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A B S T R A C T   

Slates are metamorphic rocks characterized by the pervasive occurrence of cleavage or foliation producing a 
highly anisotropic mechanical behavior characterized by fissility. Deformability and strength of these rocks are 
therefore dependent on the cleavage plane orientations relative to the principal stresses. In this study, the failure 
and deformability of these rocks are experimentally investigated by means of a set of standard uniaxial and 
triaxial compression tests on samples cut with the cleavage forming different angles. Propagation velocity 
measurements have also been taken in a good number of specimens. Compression tests show that deformability 
and strength are clearly anisotropic for this rock and that failure through the cleavage plane is observed in the 
range of dip angles from 15 to 75◦. Transversely isotropic elastic parameters are fit based on improved existing 
approaches. Moreover, the strength of tested samples cut normal and parallel to foliation relevantly differ, 
something noted qualitatively in the past by some authors in some metamorphic anisotropic rocks. However, this 
difference has neither been explicitly reported for the case of other foliated sedimentary rocks such as shales, nor 
formalized in theoretical strength approaches. The triaxial compression experimental data on slates were fit with 
the Jaeger’s plane of weakness (JPW) model. Strength criteria differentiating the strength in directions normal 
and parallel to foliation are proposed to adapt the JPW model to the observations in slate strength behavior. 
Other model improvement is proposed, the use of a non-linear strength criterion for the intact rock (Hoek- 
Brown), which shows to better represent observed strength laboratory results.   

1. Introduction 

When characterizing the mechanical behavior of rocks, these natural 
materials are often treated as linear elastic and isotropic. While this can 
be acceptable for a number of rocks, the occurrence of weakness planes 
associated to the genesis of some sedimentary and metamorphic rocks 
recommends accounting for anisotropy when characterizing these ma-
terials. In this way, rocks showing bedding or foliation tend to be 
significantly anisotropic, since they show a consistent variation of the 
rock properties according to the direction in which they are measured. 
The isotropic mechanical behavior of intact rocks has been widely 
studied and it is today reasonably easy to test and interpret. Neverthe-
less, predicting and modeling the deformability and strength of aniso-
tropic rocks is still an insufficiently understood rock mechanics 
problem.1 

In recent years, a good number of studies have been carried out in 

order to gain a better knowledge of the anisotropic behavior of some 
rocks, and particularly of shale, due to its economic importance for the 
shale gas and oil industries. A good knowledge of anisotropic parameters 
of these materials is very important since the practice of resorting to 
isotropic deformability parameters and failure criteria to model aniso-
tropic rocks may produce relevant errors when predicting their strength. 
As pointed out by Ambrose2 and also shown in this study, the strength of 
anisotropic rocks could attain values up to ten times and even more 
lower than its maximum strength, according to the direction of appli-
cation of stress in relation to the orientation of the weakness planes. 

Slate is a fine-grained, foliated, homogeneous metamorphic rock 
derived from an original shale-type sedimentary rock typically 
composed of clay through low-grade regional metamorphism. It is 
typically composed of white micas, chlorite, quartz and other minerals 
in a lesser account, and the grain size is typically under 75 μm. Slate is 
the finest grained foliated metamorphic rock and its foliation or slaty 
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cleavage does not typically correspond to the original sedimentary 
layering, but instead it is orientated in planes perpendicular to the di-
rection of metamorphic compression.4 

The slates, like other metamorphic rocks, present a high degree of 
anisotropy caused by the processes of rock formation. These rocks form 
recrystallizing under oriented high stress levels, which produce the 
occurrence of very persistent and narrowly spaced weakness planes, the 
so-called cleavage, which controls the behavior and fracture patterns of 
these materials.5,6 Slates, and particularly the so-called roofing slates 
used to product roof tiles, show a large degree of fissility, an ability or 
ease to split along flat planes, which makes them suitable for producing 
tiles, traditionally used to build roofs.3,7 

Similar anisotropic sedimentary rocks such as shales also show a 
large degree of anisotropy,8,9 but the overall stress-strain behavior 
shown by these materials seems to differ in some way to that of the 
slates. We attribute this difference to the usually weaker behavior of the 
forming material (clays instead of quartz and micas) and to the fact that 
the foliation in shales is associated to bedding planes, instead of to 
cleavage. Other metamorphic rocks like schists also show significant 
anisotropy,10 but their higher mica content makes them behave differ-
ently from slates, particularly in terms of lower frictional strength of the 
intact material and higher ductility. 

This anisotropy of slates definitely marks the mechanical behavior of 
these rocks in different ways. It does produce important variations in the 
deformability and strength of this rock as observed by Amadei11 at 
laboratory and field scale, as well as it controls the fracture patterns 
taking place when testing these rocks.5 From a practical engineering 
scope, anisotropy significantly affects the development of excavations in 
underground tunnel construction12 and underground mining13; drill 
performance in TBM (Tunnel Boring Machine) and well stability14,15 

and causes important deviations in borehole drilling.16 This anisotropy 
also tends to cause a great impact when interpreting in situ stress 
measurements.11,17,18 With the aim of advancing toward the solution of 
these problems, it is important to better understand both the elastic and 
strength behavior of these anisotropic rocks. 

