a n d  S p erli c h ( 2 0 1 8 ) d e v el-
o p e d a fr a m e w or k f or   m ar gi n al a n d c o n diti o n al i nf er e n c e   wit h
q u a dr ati c f or ms.
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A ft er a n i ntr o d u cti o n of a   m o d el a n d esti m at ors i n S e cti o n 2 ,
w e pr o p os e t h e c o nstr u cti o n of S CI a n d   M T P f or a g e n er al E B P,
f oll o w e d b y t h e t h e or eti c al j usti fi c ati o ns i n S e cti o n 3 . S e cti o ns 4
a n d 5 pr es e nt  si m ul ati o ns  a n d  a  c as e  st u d y.   C o n cl usi o ns  ar e
dr a w n i n S e cti o n  6 .   M or e  d et ails ar e  d ef err e d t o a p p e n di x a n d
o ur s u p pl e m e nt ar y   m at eri al ( S M).

2.   B e st Pr e di cti o n f or   G L M M

L et D b e  t h e  n u m b er  of  cl ust ers  or  ar e as   wit h d ∈ [ D ], n d

t h e  n u m b er  of s a m pl e d  u nits i n  e a c h  ar e a j ∈ [ n d ] wit h n =
D
d = 1 n d , N d t h e  k n o w n  p o p ul ati o n si z es   wit h N = D

d = 1 N d ,
[A ] = {1, . . . , A }.  Si n c e i n  o ur  c o nt e xt  t h e  n oti o n  of  cl ust er
a n d ar e a c a n b e us e d s y n o n y m o usl y,   w e pr o c e e d   wit h t h e l att er.
S u p p os e  t h at {v d : d = 1, . . . , D } is  a  s et  of  i n d e p e n d e nt
a n d i d e nti c all y  distri b ut e d (ii d) r a n d o m  e ff e cts   wit h  u n k n o w n
v ari a n c e δ 2 , δ > 0,   w hi c h  is  o ft e n  p ar a m et eri z e d  as v d =
δ u d wit h u d ∼ N (0, 1 ). T h e t ar g et v ari a bl e y dj r e pr es e nts t h e
jt h  s a m pl e  o bs er v ati o n  fr o m  t h e d t h  ar e a.  F urt h er m or e,   w e
c o nsi d er  n est e d  d at a str u ct ur es s u c h t h at y dj = y d j f or d = d .
I n  f ull  g e n er ali z ati o n,   w e  ass u m e  t h at  r a n d o m  v ari a bl es Y dj ,
c o n diti o n all y  o n  a  r a n d o m  e ff e ct u d ,  ar e  i n d e p e n d e nt   wit h  a
pr o b a bilit y  d e nsit y f u n cti o n ( p df ) fr o m t h e e x p o n e nti al f a mil y
y dj |u d ∼ E x p. F a mil y (θ )

y dj |u d ∼ i n d e p.g Y dj |u d (y dj |u d ),

g dj (y dj |u d , θ ) = e x p {ϕ − 1 [y dj γ dj − b ( γdj )] + c(y dj , ϕ ) },

w h er e θ = (β t, δ , ϕ ) t wit h δ t h e  v ari a bilit y  p ar a m et er, β =
( β1 , . . . , β p )

t r e gr essi o n  p ar a m et ers of a u xili ar y v ari a bl es x dj =
(x dj 1 , . . . , x dj p )t f or   w hi c h t y pi c all y x dj 1 = 1, ∀ j ∈ [ n d ] ∀d ∈ [ D ],
a n d γ dj , ϕ ar e c a n o ni c al a n d s c al e p ar a m et ers, r es p e cti v el y. Li n k
f u n cti o n M r el at es E (Y dj |u d ) t o a li n e ar   mi x e d   m o d el s u c h t h at
γ dj = M {E (Y dj |u d )} = x t

dj β + δ u d .

2. 1.  E sti m ati o n a n d C o m p ut ati o n

L et y d = (y d 1 , . . . , y d n d
) t f or  all d ∈ [ D ] b e  t h e  v e ct or  of

o ut c o m es,  a n d y = (y t
1 , . . . , y

t
D )t. A c o n diti o n al p df of y a n d

t h e li k eli h o o d c o ntri b uti o n fr o m e a c h ar e a d ar e gi v e n b y

L d (θ ) := fd (y d |θ ) = g d (y d |u d , θ )h (u d )d u d

=

n d

j= 1

g dj (y dj |u d , θ )h (u d )d u d , ( 1)

w h er e θ c a n b e d eri v e d fr o m

L (θ ):=

D

d = 1

L d (θ ) =

D

d = 1

n d

j= 1

g dj (y dj |u d , θ )h (u d )d u d .

I n c as e of ar e a-l e v el   m o d els, n d = 1, a n d E q u ati o n ( 1 ) si m pli fi es
a c c or di n gl y.  F or  a  c o n cis e  pr es e nt ati o n,   w e  ass u m e t h at t h er e
is  a  si n gl e  r a n d o m  e ff e ct  f or  e a c h  ar e a  s u c h  t h at  t h e  i nt e gr al
i n  E q u ati o n (1 ) is o n e- di m e nsi o n al.  E xt e nsi o ns t o   m ulti di m e n-
si o n al  r a n d o m  e ff e cts  f oll o w i m m e di at el y   wit h  s o m e  c h a n g es
of  n ot ati o ns  a n d   m or e  c o m pli c at e d  c o m p ut ati o n.  Fi n di n g  a n
a n al yti c al s ol uti o n t o E q u ati o n ( 1 ) is di ffi c ult u nl ess t h e i nt e gr al
c a n  b e si m pli fi e d.   O ft e n  o n e e v al u at es t h e i nt e gr al  n u m eri c all y

b y  L a pl a c e  a p pr o xi m ati o n  ( L A)  ( D e   Br uij n 1 9 8 1 ),   G a ussi a n
q u a dr at ur e  ( G Q)  ( N a yl or  a n d  S mit h 1 9 8 2 ) or a d a pti v e G Q
( A G Q)  ( Pi n h eir o  a n d   B at es 1 9 9 5 ).  I n   w h at  f oll o ws,   w e  pr o-
c e e d   wit h   A G Q  as  it  is  a  hi g h er  or d er  v ersi o n  of  L A,  t h at
is,  it  gi v es  s m all er  a p pr o xi m ati o n  err ors  ( Bi a n c o n ci ni 2 0 1 4 ).
A n  alt er n ati v e  is  t h e  q u asi-li k eli h o o d  ( Br esl o w  a n d   Cl a yt o n
1 9 9 3 )   w hi c h s u ff ers fr o m a n o n d e cr e asi n g bi as ( T u erli n c k x et al.
2 0 0 6 ),  a n d t h e   m et h o d  of   m o m e nts (Ji a n g 1 9 9 8 ). I n  a d diti o n,
r es e ar c h ers  c o nsi d er a bl y  a d v a n c e d  i n  d e v el o pi n g   m et h o ds  t o
c o m p ut e   m a xi m u m li k eli h o o d ( M L) esti m at ors  u n d er   G L M M.
(Ji a n g 2 0 0 7 ,  s e c.  4. 1)  pr o p os e d  a n  e x p e ct ati o n – m a xi mi z ati o n
al g orit h m,   w h er e as L el e,   N a d e e m, a n d S c h m ul a n d ( 2 0 1 0 ) d e v el-
o p e d t h e s o- c all e d  d at a  cl o ni n g s u bs e q u e ntl y i m pl e m e nt e d  b y
T or a bi ( 2 0 1 2 ).

Si n c e   w e c o nsi d er a pr e di cti o n pr o bl e m of p ossi bl y n o nli n e ar
mi x e d e ff e cts ζ d = ζ d (β , u d ),   w e  us e t h e b est  pr e di ct or ( B P) ˜ζ d

i n t h e s e ns e  of   mi ni mi zi n g t h e  ar e a-s p e ci fi c   M S E i n  E q u ati o n
(3 )   w hi c h is a ct u all y t h e ar e a-s p e ci fi c   m e a n s q u ar e d  pr e di cti o n
err or:

ζ̃ d = ˜ζ d (θ ):= E {ζ d (β , u d )|y } = E {ζ d (β , u d )|y d }

=
ζ d (β , u d )g d (y d |u d , θ )h (u d )d u d

g d (y d |u d , θ )h (u d )d u d
. (2 )

Si m pli fi c ati o n  of  E q u ati o n  ( 2 ) is  p ossi bl e  b y  c h o osi n g t h e  p df
of u d a c c or di n gl y.  If   w e  r e pl a c e θ b y  a  c o nsist e nt  esti m at or,

t h e n   w e  o bt ai n  E B P ζ̂ d := ζ̃ d ( θ̂ ). N ot e t h at i n or d er t o o bt ai n
t h e  c o nsist e n c y f or  r a n d o m  e ff e cts,  o n e  n e e ds t o  ass u m e  t h at

n d → ∞ f or e a c h ζ̂ d , d = 1, . . . , D (Ji a n g a n d L a hiri 2 0 0 1 ).

R e g ar di n g  t h e  esti m ati o n  of  t h e  v ari a bilit y  of  t h e  E B P ζ̂ d ,
M S E  is  b y  f ar  t h e   m ost  p o p ul ar   m e as ur e.   Well  k n o w n  t e c h-
ni q u es t o esti m at e   M S E ar e t h e a n al yti c al a p pr o xi m ati o n b as e d
o n  a   Ta yl or  e x p a nsi o n (Ji a n g 2 0 0 3 ),  a n d  p ar a m etri c  b o otstr a p
a p pr o a c h es ( B o u b et a, L o m b ar dí a, a n d   M or al es 2 0 1 6 ; H o b z a a n d
M or al es 2 0 1 6 ).   C o nsi d er t h e f oll o wi n g   M S E d e c o m p ositi o n:

M S E ( ζ̂ d ) = E [{ζ̃ d ( θ̂ ) − ζ d }2 ]

= E [{ζ̃ d ( θ̂ ) − ζ̃ d (θ )}2 ] + E [{ζ̃ d (θ ) − ζ d }2 ]

= : g 2 d + g 1 d , (3 )

w hi c h c a n  b e  d eri v e d a p pl yi n g t h e l a w  of it er at e d e x p e ct ati o ns
(f or d et ails, s e e Ji a n g 2 0 0 3 , a n d o ur S M).  T h e a n al yti c al f or m ul as
of   M S E esti m at ors ar e   m o d el d e p e n d e nt.  B o otstr a p pi n g p er mits
t o  o bt ai n esti m at ors t h at  d o  n ot v ar y   wit h t h e   m o d el ass u m e d.
I n   w h at f oll o ws,   w e d e n ot e   wit h E ∗ , V ar ∗ , a n d M S E∗ , t h e c orr e-
s p o n di n g  b o otstr a p  o p er at ors f or e x p e ct e d  v al u e,  v ari a n c e a n d
M S E a n d d e fi n e

M S E ∗
B ( ζ̂ d ) = E ∗ {( ζ̂ ∗

d − ζ ∗
d )2 }

≈ B − 1
1

B 1

b 1 = 1

ζ̂
∗ (b 1 )
d − ζ

∗ (b 1 )
d

2
= : ms eB ( ζ̂ d ), ( 4)

w hi c h is a b o otstr a p e q ui v al e nt of  E q u ati o n ( 3 ). I n t h eir arti cl e,
H all  a n d   M aiti ( 2 0 0 6 ) p oi nt e d o ut t h at (4 ) t e n ds t o  u n d er esti-
m at e t h e   M S E, a n d pr o p os e a d o u bl e- b o otstr a p bi as- c orr e cti o n

M S E ∗
B C ( ζ̂ d ) = 2 M S E ∗

B ( ζ̂ d ) − M S E ∗
B 2 ( ζ̂ d )

≈ 2 ms e B ( ζ̂ d ) − ms e B 2 ( ζ̂ d ), ( 5)
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w h er e   M S E ∗
B 2 ( ζ̂ d ) is t h e s e c o n d-st a g e b o otstr a p   M S E esti m at or,

t h at is

M S E ∗
B 2 ( ζ̂ d ) = E ∗ ∗ {( ζ̂ ∗ ∗

d − ζ ∗ ∗
d )2 }

≈ B − 1
1 B − 1

2

B 1

b 1 = 1

B 2

b 2 = 1

ζ̂ ∗ ∗ (b 1 ,b 2 )
d − ζ ∗ ∗ (b 1 ,b 2 )

d

2

= : ms eB 2 ( ζ̂ d ).

T h e c o m p ut ati o n  of   M S E ∗
B 2 ( ζ̂ d ) i n v ol v es s el e cti n g B 2 b o otstr a p

r e pli c at es fr o m e a c h  first-st a g e  b o otstr a p s a m pl e. I n t his arti cl e
w e  d o  n ot  ai m  f or  a  pr e cis e  esti m ati o n  of  t h e  v ari a bilit y  of
E B P,  b ut t h e c o nstr u cti o n  of  n arr o w  S CI  a n d r eli a bl e   M T Ps. It
t ur ns o ut t h at f or d oi n g t his, t h e us e of a n esti m at e of g 1 d as i n
E q u ati o n ( 3 )  yi el ds  b ett er r es ults t h a n  usi n g a n esti m at e  of t h e
e ntir e   M S E (s e e S e cti o n 4 ), si mil arl y as i n  C h att erj e e, L a hiri, a n d
Li ( 2 0 0 8 ) u n d er L M M.

