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This paper presents a mathematical and numerical formulation to design and analyze grounding systems in
underground electrical substations. The developed approach is based on the well known Maxwell’s Equations.
The proposed problem is solved by means of the Boundary Element Method (BEM). The utilization of BEM allows
to introduce the geometry and electrical characteristics of the enclosure in a uniform soil. Therefore, a more

realistic approximation of the soil structure is achieved. This formulation allows to obtain the main parameters of
these protection systems (the grid resistance, the Ground Potential Rise, and the step and mesh voltage). It also
allows to compute the surface and step voltage distributions. In addition, as a secondary result, the voltage and
current density distributions over the enclosure are obtained. Finally, two grounding system analyses of real
underground electrical substations are presented to demonstrate the industrial application and the modelization
capabilities of the proposed formulation.

1. Introduction

It is widely known that most electricity consumers live and work at
cities and urban areas which have experienced significant growth in the
last decades. Consequently, the demand for power supply has increased
and the electricity supply should always be ensured, building and
installing new electrical substations in urban areas is required. However,
this construction is not so simple due to some drawbacks as the urban
environmental restrictions or the limited availability of space. Against
this background, engineers developed the underground electrical
substations.

Underground electrical substations are compact solutions where all
the electrical equipment is placed underground inside precast concrete
enclosures. One of its main characteristics is that the area occupied
aboveground is minimum and therefore they meet the urban environ-
mental requirements and they are suitable for zones with limited space
for their location. A critical aspect in this substations, as in other elec-
trical facilities, is safety, especially during a fault situation in order to
prevent electric shocks [1]. In electrical substations, the grounding
systems are the devices in charge of guaranteeing the safety conditions
and the functioning of these facilities. Therefore, their design and
analysis are essential.
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Since the beginning of aboveground electrical substations, numerous
researches were developed to analyze their grounding systems [2]. In
this context, analytical [3,4], semianalytical [5] or numerical methods
[6,7] had been carried out and applied to uniform, two-layer or multi-
layer soil models. Recently, more advanced studies analyze the phe-
nomenon of transferred potentials [8] or the presence of soil
heterogeneities [9]. However, these researches are never applied to
underground electrical substations.

In previous works, the authors have developed a general formulation
based on BEM to design and analyze the grounding system of above-
ground electrical substations considering uniform [10] and layered soil
models [11,12]. In 2015, the authors started the grounding system
analysis in underground electrical substations [13].

This paper presents a mathematical and numerical approach to
analyze and calculate properly the main parameters of grounding sys-
tems of underground electrical substations. The developed formulation
allows to introduce the geometrical and electrical properties of the
precast concrete enclosure in a uniform soil and, therefore, more real-
istic results are obtained in comparison with the standard formulations.
The formulation could be expanded in order to deal with multilayer soil
models. The methodology generated has been validated against bench-
mark examples from the IEEE [14]. A deeper detail of the formulation
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developed and its validation can be found in [15].
2. Mathematical and numerical model
2.1. Equations of the mathematical model

During a fault situation in an electrical substation, the fault current
originated is derived from the electrical facility to the grounding system,
which will be dissipated into the ground causing potential gradients in
the surrounding area.

The formulation developed to analyze this physical phenomenon is
based on the Maxwell’s Equations, which define the behavior of an
electric current flow in a 3D domain. The transient period is extremely
short in comparison with the fault duration, so the study of fault current
discharges will be limited to the steady-state behavior [14]. Therefore,
the general equations that define the physical phenomenon described in
a generic conductive medium (€2) and at the interface of different media
(0Q) are:

1. Coulomb’s equations:

qv

diviE) = — in Q
€o
rot(E) = 0 in Q
q (€8]
n~(E2 — E]) = = in 0Q
€o
nx (E;—E;) = 0 in 0Q

where E is the electric field, g, is the electric charge density, g; is the
surface electric charge density, ¢, is the vacuum permittivity (8.8542 x
10712 F/m), and n is the unit vector normal to the boundary dQ.

1. The continuity equation:

dive) = 0 in Q
n(6; —6;) = 0 in 0Q @
where ¢ is the electric current density.
1. The constitutive equation:
c=yE in Q 3

where y is the conductivity tensor.