Starting from available approaches, this study focuses a rigorous 
characterization of the anisotropic stress-strain behavior of slates, one of 
the less studied anisotropic rocks. It is based in a good number of sound 
velocity measurements and uniaxial and triaxial stress-strain tests at 
different confinement levels and with different orientation of the 
cleavage planes. The characterization of the transversely isotropic 
elastic parameters is carried out based on available techniques and 
updated optimization approaches. Moreover, based on existing strength 
approaches, the authors have analyzed different possibilities of 
extending JPW (Jaeger’s plane of weakness) strength approach consid-
ering different strength in directions parallel and normal to foliation and 
tentatively analyzing failure criteria different than Mohr-Coulomb for 
the intact rock. 

The characterization of slates presented in this document was pri-
marily devised to be used for understanding and modelling of 
compressive, hydro-frac19,20 and crack propagation tests to compute its 
fracture toughness.21 So the ultimate reason behind the presented 
characterization is having available reliable parameters needed to un-
derstand and model some of these tests in line with previous studies by 
the authors.22 

2. Deformability and strength models for foliated rocks 

In this section, some available constitutive models for foliated rocks 
are recalled, which will be used in the forward characterization of the 

stress-strain tests on slate samples. First, the transversely isotropic 
deformability models are introduced, as proposed by Amadei and other 
researchers.11,23–25 After that, typical anisotropic strength models are 
presented, based on the so-called Jaeger’s Plane of Weakness 
(JPW)2,15,26 model, with potential modifications. 

2.1. Constitutive model for transversely isotropic elastic rock 

To completely define the fully anisotropic elastic behavior, 21 in-
dependent constants are needed in the absence of any symmetry. For this 
general case, Lekhnistskii27 proposed to resort to the Generalized 
Hooke’s Law for anisotropic materials. This law allows simplifications 
for symmetric materials, which easies computing the independent 
elastics constants, assuming symmetry criteria. 

Different symmetry criteria produce different anisotropic responses. 
A transversely isotropic material shows physical properties that are 
symmetric about an axis normal to a plane of isotropy that can be 
identified as the cleavage plane for the case of slates. In this plane of 
isotropy, also known as transverse plane, the material properties are the 
same in all directions within this plane. Barla23 developed approaches to 
derive elastic parameters from stress-strain tests in oriented cores for 
anisotropic and transversely isotropic rocks. Amadei,24 building on 
previous studies,28,29 proposed the equations to calculate the indepen-
dent elastic constants for four different cases of elastic symmetry, 
including the transversely isotropic one, in which case and due to the 
existing symmetry, the elastic parameters are reduced to five indepen-
dent elastic constants including two elastic moduli parallel (E) and 
normal (E′) to the foliation or isotropy plane, the two corresponding 
Poisson’s ratios (ν and ν′) and the shear modulus in the plane normal to 
the plane of transverse isotropy (G′). 

Several authors performed various studies to optimize the number 
and orientation of tested rock specimens to obtain the five transversely 
isotropic elastic parameters. Amadei,11 Barla,23 Chen et al.,30 Talesnick 
and Bloch-Friedman,31 Cho et al.26 and Worotnicki32 presented different 
approaches to obtain the values of the five independent elastic constants 
of various transversely isotropic rocks, using at least three different 
cylindrical samples with different anisotropy angles. Nejati et al.33 

introduced a method to compute the elastic constants of a transversely 
isotropic rock from a single uniaxial compression test, even if this type of 
approaches disregards the natural heterogeneity and variability of rock 
behavior. 

Having available a good estimate of elastic anisotropic parameters is 
relevant for tunnel and mine stability as well for oil and gas well stability 
calculations, since elastic anisotropy could induce higher stress con-
centrations than isotropic approaches, masking in a non-conservative 
manner the actual excavation response.15 

To orientate a transversely isotropic elastic model, it is convenient to 
define a local (x’, y’,z’) and a global (x,y,z) coordinate system, as shown 
in Fig. 1. The local coordinate system is closely related to the foliation or 
isotropic plane of the rock, so its y’ axis is taken as the rotation symmetry 
axis normal to the isotropic plane, meanwhile the x’ and z’ axis are 
contained in the isotropic plane, and the z axis and z’ axis coincide.26 

The anisotropy angle β considered here is that formed by the folia-
tion and the horizontal global axis x (Fig. 1). In other words, the local 
coordinate system can be obtained by rotating in a clockwise direction β 
degrees the global coordinate system around the z axis. Regarding 
triaxial compression tests, this angle coincides with the angle β often 
used to refer to the angle occurring between the vector normal to foli-
ation planes and the direction of load of the major principal stress (σ1) 
for defining the JPW strength approach.34 Remark that some other 
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researchers define the angle β as that occurring between the normal to 
foliation and the vertical axis, so one should always be aware of the 
adopted convention. 

The generalized Hooke’s Law can be used to describe the elastic 
constitutive relationship of transversely isotropic rock,25,27 as in Equa-
tion (1). ε′, σ′ and S′ represent the strain (ordered collection of the 2nd 
order strain tensor components), the stress (same as for strain) and the 
elastic compliance matrix, in the local coordinate system, respectively. 