2. 2.  P o p ul ar E x a m pl e s of   G L M M a n d T h eir Pr o p erti e s

2. 2. 1.  P oi s s o n- G a m m a  Ar e a- L e v el   M o d el
T h e  P oiss o n- g a m m a   m o d el  is   wi d el y  a p pli e d  f or   m o d eli n g
c o u nts  i n  t h e  pr es e n c e  of  o v er dis p ersi o n  (s e e   C a m er o n  a n d
Tri v e di 2 0 1 3 ,  S e cti o n  4. 2. 2).   Wit hi n  t h e  S A E  c o nt e xt,   C h e n,
Ji a n g,  a n d   N g u y e n  (2 0 1 5 ) i n v esti g at e d t h e o bs er v e d b est
pr e di cti o n  a n d  b o otstr a p   M S E  esti m ati o n f or s m all  ar e a   m e a n
c o u nts.   A m o n g  ot h ers,  t h e y  als o  c o nsi d er  a  P oiss o n- g a m m a
s p e ci fi c ati o n.   We  pr o p os e a  di ff er e nt   m o d el f or m ul ati o n, f o c us
o n t h e  E B P  of ζ d := μ P G

d a n d  d e v el o p  a  pl u g-i n   M S E  esti m at or.

L et y d |u d ∼ P oiss ( μP G
d ), d = 1, . . . , D , w h er e μ P G

d > 0,

n d = 1 ∀ d ∈ [ D ],   wit h  c a n o ni c al  p ar a m et er  l o g μ P G
d =

x t
d β + u d , a n d w d := e x p (u d ) ∼ G a m m a ( δ , δ ) s u c h  t h at

E (y d |u d ) = μ P G
d = λ d w d = e x p (x t

d β )w d = e x p (x t
d β + u d ).

Si n c e   G a m m a  p df  is  c o nj u g at e  t o  t h e  P oiss o n,  t h eir   mi xt ur e
yi el ds a n e g ati v e bi n o mi al y d ∼ N B ( λd , δ − 1 ) wit h li k eli h o o d

L P G (θ ) := f P G (y |θ ) =

D

d = 1

(y d + δ )

(y d + 1 ) ( δ )

×
δ

δ + λ d

δ λ d

δ + λ d

y d

, ( 6)

w h er e E (y d ) = λ d a n d V ar (y d ) = λ d + δ − 1 λ 2
d . T h e m ar gi n al

m e a n  of y d is t h e s a m e  as i n t h e  P oiss o n c as e,  b ut t h e r a n d o m
e ff e ct i n cr e as es t h e v ari a n c e. S u p p os e t h at t his   m o d el  h ol ds f or
all ar e as  of  p o p ul ati o n P of si z e N p artiti o n e d i nt o s u b p o p ul a-
ti o ns P 1 , P 2 , . . . , P D of si z es N 1 , N 2 , . . . , N D . We c a n s h o w t h at
t h e   B P f or c o u nts μ̃ P G

d (θ ) := E ( μP G
d |y d ) is

E ( μP G
d |y d ) =

∞
0 λ d w d g (y d |w d )h (w d )d w d

∞
0 g (y d |w d )h (w d )d w d

=
A P G

d (y d , θ )

C P G
d (y d , θ )

=
λ d (y d + δ )

( λd + δ )

= : ψ P G
d (y d , θ ). (7 )

E q u ati o n ( 7 ) f oll o ws fr o m t h e c o nj u g ati o n of t h e   G a m m a p df t o
t h e  P oiss o n p df,   w hil e

A P G
d =

∞

0
λ d w d

e x p (− λ d w d ) λ
y d

d w
y d

d δ δ w δ − 1
d e x p (− w d δ )

y d ! ( δ )
d w d

=
λ

y d + 1
d δ δ (y d + 1 + δ )

( δ )y d !( λd + δ ) y d + 1 + δ
.

T h e  E B P μ̂ P G
d is  o bt ai n e d  b y r e pl a ci n g t h e  v e ct or  of  u n k n o w n

p ar a m et ers θ i n  E q u ati o n  (7 )   wit h  a  c o nsist e nt  esti m at or θ̂ .
U n d er  t h e  P oiss o n- g a m m a   m o d el ϕ = 1 a n d θ = (β , δ ) .
We  d eri v e a n a n al yti c al  pl u g-i n   M S E esti m at or t o   m e as ur e t h e
v ari a bilit y of o ur  E B P.

Pr o p ositi o n 1. L et V ar d (θ ) = D E {( θ̂ − θ )( θ̂ − θ )t}. A n a n al yti c al
M S E  d e c o m p ositi o n   wit h  its  c orr es p o n di n g  pr a cti c al  pl u g-i n
esti m at or ar e gi v e n b y

M S E P G ( μ̃ P G
d ) = g P G 1 d +

1

D
c d (θ ) + o (1 / D ) a n d

ms e P G ( μ̂ P G
d ) = ĝ P G 1 d +

1

D
ĉ d ( θ̂ ), (8 )

g P G 1 d = κ 1 d (θ ) − κ 2 d (θ ),

ĝ P G 1 d = κ 1 d ( θ̂ ) − ˆκ 2 d ( θ̂ ), d ∈ [ D ], ( 9)

wit h κ 1 d (θ ) =
λ 2

d ( δ + 1 )

δ
a n d

κ 2 d (θ ) =

∞

j= 0

λ 2
d (j + δ ) 2

( λd + δ ) 2
P (y d = j),

as   w ell as c d (θ ) =

∞

j= 0

∂

∂ θ
ψ P G

d (y d , θ )
t

× V ar d (θ )
∂

∂ θ
ψ P G

d (y d , θ ) P (y d = j).

ĉ d (θ ) is a   M o nt e   C arl o a p pr o xi m ati o n of c d (θ ), κ̂ 2 d r ef ers t o κ 2 d

wit h a n i n fi nit e s eri es tr u n c at e d at a l ar g e t er m a n d θ r e pl a c e d

b y θ̂ . T o esti m at e κ 1 d w e n e e d o nl y t h e l att er.

O n e c a n esti m at e V ar d (θ ) usi n g a n y r e as o n a bl e   m et h o d. I n
S e cti o n 4 w e us e b o otstr a p esti m at ors d e fi n e d i n ( 2 4 ).   D et ails o n
t h e d eri v ati o n of  E q u ati o ns (6 ) a n d (8 ) ar e d ef err e d t o o ur S M.

2. 2. 2.  P oi s s o n- L o g n or m al  Ar e a- L e v el   M o d el
T h e  P oiss o n-l o g n or m al   m o d el  h as  b e e n t h or o u g hl y  e x a mi n e d
b y,  a m o n g  ot h ers,   C a m er o n  a n d   Tri v e di ( 2 0 1 3 ),  S e cti o n  4. 2. 4,
Fr a n c o  a n d  B ell ( 2 0 1 5 )  a n d   B o u b et a,  L o m b ar dí a,  a n d   M or al es
(2 0 1 6 ). F or u d ∼ N (0, 1 ), l et y d |u d ∼ P oiss ( μP L

d ), d = 1, . . . , D ,

w h er e μ P L
d > 0, n d = 1 f or all d ∈ [ D ]. I n a d diti o n, μ P L

d = ν d ρ d ,
w h er e ν d is a k n o w n si z e v ari a bl e a n d ρ d a bi n o mi al pr o b a bilit y.
T h e c a n o ni c al p ar a m et er is l o g μ P L

d = l o g ν d + x t
d β + δ u d f or all

d ∈ [ D ]. Ty pi c all y ζ d := ρ d f or   w hi c h   w e  h a v e ρ d = e x p (x t
d β +

δ u d ) wit h θ = (β t, δ ) . I n t his c as e, t h e li k eli h o o d is

L P L (θ ) := f P L (y |θ ) = (2 π ) − D / 2

D

d = 1 R

e x p (− ν d ρ d ) ν
y d

d e x p {y d (x t
d β + δ u d )}

y d !
e x p

− u 2
d

2
d u .
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O n c e θ is  esti m at e d,   w e  o bt ai n   B Ps μ̃ P L
d , ρ̃ d , a n d E B Ps μ̂ P L

d ,
ρ̂ d usi n g t h e f or m ul as fr o m   B o u b et a,  L o m b ar dí a,  a n d   M or al es
(2 0 1 6 ). I n S e cti o n 4. 1 w e esti m at e t h eir   M S E b y b o otstr a p.

2. 2. 3.  L o git   U nit- L e v el   M o d el
T h e  u nit-l e v el  l o git   m o d el  is  a  p o p ul ar  c h oi c e  f or  bi n ar y
r es p o ns es,  c o m pr e h e nsi v el y  dis c uss e d  b y   H o b z a  a n d   M or al es
(2 0 1 6 ).   U n d er t his s etti n g, y dj |u d ∼ Bi n (m dj , p dj ), u d ∼ N (0, 1 )
wit h m dj a  k n o w n si z e  p ar a m et er f or  a l o gisti c r e gr essi o n.   T h e
n at ur al  p ar a m et er  is p dj /( 1 − p dj ) = x t

dj β + δ u d , d ∈ [ D ],

j ∈ [ n d ] w h er e p dj = { e x p (x t
dj β + δ u d )}/ {1 + e x p (x t

dj β + δ u d )}.

We  ass u m e  t h at  t h e  u nit-l e v el l o git   m o d el  h ol ds  f or  all  u nits
of  p o p ul ati o n P of  si z e N ,  p artiti o n e d i nt o D s u b p o p ul ati o ns

P d of si z es N d , d ∈ [ D ]. L et ζ d := μ U
d =

N d
j= 1 p dj . As f or t h e

P oiss o n   m o d els,   w e  h a v e ϕ = 1 a n d t h er ef or e θ = (β t, δ ) . T h e
li k eli h o o d is gi v e n b y

L U (θ ) := f U (y |β , δ )

= (2 π ) − D / 2
D

d = 1 R
e x p

⎡

⎣
n d

j= 1

l o g
m dj

y dj
+

n d

j= 1

y dj (x t
dj β + δ u d )

−
u 2

d

2
−

n d

j= 1

m dj l o g 1 + e x p x t
dj β + δ u d

⎤

⎦ d u d .  ( 1 0)

We  c a n  pr o c e e d   wit h  t h e  esti m ati o n  of  t h e   B P p̃ dj (θ ) a n d

μ̃ U
d =

N d
j= 1 p̃ dj o nl y if   w e  h a v e  a c c ess t o t h e i nf or m ati o n  o n

e a c h  p o p ul ati o n  u nit. I n  pr a cti c e,  h o w e v er, t h e a u xili ar y i nf or-
m ati o n is a v ail a bl e o nl y f or t h e s a m pl e u nits. T h e n, f oll o wi n g t h e
s u g g esti o n  of   H o b z a  a n d   M or al es ( 2 0 1 6 ),   w e  c a n still  esti m at e
t h e  p o p ul ati o n  q u a ntit y  of  i nt er est  b y  usi n g  o nl y  c at e g ori c al
c o v ari at es.  S u p p os e  t h at  t h e y  t a k e  a  fi nit e  n u m b er  of  v al u es
x dj ∈ { z 1 , . . . , z L } f or d ∈ [ D ] a n d j ∈ [ n d ] wit h z l d e n oti n g
t h e r es ulti n g c o v ari at e cl ass. We t h e n d e fi n e

μ̄ U
d =

μ U
d

N d
, μ U

d =

N d

j= 1

p dj =

L

l= 1

N dl rdl , wit h

rdl =
e x p (z lβ + δ u d )

1 + e x p (z lβ + δ u d )
, ( 1 1)

w h er e N dl = # {l ∈ P d : x dj = z l} is t h e k n o w n si z e of cl ass z l i n

ar e a d . H o b z a a n d M or al es (2 0 1 6 )  d eri v e d   B P μ̃ U
d (θ ) a n d  E B P

μ̂ U
d ( θ̂ ) f or μ U

d as   w ell  as f or  ot h er  q u a ntiti es i n  E q u ati o n ( 1 1 ).
D u e t o t h e c o m p ut ati o n al b ur d e n of t h e a n al yti c al esti m at or, i n
S e cti o n 4. 2 w e us e b o otstr a p f or o bt ai ni n g a n esti m at e of   M S E.