In order to obtain the mathematical model, each of these equations
will be applied to each domain and boundary of the problem (Fig. 1). It
should be noted that in this problem the hypotheses that the atmosphere
(Q4) is a perfect insulator and the grounding grid (Qg) is formed by
perfect conductors are assumed. Furthermore, the soil structure is
composed of a uniform soil, the ground (), which has a non-
homogenous finite volume inside, the underground electrical substat-
ion (). The procedure followed consists on studying independently
each conductive subregion (Q and ), and then, the obtained equations

Iy

Fig. 1. Domains involved in the problema analyzed.
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are coupled to solve them by means of the compatibility condition. An
in-depth analysis of this procedure can be found in [15].

Since the ground surface is considered horizontal, the mathematical
problem is transformed to an easier one by means of the application of
the method of images [11]. As a result, the physical phenomenon of a
fault situation in an underground electrical substation is mathematically
defined as:

1. An exterior Dirichlet problem in Q with boundary conditions in I'g
and 1"’Gz

AV = 0 in Q
. ' ()]
V. = Vs in I'g and I

Vsatisfies regularity conditions at infinity

where V is the potential in the ground and satisfies regularity conditions

at infinity, V is the ground potential rise (GPR), and I'¢ and 1“; are the
grounding grid surfaces.

1. Two interior problems in Q; and Q,,:

AV,=0 in @ and @ (5)

where V; is the potential on the enclosure surface.

1. And the boundary conditions in I'; and F,,, which are the compati-
bility condition between the exterior and the interior problems:

Vi, = V. in I, and T,

©

/
no; = no in I, and T,

where ¢ and o7 are the current densities in the ground and the enclosure,

respectively, and I'; and FI, are the enclosure surfaces.

The resolution of these equations will allow to calculate the main
parameters of a grounding grid, which are principally the ground
resistance, the step and touch voltages, and the earth surface potential.
Then, the safety conditions during a fault situation can be analyzed.

2.2. Boundary integral equations (BIEs)

The first step to solve the previous equations consists on trans-
forming the differential problems defined into integral equations
relating only boundary values. The obtention of these BIEs will provide
the starting point to solve the potential problems by the BEM and make
the mathematical model more practical for the subsequent numerical
analysis. This transformation starts from the expression that mathe-
matically defined the Green’s second identity:

[ [wsw—yanav= [ [@5wn—yvpmas @

where the function ¢ will be substituted for the potential field V (exte-
rior Dirichlet problem) or V; (interior problem), and the function y will
be the fundamental solution of the Laplace equation for a three-
dimensional potential problem:

1

4zr(x,y) ®

w(x,y) =

where r(x,y) is the distance between the source point x and the field
point y.

Then, problems (4) and (5) are recast independently into integral
equations by means of expression (7), as well as the compatibility con-
dition (6).

As a result, the differential equations of the mathematical model are
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formulated as the following three BIEs:

1. Equation from the boundary condition of the exterior Dirichlet
problem V(y;) = Vg:

1 1 1
TM/‘/E‘GEFG (’W +'"(Z/G§G)> o6(Eg)dlg +

4y ————t—— ) o(§)dI}
4”}///§’Er’ (V(Zc,§,)+r(xc7§,)> 7 dn 9

il ) 7 (o)) )

Vi(&)dl = Vg

where y; and )(;; are source points located on surface I'g and I’g, Ezisa
field point located on surface I'g, § is a field point located on surface Iy,
og(€;) is the leakage current density on surface I'¢, o;(§;) is the leakage
current density on surface I';, and V;(§) is the value of potential
belonging to any point located on surface I7.

1. Equation from the compatibility condition applied on the exterior
Dirichlet problem:

il o Gagr g gy) e
wll.. (o) * V(r(x;],g,)»‘“(g’)}

1
EVI (Xl )

(10

Vi(§)dl =

, ,
where y; and y, are source points located on surface I'y and I';.

1. Equation from the compatibility condition applied on the interior
problem:

1 1 1
)=~ g | /ng or(&) dl'i -

i o[ ) e erm

These BIEs enable to calculate og, o7, and V;, which are the basic mag-
nitudes in order to determine the main parameters of a grounding sys-
tem.