ε′

=S′σ′ (1)  

where ε’ = [ε′

x, ε′

y, ε′

z, γ′

yz, γ
′

zx, γ′

xy]
T, σ’ = [σ′

x, σ′

y, σ′
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yz, τ
′

zx, τ′

xy] 
T, where 

ε and γ refer to normal and shear strains and σ and τ refer to normal and 
shear stresses in the corresponding orientations and 
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The above mentioned five independent transversely anisotropic 
elastic parameters appear in the compliance matrix S’. Additionally, for 
such rocks, the shear modulus G′ can be expressed in terms of E, E′, ν and 
ν′, using the Saint-Venant’s empirical solution,35 as shown in Equation 
(2) to obtain G′

sv: 

1
G′

sv
=

1
E
+

1
E′ + 2

v′

E′ (2) 

Amadei11 and Worotnicki32 concluded that most of the published 
experimental data support the validity of the Saint-Venant approach, 
with some exceptions. Instead, other researchers26,36 found that the 

Saint-Venant’s solution did not agree well with the experimental data. A 
comparison of shear modulus between Saint-Venant approximation 
(G′

sv) and experimental data (G′) of slate will be carried out in section 4 
of this study. 

Similar to Equation (1), in the global coordinate system, the gener-
alized Hooke’s Law can be expressed as shown in Equation (3). ε, σ and S 
are the strain (ordered collection of the 2nd order strain tensor com-
ponents), the stress (same as for strain) and the elastic compliance ma-
trix, in the global coordinate system, respectively. 

ε=Sσ (3)  

where ε = [εx, εy, εz, γyz, γzx, γxy]
T, σ = [σx, σy, σz, τyz, τzx, τxy] T, 

and S=
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.

All components Sij of the compliance matrix S in Equation (3) can be 
determined by using S′ and transformation matrices.25,27 However, for 
the sake of clarity, only the three components utilized in this article are 
presented here, as shown in Equations (4)–(6). More detailed expres-
sions of the compliance matrices can be found in the references by 
Amadei,11 Cho et al.,26 Hakala et al.,18 or Lekhnitskii.27 

S12 =
sin22β

4

(
1
E
+

1
E′ −

1
G′

)

−
v′

E′

(
cos4β+ sin4β

)
(4)  

S22 =
sin4β

E
+

cos4β
E′ +

sin22β
4

(

−
2v′

E′ +
1
G′

)

(5)  

S32 = − sin2β
v
E
− cos2β

v′

E′ (6) 

Remark that the original equations by Amadei11 or Cho et al.26 refer 
to θ instead of β, as in this study. Both these angles refer to the same 
value, the angle formed by the foliation and the horizontal global axis x 
(Fig. 1). 

Fig. 1. a) Definition of anisotropy angle β, and b) Local (x’, y’, z’) and Global (x, y, z) coordinate systems.  
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Fig. 2 illustrates a classic approach to determine the five independent 
elastic parameters (E, E′, ν, ν′ and G′). This approach is developed based 
on the work of Amadei,11 Hakala et al.,18 Barla,23 Cheng et al.,30 Tale-
snick and Bloch-Friedman,31 Cho et al.,26 Worotnicki32 and Alsuwaidi 
et al.37 Note that Equations (7)-(14) in Fig. 2 can be derived from 
Equation (3). 

For an initial estimate and based on the results of a specimen with β 
= 0◦, E′ and ν′ can be obtained through Equations (7) and (8); mean-
while, by using results from a specimen with β = 90◦, E and ν can be 
obtained through Equations (9) and (10). Then, Equation (13) can be 
adopted to calculate the values of shear modulus G’. This approach can 
provide initial estimative values of elastic constants. However, in the 
process of evaluating these initial values, the experimental data of εx 
from the specimen with β = 90◦, and εx, εz from the specimen with 0◦ <

β < 90◦ have not been used. Thus, in the next step, the iteration of the 
Generalized Reduced Gradient (GRG) non-linear algorithm38 will be 
resorted to in this study and will be run for all available experimental 
data, to assess in more rigorous manner the values of all elastic con-
stants, as described in section 4.2. 

2.2. Anisotropic strength 

In the early 1960s, several authors carried out seminal studies on the 
strength of anisotropic rocks. The presence of planar anisotropy 

elements such as foliation or bedding was observed to produce highly 
significant strength changes according to the anisotropy angle of the 
rock. Jaeger39 suggested a theoretical application of the Mohr-Coulomb 
shear failure criterion, leading this proposal to a new failure criterion: 
the so called Jaeger’s Plane of Weakness (JPW). This was based on 
assuming a Mohr-Coulomb failure criterion with different parameters 
for weakness planes and the intact rock respectively. This criterion 
seems to be one of the most widely used strength criteria for transversely 
isotropic rocks.2,15,26 

Walsh & Brace40 assumed that weakness planes represent oriented 
Griffith cracks, so the anisotropic body was supposed to be composed of 
long orientated cracks embedded in an isotropic body containing an 
array of randomly distributed smaller cracks. Even if it was possible to 
account for different intact rock strengths for loading parallel and 
normal to weakness planes, when applying their criterion to actual slate 
data, the authors40 were not able to compute or explicitly present in 
graphs this information. Later on, and based on the assessment of 
different failure criteria in the framework of modelling the failure 
behavior of strongly anisotropic geomaterials, and particularly that of 
Angers schist, Deveau et al.41, in line with Ramamurthy et al.42 and 
Bagheripour et al.,43 proposed using different values of strength for the 
cases of loading applied parallel and normal to foliation. As these au-
thors pointed out, the cohesion and friction of rock matrix can be 
determined from failure stresses obtained in triaxial tests with β = 90◦

Fig. 2. Three differently oriented specimens and corresponding equations of a transversely isotropic rock tested in uniaxial and triaxial compression with different 
anisotropy angles β. 
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and (or) β = 0◦, as in these orientations, the failure takes place in the 
rock matrix. Therefore, Deveau et al.,41 proposed different values 
(different fits) for β = 90◦ and 0◦. 

