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Abstract

We analyze the transitional dynamics of an endogenous growth model with
physical capital, human capital, and R&D. We provide conditions for the ex-
istence of a feasible steady state equilibrium with positive long-run growth.
For appropriate parameter values, the transitional dynamics of the model is
represented by a two-dimensional stable manifold. This provides much richer
dynamics than that of the standard two-sector endogenous growth model which
is characterized by a one-dimensional stable manifold. We also show how the
adjustment paths can be correctly computed by noting that the continuity of
the shadow prices involves the continuity of transitional paths.
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1. Introduction

Physical capital accumulation, knowledge formation, and R&D-based
technological progress are considered the three main sources of growth. Although
they have been usually considered as alternative rather than complementary
explanations in the theoretical literature, recently, Funke and Strulik (2000) have
combined them into an endogenous growth model with physical capital, human
capital and R&D. They show that along the adjustment path for a developing
economy, different stages of development can be distinguished. At the first stage
(the standard neoclassical model), physical capital is the only factor being
accumulated; at the second stage (a developing economy in the Uzawa-Lucas
framework), human capital is also being accumulated, and at the third stage (the
fully industrialized or innovative economy), research is actively being conducted
as well, which results in an increasing variety of goods. Transition to a higher
stage of development is explained endogenously.

The purpose of this paper is to analyze the equilibrium dynamics of this
model. In doing so, we generalize and correct the analyses in the papers of Funke
and Strulik (2000) and Arnold (2000). We provide a necessary and sufficient
condition for the existence of a feasible steady-state equilibrium with positive
long-run growth that generalizes the condition stated in Funke and Strulik (2000,
Proposition 1) and puts right a slight incorrectness in Arnold (2000, Theorem 1).
We then analyze the local dynamics generated by the model. Under the
assumptions stated by Arnold (2000, Theorem 2) and Funke and Strulik (2000,
Proposition 1), the system that describes the dynamics of the model has “too
many”’ unstable roots, i.e., the number of unstable roots exceeds the number of
jump variables. Thus, it is not possible to make the system stable for arbitrary
initial values of the predetermined variables. We then re-elaborate the conditions
for the stability of the model, and show that its transitional dynamics is
represented by a two-dimensional stable manifold. This provides a much richer
dynamics for the transition paths, where variables can exhibit non-monotonic
behaviour throughout the transition to the balanced growth path, relative to that of
the standard two-sector endogenous growth model which is characterized by a
one-dimensional stable manifold (see, e.g., Bond et al., 1996). However, it cannot
be guaranteed that the stable manifold is transversal to the directions in which the
system can jump for arbitrary initial values of the predetermined variables.
Therefore, saddlepoint stability of the steady state cannot be ensured even if the
conditions that guarantee that there exists the right number of stable roots are
fulfilled.

Numerical computation of transitional paths is a difficult task when the
economy evolves through different stages of development, so structural changes
take place. Actually, adjustment paths are incorrectly computed in Funke and
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Strulik (2000). They calculate the stable saddle-paths of the developing economy
and the innovative economy towards their respective steady-state positions. Then,
they use the fact that state variables cannot jump to calculate the point of
transition, and cut the relevant time paths of the developing economy up to the
value of the connecting state variable and link them with the already obtained
paths for the innovating economy. Proceeding in this way, discontinuities at the
point of transition from the developing economy to the fully industrialized
economy arise that violate the continuity of the costate variables of the
households’ utility maximization problem. We then show how the transitional
paths may be correctly computed.

The remainder of this paper is organized as follows. Section 2 recapitulates
the model. Section 3 analyzes the balanced growth equilibrium, and Section 4 the
stability of the model. Section 5 considers the computation of adjustment paths.
Section 6 concludes.

2. The model

This section recapitulates the Funke and Strulik’s (2000) model of endogenous
growth. For further details, see that reference and Arnold (2000).