3.  Si m ult a n e o u s I nt er v al s a n d   M ulti pl e T e sti n g

T o  c o nst r u c t  CI  f or ζ d t h at  a c c o u nt f or t h e  e ff e ct  of  esti m at es
fr o m ot h er ar e as, w e n e e d t o fi n d a r e gi o n I 1 − α s u c h t h at P ( ζd ∈
I 1 − α ∀ d ∈ [ D ]) = 1 − α . D e fi n e

S 0 = m a x
d = 1, ...,D

|S 0 d | , wit h S 0 d =
ζ̂ d − ζ d

σ̂ ( ζ̂ d )
, ∀ d ∈ [ D ],  ( 1 2)

q
(1 − α )
S 0

= i nf{t ∈ R : P (S 0 t) 1 − α }, ( 1 3)

wit h σ̂ ( ζ̂ d ) b ei n g  a n  esti m at e  of t h e  v ari a bilit y  of  E B P ζ̂ d . We
t h e n c o nsi d er

α = P ζ̂ d − ζ d > q
(1 − α )
S 0

σ̂ ( ζ̂ d ) f or  s o m e d ∈ [ D ]

= P m a x
d = 1, ...,D

ζ̂ d − ζ d

σ̂ ( ζ̂ d )
> q

(1 − α )
S 0

. ( 1 4)

C o nstr u cti n g S CI b oils d o w n t o t h e esti m ati o n of q
(1 − α )
S 0

, as o n e
c a n d e fi n e t h e n

I S
1 − α =

D

×
d = 1

I S
d , 1− α , wit h I S

d , 1− α = ζ̂ d ± q
(1 − α )
S 0

× ˆσ ( ζ̂ d ) ,

( 1 5)
w h er e × d e n ot es a g e n er ali z e d   C art esi a n  pr o d u ct. I S

1 − α c o v ers
all ζ d wit h pr o b a bilit y 1 − α , t h at is, its j oi nt c o n fi d e n c e l e v el is

1 − α . I n c o ntr ast, f or e a c h q
(1 − α )
S 0 d

d e fi n e d a n al o g o usl y t o q
(1 − α )
S 0

,
wit h S 0 r e pl a c e d b y |S 0 d |, i n di vi d u al ar e a   CI (i CI) ar e gi v e n b y

I i CI
d , 1− α = ζ̂ d ± q

(1 − α )
S 0 d

× ˆσ ( ζ̂ d ) ∀ d ∈ [ D ].  ( 1 6)

B y c o nstr u cti o n, i CI  d o es  n ot c o nt ai n ζ d f or  at l e ast  1 0 0α % of
all ar e as.

R e m ar k  1. I i CI
d , 1− α is  d esi g n e d  t o  c o v er ζ d at  a n  i n di vi d u al

c o n fi d e n c e l e v el.   C o ns e q u e ntl y,  t h e j oi nt  c o v er a g e  pr o b a bilit y
of  i CIs  d e cr e as es  i n  a  c u m ul ati v e   w a y  f or  i n cr e asi n g D . T his
hi g hli g hts t h e n e e d t o c o nstr u ct S CI.   N e v ert h el ess,   m ai nt ai ni n g
1 − α si m ult a n e o us  c o n fi d e n c e  l e v el  of  S CI I S

1 − α m a k es  its

c o nstit u e nts I S
d , 1− α wi d er t h a n c orr es p o n di n g i CIs I i CI

d , 1− α . T his

is  n ot  s ur prisi n g  b e c a us e I i CI
d , 1− α a n d I S

d , 1− α w er e  c o nstr u ct e d
t o c o v er di ff er e nt s ets   w hi c h s er v e disti n ct i nf er e nti al p ur p os es.
It  is   w ort h   m e nti o ni n g  t h at  t h e l e n gt h  of I S

d , 1− α st a bili z es  as
f or  gr o wi n g D w e  o bs er v e t w o  o p p osit e tr e n ds: t h e i n cr e as e  of
ar e a  p ar a m et ers t o c o v er a n d t h e  d e cr e as e of   M S E (s e e Ta bl es  1
a n d 3 ).

T h e S CI d e fi n e d i n E q u ati o n ( 1 5 ) is  n ot  o p er ati o n al  as t h e
distri b uti o n  of S 0 is  u n k n o w n.   T h e  pr o bl e m  c a n  b e  cir c u m-
v e nt e d b y b o otstr a p a p pr o xi m ati o n: f or b 1 = 1, . . . , B 1 s et

S (b 1 )
B = m a x

d = 1, ...,D
S (b 1 )

B d , S (b 1 )
B d =

ζ̂
∗ (b 1 )
d − ζ

∗ (b 1 )
d

σ̂ ∗ (b 1 ) ( ζ̂ ∗
d )

,  ( 1 7)

a n d  a p pr o xi m at e  t h e  criti c al  v al u e q (1 − α )
S B

= i nf{t ∈ R :
P (S B t|(y , X )) 1 − α }, b y a [(1 − α ) B 1 + 1 ]t h- or d er

st atisti c  of t h e S
(b 1 )
B .   T h e n t h e  b o otstr a p e q ui v al e nt  of  E q u ati o n

(1 5 ) is

I B
1 − α =

D

×
d = 1

I B
d , 1− α , w h er e

I B
d , 1− α = ζ̂ d ± q (1 − α )

S B
× ˆσ ( ζ̂ d ) .  ( 1 8)

A n  alt er n ati v e  a p pr o a c h  t o  E q u ati o n  ( 1 2 ) c o ul d b e t o t a k e
c o m p ut ati o n all y si m pl er  n o nst u d e nti z e d st atisti cs.   Yet,  alr e a d y
Di Ci c ci o a n d Efr o n ( 1 9 9 6 ) p oi nt e d o ut t h at t h e l a c k of st u d e nti-
z ati o n r es ults i n sl o w er c o n v er g e n c e r at es. Si n c e t h e a p pli c ati o n
of  n o nst u d e nti z e d  S CI  di d  n ot  yi el d  s atisf a ct or y  r es ults,   w e
d e ci d e d n ot t o i n cl u d e t h e m.
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T a bl e 1. E C P, AI W, a n d AI W V of S CI u n d er ar e a-l e v el   m o d els.

P oiss o n- g a m m a P oiss o n-l o g n or m al

B B C P   G   B B C

E C P (i n   %) E C P (i n   %)

D = 2 6 9 5. 7 9 5. 9 9 5. 8 9 5. 3 9 5. 0 9 4. 6
D = 5 2 9 4. 7 9 3. 7 9 4. 9 9 4. 6 9 4. 9 9 4. 8
D = 7 8 9 4. 7 9 4. 8 9 4. 9 9 4. 4 9 4. 9 9 4. 6

AI W × 1 0 3 ( AI W V × 1 0 3 ) AIW × 1 0 3 ( AI W V × 1 0 3 )

D = 2 6 2 4. 4 ( 0. 0 2 5) 2 4. 5 ( 0. 0 2 8) 2 4. 5 ( 0. 0 2 4) 2 3. 9 ( 0. 0 2 3) 1 8. 0 ( 0. 0 0 3) 1 8. 0 ( 0. 0 0 4)
D = 5 2 3 0. 3 ( 0. 0 3 0) 3 0. 3 ( 0. 0 3 4) 3 0. 4 ( 0. 0 2 9) 2 9. 8 ( 0. 0 2 8) 2 0. 7 ( 0. 0 0 3) 2 0. 8 ( 0. 0 0 4)
D = 7 8 3 3. 4 ( 0. 0 2 7) 3 3. 4 ( 0. 0 3 2) 3 3. 5 ( 0. 0 2 5) 3 3. 0 ( 0. 0 2 4) 2 1. 9 ( 0. 0 0 2) 2 2. 0 ( 0. 0 0 4)

N O T E:  N o mi n al c o v er a g e: 9 5 %.

O ur   m et h o d ol o g y is  als o  a p pli c a bl e f or  h y p ot h esis t esti n g.
C o nsi d er t h e t est pr o bl e m

H 0 : B ζ = b vs. H 1 : B ζ = b ,  ( 1 9)

w h er e B ∈ R D × D , D D , b ∈ R D .   We  ar e i nt er est e d i n
m a x-t y p e st atisti c tH s u c h t h at

tH = m a x
d = 1, ...,D

tH d , tH d =
ζ̂ H
d − b d

σ̂ ( ζ̂ H
d )

,

S H 0 = m a x
d = 1, ...,D

S H 0 d , S H 0 d =
ζ̂ H
d − ζ H

d

σ̂ ( ζ̂ H
d )

,  ( 2 0)

w h er e ζ H = ( ζ H
1 , . . . , ζ H

D )t = B ζ ∈ R D wit h ζ̂
H

b ei n g its

esti m at or.   O n e r ej e cts H 0 at t h e α -l e v el if tH q
(1 − α )
H 0

wit h

q (1 − α )
H 0

= i nf{t ∈ R : P (S H 0 t) 1 − α }.
I n  pr a cti c e,   w e   mi g ht  us e s u c h a t est t o e x a mi n e  di ff er e n c es

b et w e e n  ar e a  c h ar a ct eristi cs.  Si mil arl y  as f or  S CI,   w e  a p pr o xi-

m at e q
(1 − α )
H 0

a p pl yi n g b o otstr a p t o a   m o di fi e d v ersi o n of st atisti c
S B , n a m el y

q
(1 − α )
B H 0

= i nf{t ∈ R : P (S B H 0 t|(y , X )) 1 − α },  ( 2 1)

w h er e S B H 0 i n t h e b t h
1 b o otstr a p s a m pl e is

S
(b 1 )
B H 0

= m a x
d = 1, ...,D

S
(b 1 )
B H 0 d , S

(b 1 )
B H 0 d =

ζ̂
∗ H (b 1 )
d − ζ ∗ H (b 1 )

d

σ̂ ∗ ( ζ̂
∗ H (b 1 )
d )

,  ( 2 2)

wit h ζ ∗ H (b 1 ) = ( ζ ∗ H (b 1 )
1 , . . . , ζ ∗ H (b 1 )

D ) = B ζ ∗ (b 1 ) ∈ R D a n d

ζ̂
∗ H (b 1 )

= ( ζ̂ ∗ H (b 1 )
1 , . . . , ζ̂ ∗ H (b 1 )

D ) its  c orr es p o n di n g  esti m at e d
v ersi o n.

We  pr o vi d e t h e  c o nsist e n c y  of  o ur  b o otstr a p- b as e d   CI  a n d
t ests, as   w ell as as y m pt oti c c o n v er g e n c e a n d c o v er a g e  pr o b a bil-

it y. Pr o ofs ar e d ef err e d t o A p p e n di x   A. 2 a n d A. 3 . S u p p os e t h at θ̂

is c o nsist e nt s u c h t h at ||θ̂ − θ ||   = O P (n − c ), c > 0. Si n c e f or t h e
G L M M   wit h cl ust er e d r a n d o m e ff e cts t h e l o g-li k eli h o o d c a n b e
e x pr ess e d as t h e s u m  of i n d e p e n d e nt r a n d o m c o m p o n e nts, t h e

c o nsist e n c y  of θ̂ esti m at e d  b y   M L f oll o ws  ass u mi n g  a  cl assi c al
t h e or y.   T h e  c o nsist e n c y  u n d er  a  g e n er al   G L M M  h a d  b e e n  a n
o p e n pr o bl e m f or m a n y y e ars u ntil it w as s ol v e d b y Ji a n g ( 2 0 1 3 ).
Bi a n c o n ci ni  ( 2 0 1 4 )  a n d   H u b er,   R o n c h etti,  a n d   Vi ct ori a- F es er
(2 0 0 4 )  i n v esti g at e d  t h e  c o nsist e n c y  of θ̂ o n c e   w e  c o m p ut e  it
usi n g   A G Q  a n d  L A r es p e cti v el y.  F or  o ur  p ur p os e,   w e  n e e d t o
pr o v e t h e b o otstr a p c o nsist e n c y

Pr o p ositi o n  2. U n d er   Ass u m pti o ns  1 – 5 fr o m A p p e n di x   A. 1 it
h ol ds t h at

E ∗ (y ∗
dj ) − E (y dj ) = o P ∗ (1 ),

V ar ∗ (y ∗
d ) − V ar (y d ) = [ o P ∗ (1 )]n d × n d ,

||θ̂
∗

− θ̂ ||   = O P ∗ (n − c ).

Gi v e n Pr o p ositi o n  2 , w e c a n d eri v e t h e c o nsist e n c y of I B
1 − α

b as e d  o n  r es ults  fr o m  e xtr e m e  v al u e  t h e or y  a n d  as y m pt oti c
e x p a nsi o ns  of  t h e  st a n d ar di z e d  st atisti cs  usi n g  i d e as  fr o m

C h att erj e e,  L a hiri,  a n d  Li  ( 2 0 0 8 ).  L et  us  ass u m e σ̂ ( ζ̂ d ) =

ĝ 1 d ( ζ̂ d ),  t h o u g h  si mil ar  r es ults  ar e  i m m e di at e  f or σ̂ ( ζ̂ d ) =

ms e (·) ( μ̂
(·)
d ) w h er e (·) st a n ds f or di ff er e nt t y p es of esti m at ors.

We  us e q := q
(1 − α )
S 0

w h er e  u n a m bi g u o us,  a n d  d e n ot e  t h e
c u m ul ati v e  distri b uti o n  f u n cti o n  ( c df )  of S 0 d a n d S B d b y
G d (w ) = P (S 0 d w ) a n d G B d (w ) = P (S B d w ).
I n A p p e n di x   A. 3 w e  pr o vi d e  as y m pt oti c  e x p a nsi o ns f or  b ot h.
D e fi n e (S 0 (d + 1 ) . . . , S 0 (2 D ) ) = (− S 0 1 , . . . , − S 0 D ), a n d o bs er v e
t h at   m a x

d = 1, ...,D
|S 0 d | = m a x

d = 1, ..., 2D
(S 0 1 , . . . , S 0 D , − S 0 1 , . . . , − S 0 D ).