Hoek,44 using a modified Griffith’s fracture criterion for anisotropic 
rocks, found that the propagation of cracks occurred in two different 
ways: in the direction of the weakness planes (primary cracks) and 
randomly oriented to grain boundary (secondary cracks). Pariseau45 

made a modification of the Hill’s theory of plasticity for metals46 in the 
form of an extension of the Drucker-Prager criterion fulfilling the sym-
metry requirements for the transversely isotropic materials. The model 
allows calculation of the five transversely isotropic elastic parameters, 
and predict a smooth continuous variation of strength in relation to the 

anisotropy angle. While this produces smoother results, the derived 
parameters lack physical meaning, so the JPW tends to be more widely 
used. 

Donath47–49 performed different studies on anisotropic materials to 
obtain the influence of the anisotropy on fracture strength and failure 
angle in foliated rocks. Mogi and co-workers50,51 carried out different 
true triaxial studies on anisotropic rocks focusing on the effects of stress 
states on fracture orientations. Since Mohr theory do not consider the 
intermediate principal stress, a true triaxial approach can often better 
predict the behavior of the rock. In these studies, the deformational and 
strength properties of many rocks were observed to be also affected by 
the intermediate principal stresses. Kwaśniewski,52 compiled different 

Fig. 3. In the upper part, a) Sample of a transversely isotropic material, showing the orientation of the weakness planes and b) Strength of the sample based on the 
Jaeger’s weakness plane (JPW) theory, showing failure associated either to intact rock strength or sliding through a weakness plane. In the lower part, representation 
of anisotropic strength of different materials a) Martinburg slate in triaxial strength,47 b) Theoretical transversely isotropic strength for triaxial tests58 and c) Different 
schist-type rocks in uniaxial compression.59 Modified by the authors from the original cited sources. 
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works, included the mentioned above, studying the role of the inter-
mediate stress in anisotropic rocks. 

2.2.1. Typical isotropic failure criteria for rocks 
Strength of rocks is modelled by means of failure criteria. The two 

most used failure criteria for standard isotropic rocks are the Mohr- 
Coulomb34,53,54 and the Hoek-Brown55,56 failure criteria. 

The Mohr-Coulomb criterion proposes that failure occurs along a 
shear plane when the shear stress τ acting along this plane, where a 
normal stress σn is applied, reaches a critical value controlled by a 
cohesive force and a frictional resistance according to: 

τ = co + σn tan φo (15)  

where co refers to cohesion and φo to friction angle of the intact rock. 
This failure criterion can be also expressed34,57 as stating that failure will 
occur if and when: 

σ1 = 2co tan β0 + σ3tan 2β0 ≡ σco + σ3tan 2β0 (16)  

where σ1 ≥ σ2 ≥ σ3 are the three principal stresses, σco is the uniaxial 
compressive strength of the intact rock according to the Mohr-Coulomb 
criterion and β0 = 45◦ + (φ0 /2) is the angle between the normal vector 
to the newly formed failure plane and the maximum principal stress. 

The Hoek-Brown failure criterion does not seek a particular shear 
failure plane so it is referred to the principal stresses and, for the case of 
intact rocks, predicts failure based in two parameters: the uniaxial 
compressive strength of the intact rock σci and a frictional parameter m, 
according to: 

σ1 = σ3 +
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
m⋅σci⋅σ3 + σci

2
√

(17) 

Note that σco and σci represent uniaxial strength of the intact rock, so 

they tend to be similar but they are not equal due to the different shape 
of the failure criteria considered, one linear, Mohr-Coulomb; and the 
other one non-linear, Hoek-Brown. 

According to authors’ experience and published results,55 sedimen-
tary rocks such as sandstone tend to fit well the Mohr-Coulomb criterion, 
but for harder rocks, where sometimes the definition of a shear plane is 
unclear, a non-linear criterion such as Hoek-Brown tends to better fit 
actual test results of intact hard rock samples. The Hoek-Brown failure 
criterion is also very popular, due to its ability to be extended to rock 
mass behavior, starting from intact rock strength data and rock mass 
classification systems. 

For strongly foliated rocks, where distinct parallel weakness planes 
pervasively occur, the direction normal to these planes can be assumed 
to be a rotational symmetry axis. So planes normal to this axis have 
identical mechanical properties but different (weaker) than planes 
parallel to this axis, so anisotropic strength approaches are in order. 

2.2.2. Jaeger’s plane of weakness (JPW) anisotropic strength model 
Jaeger39 proposed a strength conceptual approach for these foliated 

media. Failure along these foliation or weakness planes (Fig. 3a) is 
assumed to be governed by a Mohr-Coulomb-type criterion, with a 
cohesion cw and a friction angle φw of the weakness plane typically lower 
than those corresponding to intact rock.34 This can be expressed in terms 
of the major principal stresses as57: 

σ1 = σ3 +
2(cw + σ3 tan φw)

(1 − tan φw cot β)sin 2 β
(18)  

where β is the angle between σ1 and the normal to the planes of weak-
ness. Alternatively, the following Equation can also be used: 