2.1. Setup of the model

Consider a closed economy inhabited by a constant population, normalized to
one, of identical infinitely-lived households that maximize the intertemporal
utility function

= C70—1
L5
where C denotes consumption, subject to the budget constraint and the knowledge
accumulation technology. Human capital, H, can be devoted to production,
education and R&D, respectively:
H=H,+H,+H,,
and is accumulated according to
H=E(H,, >0,
The budget constraint faced by the household is

A=rA+w(H-H,)-C,
where r is the return per unit of aggregate wealth, 4, and w the wage rate per unit
of employed human capital. Let g, =Z/z denote the growth rate of any variable z.
In this paper, we will concentrate on the regimes where human capital is being

e”'dt, p>0, >0,
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accumulated and, hence, Hy > 0. The first-order conditions of the household’s
utility maximization problem give then

ge=(r-p)/0, 2.1)
g, =r=¢. (2.2)
A single homogenous final good Y is produced with Cobb-Douglas

technology
Y=AK’D"H"7", A4,>0, >0, >0, B+n<1.
Here K is physical capital and D is an index of intermediate goods,

" o Va
D:UO x(i) dz} , O<a<l,

where x(i) is the amount used for each one of the n intermediate goods. The
market for final goods is perfectly competitive and the price for final goods is
normalized to one. Profit maximization delivers the factor demands

r=pY/K, (2.3a)
w=(1-g-nY/H,, (2.3b)
p(@) =n¥x(@H)*" /D, (2.3¢)

where p(7) represents the price of intermediate i.
Invention of new intermediates is determined solely by the aggregate
knowledge devoted to R&D according to
n=0H,, 6>0.
Firms are granted infinitely-lived patents, so that there is monopolistic
competition in the intermediate-goods sector. Suppose that an intermediate good
costs one unit of Y to produce. Facing the price elasticity of demand for the
intermediates 1/(1—«), firms maximize operating profits, 7(i) = (p(i) — 1)x(i), by
charging a constant markup price p(i) = 1/a. Since both technology and demand
are the same for all intermediates, the equilibrium is symmetric: x(i) = x, p(i) = p.
Using (2.3c), this yields the quantity of intermediates employed as xn = anY,
firms profits as
r=(1-a)nY/n, 2.4
and D=xn""=n""'“qnY . Substituting this expression into the production
function yields
Y = A (an)" K n 0" (u, H)' P, (2.5)
where u; = Hy /H is the proportion of human capital employed in production.
The value of an innovation v is the present value of the stream of monopoly
profits,

o) = :O e " r(r)dr,
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with 7(z,t) = I ’ r(s)ds . Log-differentiating this expression with respect to time
t

gives the no-arbitrage equation

g, =r—-zjv. (2.6)
Finally, free-entry into R&D requires
w=ov and H, >0, (2.7)

in an equilibrium with innovation, or
w>ov and H, =0.

Some equations will be needed for solving the model. Log-differentiating the
expressions for 7 in (2.3a), w in (2.3b), and Y in (2.5) provides, respectively,

g, =8y —8k> (2.8)
g,=8y &, —&u> (2.9)

and
(-mgy = fax + = g (1= 1) (g, +g1). (2.10)

Let y = C/K denote the consumption to physical capital ratio, = K/H, the
physical to human capital ratio, and w= H/n, the knowledge-ideas ratio. The
economy’s resource constraint,

K=Y-C-nx=(1-an)Y-C,
can be expressed as
(I1-an)
gk ;

r—y. (2.11)

2.2. The developing economy

The developing economy is characterized by the presence of human capital
accumulation ( A > 0) but R&D is not profitable (71=0). As long as &> p, the
economy necessarily arrives at a point from which on households will invest
permanently in human capital formation (see Funke and Strulik, 2000). The
following system of differential equations describes the dynamics of the
developing economy:

_(1_1-an _pP
gl_(@ ; )r+;{ g’ (2.12a)
" =%r—z+§ul +w, (2.12b)
g =—%ﬂ_’7)(r—é>. (2.120)
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From (2.1) and (2.11), we obtain (2.12a). From (2.2), (2.8), (2.9), (2.10),
(2.11), together with gy = & (1 — u;) and g, = 0, we obtain (2.12b) and (2.12c¢).