Fr o m  E q u ati o n ( 1 4 ),   w e h a v e

T D (q ) = P S 0 q

= P S 0 1 q , . . . , S 0 D q , − S 0 1 q , . . . , − S 0 D q

=

2 D

d = 1

G d (q ). ( 2 3)

As D → ∞ ,  u nl ess st a n d ar di z e d, t h e  distri b uti o n i n  E q u ati o n
(2 3 ) c o n v er g es t o 0 or 1. I n A p p e n di x   A. 3 , w e s h o w t h at G d (w ) is
as y m pt oti c all y  n or m al, s u c h t h at P S 0 q ≈ 2 D (q ). Si n c e
t h e c df of t h e   m a xi m a of t h e st a n d ar d n or m al r a n d o m v ari a bl es
is  i n  t h e  d o m ai n  of  attr a cti o n  of  t h e   G u m b el  l a w,  it  f oll o ws
t h at  li m

D → ∞

2 D (q / b D + b D ) = e x p (e x p (− q )) = T 0 (q ), f or all

q ∈ R w h er e b D is  a  s e q u e n c e  of  c o nst a nts  (s e e  L e a d b ett er,
Li n d gr e n,  a n d   R o ot z é n 2 0 1 2 ,  t h e or. 1. 5. 3).   U nf ort u n at el y,  t his
a p pr o xi m ati o n  h as  a  p o or  c o n v er g e n c e  r at e,  b ut  b o otstr a p  is
a g ai n a r e m e d y. N oti c e t h at a si mil ar r e pr es e nt ati o n h ol ds f or
S B , s u bstit uti n g P wit h P ∗ a n d r e pl a ci n g t h e tr u e p ar a m et ers b y
t h eir  esti m at es.   A p pli c ati o n  of  P o yl a’s  t h e or e m  t h at  c o m bi n es
t h e c o n v er g e n c e i n distri b uti o n   wit h a c o n v er g e n c e i n s u p n or m
r es ults i n o ur  n e xt pr o p ositi o n.

Pr o p ositi o n  3. D e fi n e T ∗
D (w ) = P ∗ S B q w hi c h is a  b o ot-

str a p a n al o g u e  of T D (w ) i n  E q u ati o n (2 3 ).   U n d er   Ass u m pti o ns
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1 – 5 fr o m A p p e n di x   A. 1 it h ol ds t h at

s u p
w ∈ R

|T D (w ) − T ∗
D (w )| = o P (1 ).

C or oll ar y 1. Pr o p ositi o n 3 i m pli es t h at u n d er t h e s a m e ass u m p-
ti o ns,

P ( ζd ∈ I B
1 − α ∀ d ∈ [ D ]) → 1 − α .

Si n c e w e us e al m ost i d e nti c al m a x-t y p e st atisti cs i n E q u ati o ns
(1 2 ) a n d (2 0 ), t h e c o nstr u cti o n of   M T P f oll o ws al m ost i m m e di-
at el y fr o m t h e c orr es p o n d e n c e b et w e e n t ests a n d   CI. I n f a ct, t h e

a c c e pt a n c e r e gi o n of o ur t est is I H 0
1 − α = × D

d = 1 I H 0
d , 1− α , w h er e

I H 0
d , 1− α = ζ̂ d − q (1 − α )

S 0
× ˆσ ( ζ̂ d ) b d ζ̂ d + q (1 − α )

S 0
× ˆσ ( ζ̂ d ) ,

t h at is,   w e r ej e ct H 0 if b /∈ I H 0
1 − α . We c a n writ e P (h d ∈ I H 0

1 − α ∀ d ∈
[D ]) = 1 − α .  Si n c e t his  pr o b a bilit y st at e m e nt is tr u e f or  a n y
h d = ζ d ,   w e o bt ai n t h e   CI d e fi n e d i n E q u ati o n (1 5 ) b y i n v erti n g
t h e t est.

C or oll ar y 2. L et H 0 b e t h e n ull h y p ot h esis d e fi n e d i n E q u ati o n
(1 9 ) a n d α ∈ (0, 1 ).   U n d er Pr o p ositi o n 3 , w e h a v e

P (tH > q B H 0 ) α + o (1 ).

R e m ar k  2. O ur si n gl e-st e p t esti n g  pr o c e d ur e i n  E q u ati o n ( 1 9 )
wit h a b o otstr a p criti c al v al u e i n  E q u ati o n ( 2 1 ) c o ntr ols w e a kl y
f or t h e f a mil y- wis e err or r at e ( F W E R), a n d   mi g ht b e li mit e d i n
d et e cti n g f als e n ull h y p ot h es es o n c e   w e d e al   wit h a l ar g e D . Yet,
w e c a n r e a dil y e xt e n d  o ur t est t o a  b o otstr a p- b as e d st e p- d o w n
pr o c e d ur e  of   R o m a n o, S h ai k h, a n d   W olf ( 2 0 0 8 ) w hi c h c o ntr ols
t h e f als e  dis c o v er y r at e   wit h  a  b ett er  p o w er t o  d et e ct f als e H 0 d

t h a n F W E R.

4.  E m piri c al  R eli a bilit y St u d y

We p erf or m e d i nt e nsi v e si m ul ati o n st u di es t o ass ess t h e r eli a bil-
it y of o ur   m et h o ds. S CI a n d   M T P f or E B P   w er e c o nstr u ct e d   wit h
di ff er e nt  esti m at ors  of  v ari a bilit y  u n d er t h e   m o d els  pr es e nt e d
i n S e cti o ns 2. 2. 1 – 2. 2. 3 . First, w e e x a mi n e d t h e r el ati v e bi as a n d
r el ati v e r o ot- M S E of  fi x e d e ff e cts β̂ a n d v ari a bilit y p ar a m et er δ̂ .
T h e n, t h e  p erf or m a n c e  of  E B P   w as  e v al u at e d  c o m p ari n g  bi as,
a v er a g e  a bs ol ut e  bi as  a n d   M S E f or D = 2 6, 5 2,  a n d  7 8.  Si n c e
t h e y di d n ot s h o w a n y at y pi c al p att er n, t h e r es ults u n d er P oiss o n
ar e a-l e v el   m o d els  a n d l o gisti c  u nit-l e v el   m o d el   w er e  d ef err e d
t o  t h e  S M.   R e g ar di n g  S CIs,   w e  c al c ul at e d  e m piri c al  c o v er a g e
pr o b a bilit y ( E C P), a v er a g e i nt er v al   wi dt h ( AI W), a n d t h e   AI W
v ari ati o n ( AI W V):

E C P =
1

K

K

k = 1

1 {ζ
(k )
d ∈ I S

1 − α ∀ d ∈ [ D ]},

AI W =
1

D K

D

d = 1

K

k = 1

ω
(k )
d , ω

(k )
d = 2 q

(1 − α )
(·)

(k )
σ̂ (k ) ( ζ̂ d ),

AI W V =
1

D (K − 1 )

D

d = 1

K

k = 1

ω (k )
d − ω̄ d

2
,

ω̄ d =
1

K

K

k = 1

ω
(k )
d , d = 1 . . . , D .

F or e a c h si m ul ati o n r u n k w e r e c or d t h e   wi dt hs  of t h e S CI a n d
c h e c k   w h et h er t h e y  c o v er  all  E B Ps.  E C P is t h e n  c o m p ut e d  b y
a v er a gi n g  o v er K si m ul ati o n r u ns a n d is ai m e d t o b e cl os e t o
1 − α .   AI W is  o bt ai n e d  b y a v er a gi n g  o v er t h e si m ul ati o n r u ns
a n d  ar e as.   N arr o w er i nt er v als  ar e  pr ef er a bl e if its  E C P is  cl os e
t o t h e  n o mi n al l e v el.   T h es e ar e st a n d ar d   m e as ur es t o ass ess t h e
q u alit y  of i nt er v al  esti m at ors ( C h att erj e e,  L a hiri,  a n d  Li 2 0 0 8 ;
G a n es h 2 0 0 9 ).  L o w er   AI W V  v al u es i n di c at e t h at t h e l e n gt h is
st a bl e a n d d o es n ot d e p e n d o n t h e si m ul ati o n r u n.

4. 1.  Fi nit e S a m pl e P erf or m a n c e   U n d er  Ar e a- L e v el   M o d el s

U n d er  t h e  P oiss o n- g a m m a   m o d el   w e  s et y d ∼ P oiss ( μP L
d ),

μ P L
d = λ d w d .   C o v ari at es,  p ar a m et ers  a n d  s a m pl e  si z es  ar e

t a k e n  fr o m  o ur  c as e  st u d y  i n S e cti o n  5 , t h at is, w e s et θ =
(β t, δ ) = (1 0. 0 3 8, 7. 7 4 7, − 3. 1 3 6, 1 1. 3 1 7, − 2. 4 6 6, 2. 4 8 0 ) t , a n d
D = { 2 6, 5 2, 7 8 }, n d = 1, ∀ d ∈ [ D ], n = D . F or D =
5 2   w e  t a k e  c o v ari at es  fr o m  t h e  ori gi n al  s a m pl e,  f or D = 2 6
w e  r a n d o ml y  s el e ct  t h e  ar e as  usi n g  si m pl e  r a n d o m  s a m pli n g
wit h o ut  r e pl a c e m e nt,  a n d  f or D = 7 8,   w e  t a k e  t h e  ori gi n al
s a m pl e pl us 2 6 r a n d o ml y s el e ct e d ar e as, t h at is, t h es e ar e as e nt er
at   m ost  t wi c e.  P ar a m et er  of i nt er est is  t h e  ar e a  pr o p orti o n  of
i n di vi d u als  b el o w t h e  p o v ert y li n e, μ̄ P L

d = μ P L
d / N d . T h e E B P

f or μ P L
d is gi v e n i n E q u ati o n (7 ).  Si n c e N d is  us u all y  u n k n o w n,

i n  pr a cti c e it is  r e pl a c e d  b y its  esti m at e,  s e e  E q u ati o n  (2 5 ) i n
S e cti o n 5 .   We a p pl y d o u bl e b o otstr a p   wit h B 1 = 1 0 0 0 first-st a g e
a n d B 2 = 1 s e c o n d-st a g e b o otstr a p r e pli c at es (t h e c h oi c e of t h e
l att er is   m oti v at e d  b y  Er ci ul es c u a n d  F ull er 2 0 1 4 ).   We g e n er at e
K = 1 0 0 0 s a m pl es   wit h t h e s a m e ar e as a n d fi x e d c o v ari at es, b ut
r a n d o ml y  dr a w n w d a n d y d . S CIs a n d i CIs ar e c o nstr u ct e d as
f oll o ws:

1.  Fit t h e   m o d el t o t h e d at a a n d o bt ai n esti m at es θ̂ = ( β̂ , δ̂ ) .

2.  F or b 1 = 1, . . . , B 1 b o otstr a p  s a m pl es,  g e n er at e w
∗ (b 1 )
d ∼

G a m m a ( δ̂ , δ̂ ) ii d a n d s et

μ
P G ∗ (b 1 )
d = λ̂ d w

∗ (b 1 )
d a n d y

∗ (b 1 )
d ∼ P oiss o n ( μ

P G ∗ (b 1 )
d ).

3.  F or e a c h  b o otstr a p s a m pl e c al c ul at e θ̂
∗ (b 1 )

, μ̂
P G ∗ (b 1 )
d ( θ̂

∗ (b 1 )
),

A D
(b 1 )
P G, d = μ̂

P G ∗ (b 1 )
d − μ

P G ∗ (b 1 )
d .

( a)  F or b 2 = 1, . . . , B 2 g e n er at e  s a m pl es w ∗ ∗ (b 1 ,b 2 )
d ∼

G a m m a ( δ̂ ∗ (b 1 ) , δ̂ ∗ (b 1 ) ) ii d a n d

μ
P G ∗ ∗ (b 1 ,b 2 )
d = λ̂

∗ (b 1 )
d w

∗ ∗ (b 1 ,b 2 )
d ,

y ∗ ∗ (b 1 ,b 2 )
d ∼ P oiss o n ( μ P G ∗ ∗ (b 1 ,b 2 )

d ).

( b)  F or  e a c h  b o otstr a p  s a m pl e  c al c ul at e θ̂
∗ ∗ (b 1 ,b 2 )

a n d

μ̂
P G ∗ ∗ (b 1 ,b 2 )
d ( θ̂

∗ ∗ (b 1 ,b 2 )
).

( c)  S et   ms e(b 1 )
d = 1

B 2

B 2
b 2 = 1 μ̂ P G ∗ ∗ (b 1 ,b 2 )

d − μ P G ∗ ∗ (b 1 ,b 2 )
d

2
.