Fig. 4. Illustrations showing the difficulties in cutting samples with inclined foliation due to slate fissility: a) Cored samples with foliation inclined 75◦, b) Cored 
samples with foliation inclined 60◦, c) Cored samples with foliation inclined 15◦, intercepted by a particularly weak foliation plane that makes very difficult to obtain 
samples of this type, d) Rejected broken material corresponding to samples with foliation inclined 60◦, e) Sketch showing geometrical constraints to obtain long 
enough samples for highly dipping foliation, f) Table indicating the number of samples successfully prepared and tested according to foliation dip and 
confining stress. 
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σ1 =
2⋅cw + σ3⋅(sin 2 β + tan φw − cos 2 β⋅tan φw)

sin 2β − tan φw⋅(1 + cos 2 β)
(19) 

Failure through intact rock is also possible on a different plane, 
whose normal vector makes an angle βo = 45◦+(φo/2) with the direction 
of σ1. If the usual Coulomb criterion (Equation (15)) is satisfied: 

σ1 = 2co tan βo + σ3tan 2βo (20)  

where co is the cohesion of any plane other than the bedding plane, and 
the subscript o refers to the “intact rock”, i.e., the rock in the absence of 
these bedding planes. 

For every fixed value of σ3, the value of σ1 required to cause failure 
somewhere within the rock will then be equal to the smaller of the two 
values given by Equations (18) or (19) and (20); see Fig. 3 b. If the value 
given by Equation (18) or (19) is less than that given by Equation (20), 
failure will occur along a plane of weakness. If the value given by 
Equation (18) or (19) is greater than that given by Equation (20), failure 
will occur through a plane (shear band) passing through the “intact 
rock”, whose normal vector makes an angle βo with the direction of σ1

57. 
So, basically the concept behind Jaeger’s plane of weakness (JPW) 

strength criterion consists in associating two potential failure mecha-
nisms to rock strength: one associated to intact rock that can be 
modelled by a Mohr-Coulomb criterion with parameters co and φo and 
the other associated to shear along preexisting weakness planes having a 
particular orientation (β) and with a Mohr-Coulomb shear criterion with 
parameters cw and φw. 

Despite the fact that the JPW model estimates an equal maximum 
strength for all foliation dips associated to intact rock, and notably for 
0 and 90◦, results compiled by different authors suggest otherwise for 

some metamorphic rocks. For instance, Donath,47 based on triaxial test 
results in Martinburg slate; Amadei58 theorizing or Akai et al.,59 for UCS 
tests in different types of schist illustrated how the strength in samples 
oriented normal to foliation (β = 0◦) tends to be significantly larger than 
those corresponding to samples oriented perpendicular to foliation (β =
90◦), as illustrated in Fig. 3c, 3d and 3 e. To account for this difference of 
intact rock strength for the loading normal and parallel to foliation some 
authors41–43 have suggested a version of the JPW strength approach 
considering differential truncation at shoulders, that is, different levels 
of Mohr-Coulomb strength at the left (typically higher) and right 
(typically lower) sides of the strength controlled by the failure through 
the weakness plane. 

A potential modification to the JPW approach can include 
substituting the Mohr-Coulomb failure criterion for intact rock for 
another available intact rock failure criterion such as Hoek-Brown. 
Other potential modifications for this JPW approach can be proposed 
by changing the Mohr-Coulomb shear failure criterion assumed for the 
weakness planes by other potential shear strength criteria suitable for 
weakness planes found in rocks, such as for instance those proposed by 
Barton,60 Maksimović61 or others. 

3. Experimental work 

With the aim of characterizing slate, sufficient material of this rock 
cut in 35 cm side rock blocks was acquired from a quarry site located in 
O Barco de Valdeorras, sited in the north-west of Spain. The chosen slate 
belongs to the Luarca series, where slate shows marked foliation and 
high consistency and presents black to very dark blue colour. This ma-
terial is quarried to produce roofing slate tiles, so it presents high fissilty. 

Fig. 5. Laboratory equipment: a) Set-up for wave velocity measurement at the University of La Coruña b) Loading frame for compressive rock mechanics testing at 
the University of Vigo, c) Set-up used for UCS testing and d) Set-up used for triaxial compressive testing. 
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Samples were prepared with the help of a saw disk machine (CEDIMA 
model CTS-265, 400 mm radius disk), a drilling machine (WEKA, model 
DK22) and a grinding machine. 

3.1. Rock samples and specimen preparation 

The experimental program was carried out in two stages. In the first 
stage groups of around 30 cylindrical 54 mm diameter (and at least 
double height) samples were cored, cut and grinded in directions 
perpendicular (named PIPE, β = 0◦) and parallel (name PIPA, β = 90◦) to 
foliation. These samples were weighed after been submersed in water for 
15 days and after drying in an oven for 24 h, so dry and saturated 
densities and connected porosity were computed. All these samples were 
then submitted to non-destructive wave propagation measurements and 
then to uniaxial or triaxial (σ3 = 2.5, 5, 7.5, 10, 12.5 and 15 MPa) 
compressive tests. In the compressive tests, only in some cases gauges 
were used to measure strain in the samples while testing. 

In the second stage of testing the authors tried to obtain groups of 
around 25 cylindrical 54 mm diameter samples with foliation forming 
an angle β of 15, 30, 45, 60 and 75◦ with the horizontal (named PIXX, 
where XX refer to the foliation dip). This implied pre-cutting of the 
original block, which, due to the fissility of the rock, was not an easy 
task. Although possible in some cases, as for the 60 and 75◦ foliation 
cases (Fig. 4a and b), a large number of samples broke in the process of 
drilling, cutting and grinding (Fig. 4c and d). For the case of β = 15◦, 
only two samples were eventually obtained and for the case of β = 45◦

only 12, out of which 5 broke in the process of pre-loading in the press. 
For the 60 and 75◦ foliated samples a rather large quantity of material 
was needed to produce slender enough samples (Fig. 4e). 