One of these main parameters and an important point in grounding
system analysis is the surface voltage distribution, which can be calcu-
lated by means of the following equation:

Vo) = 4777///506&( r(x, §G r(x .I;G)) o6(6g) Al

1D

%”7//5,51“, (r(xfé’z) +r(x/17§,)) orlb) drt 12)
il [0 Gam) ()
V(&) dr;

where V(x) is the value of the potential function in a source point x
located in the ground.

The above equation can be simplified using the BIE obtained from
the interior problem (11) as:
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4”7///@'(,61"(«( (x gG rx Eo)) 06(€s) dl+
4%7(1 _y%) //Eler, (r(xl.,g,) *ﬁ) o1(§) dr,

This is the general equation to calculate the electric potential at any
point in a uniform medium with a finite heterogeneity inside it.
Finally, these BIEs are solved numerically.

13)

2.3. Numerical model

The adequate numerical method to solve this problem, where the
equations are set in the boundaries of the domains, is the BEM.

The first step to address the numerical model is recast the BIEs (9)—
(11) into their weak form. So that, this arrangement allows to obtain an
accurate approximate solution of the problem through a weighted re-
sidual method. The weighted residual method chosen to develop the
numerical approach of this problem is the point collocation [16], where
the weighting function is the Dirac delta function.

In addition, in order to simplify the integral equations, an assump-
tion of circumferential uniformity in the electrodes is made. This in-
volves that the leakage current on the electrodes is supposed constant
around the perimeter of every cross section (o). This assumption is
adequate and not too restrictive, taking into account that the electrodes
used to be longer in comparison with their diameter. This procedure will
allow to decouple the boundary integrals I'; in integrals in the axial line
of the electrodes Lg and integrals in the circumferential perimeter Cg.

Thus, after formulating the BIEs into their weak forms, introducing
the assumption of circumferential uniformity and applying the Point
Collocation Method (PCM), the integral Eqs. (9)-(11) take the form:

1. Equation from the boundary condition of the exterior Dirichlet
problem V(y;) = Vg

_ 1 PR
”(P(XGj)VG—“_ﬂyA L‘K<ch7§6) UG<§G> dLg—
477?’//&,61", (XG/7§I> o;(§)dl— 14
E//élgr,K*@cﬂgf) ViE)T, =0 j=1,...n0,

where ¢(¥¢;) is the diameter of electrodes, and n, is the number of

K(?ij &) and K*(/X\Gﬁ &) are
obtained after solving the integrals in the circumferential perimeter Cg.

collocation points in . Kernels K (ij,EG),

1. Equation from the compatibility condition applied on the exterior
Dirichlet problem:

1 N/
4y )i, i, (x;,,éc> e <§G> of

4ﬂr//§,er,< (% 5, 1y, €1)> o(&) dly+
//g,er,|:< ( ijﬂ?z)) +V<r(x;:7€1)>>~n(§z)}

l
(él)drl (XI/) =0, j= 17"'7nf‘Pl

(15)

where ng, is the number of collocation points in I'r. Kernel K(yy;, EG) is
obtained after solving the integral in the circumferential perimeter Cg.
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1. Equation from the compatibility condition applied on the interior
problem:

1 1
—_— — dr
4”71//§,er,r(X1/a§1)61(€1) "

L[ (e e

1
EVI (th) =0,

V(&) dl,+ (16)

J=1, g,

The above integral equations are solved through the BEM. It should
be noted that this numerical method is based on a discretization pro-
cedure which requires two types of approximation: the geometrical and
the functional. The geometrical discretization consists of a subdivision
of boundaries I'¢ and I'; into n,;, and n,,, respectively. On the other hand,
the functions are approximated at each element by writing them in
terms of their values at some fixed points in the element, called nodal
points (ny, in I'g, and ny, in I'), through interpolation functions.

As a result, the discretized equations can be expressed as a system of
linear equations:

Rse Rgr Sar 66 1 Z¢
R Ry Sy [} = 0 17)
0 T, S, \% 0
where:

e Rgg is a square (ngp, X Ngp,) matrix, and Rgr and Sg; are (ngp, Xngp,)
matrices. Their terms come from integral Eq. (14).

e Rig is a (ng, x ng,) matrix, and Ry and Sy are square (ng, xng,)
matrices. Their terms come from integral Eq. (15).

e T; and S; are square (ng, x ng,) matrices, whose terms come from
integral Eq. (16).

e 65, o7 and V; are the unknown vectors.

e v is the vector which contains the boundary condition of the
problem.

e The matrix is full and non-symmetric.