From (2.12c), the interest rate » converges to £>0 independently of the
remaining system dynamics as 0g./Or <0, whereas the growth rate of wages
converges to zero from (2.2). Hence, there must be a point in time at which the

value of an innovation, v, equals its cost, w/d. Up from this point, the economy
enters the innovative stage.

2.3. The innovative economy

The fully industrialized economy is characterized by the presence of both human

capital accumulation (H >0) and R&D (7#>0). The following system of
differential equations describes the dynamics of the fully industrialized economy:

_ l_l-a?] _£
g"_(e i ]”75 0’ (2.13a)
[ap-0-am ] [1=an [ a0-p-n] . _
g’{ (1-a)y } { 8 {” (e }(r 9 Z},(Z.Bb)
_eho| U= fmme 1L L
g”_g{l { (1-a) +g,1}5l//} 8> (2.13¢)

where the growth rate of n can be expressed as a function of 7 and y as
g = a(-a)ypr+(-me—Fr)
’ aff —n(l-a)

The system (2.13) characterizes the dynamics of the economy in terms of r, y and
y, after substituting g, from (2.14) into (2.13c).

Log-differentiating the free-entry condition (2.7) with respect to time, and
substituting g, from (2.6), 7 from (2.4), and w from (2.3b), we get

_(I-a)no H,

w 1_ ﬁ _ 77 n s

(2.14)

which using (2.2) gives
N )
(1-amsy
From (2.1) and (2.11), we derive (2.13a). Log-differentiating (2.15) with
respect to time delivers g, =g,—g,, which together with (2.2), (2.8), (2.9),
(2.10) and (2.11) give (2.13b) and (2.14). Equation (2.13c) is obtained from

Sv=8n—gn gu=&(1 —uy —u2), g»= dury and (2.15), where u, = H, /H is the
proportion of human capital employed in R&D.

(2.15)

1
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3. Balanced growth equilibrium

In this section, we shall focus on a balanced growth equilibrium in which all
variables grow at constant, but possibly different, rates, and the shares of human
capital in its different uses are constant. The next theorem states a necessary and
sufficient condition for the existence of a feasible steady-state equilibrium with
positive long-run growth, which generalizes the conditions stated in Funke and
Strulik (2000, Proposition 1), and puts right a slight incorrectness in Arnold
(2000, Theorem 1).

Theorem 1. Let &> p. For the innovating economy, there exists a unique positive
steady-state equilibrium with positive long-run growth rate:

e 00+(@/(=a)(1=B=m)/m)E=p

, 3.1

001+ (a/(1-a)(1- f—n)/m)-1 G-12)
% _ 1_0”7_1 x, P

X —( 5 ejr o (3.1b)

o EerUam+(-p-n2) 610

(I-a)on(s-g7)
where the steady-state growth rate of knowledge and human capital equals
c—p
g =8h = : (3.2)
0+ O-)(-a)/a)n/(-F-n)
and the steady-state growth rate of income, consumption, and physical capital
equals

gi=gf=glt=1+(1-a)/a)n/1-B-n)) g}, (3.3)
if and only if
_n(-a)+al-p-nl-p/)
n(-a)+a(l-g-n)
Proof. According to (2.15), constancy of u; implies g¥=0, and hence gfi=gx.

9 > emin

(3.4)

Constancy of g¥ implies, by the Ramsey rule (2.1), the constancy of r, i.e.,
g*=0. Therefore, gf=g#¥, from (2.3a), and y is also constant in the steady state,
Le., g&=0, from (2.13a). Hence, g7=g¥=g¢.