In all these samples corresponding to the second stage, the density 
parameters were tested, but only in two samples corresponding to each 
foliation angle, velocity of propagation was measured, something 
decided in the light of the rather regular values obtained for the other 
samples. 

All these samples were mechanically tested and, for this group, duly 
oriented gauges were glued to all samples to compute the elastic 
response of these samples tested at confinements of σ3 = 0, 5, 10, and 15 
MPa. All in all, the experimental program covered eventually 84 tested 
samples corresponding to different foliation dips and tested at different 

confinements according to the table shown in Fig. 4 f. 
Based on the dry and saturated weigh of the samples, we obtained 

average values of connected porosity of 0.63%, average grain density 
2,778 kg/m3 and average dry and saturated densities of 2,761 and 2,767 
kg/m3 respectively, with standard deviations of 7 kg/m3 for around one 
hundred samples, indicating very constant densities. 

3.2. Wave velocity testing 

For wave velocity measurement, recommendations provided by 
ASTM,62 similar to ISRM,63 were followed. The equipment used for the 
wave velocity measurements (Fig. 5a) included the pulse generator unit 
(with a variable pulse width range of 1–100 ns) with P–S1–S2 wave 
selection manually controlled; a digital oscilloscope, which digitalized 
the waveforms, connected to the computer where the waveforms were 
visualized, and the compression platens with acoustic ultrasonic emit-
ter/receiver. The piezoelectric crystals used in the ultrasonic emitter/-
receiver were PZA-5A (Lead, Zirconate, Titanate) crystals with a central 
frequency of 1.3 MHz. 

All specimens were saturated in water for at least two weeks before 
testing. In order to improve the contact among the transducers and the 
specimens and to ensure a proper transmission of waves, an appropriate 
coupling gel and a 1 MPa load were applied. In the process of apply this 
low load, two 45◦ foliation dip samples broke. Once installed the sample 
in this set-up, the oscilloscope output waveforms were visually checked, 
and the recorded for post-processing of P-wave, S1-wave, and S2-wave 
data. These graphs are then used to estimate the wave propagation ve-
locity by means of a software that allows visualization, doing basic 
mathematical operations and saving of the waveforms. 

3.3. Rock mechanics testing 

For the compressive tests including uniaxial and triaxial strain- 
strength tests, a press system model MES 200 from Servosis S.L. was 
used (Fig. 5b). This press has a load capacity up to 2000 KN, and can be 
servo-controlled in different manners, in terms of strain or stress. Hoek’s 
cells can be installed within the frame and the confinement stress can 
also controlled by the servo system. 

The 54 mm diameter samples were tested for uniaxial (Fig. 5c) and 

Fig. 6. Strain gauges configuration for a) PIPE (β = 0◦), b) PIPA (β = 90◦), c) PIXX (0◦ < β < 90◦), d) actual sample PI45-04 with gauges glued and e) sketch of 
samples with foliation forming 0 (PIPE), 15, 30, 45, 60, 75 and 90◦ (PIPA) with the horizontal. Axial and radial represent the corresponding strain gauges. 
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triaxial (Fig. 5d) conditions including strain measurements with LVDTs 
in all cases and with strain gauges in some cases. In all specimens with 
inclined foliation (from 15 to 75◦ as shown in Fig. 6e), strain gauges 
were glued in the sample using the configuration of two strain gauges in 
the radial direction and two in the axial axis, separated 90◦ among them, 
and starting with an axial gauge glued in the intersection of a vertical 
plane containing the dip direction with the sample periphery, as it can 
be seen on Fig. 6c and d. In the samples named PIPA and PIPE with 
foliation parallel and normal to major principal stress the axial and 

radial axis gauges were only used in some samples according to the 
sketch showed in Fig. 6a and b., that is with radial and axial gauges 
glued in the symmetry plane, which produced some difficulties in 
interpretation for the PIPE case, so the set-up was changed for the PIXX 
samples. 

For traxial tests, samples were installed in the Hoek’s cell (Fig. 5d) 
and pre-loaded with a force somewhat smaller than that needed to 
produce the nominal confinement. Then water was injected in the 
Hoek’s cell to achieve the needed confinement. At this point, the strain 

Fig. 7. Stress strain curves of two samples: a) a sample cut perpendicular to foliation and b) sample cut forming an angle of 45◦ with foliation, presenting axial stress 
versus average axial strain and two radial strain results. The peak axial strain is estimated in each case as the maximum axial stress recorded. Strain estimates are 
taken based on the slope of the stress-strain curves following the approach explained in the text and illustrated in Fig. 2. 

Fig. 8. Photograph of representative slate samples after testing for various foliation inclinations and confinements.  
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measurements were zeroed and the tests start from zero strain and the 
pre-loading force. Then, the sample was axially loaded in a strain 
controlled manner with a rather large velocity until attaining half of 
estimated strength. Then the test is continued with a low axial strain 
velocity manually controlled up to failure. 

The corresponding axial stress-axial strain curves (averaging the two 
axial gauge measurements) and axial stress-radial strain curves (for the 
two available gauges) were recovered, as shown in Fig. 7 for a PIPE (β =
0◦) sample and a PI45 (β = 45◦) sample. 