Once the unknowns 6, o; and V; have been determined, the electric
potential at any point in the ground and the main parameters of the
grounding system can be calculated.

Before proceeding with the grounding system analysis, two of the
most important steps in the numerical approach must be highlighted:

2.3.1. Discretization procedure

The BEM is a method based on a discretization procedure, where the
unknown functions are calculated on the boundary of the domains. To
deal with this problem a linear parametric representation is defined:
one-dimensional linear elements for approximating the axial line of the
electrodes and two-dimensional linear elements for the enclosure
surface.

The point collocation method is an appropriate method when the
boundary surfaces of domains are smooth. However, when the geometry
presents corners and/or edges, serious numerical problems appear with
the collocation approach [17,18]. The problem is caused by the ambi-
guity in the normal vector along an edge or at a corner where a
non-uniquely normal vector is defined. On the case of the enclosure, the
geometry is similar to a parallelepiped and each planar side has a normal
vector, but corners and edges present the mentioned issue.

Thus, an improved technique which involves moving the nodal and
the collocation points from the edges and corners to the interior of the
elements a certain distance 4 is chosen [19]. This technique is called
semidiscontinuous method and optimal values for 4 can be found in the
literature, as 0.75 < 4 < 0.95.
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2.3.2. Integration of kernels

The integration is important to obtain accurate and stable results. In
this research, two types of integrals are differentiated, which have been
solved through numerical techniques:

1. Regular integrals refer to all kernels where y and & do not belong to
the same element. Therefore, the integrals are not singular and they
are evaluated through the Gauss-Legendre quadrature.

2. Weakly singular integrals which refer to all kernels where the
collocation point is located on the element analyzed or on an adja-
cent element to the analyzed one. The singularity of the kernel is of
order O(1/r).

To calculate the integrals numerically over one-dimensional ele-
ments, a numerical approach based on the Element Subdivision
Technique [20] and the Gauss-Legendre formula was developed.
Similarly, for the integrals over two-dimensional elements, the nu-
merical approach developed is based on the Lachat-Watson Trans-
formation [21]. This technique consists in splitting up the integrated
parent element into triangular subelements and defining a local co-
ordinate system for each one. By this procedure, the Jacobian of the
transformation is equal to zero in the point of singularity and it is
cancelled out. Finally, the two-dimensional weakly integrals are
calculated with accuracy through the Gauss-Legendre quadrature.

3. Industrial application: grounding system analysis

This section shows the principal objective of the developed formu-
lation which is to calculate the main parameters of the protection system
of real underground electrical substations. Thus, this formulation allows
to design and analyze any grid configuration and to ensure that the
grounding system does not exceed the safe voltage limits.

In order to show its application, two real examples will be analyzed
(real images of the proposed examples can be found in [15]). The results
obtained are the main parameters of grounding systems, which are the
grid resistance, the GPR and the step and mesh voltage, as well as the
surface and step voltage distributions.

3.1. Example I

In this first example, a grounding grid for a commercial underground
electrical substation with dimensions 5.40 m x 2.46 m x 2.84 m will be
analyzed. Each face of the enclosure is divided in a 10x10 grid which, by
the authors experience, gives a enough accuracy in the results. Thus 600
elements with 726 degrees of freedom are used for the enclosure.

The general and numerical data used in the analysis are shown in
Table 1, where the difference between the soil resistivity, 50 Q m, and

Table 1

Example 1.
GENERAL DATA
Operating voltage 20 kv
Grid current 1000 A
Soil resistivity 50 Qm
Concrete resistivity 3000 Q m

NUMERICAL DATA
Numerical approach PCM
BEM elements Linear (4 = 0.85)
No. of elements (electrodes) 14
Degrees of freedom (electrodes) 12
No. of elements (enclosure) 600
Degrees of freedom (enclosure) 726
RESULTS

Grid resistance () 3.005
GPR (V) 3005.0
Mesh voltage (V) 937.897
Step voltage (V) 443.222
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the concrete resistivity, 3000 Q m [22], is highlighted. Another impor-
tant datum is that a total grid current of 1000 A is supposed as the fault
situation.