Solving for the steady state of the system (2.13a)-(2.13c¢) yields (3.1a)-(3.1c¢).
Substitution of (3.1a) and (3.1b) into (2.14) gives (3.2). Now, &> p entails

r¥>p>0.1f g*>0, the condition y*>0 is satisfied if and only if g* < &, which
is equivalent to (3.4). Condition (3.4) also ensures g*>0. The ratio of
consumption to physical capital can be expressed as

http://ww.bepress.com/snde/vol 9/issl/art5
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o (—an)(d+D)65 - p)— 1+ D)(S - p) ,
LO1+D)-1)
where ® =(a(l1--n))/(1-a)n). As (3.4) can be equivalently expressed as
(1+D)0E>E+D(E - p), the denominator of y* is positive. Its numerator is also

positive, and hence y* > 0, since
(I-an)((1+@)05 — p) - p(1+D)(& - p) >
>A-an)(d+D)S-p) - pA+D)S-p)=0-an—-L)A+D)S-p)>0.
As gli=g¥, g¥=gf and g} =0, from (2.10) we obtain (3.3). Finally, g% >0
and y*>0 entail that uf>0 using (2.15), u}=(H,/H)* = g*/(6y*)>0, and
u¥=(H, /H)*=g¥&>0. Thus, the steady state is feasible. The transversality

conditions of the household’s optimization problem can be readily shown to be
equivalent to &> g* . This completes the proof. m

A sufficient, but not necessary, condition for (3.4) to hold is 8> 1, which is
assumed by Funke and Strulik (2000). Hence, condition (i), (1 — an)/f>1, in
Funke and Strulik (2000, Proposition 1) is not required to guarantee the existence
of a positive steady-state equilibrium with positive long-run growth. Arnold
(2000, Theorem 1) assumes instead the fulfilment of the condition
1/0 <1+a(l- B-n)/((1-a)n), which is equivalent to

0>0 = n-a) . (3.5)

n(-a)+a(l-pF-n)
Condition (3.4) implies, but is not necessary for, the validity of (3.5). Although
(3.5) ensures that g*>0, it does not guarantee that g*<¢&, and so, it does not

guarantee the positivity of y* (and u;*). Hence, (3.5) is not a sufficient condition
for the steady state to be feasible.

4. Stability analysis

We shall now analyze the dynamics of the model in the neighbourhood of the
steady state. As usual, we assume that the stocks of physical and human capital,
and the number of intermediates move sluggishly, so that K(0), H(0) and n(0) are
given by their historical values. The knowledge-ideas ratio, = H/n, is therefore a
predetermined variable. Although one might expect the interest rate, r, to be a
jump variable, it is a predetermined variable in the innovative economy as well
since, substituting u; from (2.15) into (2.5), and using (2.3a), it can be expressed
as a function of K and » as

Produced by The Berkeley Electronic Press, 2005
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1 n 1-p-n  (-a)p+a(l-p-n)
1 e 1= 8—
r= ﬂAll—n (an)l—ﬂ K 15 a(l-n) (((1 _/Ba);gg
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Thus, the consumption to physical capital ratio, y, is the unique jump variable.
Hence, the system (2.13) has two predetermined variables, » and y, and only one
jump variable, y. To ensure local saddlepoint stability of the steady state
(r*,x*,w*), we should first look for conditions that guarantee that the coefficient
matrix of the linearized system around the steady state has two stable and one
unstable eigenvalues, and then, check whether the stable manifold is transversal to
the directions in which the system can jump for arbitrary initial values of the
predetermined variables (see, e.g., Buiter, 1984). In the following discussion, the

condition (3.4) in Theorem 1 will be assumed to hold.