Peak strength values were recovered in all cases. When available, the 
inverse of the stress-strain slope for the average axial and the 2 radial 
gauges was obtained, based on the models of Fig. 2 and as depicted in 
the stress-strain graphs in Fig. 7. These slopes (Δσ/Δε) were computed 
for a range of stresses between 30 and 50% of peak strength to cover the 
typically elastic part of the test, though sometimes this range was 
adjusted. In some cases, usually due to testing problems, they were 
considered not reliable for further analysis. Results of peak stress and the 
reliable stress-strain inverse slopes (Δε/Δσ) for all the available samples 
and velocity measurements were compiled in Table 1 of the Appendix. 

After testing, the broken samples were removed from the Hoek’s cell, 
photographed and carefully observed. A sample of failed specimens for 
different foliation inclinations and confining stress levels is illustrated in 
Fig. 8. For the specimens with foliation dip in the range from 15 to 75◦, 
the failure mechanism observed was typically clean sliding through a 
foliation plane, even if “en echelon” failure through foliation planes and 
newly formed (typically vertical) surfaces were occasionally observed. 
For the samples cut perpendicular to foliation (PIPE or β = 0◦), double 
cone failure, as in typical isotropic rocks, was sometimes observed, but 
also newly formed shear bands, more common for unconfined tested 
samples. Finally, for samples cut parallel to foliation (PIPA or β = 90◦), 
failure through axial splitting vertical foliation planes was observed, 
where often, rock lamella or plates (thin rock pieces between foliation 
planes) bent producing a buckling failure mechanism. Sometimes, shear 
bands also formed in these cases. 

4. Results and interpretation 

In this section we present, interpret and briefly analyze results of the 
tests carried out on slate samples including wave propagation and stress- 

strain tests. Interpretation of rock mechanics tests addresses deform-
ability and strength separately. 

4.1. Wave velocity results 

The equipment described in section 3.2 records the P and S wave-
forms, in particular stacked versions of 32 of these waves, in every case. 
With the obtained waveforms, picking of first arrival time of the waves is 
carried out based on an R code implementing the Akaike Information 
Criterion (AIC),64 which was chosen due to its history of reliable re-
sults.65 This R-code followed previous studies by the authors and 
standards.62,66 

Initially, all the samples with foliation perpendicular (PIPE, β = 0◦) 
and parallel (PIPA, β = 90◦) were tested, including some not mechani-
cally tested. Results of P and S wave propagation velocities in these 
samples are graphed in Fig. 9a and b. P-wave velocity results were easier 
to pick and very regular, S-wave velocity results were more difficult to 
correctly pick and more variation was observed, particularly for the 
samples cut parallel to foliation. The values obtained for P and S wave 
velocities in these cases, are in accordance with the values reported by 
Rodriguez Sastre et al.67 in similar slates. 

For the samples cut forming and inclined angle with foliation (β =
15, 30, 45, 60 and 75◦) only two specimens were tested for every case. 
The synthetized average results of all the tests are presented in Table 1 
and graphed against foliation dip in Fig. 9 c. The propagation velocity of 
P waves tends logically to increase with growing dip of the foliation 
angle, due to the potential of the weakness plane to reflect waves. The 

Fig. 9. Results of wave propagation velocity in 
slate samples. a) P- and S- wave velocities in sam-
ples cut perpendicular to foliation, b) P- and S- 
wave velocities in samples cut parallel to foliation, 
c) average P- and S-wave velocities graphed versus 
foliation angle and d) Dynamic elastic moduli rep-
resented in relation to foliation angle. In a) and b) S 
wave velocity (Vs) is averaged from velocities 
measured in the 2 polarization planes (VS1 and 
VS2) and continuous horizontal lines represent 
average values.   

Table 1 
Average results of wave propagation velocities and dynamic elastic parameters.   

Anisotropy 
Angle (◦) 

VP 
(km/ 
s) 

VS 
(km/ 
s) 

E dyn 
(GPa) 

ν dyn 
(− ) 

G dyn 
(GPa) 

K dyn 
(GPa) 

PIPE 0 4.89 2.45 42.68 0.34 15.95 23.08 
PI15 15 4.94 3.09 61.91 0.18 26.37 32.23 
PI30 30 5.21 3.47 73.18 0.11 33.2 30.71 
PI45 45 5.53 3.64 78.67 0.08 37.21 34.67 
PI60 60 5.78 3.90 90.09 0.09 41.75 36.62 
PI75 75 6.06 4.43 98.16 0.00 54.03 28.94 
PIPA 90 6.26 3.72 96.38 0.16 42.1 49.24  
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apparent dynamic parameters derived from these velocities based in 
classical formulations62 are also computed, presented in Table 1 and 
graphed against foliation angle in Fig. 9 d. The dynamic elastic modulus 
anisotropic ratio, E/E′ is slightly over 2, denoting a highly anisotropic 
material, in line with values reported by Worotnicki32 for similar rocks. 

4.2. Anisotropic characterization of rock deformability 

4.2.1. Deformability 
The five elastic constants (E, E′, ν, ν′ and G’) for a transversely 

isotropic rock are listed in Table 2. These constants were calculated from 
the gauges measurements obtained from the 67 tests with gauge results 

Table 2 
Results of elastic parameters.   