4.   C al c ul at e b o otstr a p esti m at es ĝ P G 1 d ( θ̂
∗ (b 1 )

) as i n E q u ati o n ( 9 )
as   w ell as

ms e B ( μ̂ P G
d ) =

1

B 1

B 1

b 1 = 1

μ̂
P G ∗ (b 1 )
d − μ

P G ∗ (b 1 )
d

2
,

ms e B C ( μ̂ P G
d ) = 2 ms e B ( μ̂ P G

d ) −
1

B 1

B 1

b 1 = 1

ms e
(b 1 )
d .
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5.   C al c ul at e st atisti c S P G, B wit h t h e criti c al v al u e q (1 − α )
P G, S B

o bt ai n e d

fr o m t h e b o otstr a p s a m pl e S P G, B = (S
(1 )
P G, B , . . . S

(B 1 )
P G, B )t, w h er e

S
(b 1 )
P G, B = m a x

d = 1, ...,D
A D

∗ (b 1 )
P G, d / σ̂ ∗ (b 1 ) μ̂

P G ∗ (b 1 )
d a n d

q (1 − α )
P G, S B

= Q 1 − α (S P G, B )

as   w ell as a v ari a n c e esti m at e f or θ̂ :

v ar ( θ̂ ) =
1

B 1

B 1

b 1 = 1

( θ̂
∗ (b 1 )

− θ̄ )( θ̂
∗ (b 1 )

− θ̄ )t wit h

θ̄ =
1

B 1

B 1

b 1 = 1

θ̂
∗ (b 1 )

. ( 2 4)

We  c o m p ar e  t h e  p erf or m a n c e  of  S CI  a n d   M T P  f or  di ff er e nt
v ari a bilit y  esti m at es σ̂ ( μ̂ P G

d ) a n d  t h eir  b o otstr a p  e q ui v al e nts

σ̂ ∗ ( μ̂ ∗ P G
d ), n a m el y f or σ̂ ( μ̂ P G

d ) = ĝ P G 1 d a n d σ̂ ( μ̂ P G
d ) =

ms e (·) ( μ̂
P G
d ). H er e, ms e(·) r ef ers t o eit h er t h e pl u g-i n   ms e P , t h e

ms e B or t h e   ms e B C , d e fi n e d i n  E q u ati o ns (8 ), (4 ), a n d (5 ). St e ps
3( a) –( c)  of  t h e  al g orit h m  r ef er  t o  t h e  s e c o n d-st a g e  b o otstr a p
w hi c h is  o nl y  n e c ess ar y t o  o bt ai n  bi as- c orr e ct e d   ms e B C .   U n d er
t h e  P oiss o n- g a m m a   m o d el,   w e ar e i nt er est e d i n t h e esti m ati o n

of  p o v ert y  r at es.   We t h us  c o nsi d er ˆ̄μ P G
d = μ̂ P G

d / N d , ˆ̄g P G 1 d =

ĝ P G 1 d / N 2
d a n d   ms e (·) ( ˆ̄μ P G

d ) = ms e (·) ( ˆ̄μ P G
d ) /N 2

d .

F or t h e  P oiss o n-l o g n or m al   m o d el   wit h y d ∼ P oiss o n ( μP L
d ),

μ P L
d = ν d ρ d ,  t h e  p ar a m et er  of i nt er est is ρ d wit h N d = ν d

esti m at e d b y  E B P d eri v e d b y   B o u b et a, L o m b ar dí a, a n d   M or al es
(2 0 1 6 ).   We  t a k e  t h e  fi x e d  p ar a m et ers fr o m S e cti o n  5 , t h at is,
(β t, δ ) = (− 2. 2 6 4, 3. 4 8 0, − 0. 8 7 0, 4. 8 4 2, 0. 1 2 5, 0. 3 2 2 ) t . C o v ari-
at es,  s a m pl e  si z es,  n u m b er  of  si m ul ati o n  r u ns  a n d  b o otstr a p
r e pli c at es ar e t h e s a m e as i n c as e of t h e  P oiss o n- g a m m a   m o d el.
T h e v ari a bilit y  of ρ̂ d w as esti m at e d  usi n g  b o otstr a p   M S Es, t h at
is   ms eB a n d   ms e B C .   T o o bt ai n esti m at es of S CI a n d i CI o n e c a n
us e al m ost t h e s a m e al g orit h m as a b o v e b y c h a n gi n g t h e   w a y   w e

g e n er at e y
∗ (b 1 )
d .

Ta bl e  1 s u m m ari z es  t h e  p erf or m a n c e  of  9 5 %  S CI  f or ˆ̄μ P G
d

c o nstr u ct e d   wit h   ms e B ( B),   ms eB C ( B C),  pl u g-i n   ms eP ( P) a n d
ĝ P G 1 d ( G).  F or ρ̂ d , t h e y w er e c o nstr u ct e d usi n g ms eB ( B)  a n d
ms e B C ( B C).   All   m et h o ds p erf or m v er y   w ell r e g ar di n g t h e c o v-
er a g e E C P, e v e n f or D = 2 6.  I n  c o ntr ast,  S CIs  c o nstr u ct e d
usi n g a   B o nf err o ni  pr o c e d ur e yi el d  u n a c c e pt a bl y l o w  E C P.  F or
i nst a n c e, f or D = 5 2  a n d   ms e B it  e q u als  7 8 % f or t h e  P oiss o n-
g a m m a, a n d 8 8 % f or t h e  P oiss o n-l o g n or m al   m o d el.   T h er ef or e,
w e d o n ot f urt h er r e p ort t h e m.

Fi g ur e 1 pr es e nts 9 5 % S CI a n d i CI esti m at es f or a r a n d o ml y
s el e ct e d si m ul ati o n  u n d er t h e  P oiss o n- g a m m a   m o d el.   T h e  pl ot

is di vi d e d i nt o fi v e p a n els a c c or di n g t o t h e n u m b er of u nits N̂ dir
d

d e fi n e d  i n  E q u ati o n  ( 2 5 )   wit h  t h e  first  pr es e nti n g  t h e  r es ults
f or t h e  ar e as   wit h t h e f e w est  o bs er v ati o ns.   T h e  bl a c k  a n d  r e d
d ots r e pr es e nt t h e tr u e pr o p orti o ns k n o w n i n a si m ul ati o n.   T h e
c ol or r e d i n di c at es tr u e  p ar a m et ers  n ot c o v er e d  b y t h eirs i CIs.
I n Fi g ur e 1 , t h at h ol ds f or f o ur of t h e tr u e v al u es (≈ 7. 7 %).   T his
ill ustr at es   w ell t h e di ff er e n c e b et w e e n i n di vi d u al a n d si m ult a n e-
o us i nf er e n c e as   w ell  as  a  p arti c ul ar r el e v a n c e  of t h e l att er.   We
o bt ai n si mil ar fi g ur es f or ot h er si m ul ati o ns (s e e o ur S M).

Fi n all y,   w e  st u di e d t h e  p erf or m a n c e  of  o ur t est  ( 1 9 )  u n d er
P oiss o n- g a m m a a n d P oiss o n-l o g n or m al   m o d els.   R es ults f or t h e
l att er ar e i n o ur S M as t h e y r e v e al t h e s a m e f e at ur es. C o nsi d er
H 0 : μ̄ P G = b vs. H 1 : μ̄ P G = b + 1 D , w h er eb := μ̄ f or t h e s a m e
d at a- g e n er ati n g pr o c ess es as b ef or e.   Criti c al v al u es ar e o bt ai n e d
fr o m  t h e  b o otstr a p  a n al o g u es  of S H 0 c al c ul at e d  si mil arl y  as
i n  St e p  5  of  t h e  al g orit h m  a b o v e. Fi g ur e  2 s h o ws  t h e  p o w er
f u n cti o ns  of  o ur  t est  b as e d  o n  di ff er e nt  v ari a bilit y  esti m at es.
T h e y ar e visi bl y i n disti n g uis h a bl e,   w hi c h is n ot s ur prisi n g gi v e n
t h e si mil ar  E C Ps a n d   AI Ws i n Ta bl e  1 . F or D = 5 2, t h at is, t h e
s a m pl e si z e  of t h e r e al  d at a, t h e  n o mi n al l e v el  of 5 % is att ai n e d
al m ost e x a ctl y u n d er H 0 .

4. 2.  Fi nit e S a m pl e P erf or m a n c e   U n d er t h e   U nit- L e v el
M o d el

U n d er t h e u nit-l e v el   m o d el   w e ass u m e y dj ∼ Bi n (m dj , p dj ) wit h
p dj = { e x p (x t

dj β + δ u d )}/ {1 + e x p (x t
dj β + δ u d )}, m dj = 1,

u d ∼ N (0, 1 ). I n o ur c o nt e xt, y dj is bi n ar y a n d v al u e 1 i n di c at es
a n i n di vi d u al b el o w t h e p o v ert y t hr es h ol d d e fi n e d i n S e cti o n 5 .
T h e  r e gr essi o n  p ar a m et ers  ar e  t a k e n  fr o m  o ur  c as e  st u d y:
θ = (β t, δ ) = (− 2. 0 4 8, 0. 9 8 9, 0. 1 7 2, 0. 7 6 0, 0. 1 0 0, 0. 3 4 8 ) t .
F o ur  c at e g ori c al  c o v ari at es r es ult i n  1 6  c o v ari at e  cl ass es x dj ∈
{z 1 , . . . , z 1 6 } f or   w hi c h   w e  n e e d t o esti m at e N dl usi n g  E q u ati o n
(2 5 ), l = 1, . . . , 1 6.   We c o nsi d er e d D = { 2 6, 5 2, 7 8 } c o nt ai ni n g
u nit-l e v el  i nf or m ati o n   wit h n = { 1 1 4 2 3, 2 3 6 2 8, 3 5 8 1 8 },
r es p e cti v el y.  S u m m ar y  st atisti cs  f or  all  s a m pl es  ar e  pr es e nt e d
i n Ta bl e 2 . F urt h er m or e, f or D = 5 2, n d , N d , x dj , z l ar e t h e s a m e
as i n o ur c as e st u d y.   T h e ar e as f or D = { 2 6, 7 8 } w er e s el e ct e d i n
t h e s a m e w a y as i n S e cti o n 4. 1 . I n a d diti o n, f or D = 7 8,   wit hi n
e a c h  of  t h e  a d diti o n al  ar e a   w e  s a m pl e d   wit h  r e pl a c e m e nt n d

u nits (i. e.,  2 6  n e wl y s a m pl e d  ar e as c o nt ai n e d  di ff er e nt  u nits i n
c o m p aris o n t o t h e ori gi n al s a m pl e).   T h e p ar a m et er of i nt er est is
t h e ar e a p o v ert y pr o p orti o n μ̄ U

d d e fi n e d i n E q u ati o n ( 1 1 ).   Gi v e n
t h at t h e  ori gi n al s a m pl e si z e   w as n = 2 3, 6 2 8,  u n d er t h e  u nit-
l e v el   m o d el   w e r estri ct  o ur si m ul ati o ns t o K = 2 0 0, B 1 = 5 0 0,
a n d B 2 = 1.   As f ar as t h e al g orit h m f or c o nstr u cti n g S CI a n d i CI
is c o n c er n e d, it f oll o ws al m ost t h e s a m e st e ps as i n S e cti o n 4. 1 .
T h e e x a ct al g orit h m c a n b e f o u n d i n t h e S M.

Ta bl e  3 pr es e nts  t h e  p erf or m a n c e  of  S CI  c o nstr u ct e d
usi n g   ms e B ( B)  a n d   ms eB C ( B C).   T h e  c o v er a g e  pr o b a bilit y
is  s o m e w h at  l o w er  t h a n  t h e  n o mi n al  l e v el.  I n  a d diti o n,  it
sli g htl y d e cr e as es   wit h i n cr e asi n g D , w h er e as t h e AI W i n cr e as e
st a bili z es as e x p e ct e d (s e e R e m ar k 1 ).   T h e u n d er c o v er a g e   mi g ht
b e  r el at e d  t o  t h e  si m ul ati o n  d esi g n.  E v e n  t h o u g h  t h e  l att er
is  p o p ul ar  i n  S A E,  it  is  s u b o pti m al  f or  r a n d o m  e ff e cts  fr o m
t h e  as y m pt oti c  p oi nt  of  vi e w  (n d ∞ , d ∈ [ D ], r e c all
S e cti o n  2. 1 ).   T h e  r es ults  i n Ta bl e  3 d o  n ot  d e m o nstr at e  a n y
i n c o nsist e n ci es   wit h  r es p e ct  t o  t h e  t h e or eti c al  d e v el o p m e nts,
n or  t h e y  e x hi bit  u n e x p e ct e d  fi n di n gs.   D u e  t o  t h eir  li mit e d
i m p a ct, t h e  e q ui v al e nts  of Fi g ur es  1 a n d 2 f or t his  si m ul ati o n
ar e d ef err e d t o o ur S M. I n c o m p aris o n t o t h e ar e a-l e v el   m o d els,
t h e c o v er a g e pr o b a bilit y is w ors e a n d t h e a v er a g e wi dt h of S CIs is
m u c h l ar g er (it is als o t h e c as e f or t h e i CI, s e e o ur S M).   M or e o v er,
fitti n g  u nit-l e v el   m o d els is c o m p ut ati o n all y   m or e e x p e nsi v e. I n
o ur  c as e t h e  esti m ati o n  of   M S E  a n d  c o nstr u cti o n  of i nt er v als
t o o k  a b o ut  9 0 0 – 1 0 0 0  ti m es l o n g er.  Si n c e  t h e  d at a- g e n er ati o n
pr o c ess es ar e di ff er e nt, t h e n u m eri c al r es ults i n o ur si m ul ati o ns
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Fi g ur e 1. 9 5 % i CI a n d S CI f or pr o p orti o ns   wit h D = 5 2. R e d d ots i n di c at e tr u e p ar a m et ers o u tsi d e i CI,   w h er e as bl a c k d ots i n di c ate tr u e p ar a m et ers i nsi d e t h eir i CI.