Linearizing the system (2.13) around its steady state (#*, y*, /*), the dynamics

may be approximated by the following third-order system:

. [ an(l-a) _l—ﬂ—an]r* ~(-a)y
ap-(-ay af-(-ay

¥|= (/0 = (A=am)/ B x* x* 0

% . . &—gr

x—x*|, 4.1)

where dots replace those elements that are irrelevant for the analysis. Let J denote
the coefficient matrix of (4.1), and let J, denote the upper left 2x2 submatrix of J.
The structure of J entails that its eigenvalues are the two eigenvalues of J,, and
the third eigenvalue of J is its last diagonal element, which is positive since

g*< & if (3.4) holds.

The real parts of the eigenvalues of J, are negative if and only if its
determinant is positive and its trace negative. The determinant of J; is calculated

as

_n-a)(-0)-a(-f-n0 ,

A2
(af-(1-a)n)f

(4.2)

Since the numerator of the former expression is negative if condition (3.4), and

therefore (3.5), holds, A; is positive if and only if
aff <(l-a).
The trace of J, is calculated as 7= T + T», where

T ((1-a)+a(l-B-n)(ef-nl-a)+((1-a)’ n-ap)0)s

1 (n(1-a)—-ap)(a(l-F-n)+n(-a)f-n(-a))

and

http://ww.bepress.com/snde/vol 9/issl/art5
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_ (A -a)1-f—an)-af(-F-n)ap
(n(-a)-apf)(a(d-F-m+n(-a)f-n(l-a))
The denominator of 7T is positive if (4.3) and (3.4), and therefore (3.5), are
satisfied. Now, two cases may arise.
1) If the coefficient of & in the numerator of 7 is nonpositive, i.e.,
afi>(1-a)’n, the fact that #>6__ implies that the trace is negative if (3.4) is

min

2

satisfied since its numerator is less than
—an(l-a)n(-a)+ald-F-n)S-p),
which is negative.
i1) If the coefficient of € in the numerator of 7 is positive, i.e.,
aff<(1-a)’n , the numerator of T is increasing in €. Equalizing the numerator of

T to zero, the value of &such that the trace T is zero, 6,_,, is found to be
_ @pd-p-m-nd-o)1-F-amap nl-a)-af
(m1-a)+a(-B-mM)(1-a)’'n-af)e (-a)'n-aof

Hence, the trace 7'is negative if and only if #<6,_,. Note that _. <8,_,, as
0 0, - an(l —a)(fz—p) <0
(eff —(1-a) n)e
Under the former conditions, there are a single unstable and two stable roots.
The Stable Manifold Theorem (e.g., Guckenheimer and Holmes, 1983) entails that
there exists a two-dimensional differentiable stable manifold M containing
(r*,*,*) such that for any point (r,y,) in M the solution through this point

converges to the steady state. The following theorem summarizes the former
findings.

4.4)

T=0

Theorem 2. In the conditions of Theorem 1, if aff<(1—a)n and one of the
following conditions is verified:

i) af>(1-a)’n, or

i) af<(l-a)’n and 6<0,_,, with 0,_, defined by Eq. (4.4),
then there exists a two-dimensional differentiable stable manifold M tangent to
the stable space of (4.1) at (r*,y*,w*), that is invariant under the flow of system

(2.13) and such that for any point in M the solution through this point converges
to the steady state.

Numerical simulations show that the two stable eigenvalues may be complex
conjugate or real. For instance, under the baseline =04, n=0.5, a=0.5,
£=0.05, p=0.03, =1, 6=0.1, and 4;=1, the eigenvalues of J are
A1 =-0.2471, A, =—-0.0979, and A3 = 0.03. Under the baseline = 0.34, n=0.34,
a=04, £=0.05, p=0.023, =1, 6=0.1, and 4, = 1, the eigenvalues of J are
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r* r

Figure 1. Convergence of  and y in the innovative economy

A1=-0.044 +0.165i, A, =-0.044 -0.165i, and A3=0.023. Our numerical
simulations suggest, however, that the stable eigenvalues are more likely to be
complex conjugate for plausible parameter values.