As depicted in Fig. 2, the grounding grid is formed by two perimeter
rings connected between them, one located in the base of the excavation
at 0.4 m from the enclosure, and another at a depth of 0.8 m under the
ground surface and 1 m far from the enclosure. The bare copper con-
ductors have a cross-sectional area of 50 mm?2. In this case, 14 elements
are used to discretize the rods connected at 12 nodes.

After the analysis with the formulation proposed is carried out, the
grid resistance, the GPR, the mesh voltage and the maximum step
voltage are obtained (Table 1). The simulation time needed to perform
the analysis was slightly greater than 20 min (1356 s) in a common
personal computer (Intel Core i7-3820, 3.60 Ghz, RAM 24.0 GB). 95% of
the time was invested in computing the surface and step voltage distri-
butions, in this case with 600 elements and 726 integration points.

In addition to these main parameters, the surface and step voltage
distributions have been calculated. A general 3D view of these potential
distributions is presented in Fig. 3. The total area where the voltage
distributions have been calculated is a rectangle of 14 m by 12 m, which
implies a surface of 168 m? and in which 1600 points are analyzed.

More deeply, the surface and step voltage distributions over the area
studied are depicted in Figs. 4 and 5. As shown in Fig. 4, the largest
voltages during this fault situation appear just above the underground
substation and the largest gradients arise at the perimeter areas. It
should be noted that the largest voltages present a fairly uniform dis-
tribution. Owing to the largest gradients, the largest step voltages appear
at the perimeter areas, and thus, it can be stated that the safest area (area
with low step voltages values) is located above the underground sub-
station (Fig. 5).

It must be mentioned that all distributions presented have a sym-
metrical solution, as it was expected since the grounding system is also
symmetric.

A secondary result of the grounding system analysis with the
developed formulation is to obtain the voltage and current density dis-
tributions over the enclosure (Figs. 6 and 7).

In Fig. 6, the voltage distribution over the enclosure surface is
depicted. As can be seen, the highest voltage values are located on the
areas closer to the grid and the voltages at the top are higher that at the
bottom, which presents the lowest values. This is because the top is
situated at 0.1 m from the ground surface, and therefore, the voltages
are not dissipated. However, the space behind the bottom is infinite and
the potentials can be dissipated into the ground.

Furthermore, Fig. 7 shows the current density distribution, where the
negative values mean the current density entering the enclosure, and the
positive ones, the current density that leaves it. In this case, the highest
current densities appear on the underside of the enclosure, where their
majority enter in the perimeter areas closer to the grid and leave it
through the bottom.

Fig. 2. Grounding system - Example L.
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M \\"Step voltage

Fig. 3. 3D view of potential distributions - Example I.
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Fig. 4. Surface voltage distribution - Example L.

Vstep (x GPR)
0.147
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_;0.100
—§0.075
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Fig. 5. Step voltage distribution - Example 1.
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Fig. 6. Voltage distribution over the enclosure surface - Example 1.
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BOTTOM
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Fig. 7. Current density distribution over the enclosure surface - Example I.

A comparison of the example removing the underground substation,
only with simulating the grounding system, was also carried out. Fig. 8
shows a comparison of the step voltage distribution on surface while
Fig. 9 presents the net differences in both, surface and step voltage
distributions over the area studied in voltage units.

As seen in Fig. 9, both the step voltage and the surface voltage dis-
tributions change between the two models. The step and surface voltage
increase on the short sides of the grid and decrease over the long sides
with the underground substation. In the model including the enclosure,
the step voltage inside the grounding grid is lower even though the
surface voltage increases.

3.2. Example II

In this second grounding system analysis, the grounding grid is
formed by a rectangular 5 m x 3.5 m grid at a depth of 0.8 m under the
ground surface and 1 m far from the enclosure and with eight 2-meter-
long ground rods around its perimeter (Fig. 10). The conductor diameter

—0.075
—0.050
0.025
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is 8 mm, and for the ground rods the diameter is 14 mm. In this example,
the rods are discretized. Rods on the long side of the substation are
discretized in three elements while rods on the short side and ground
rods are discretized in two elements. The model for the electrodes is thus
formed by 36 elements and 36° of freedom. In this case, the enclosure
dimensions are 3.46 m x 2.46 m x 2.35 m and the same 10x10 dis-
cretization is used as in the previous example.

The general data is defined in Table 2, where now the soil resistivity
is 120 Q m.