Fi g ur e 2. Si m ul at e d p o w ers f or   m ulti pl e t est H 0 : μ̄ P G = b v ers us H 1 : μ̄ P G = b + 1 D u n d er t h e ar e a-l e v el P oiss o n- g a m m a   m o d el; (l eft) D = 2 6, ( mi d dl e) D = 5 2,
(ri g ht) D = 7 8.

T a bl e 2. S u m m ar y st atisti cs of n d u n d er di ff er e nt s c e n ari os i n t h e si m ul at i o n st u d y u n d er t h e u nit-l e v el   m o d el.

D = 2 6 D = 5 2 D = 7 8

Mi n. Q 1 Q 2 M e a n Q 3 M a x.   Mi n. Q 1 Q 2 M e a n Q 3 M a x.   Mi n. Q 1 Q 2 M e a n Q 3 M a x.
4 7  1 3 9  2 6 0  4 3 9  4 5 4  1 7 1 4  3 4  1 0 8  2 6 0  4 5 4  4 7 9  2 6 3 1  3 4  1 1 4  2 8 9  4 5 9  4 8 2  2 6 3 1

T a bl e 3. E C P, AI W a n d AI W V of 9 5 % S CI u n d er t h e u nit-l e v el   m o d el.

E C P (i n   %) AI W × 1 0 3 ( AI W V× 1 0 3 )

D B   B C   B  B C

2 6  9 4. 0  9 3. 0  1 3 4. 0 ( 0. 1 9 3)  1 3 5. 0 ( 0. 2 6 8)
5 2  9 3. 5  9 3. 0  1 5 0. 3 ( 0. 1 3 9)  1 5 0. 9 ( 0. 1 8 9)
7 8  9 2. 0  9 1. 5  1 5 3. 9 ( 0. 1 2 5)  1 5 5. 1 ( 0. 2 3 4)

N O T E:  N o mi n al c o v er a g e: 9 5 %.

ar e  n ot  dir e ctl y  c o m p ar a bl e.   H o w e v er,  o ur  e m piri c al  st u di es
s u g g est t o  gi v e  s o m e  pr ef er e n c e t o t h e  ar e a-l e v el   m o d eli n g i n
t h e c o nsi d er e d   G L M M s etti n gs.

O ur si m ul ati o ns l e a d  us t o f oll o wi n g  c o n cl usi o ns.  First, f or
a  gi v e n  s a m pl e  si z e  a n d  d at a,  o ur  S CI  att ai ns  t h e  n o mi n al
c o v er a g e  pr o b a bilit y,  al m ost i n d e p e n d e ntl y fr o m t h e  c h oi c e  of
t h e esti m at or  of  v ari a bilit y. I n  p arti c ul ar, t h e ar e a-l e v el   m o d els
yi el d  v er y  a c c ur at e r es ults e v e n f or s m all s a m pl es.  S e c o n d, t h e
disti n cti o n b et w e e n S CI a n d i CI is cr u ci al, a n d t h e l att er s h o ul d
n ot  b e  e m pl o y e d i n  c o m p ar ati v e st u di es.   T hir d, t h e  n u m eri c al
p erf or m a n c e  of  o ur  t est  f or  c o m p ar ati v e  st u di es is  s atisf yi n g.

Gi v e n t h e si m pli cit y of S CI a n d t ests b as e d o n ĝ 1 d , w e r estri ct
f urt h er pr es e nt ati o ns t o t h e m.

R e m ar k  3. I n  o ur  si m ul ati o n  st u d y,   w e  d o  n ot  a n al y z e  t h e
p erf or m a n c e  of  dir e ct  esti m at ors f or  pr o p orti o ns,  b e c a us e  o ur
g o al is  t o  st u d y  t h e  n u m eri c al  p erf or m a n c e  of  o ur   M T P  a n d
S CIs,  a n d  t o  c o m p ar e  t h e m  t o  e xisti n g  i CIs.  Si n c e   M T P  a n d

S CI ar e t h e  first t o ols f or si m ult a n e o us i nf er e n c e   wit h   G L M M-
b as e d   mi x e d  p ar a m et er,   w e  c o n c e ntr at e  o n t h eir i m pl e m e nt a-
ti o n a n d a p pli c ati o n t o t h e   w ell- k n o w n   m o d el- b as e d esti m at ors.
T h es e h a v e b e e n t h or o u g hl y e x a mi n e d i n c o m p ar ati v e a n al ys es
w hi c h  i n cl u d e d  dir e ct  esti m at ors  (s e e  f or  i nst a n c e   B o u b et a,
L o m b ar dí a, a n d   M or al es 2 0 1 6 ; H o b z a a n d M or al es 2 0 1 6 ). I n o ur
c as e st u d y i n S e cti o n 5 ,   w e i n cl u d e dir e ct esti m at ors i n or d er t o
h a v e a n al m ost   m o d el-fr e e b e n c h m ar k.

5.  Pr e di cti n g P o v ert y  R at e s i n   G ali ci a

P o v ert y  pr e di cti o n  is  of  gr e at  i nt er est  f or  st atisti c al  o ffi c es.  It
pr o vi d es a b asis o n   w hi c h l o c al or c e ntr al a ut h oriti es c a n d e ci d e
a b o ut  r es o ur c e  all o c ati o n  a n d  r el at e d  p oli c es.   T h e  i nt er est  is
n ot i n i n di vi d u al, r a n d o ml y c h os e n s m all ar e as  b ut i n t h e t ot al
pi ct ur e.   R es o ur c e  distri b uti o n  r e q uir es  c o m p ar ati v e  st atisti cs,
a n d o n e   w o ul d t h us pr o vi d e S CI i nst e a d of i CI.   We ill ustr at e o ur
m et h o d ol o g y c al c ul ati n g  p oi nt esti m at es, i CIs a n d S CIs f or t h e
p o v ert y r at es i n e a c h c o u nt y  of   G ali ci a, t h at is, t h e  pr o p orti o ns
of i n h a bit a nts   w h o li v e  u n d er a  p o v ert y li n e.   We   m a k e  us e  of a
g e n er al p art of t h e Str u ct ur al S ur v e y f or   H o m es ( S S H) i n   G ali ci a
i n 2 0 1 5   wit h 2 3, 6 2 8 i n di vi d u als   wit hi n 9 2 0 3 h o us e h ol ds l o c at e d
i n 5 2 c o u nti es (s m all ar e as).  T h e s ur v e y d o es n ot pr o d u c e o ffi ci al
esti m at es at t h e ar e a l e v el, b ut w e m a n a g e d t o r e c o v er t h e dir e ct
esti m at es  of  t h e  t ot als  of  p e o pl e  b el o w  t h e  p o v ert y li n e (Y d ),
as   w ell  as  t h e  n u m b er  of  i n h a bit a nts (N d ) f or  e a c h  c o u nt y.
F or t h e  ar e a-l e v el   m o d els,   w e  n e e d t o  c al c ul at e t h e  n u m b er  of
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Fi g ur e 3. D esi g n a n d   m o d el- b as e d 9 5 % i CIs.

u nits   w hi c h f all i nt o  a  p arti c ul ar  c at e g or y (X di ), f or  e x a m pl e,
n u m b er of e m pl o y e es or of gr a d u at es i n e a c h c o u nt y of   G ali ci a,
i = 1, . . . , p .   T h e l att er  ar e  us e d t o  o bt ai n t h e  pr o p orti o ns  of
i n di vi d u als i n  e a c h  c at e g or y X̄ di = X di / N d .  F or t h e  u nit-l e v el
m o d el,   w e  n e e d t o  o bt ai n t h e  n u m b er  of  u nits N dl f alli n g i nt o
arti fi ci all y cr e at e d c at e g ori es z dl , d = 1, . . . , D , l = 1, . . . , L , s e e
S e cti o n 2. 2. 3 .   T h e e x pli cit f or m ul as ar e

Ŷ dir
d = j∈ R d

w jy j, N̂ dir
d = j∈ R d

w j,

N̂ dir
dl = j∈ R d

w jx j1 {x j= z l} ,

X̂ dir
di = j∈ R d

w jx ji, a n d ˆ̄X dir
di = X̂ dir

di / N̂ dir
d ,

( 2 5)

w h er e R d ∈ P d ar e t h e s a m pl e  el e m e nts  b el o n gi n g t o  ar e a d ,
d ∈ [ D ], w dj s a m pli n g   w ei g hts,  a n d y dj bi n ar y  v ari a bl es   wit h
1 i n di c ati n g t h at  a n i n di vi d u al is  b el o w t h e  p o v ert y li n e.   T h e
p o v ert y t hr es h ol d is  c al c ul at e d fr o m t h e s ur v e y. It is s et t o  0. 6
of t h e m e di a n h o us e h ol d i n c o m e p er c a pit a i n G ali ci a, t h at is,
w e  d o  n ot  us e  c o u nt y  s p e ci fi c  p o v ert y  li n es.   T his  i n c o m e  is
c al c ul at e d i n  e a c h  h o us e h ol d  a c c or di n g t o  s c al e  d e v el o p e d  b y
t h e   Or g a nis ati o n f or E c o n o mi c   C o- o p er ati o n a n d   D e v el o p m e nt
(t h e s a m e t e c h ni q u e is us e d b y E ur ost at). T h e m o d el- b as e d
a p pr o a c h  of t his  p a p er  ass u m es t h at t h e esti m at es i n  E q u ati o n
(2 5 )  ar e  c o nsi d er e d  t o  b e  k n o w n,  n o nr a n d o m  q u a ntiti es, f ol-
l o wi n g  L ó p e z- Vi z c aí n o,  L o m b ar dí a,  a n d   M or al es  (2 0 1 5 ).  S S H
pr o vi d es   m a n y c at e g ori c al, a u xili ar y  v ari a bl es.   U n d er t h e  u nit-
l e v el   m o d el t h es e  ar e  bi n ar y  v ari a bl es   wit h  1 i n di c ati n g t h at  a
p ers o n  b el o n gs  t o  a  p arti c ul ar  c at e g or y,   w h er e as  u n d er  ar e a-
l e v el   m o d els   w e  us e  t h e  c o u nt y  pr o p orti o ns.   We  c o nsi d er e d
f o ur  v ari a bl es  f or l a b or  st at us:  c hil dr e n  (ls 0),  e m pl o y e d  (ls 1),
u n e m pl o y e d (ls 2), i n a cti v e (ls 3), a n d f o ur c o v ari at es f or e d u c a-
ti o n: l ess t h a n  pri m ar y ( e d 0),  pri m ar y ( e d 1),  first- a n d s e c o n d-
l e v el s e c o n d ar y ( e d 2), hi g h er e d u c ati o n ( e d 3). F urt h er m or e,   w e
a n al y z e d t hr e e  v ari a bl es f or t h e si z e  of   m u ni ci p alit y: l ess t h a n
1 0, 0 0 0  (s m 1),  1 0, 0 0 0 – 5 0, 0 0 0  (s m 2),   m or e t h a n  5 0, 0 0 0  (s m 3).
We  h a v e als o i n v esti g at e d t h e e ff e ct  of t w o v ari a bl es i n di c ati n g
t h e  n ati o n alit y, t h at is,  S p a nis h ( n 1),  n ot  S p a nis h ( n 2).  Fi n all y,
w e  e x a mi n e d  fi v e  a g e  v ari a bl es: < 1 5 ( a g e 1),  1 5 − 2 4 ( a g e 2),
2 5 − 4 9 ( a g e 3), 5 0 − 6 4 ( a g e 4), > = 6 5 ( a g e 5).   We ar e i nt er est e d i n

μ̄
(·)
d := μ

(·)
d / N d wit h (·) st a n di n g f or  P G or U i n c as e of P oiss o n-

g a m m a  a n d  bi n o mi al   m o d el,  r es p e cti v el y,  a n d  i n ρ d i n  c as e
of  t h e  P oiss o n-l o g n or m al   m o d el.   We  first  c o m p ut e  esti m at es
of  pr o p orti o ns  a n d t h eir  v ari a n c es  usi n g t h e s a m e f or m ul as  as
B o u b et a, L o m b ar dí a, a n d   M or al es ( 2 0 1 6 )

p̂ dir
d = ˆ̄Y dir

d =
Ȳ dir

d

N̂ dir
d

,

v ar ( p̂ dir
d ) =

1

( N̂ dir
d )2

j∈ R d

w j(1 − w j) y j − p̂ dir
d

2
.  ( 2 6)

We  us e d  est i m at es i n  E q u at i o n  ( 2 6 ) t o  c o nstr u ct  d esi g n- b as e d
i CI  i nt er v als  ( Dir)  dis pl a y e d  i n Fi g ur e  3 .  F oll o wi n g  L ó p e z-
Vi z c aí n o, L o m b ar dí a, a n d M or al es ( 2 0 1 5 ),   w e t h e n pr o c e e d   wit h
a  v ari a bl e  s el e cti o n  i ns pir e d  b y  t h e  si m ul ati o n  r es ults.   M or e
s p e ci fi c all y,  u n d er t h e  P oiss o n- g a m m a   m o d el   w e  c h e c k if  a n y
of t h e l e v els  of  c at e g ori c al  v ari a bl es f or l a b or st at us,  e d u c ati o n
a n d  a g e  ar e  si g ni fi c a nt  at  t h e α = 0. 0 5  l e v el.   We  e x a mi n e d
t h es e c o v ari at es i n t h e first pl a c e, b e c a us e t h e y t ur n e d o ut t o b e
i m p ort a nt i n e arli er st u di es  o n  p o v ert y r at es (s e e, f or i nst a n c e,
B o u b et a, L o m b ar dí a, a n d   M or al es 2 0 1 6 ). I n t his  w a y,  w e s el e ct e d
ls 2, e d 2, a n d a g e 2.   A ft er w ar ds,   w e t est e d t h e l e v els  of  v ari a bl es
n ati o n alit y a n d t h e si z e of t h e m u ni ci p alit y a n d w e a d diti o n all y
r et ai n e d s m 1   w hi c h   w as si g ni fi c a nt a ft er t h e s el e cti o n of ls 2, e d 2,
a n d a g e 2.   T h e s a m e c at e g ori es   w er e t h e n  us e d t o ot h er   m o d els,
s e e Ta bl e  4 .   As   w e  d o  n ot  c arr y  o ut  a  c a us alit y  a n al ysis,   w e
r efr ai n o urs el v es fr o m a dis c ussi o n of t h e   m a g nit u d e or si g ns of
esti m at es.   We o nl y n oti c e t h at u n d er t h e P oiss o n- g a m m a   m o d el,
t h e si g ns  ar e  c o nsist e nt   wit h  o ur  e x p e ct ati o ns;  u n e m pl o y m e nt
a n d y o u n g a g e ar e ass o ci at e d   wit h hi g h er p o v ert y r at es,   w h er e as
hi g h er l e v el  of st u di es  or li vi n g i n a s m all   m u ni ci p alit y is ass o-
ci at e d   wit h l o w er p o v ert y r at es.