Whereas Theorem 2 gives conditions that guarantee that there exists the right
number of stable eigenvalues, this is not sufficient for saddlepoint stability. It
should also be checked whether the stable manifold is transversal to the directions
in which the system can jump for arbitrary initial values of the predetermined
variables. It can be readily shown that the stable space of the linear system (4.1),
which is the eigenspace corresponding to the two negative eigenvalues of J, is
equal to the hyperplane defined by w = w*. Since y is a predetermined variable,
its initial value y(0) will generally be different from y*. In this case, y(0) = y*,
there does not exist any y such that (r,y,¥) is contained in the two-dimensional
stable space of the system (4.1). In other words, given the initial values 7(0) and
m0), if y(0) # * a jump in y cannot move the system onto the stable eigenspace
of the system (4.1). Hence, saddlepoint stability of the steady state (r*,y*,y*)
cannot be ensured even if the conditions of Theorem 2 hold. So, we cannot be
confident that for arbitrary initial values, the predetermined variables » and y pick
off a (unique) point in the stable manifold.

http://ww.bepress.com/snde/vol 9/issl/art5
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From (2.13a), the g, = 0 — locus is given by

= 1_0”7—1 l"+£,
s 6) o

and from (2.13b), the g, = 0 — locus is calculated as

p 2[ n(-a)+a(-F-n) j§+[ l—an_n(-a)+al-f-1) j

(1-a)y B (1-a)n
Note that g,> 0 above the g, = 0 —locus, and g, <0 below. The condition (4.3)
assumed in Theorem 2 implies that the factor (¢f—(1-a)n)/(1-a)n) in
(2.13b) is negative, and hence, g, > 0 above the g, =0 —locus, and g, <0 below.
Given the condition (3.4) stated in Theorem 1, the g, = 0 —locus is located below
the g.=0—locus at »=0 and, furthermore, the slope of the g,=0—1locus is
greater than that of the g, = 0 — locus. The g, = 0 — locus is increasing, and hence
so the g, = 0 —locus is, if (4.3) is satisfied since the coefficient of 7 is positive as
l—an 1 _1-n 1 _(-f-n-a)p-af)
g0 B 0 (-a)pn

Figure 1 depicts the phase diagram in the (7, ) — plane. It should be noted that
one needs full stability of the steady state (#*,y*), not saddle-path stability as
assumed by Arnold (2000) and Funke and Strulik (2000). The steady state (#*, y*)
is a stable spiral point if both stable roots are complex conjugate, and a stable
node if they are real. A particular adjustment path is depicted when both stable
roots are assumed to be complex.

Figure 2 depicts a phase diagram in the (g,,y) — plane. From (2.13c), the
gy =0—locus is given by

W:{a B 77)§+gn} &
(- 5E-g,)

The g, =0 —locus is upward sloping with a positive ordinate intersection, and a
pole at g, = & It can be easily shown that g,> 0 above the g, =0 —locus, and
g, <0 below. The g,=0-locus is vertical at g,=g* in the (g,, ) — plane. Note

that (2.14) entails that g, converges since » and y do so. However, we cannot
ensure that the arrows point west (east) if g, >g* (g,<g®*), as Funke and Strulik

(2000) and Arnold (2000) do, since it cannot be ensured that convergence to g* is

monotonic. The reason is that, as shown before, » and y may exhibit a non-
monotonic convergence to their steady-state values, and so, (2.14) entails that g,
may also converge in a non-monotonic fashion. Actually, the adjustment paths
depicted in Figures 1 and 2 arise under the parametrization = 0.34, = 0.34,
a=04,£=0.05 p=0.023, 0=1,6=0.1,and 4, = 1.
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Figure 2. Convergence of w and g, in the innovative economy

Figure 2 shows that, although the stable manifold of the system (2.13) is
tangent to the stable eigenspace of the system (4.1) at the steady state (r*, y*, y*),
they cannot be equal. If it were the case, the direction of the arrows shows that the
system would leave the ‘supposedly stable’ manifold = w* unless we were
effectively at the steady state at the initial time. Thus, although the stable
eigenspace of the linear system (4.1) is not transversal to the directions in which
the system can jump, it might be the case that the stable manifold of the nonlinear
system (2.13) be so. Actually, this is the case in all of our numerical simulations.