Again, after doing the analysis, the main parameters that charac-
terize this grounding system are obtained (Table 2).

As in Example I, the surface and step voltage distributions have been
calculated (Figs. 11 and 12). The total area studied is a rectangle of 12 m
by 10 m, which implies a surface of 120 m? in which 1600 points are
analyzed.

Fig. 11 shows that the largest surface voltages appear above the
substation with a uniform distribution, and the largest step voltages
arise at the perimeter area of the enclosure where the grid is located

Fig. 10. Grounding system - Example II.

Vstep (x GPR)
0.147

0.125

~0.100

0.002

Fig. 8. Step voltage distribution over the enclosure surface without substation (left) and with substation (right) - Example I.

. 0.01
0.005
0
. -0.005

2.0e-02

0.015

-0.01

-1.5e-02

Fig. 9. Differences in step voltage (left) and surface voltage (right) between models with and without underground substation - Example I.
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Table 2
Example 2.
GENERAL DATA
Operating voltage 20 kv
Grid current 1000 A
Soil resistivity 120Qm
Concrete resistivity 3000 @ m
NUMERICAL DATA
Numerical approach PCM
BEM elements Linear (4 = 0.85)
No. of elements (electrodes) 36
Degrees of freedom (electrodes) 36
No. of elements (enclosure) 600
Degrees of freedom (enclosure) 726
RESULTS
Grid resistance () 8.430
GPR (V) 8430
Mesh voltage (V) 2552.756
Step voltage (V) 1212.386
V (x GPR)
783
0.700
=0.600
<0.500
0.400
0.300
0.286

Fig. 11. Surface voltage distribution - Example II.

F

Vstep (x GPR)
0.144

0.125

~0.100
~0.075

—0.050

l ' E0.0ZS
0.002

Fig. 12. Step voltage distribution - Example II.

(Fig. 12). Although the voltage values have changed regarding the
analysis of Example I, the figures depict similar distributions.

As it has been done in Example I, the voltage and current density
distributions over the enclosure are obtained (Figs. 13 and 14). Simi-
larly, the highest voltage values are located on the areas closer to the
grid and the voltages at the top are higher than at the bottom, which
presents the lowers values. The highest current densities appear on the
underside of the enclosure, where their majority enter in the perimeter
areas closer to the grid and leave it through the bottom.

Additionally, the voltage profiles along a horizontal line that crosses
the middle of the area analyzed are represented in Figs. 15 and 16.
Fig. 15 depicts the surface voltage profile where the maximum surface
voltage appears above the substation with constant value along all the
length and the highest gradients are just located before this maximum,
as explained above. Furthermore, Fig. 16 presents the step voltage
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_—

TOP
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0.600 o ‘0"7|0*0‘ D 0.800
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Fig. 13. Voltage distribution over the enclosure surface - Example II.
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Fig. 14. Current density distribution over the enclosure surface - Example II.

0 1 2 3 4 5 6 7 8 9 10 11 12
Distance (m)

Fig. 15. Surface voltage profile - Example II.

profile in which due to the surface voltage gradients, two peaks arise in
the step voltage profile coinciding with the perimeter grid location and a
plain appears where the potential gradients are minima.

4. Conclusion

Grounding systems are essential devices to ensure and guarantee
secure conditions in electrical substations for the facility and the safety
of individuals. Their analysis has always been an important issue in
electrical engineering, but it is with the emergence of underground
electrical substations and their urban character, which is surrounded by
residential buildings, green areas, parks or commercial areas, where a
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Fig. 16. Step voltage profile - Example II.

properly grounding system analysis is even more essential.

In this paper, a mathematical and numerical approach to design and
analyze the grounding systems of underground electrical substation was
presented. This formulation, based on the general equations of electro-
magnetism, allows to model a more realistic soil structure, where the
underground electrical substation is embedded in the ground. Thus,
more realistic results are obtained for their main parameters.

The proposed approach has been validated against benchmark ex-
amples from the IEEE. Two real examples have been presented in this
paper. These examples showed that the main parameters of grounding
grid can be calculated with the proposed formulation, as well as the
surface and step voltage distributions. In addition, the voltage and
current densities over the enclosure can also be calculated, and the
formulation is adaptable to different and variable grounding systems
and geometries. The approach developed and validated could be
adapted to stratified or multilayer soils to increase its range of
application.
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