Fi g ur e  3 s h o ws  p oi nt  a n d  i CI  esti m at es  of  pr o p orti o ns
u n d er  P oiss o n- g a m m a  ( P G),  P oiss o n-l o g n or m al  ( P L),  a n d
bi n o mi al  ( U nit)   m o d els  t o g et h er   wit h  dir e ct  esti m at es  ( Dir).
I n t his  pl ot,   w e c o m p ar e  p oi nt esti m at es   wit hi n f o ur   m o d eli n g
fr a m e w or ks; w e d o n ot c o m p ar e t h e m a cr oss di ff er e nt ar e as
wit hi n  t h e  s a m e   m o d el.  First,  t h e  v ari a bilit y  r e fl e ct e d  b y  t h e
wi dt h of i CIs d e cr e as es wit h t h e n u m b er of u nits i n e a c h
ar e a N̂ dir

d d e fi n e d  i n  E q u ati o n  ( 2 5 ).  S e c o n d,  e v e n  t h o u g h  t h e
ar e a  s a m pl e  si z es n d , d ∈ [ D ] ar e  n ot  t h at  s m all,  t h e i CI  of
dir e ct  esti m at es  ar e   wi d er t h a n   m o d el- b as e d  esti m at es,   w hi c h
is  i n  a c c or d a n c e   wit h  t h e  lit er at ur e.   T h e   wi dt h  di ff er e n c e  is
es p e ci all y  pr o n o u n c e d   w h e n  c o m p ari n g  ar e a-l e v el- b as e d   wit h
d esi g n- b as e d  dir e ct  esti m at es —t h e  l att er  e ntir el y  c o v er  t h e
f or m er.   U nit-l e v el   m o d el- b as e d p oi nt a n d i nt er v al esti m at es ar e
di ff er e nt   wit h   m u c h   wi d er i CIs t h a n  u n d er  ar e a-l e v el   m o d els,
b ut still o v erl a p pi n g   wit h t h e  dir e ct esti m at es.   O nl y i n o n e c as e
(si xt h ar e a i n t h e t hir d p a n el), t h e i CIs u n d er ar e a-l e v el   m o d els
d o  n ot  o v erl a p   wit h t h e i CI  u n d er t h e  u nit-l e v el   m o d el   w hi c h
i n di c at es  a  p ossi bl e  bi as i n  o n e  of t h e  a p pr o a c h es. I n  c o ntr ast,
b ot h ar e a-l e v el   m o d els pr o d u c e al m ost i d e nti c al esti m at es.

Fi g ur e  4 pr es e nts  b o otstr a p  i CI  a n d  S CI  f or ˆ̄μ P G
d , d =

1, . . . , D c o nstr u ct e d   wit h σ̂ ( ζ̂ d ) = ĝ P G 1 d as d e fi n e d i n  E q u a-
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T a bl e 4. Esti m at es of r e gr essi o n p ar a m et ers u n d er t h e ar e a- a n d t h e u nit-l e v el   m o d els   wit h δ̂ P G = 2. 4 8, δ̂ P L = 0. 3 2 a n d δ̂ U = 0. 3 5, r es p e cti v el y.

P oiss o n- g a m m a P oiss o n-l o g n or m al U nit-l e v el   m o d el

β̂ S E z - v al u e P ( > |z |) β̂ S E  z v al u e  Pr( > |z |) β̂ S E z - v al u e P ( > |z |)

I nt  1 0. 0 3 8  0. 6 6 9  1 5. 0 0 5  0. 0 0 0 − 2. 2 6 4  0. 3 4 1 − 6. 6 3 3  0. 0 0 0 − 2. 0 4 8  0. 0 6 7 − 3 0. 4 1 5  0. 0 0 0
ls 2  7. 7 4 7  3. 0 9 1  2. 5 0 6  0. 0 1 2  3. 4 8 0  1. 5 7 7  2. 2 0 7  0. 0 2 7  0. 9 8 9  0. 0 5 2  1 9. 1 6 0  0. 0 0 0
e d 2 − 3. 1 3 6  1. 2 0 1 − 2. 6 1 1  0. 0 0 9 − 0. 8 7 0  0. 6 1 2 − 1. 4 2 2  0. 1 5 5  0. 1 7 2  0. 0 3 9  4. 4 4 2  0. 0 0 0
a g e 2  1 1. 3 1 7  4. 0 2 3  2. 8 1 3  0. 0 0 5  4. 8 4 2  2. 0 5 7  2. 3 5 4  0. 0 1 9  0. 7 6 0  0. 0 5 8  1 3. 0 3 3  0. 0 0 0
s m 1 − 2. 4 6 6  0. 2 6 7 − 9. 2 2 4  0. 0 0 0  0. 1 2 5  0. 1 3 6  0. 9 1 8  0. 3 5 8  0. 1 0 0  0. 0 5 0  1. 9 9 3  0. 0 4 6

Fi g ur e 4. 9 5 % b o otstr a p i CI a n d S CI esti m at es f or p o v ert y r at es i n c o u nti es of G ali ci a.

Fi g ur e  5. S CI  of  E B P  p o v ert y  pr o p orti o ns: (l eft) l o w er  b o u n d ar y, ( mi d dl e)  u p p er  b o u n d ar y; (ri g ht)  si g ni fi c a nt  di ff er e n c es i n  p o v ert y r at es  b et w e e n   w o m e n ( F)  a n d
m e n ( M).

ti o n  (9 ).   T h e  pl ot is  di vi d e d i nt o  fi v e  p a n els  a c c or di n g t o t h e
n u m b ers  of  u nits i n  e a c h  ar e a  o bt ai n e d  b y  dir e ct  esti m at es  of

c o u nt y i n h a bit a nts N̂ dir
d i n (2 5 ). Fi g ur e 4 s er v es as a n ill ustr ati o n

of t h e  di ff er e n c es  b et w e e n i n di vi d u al  a n d  si m ult a n e o us i nf er-
e n c e.   W h e n  c o m p ari n g i CI  a n d  S CI, i n   m a n y  c as es  ( e. g.,  first
a n d s e c o n d c o u nt y of t h e first p a n el i n Fi g ur e  4 ) i CI w o ul d
i nsi n u at e st atisti c all y  di ff er e nt  p o v ert y r at es,   w h er e as  S CI  d o es
n ot  c o n fir m  t his  cl ai m.  S u c h   m ulti pl e  c o m p aris o ns  ar e  v ali d
o nl y if   w e  us e  S CI. I n  a d diti o n,  at l e ast  5 %  of t h e tr u e  p o v ert y
r at es  ar e  n ot  c o nt ai n e d i n t h eir i CIs.   A n al o g o us  fi g ur es  u n d er
t h e  P oiss o n-l o g n or m al  a n d  bi n o mi al   m o d els l e a d t o t h e  s a m e
c o n cl usi o ns.   T h e y  ar e t h us  d ef err e d t o t h e  S M.  F urt h er   m o d el
s el e cti o n a n d s p e ci fi c ati o n t esti n g   mi g ht b e i nt er esti n g b ut t h e y
ar e b e y o n d t h e s c o p e of t his arti cl e.

Si n c e   w e d o n ot k n o w   w hi c h   m o d el is cl os er t o t h e r e al d at a-
g e n er ati n g  pr o c ess,   w e  pr o c e e d   wit h t h e  P oiss o n- g a m m a  ar e a-
l e v el m o d el, as it is r eli a bl e a n d t h e l e ast c o m p ut er i nt e nsi v e.
L e ft a n d   mi d dl e  p a n el  of Fi g ur e  5 d e pi ct t h e r es ulti n g   m a ps  of
t h e  c o u nti es   wit h t h e  c orr es p o n di n g l o w er  a n d  u p p er  b o u n ds
of o ur S CI. We o bs er v e a hi g h er r at e of p o v ert y i n t h e i nt eri or
a n d a s o ut h- w est er n  p art  of t h e r e gi o n   w h er e as a l o w er l e v el is
t y pi c al f or t h e  n ort h er n  p art.   T h es e  c o n cl usi o ns  ar e si mil ar t o
t h os e dr a w n b y   B o u b et a, L o m b ar dí a, a n d   M or al es (2 0 1 7 ).

Fi n all y,   w e i n v esti g at e   w h et h er   m e n a n d   w o m e n ar e e q u all y
a ff e ct e d  b y  p o v ert y.   We   wis h t o t est f or e q u alit y  o n t h e c o u nt y
l e v el a cr oss   G ali ci a.   Testi n g f or e a c h c o u nt y i n di vi d u all y at α =
5 % err or l e v el r es ults i n r ej e cti o n of at l e ast 5 % of t h e h y p ot h es es
of n o si g ni fi c a nt di ff er e n c e.   We t h us us e o ur   M T P a n d c o nsi d er
cl ust ers  cr e at e d fr o m t h e  cr oss s e cti o n  of s e x  a n d  c o u nt y s u c h
t h at ζ ∈ R 1 0 4 . We t est H 0 : B ζ = 0 5 2 vs. H 1 : B ζ = 0 5 2

w h er e B ∈ R 5 2 × 1 0 4 wit h  r o ws  b ei n g  v e ct ors   wit h  1  o n  t h e
2 d − 1 pl a c e, − 1 o n 2 d pl a c e,  a n d  0  els e w h er e.   T h e   m a x-t y p e
t est  st atisti c  yi el ds tH = m a x d = 1, ..., 1 0 4 |B ζ̂ |/ σ̂ ( ζ̂ ) ≈ 2 0. 4 8 9

w hil e t h e  b o otstr a p criti c al  v al u e  u n d er H 0 is q (1 − α )
B H 0

≈ 2. 9 9 9.
T h us,   w e str o n gl y r ej e ct H 0 .   H o w e v er, o ur t est d o es n ot s u p p ort
t h e  h y p ot h esis t h at   w o m e n ar e   m or e a ff e ct e d t h a n   m e n, or vi c e
v ers a,  s e e  t h e  ri g ht  p a n el  of Fi g ur e  5 .   A d diti o n al  r es ults  ar e
d ef err e d t o o ur S M.

R e m ar k 4. I m a gi n e t h at   G ali ci a n c o u nti es   w er e c o nsi d er e d as a
p art of a   m a cr o r e gi o n, f or e x a m pl e, S p ai n   wit h D S c o u nti es, a n d
c o nsi d er t w o i nf er e nti al pr o bl e ms: ( a) t h e c al c ul ati o n of S CI f or
t h e  p o v ert y r at es i n all D S S p a nis h c o u nti es, ( b) t h e c al c ul ati o n
of S CI o nl y f or D G ali ci a n c o u nti es, b ut usi n g all d at a. F oll o wi n g
R e m ar k 1 , w e e x p e ct t h at t h e wi dt hs of o ur S CI i n Fi g ur e 4 w o ul d
i n cr e as e i n c as e ( a) t o   m ai nt ai n t h e j oi nt c o v er a g e pr o b a bilit y of
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9 5 % f or all D S > D c o u nti es. I n c o ntr ast, t h e y   w o ul d   m ost li k el y
sli g htl y  d e cr e as e i n c as e ( b). I n f a ct, t h e si m ult a n e o us c o v er a g e
pr o b a bilit y of 9 5 %   w o ul d b e r e q u est e d f or t h e s et of D c o u nti es,
b ut S CI   w o ul d  b e c o nstr u ct e d  usi n g a   m or e  pr e cis e esti m at e  of
M S E c o m p ut e d usi n g a l ar g er d at as et   wit h D S c o u nti es.