Figure 3 displays adjustment paths in the innovative economy, computed by
backward integration (Brunner and Strulik, 2002), along the stable two-
dimensional manifold in the (r,y, ) — space when parameter values are = 0.36,
n=036, a=04, £=0.05, p=0.023, =2, 6=0.1, A4, =1. Note that this
parametrization differs from that considered by Funke and Strulik (2000) only in
the value of the parameter ¢, and fulfils the conditions in Theorems 1 and 2. For a
better illustration of the two-dimensional stable manifold, the constraint H, >0
has been ignored. The fact that the system features two stable roots provides a
much richer dynamics for the transition paths relative to that of the standard two-
sector endogenous growth model which is characterized by a one-dimensional
stable manifold (see, e.g., Bond et al., 1996). Figures 1, 2 and 3 illustrate that the
economy can exhibit non-monotonic behaviour throughout the transition, and
grow through damped oscillations around the balanced growth path.
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Figure 3. Adjustment dynamics along a two-dimensional stable
manifold in the innovative economy.

Arnold (2000, Theorem 2) and Funke and Strulik (2000, Proposition 1)
assume that the condition aff> (1-a)n holds, which is exactly the reverse of the
condition assumed in Theorem 2. With this assumption, the determinant of .J, is
negative when (3.4) is satisfied, and so, J has two unstable and one stable roots.
Thus, the system that describes the dynamics of the model has “too many”
unstable roots, i.e., the number of unstable roots exceeds the number of jump
variables, and the dimension of the stable manifold is smaller than the number of
predetermined variables. So it is not possible to make the system stable for
arbitrary initial values of the predetermined variables: The system has ‘too many’
initial conditions, and would start in the stable manifold only by coincidence. The
problem is that Arnold (2000) and Funke and Strulik (2000) fail to acknowledge
that the interest rate is a state variable, not a jump variable. So, they look for
parameter values that yield the wrong number of stable eigenvalues needed for
stability.
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5. Computation of adjustment paths

Funke and Strulik (2000) show that along the adjustment path for a evolving
economy, different stages of development can be distinguished, and analyze
growth in stages via simulations. In this section, we show that transition paths are
incorrectly computed in their paper. By means of the backward integration
method (Mulligan and Sala-i-Martin, 1993, and Brunner and Strulik, 2002), they
calculate the stable saddle-paths of the developing economy and the innovative
economy towards their respective steady-state positions. Then, they use the fact
that state variables cannot jump to calculate the point of transition, and cut the
relevant time paths of the developing economy up to the value of the connecting
state variable and link them with the already obtained paths for the innovating
economy. Proceeding in this way, however, discontinuities arise at the point of a
regime switch that violate the continuity of the shadow prices. We shall show how
the correct paths can be computed. As Funke and Strulik (2000), we shall focus
on the transition from the developing to the innovative economy.

Note first that along the transition path, yAf) is continuous as the state
variables H(f) and n(¢f) are so. The current value Hamiltonian, /7, for the
household’s utility maximization problem is

1-0 _ 1
H:C +A(rA+w(H -H,))-C)+u(EH,),
where A and u are costate variables. Among the necessary conditions, we have
Al _ o _s-p.
oC

Since the costate variable A(¢) is continuous (e.g., Seierstad and Sydseter, 1987),
this equation implies that C(#) must be continuous. Hence, the continuity of the
state variable K(7) entails that y(f) must be continuous as well. If H>0 (i.e.,
Hy > 0), we also obtain the following condition:

on =—Aw+ué=0.