6.   C o n cl u si o n s

We  d e v el o p e d  a   m et h o d ol o g y t h at  all o ws f or st atisti c all y  v ali d
si m ult a n e o us i nf er e n c e f or  E B P u n d er   G L M M.   We c o nstr u ct e d
S CI a n d   M T P a p pl yi n g a c o m bi n ati o n of   m a x-t y p e st atisti cs a n d
c o nsist e nt  b o otstr a p  esti m ati o n  of its  distri b uti o n.   T h es e t o ols
e n a bl e  pr a ctiti o n ers  t o   m a k e  c o m p aris o ns  b et w e e n  ar e as.  I n
c o ntr ast, t h e i CIs ar e n ot s uit a bl e f or s u c h c o m p ar ati v e a n al ys es
b e c a us e t h e y ar e c o nstr u ct e d at i n di vi d u al c o n fi d e n c e l e v el a n d
disr e g ar d  a n  a d diti o n al  v ari ati o n   w hi c h  aris es i n j oi nt st u di es.
We  d o  n ot  cl ai m  t h at  S CI  a n d   M T P  ar e  b ett er  t h a n  i CIs  or
t-t ests.   T h e f or m er  si m pl y  c o m pl et e t h e t o ol b o x f or  st atisti c al
i nf er e n c e f or   mi x e d  p ar a m et er ζ d .  Si mil arl y, t h e  si m ult a n e o us
i nf er e n c e  c o m pl et es t h e i n di vi d u al i nf er e n c e f or  fi x e d  p ar a m-
et ers.   We i ntr o d u c e d  v ari o us  v ersi o ns  of st atisti cs t o  c o nstr u ct
S CI  a n d   M T P.   Wit hi n  o ur  fr a m e w or k,  all  of  t h e m  e x hi bit e d
si mil ar p erf or m a n c es   wit h o ut i n di c ati n g a cl e ar   wi n n er.

O ur   m et h o d ol o g y c a n b e e xt e n d e d t o   m or e c o m pli c at e d d at a
str u ct ur es  s u c h  as   G L M M   wit h  s p ati al  or  t e m p or al  c orr el a-
ti o n (s e e, e. g.,   H o b z a,   M or al es, a n d S a nt a m arí a 2 0 1 8 ; C h a n dr a,
C h a m b ers,  a n d  S al v ati 2 0 1 9 ).   O n e  c o ul d  als o  c o nsi d er s p ati o-
t e m p or al  or  n o n p ar a m etri c   m o d els  t o  b uil d  S CI  b y  a dj usti n g
t h e st atisti c S 0 a n d c h o osi n g a b o otstr a p pr o c e d ur e a c c or di n gl y.
A p art fr o m a   m at h e m ati c al c h all e n g e t o d e v el o p a v ali d as y m p-
t oti c t h e or y, t h es e e xt e nsi o ns   w o ul d r e q uir e a c o nstr u cti o n of a n
a p pr o pri at e  b o otstr a p s c h e m e a n d its c o m p ut ati o n all y e ffi ci e nt
i m pl e m e nt ati o n.

S u p pl e m e nt ar y   M at eri al s

T h e s u p pl e m e nt ar y   m at eri als c o nsist of: ( a) a d o c u m e nt   wit h f urt h er d e v el-
o p m e nts, i n p arti c ul ar a d diti o n al   M S E d e c o m p ositi o n, a pr o of of  Pr o p osi-
ti o n 1, t h e d eri v ati o ns of esti m at ors u n d er ar e a-l e v el P oiss o n a n d u nit-l e v el
bi n o mi al   m o d els,  a d diti o n al  n u m eri c al  r es ults  a n d  a  d at a  a n al ysis   w hi c h
c o m pl et es t h e c as e st u d y i n  S e cti o n  5, ( b) c o d es f or r e pli c ati n g t h e r es ults
i n  t h e   m ai n  d o c u m e nt,  a n d  ( c)  a  d o c u m e nt   w hi c h  c o nt ai ns  a d diti o n al
i nf or m ati o n o n t h e d at a s et a n d t h e d es cri pti o n of t h e c o d es.

A p p e n di x   A:  T e c h ni c al  d et ail s

A. 1.  R e g ul arit y c o n diti o n s

I n t his s e cti o n,   w e st at e t h e r e g ul arit y  c o n diti o ns  us e d i n  o ur  d eri v a-
ti o ns.

1. û d = ar g   m a x u d ∈ R {l o g g d (y d |u d , θ ) + l o g h (u d )}.
2. l(θ ) e xists  a n d is   w ell- d e fi n e d if:  ( a) l(θ ) is  c o nti n u o us,  u ni q u el y

m a xi mi z e d  a n d θ 0 ∈ , w h er e θ 0 is  a tr u e  p ar a m et er  v al u e;  ( b)

l(θ ) a n d l̂(θ ) ar e c o n c a v e; ( c) θ 0 is a n i nt eri or p oi nt of t h e p ar a m et er

s p a c e a n d t h e esti m at or θ̂ is a n i nt eri or  p oi nt  of t h e  n ei g h b or h o o d

of θ 0 ; ( d) l̂(θ ) c o n v er g es u nif or ml y i n pr o b a bilit y t o l(θ ).
3. x dj ar e b o u n d e d a n d E (y m

dj ) < ∞ f or all d ∈ [ D ], j ∈ [ n d ], w h er e m

is s uit a bl e l ar g e.
4.  F or e a c h fi x e d y , a s c or e e q u ati o n is c o nti n u o usl y di ff er e nti a bl e a n d

E {R (θ 0 )} = 0.

5.  li m i nf
n

λ [n − 1 V ar {R (θ )}] > 0  a n d li m i nf
n

λ [ −n − 1 E { ∇ R (θ )}] > 0

w h er e ∇ R (θ ) = ∂ R (θ )
∂ θ a n d λ [A ] i n di c at es t h e s m all est ei g e n v al u e of

m atri x A .

T h e  first t w o c o n diti o ns r ef er t o t h e l o g-li k eli h o o d f u n cti o n (s e e, e. g.,
Bi a n c o n ci ni 2 0 1 4 ), w h er e as c o n diti o ns 3 – 5 ar e n e e d e d f or t h e d eri v a-
ti o n of t h e   M S E esti m at ors.

A. 2.  Pr o of of Pr o p o siti o n 2

L et y ∗
dj ∼ E x p. F a mil y (θ ). If u ∗

d is s a m pl e d fr o m a s uit a bl e distri b uti o n,

t h e n   w e  h a v e γ ∗
dj = M {E (y ∗

dj |u d )} = x t
dj β̂ + u ∗

d .  F urt h er m or e,

V ar ∗ (y ∗
d ) = V ar ∗ (E ∗ (y ∗

d |u ∗
d )) + E ∗ (V ar ∗ (y ∗

d |u ∗
d )). T h e first p art of

t h e Pr o p ositi o n f oll o ws fr o m t h e   w a y   w e g e n er at e t h e r a n d o m e ff e cts as

w ell as t h e r es ults o n t h e c o nsist e n c y of θ̂ .   T o s h o w t h e s e c o n d p art   w e

c o nsi d er a g e n er al s c or e e q u ati o n.   R e pl a c e y b y y ∗ a n d s et θ = θ̂ , t h at

is, R ∗ (θ ) = ∂ l∗ ( θ̂ )

∂ θ̂
= D

d = 1
∂ l o g fd (y ∗

d |θ̂ )

∂ θ̂
= 0.   T h e n E ∗ {R ∗ (θ )} = 0 at

θ = θ̂ w hi c h yi el ds c o nsist e n c y of θ̂
∗
.

A. 3.  Pr o of of Pr o p o siti o n 3

L et ζ d b e a g e n er al  E B P, g d := g d (θ ) a n d ĝ d := ĝ d ( θ̂ ).   Ass u m e t h at ||ĝ d −
g d ||   = O P (n − c ), c > 0.   T h e pr o of us es i d e as of   C h att erj e e,  L a hiri, a n d
Li ( 2 0 0 8 ).   We i n v esti g at e t h e pr o p erti es of G d (a ).

G d (a ) = P
ζ̂ d − ζ d

ĝ d

a

= E P
ζ̃ d − ζ d

√
g d

a +
a ( ĝ d −

√
g d ) + ζ̃ d − ˆζ d

√
g d

y d

= E {a + Q (a , y d )}

= (a ) + φ ( a )E Q (a , y d ) − 2 − 1 a φ ( a )E Q 2 (a , y d )

+ 2 − 1 E
a + Q (a ,y d )

a
{a + Q (a , y d ) − x }2 (x 2 − 1 ) φ (x )d x .

A p pl yi n g s o m e cl assi c al r es ults a n d a tri a n gl e i n e q u alit y, it f oll o ws t h at
t h e l ast t er m is b o u n d e d b y E |Q |3 , a n d is of s m all er or d er t h a n t h e first
t hr e e t er ms.   T h er ef or e, t h e first st e p t o w ar d t h e c o nsist e n c y of S CI is t o
q u a ntif y t h e  as y m pt oti c  e x p a nsi o ns  of E {Q (a , y d )} a n d E {Q 2 (a , y d )}.
We d e c o m p os e Q (a , y d ) i nt o

Q (a , y d ) = g
− 1 / 2
d ( ζ̃ d − ˆζ d ) + a g

− 1 / 2
d ( ĝ

1 / 2
d − g

1 / 2
d ) = Q 1 + Q 2 .

L et ψ b e a t wi c e  di ff er e nti a bl e f u n cti o n   wit h r es p e ct t o θ , y d . = y d 1 +
· · ·   + y d n d

, ∀ d ∈ [ D ]. O bs er v e t h at y d . = y d u n d er  a n  ar e a-l e v el
m o d el.  T h e s p e ci fi c f or m of ψ d e p e n ds o n t h e c h oi c e of t h e   G L M M (f or
i nst a n c e, u n d er t h e P oiss o n- g a m m a   m o d el  w e s p ell e d it o ut i n E q u ati o n
(7 )). F u n cti o n ψ s atis fi es t h e d e c o m p ositi o n

ζ̂ d − ζ̃ d = ψ d (y d ., θ̂ ) − ψ d (y d ., θ ) =
∂
∂ θ ψ d (y d ., θ )

t
θ̂ − θ

+ 1
2 θ̂ − θ

t ∂ 2

∂ 2 θ
ψ d (y d ., θ ) θ̂ − θ + o P (||θ̂ − θ ||2 ).

( A. 1)

L et C = 2 c w h er e c > 0. Si n c e   w e ass u m e ||θ̂ − θ ||   = O P (n − c ), w e
h a v e

E { ζ̂ d ( θ̂ ) − ζ̃ d (θ )}2 =
1

n C
E

⎛

⎝ ∂

∂ θ
ψ d (y d ., θ )

t

n c θ̂ − θ

2
⎞

⎠ + o (n − C ).

( A. 2)

As f or Q 1 , it h as b e e n f o u n d i n  E q u ati o n (A. 1 ) t h at

E ( ζ̂ d − ζ̃ d ) =
1

n c E
∂

∂ θ
ψ d (y d ., θ )

t

n c θ̂ − θ + o n − c ,
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a n d E ( ζ̂ d − ζ̃ d )2 = O (n − C ), t h a n ks t o t h e r es ult i n E q u ati o n

(A. 2 ).  F urt h er m or e,  o bs er v e  t h at g d is  of  or d er O (1 ) w hi c h l e a ds  t o
E (Q 1 ) = O (D − c ) as   w ell as E (Q 2

1 ) = O (D − C ).   W h e n   w e t ur n t o Q 2 ,

w e  h a v e  a n i m m e di at e si m pli fi c ati o n Q 2 = a g
− 1 / 2
d ( ĝ

1 / 2
d − g

1 / 2
d ) =

a ( ĝ d / g d )1 / 2 − 1 . L et g d b e  t wi c e  di ff er e nti a bl e   wit h  r es p e ct  t o θ .

Si mil arl y t o t h e c o m p ut ati o ns a b o v e,   w e h a v e t h e e x p a nsi o n

ĝ d ( θ̂ ) = g d (θ ) +
∂

∂ θ
g d (θ )

t

θ̂ − θ +
1

2
θ̂ − θ

t

×
∂ 2

∂ 2 θ
g d (θ ) θ̂ − θ + o P (||θ̂ − θ ||2 ).

T h er ef or e,   w e o bt ai n

E { ĝ d ( θ̂ )} = g d (θ ) +
1

n C
E

∂

∂ θ
g d (θ )

t

n C θ̂ − θ + O (n − C ).

It  f oll o ws  t h at E ( ĝ / g )1 / 2 = O (n − c ), E (Q 2 ) = O (n − C ) a n d

E (Q 2
2 ) = O (n − C ). We c a n d e d u c e t h at G d (a ) att ai ns t h e  as y m pt oti c

e x p a nsi o n G d (a ) = (a ) + n − c γ ( a , θ ) + O (n − C ).   A si mil ar e x p a nsi o n

c a n b e est a blis h e d f or G ∗
d (a ) if   w e r e pl a c e θ wit h θ̂ a n d P wit h P ∗ .

F u n di n g
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