OH
By the continuity of the costate variables A(f) and z«(¢), this equation implies that
the wage rate w() is continuous. Using (2.3a), (2.3b) and (2.5), the wage rate can
be expressed as a function of K, n and u;, and therefore u; is continuous. Egs.
(2.3a) and (2.5) entail that » and Y are continuous as well. Hence, r, ¥, and u; (and
the remaining variables too) must be continuous at the point of transition from the
developing economy to the fully industrialized economy.
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Figure 4. Transitional dynamics of several variables: the case of two
stable roots
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Figures 2—6 in Funke and Strulik (2000) display the transitional paths of
several variables of the model under the base run scenario = 0.36, =0.36,
a=0.54, £=0.05, p=0.023, =2, 6=0.1, and 4, =1. These Figures clearly
show that several variables are discontinuous at the point of the regime switch
(e.g., their Figure 3 shows that » and u; are discontinuous at the transition point).
Hence, adjustment paths have been incorrectly calculated. The correct transition
paths can be computed as follows. First, we calculate the stable saddle-paths of
the innovative economy towards their steady-state position, (r*,y*, w*). Backward
looking from the steady state (r*,y*, y*), the adjustment paths come to an end at
the transition point from the developing economy to the innovating economy,
where H,=0. From that point backward, the system (2.12) describes the
dynamics of the developing economy. We have shown that », y, and u; must be
continuous at the transition point. Hence, we compute the unique trajectories
determined by the system (2.12) that pass through the computed values of 7, ¥,
and u; at the transition point, and link them with the already obtained for the
innovative economy. A similar argument, based on the continuity of the costate
variables, has been recently used by Gémez (2003) to determine the transitional
dynamics in the one-sector endogenous growth model with physical and human
capital when investments are irreversible.

The numerical simulations performed by Funke and Strulik (2000) are
characterized by one-dimensional stable manifolds, and do not satisfy the
conditions stated in Theorem 2. Thus, Figure 4 displays the transition paths of
several variables under the parametrization = 0.36, 7=0.36, = 0.4, £=0.05,
p=0.023, 8=2, 6=0.1, A, = 1, used before to depict Figure 3. Now, the Uzawa—
Lucas framework serves as a description of development dynamics for about 30
years, in which adjustment dynamics is monotonic, but oscillatory adjustment
dynamics occurs when the economy enters the innovative stage.

6. Conclusions

In this paper, we examined the equilibrium dynamics of an endogenous growth
model with physical capital, human capital and R&D. First, we provided a
necessary and sufficient condition for the existence of a feasible steady-state
equilibrium with positive long-run growth. We then analyzed the local dynamics
generated by the model. The dynamics of the economy is described by a third-
order system. For appropriate parameter values, this dynamical system features
two stable roots, rather than only one as in the standard two-sector endogenous
growth model, and two predetermined variables. Hence, the equilibrium dynamics
is characterized by a two-dimensional stable manifold. This provides a much
richer dynamics for the transition paths. The economy can exhibit non-monotonic
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behaviour throughout the transition and grow through damped oscillations around
the balanced growth path. However, it cannot be guaranteed that the stable
manifold is transversal to the directions in which the system can jump for
arbitrary initial values of the predetermined variables. Therefore, saddlepoint
stability cannot be ensured even if the conditions that guarantee that there exists
the right number of stable roots are fulfilled.

Numerical computation of adjustment paths is a difficult task when the
economy evolves through different stages of development, so structural changes
take place. One could be tempted to calculate the stable saddle-paths of each
development stage towards its respective steady state, cut the relevant saddle-
paths up to the transition point and link them with the saddle-paths computed for
the next stage of development. Computing in this way the transition paths in the
model considered in this paper discontinuities at the point of transition from the
developing economy to the fully industrialized economy arise that violate the
continuity of the costate variables of the households’ utility maximization
problem. We then showed how the transitional paths could be correctly computed.
Similar arguments may be applicable to other models of endogenous growth with
temporally binding constraints.
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