E (GPa) E’ (GPa) E/E′ ν (− ) ν’ (− ) ν/ν′ G’ (GPa) G
′

sv (GPa)  [G′ -G
′

sv]/G′

Initial 75.51 38.44 1.79 0.24 0.33 0.83 19.52 17.79 7.6% 
Final 68.22 38.04 1.96 0.23 0.28 0.72 19.45 17.97 8.9%  

Fig. 10. Graph representing a) apparent elastic moduli, b) apparent Poisson’s ratio ν, and c) apparent Poisson’s ratio ν′, versus anisotropy angle of all tests (colored 
dots), average empirical values (stars) and theoretical approach (black line). 
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presented in Table 1 in the Appendix. Both, initial estimates and final 
fine-tuned values of elastic parameters are presented in Table 2. 

The initial values of elastic constants are calculated based on the 
approach shown in Fig. 2, while the final values were evaluated by using 
the Generalized Reduce Gradient non-linear algorithm (the so-called 
GRG method)38 based on the initial values and all experimental data. 
Note that part of the data has not been used in the approach of obtaining 
the initial values, instead, all experimental data are used in determining 
the final values, as described in section 2.1. To this end, the final values 
could better represent experimental data, compared with those initial 
values. 

It can be seen from Table 2 that the anisotropic ratio of elastic moduli 
(E/E′) is 1.96. This value is close to 2, in line with dynamic results, and it 
corresponds to a high anisotropic material. Additionally, in order to 
investigate the validity of Saint-Venant’s empirical solution for shear 
modulus, this empirical estimate (G′

sv, see Equation (2)) is compared 
with the computed values (G′), showing 8.9% prediction error. 

The main idea of the GRG method is to solve the nonlinear problem 
dealing with active inequalities, and the variables are separated into a 
set of dependent variables and independent variables.38 Then, the 
reduced gradient is computed in order to find the minimum of a control 
function in the search direction.38 This process is repeated until the 
convergence is obtained.38 In this study, the authors sought for a control 
function able to be representative of the elastic deformational response 
of the specimen. After various trials with different functions, the first 
strain invariant (J1) shows to be a reasonably representative function 
providing consisting results, so it was chosen as a suitable control 
function of elastic parameters: 

J1 = εx + εy + εz = εI + εII + εIII (21)  

where εx, εy and εz represent the strains from the gauges measurements 
in the x, y and z directions, respectively; εI, εII and εIII are the theoretical 
solutions of strains in the x, y and z directions, respectively. The dif-
ference of the first strain invariant between experimental results (see 
Appendix) and theoretical solutions (see Fig. 2), Δ, is set as the objective 
function, as shown in Equation (22). Δ varies depending on the elastic 
constants. 

Δ=

(
Δεx

Δσy
+

Δεy

Δσy
+

Δεz

Δσy

)

−

(
ΔεI

Δσy
+

ΔεII

Δσy
+

ΔεIII

Δσy

)

(22) 

In this example, the Young’s Moduli are constrained from 1 to 100 
GPa, the Poisson’s ratios are constrained from 0.01 to 0.5, and the shear 
moduli are constrained from 1 to 50 GPa. Then, the iteration of the al-
gorithm is carried out, which varies the parameters E, E′, v, v’ and G′, to 
obtain the optional (final) elastic constants where 

∑
Δ is closest to 0. The 

GRG algorithm is set to stop when Δ is minimized for the predefined 
range of inputs. It finally outputs the final values of elastic constants 
shown in Table 2. 

4.2.2. Apparent elastic moduli 
The apparent Young’s moduli (Eθ) is the observed stiffness response 

of the sample (σy/εy) and can be theoretically computed as 1/S22 in 
Equation (13). Apparent elastic moduli versus the anisotropy angle β, 
are represented in Fig. 10 a, obtained from the laboratory tests (colored 
dots and stars) and the theoretical solutions (black line). 

As it can be observed in Fig. 10 a, the average values of elastic moduli 
show the lowest value at β = 0◦ and the highest value at β = 90◦, with an 
approximate ratio of E/E′ is 1.89. The apparent Young’s modulus at β =
0◦ (E′) ranged from 29.1 GPa to 51.9 GPa, whereas a larger scatter is 
observed for Young’s modulus at β = 90◦ (E). A visual comparison of 
theoretical results and experimental data, confirms that the theoretical 
curve tends to lie in the middle of experimental data. Both results match 
well and have a similar S-shape trend, which suggest that the trans-
versely isotropic elastic model is a reasonably accurate constitutive 
modelling approach for the deformability of slates. 

4.2.3. Apparent Poisson’s ratios 
Poisson’s ratios for slate samples can be calculated from the axial and 

radial strain gauge measurements in uniaxial and triaxial compression 
tests. The apparent Poisson’s ratios ν and ν′ are shown in Fig. 10b and 10 
c, respectively. Interpretation of apparent ν and ν′ for slate test results is 
not an easy task, for these values tend to show a large scatter in exper-
imental data. This scatter, generally observed in isotropic elastic rocks,66 

is apparently more marked for the case of transversely isotropic natural 
materials.2,18,68 

According to theoretical transversely isotropic theory, both apparent 
ν and ν′ must show the same value for PIPE samples (β = 0◦), while ν′
should be larger than ν for PIPA samples (β = 90◦). This seems to be also 
the case for experimental results, since for PIPE samples, strains in the x 
direction (εx) are the same as the ones in the z direction (εz), while for 
PIPA samples, εx is observed to be larger than the corresponding εz. 
Interestingly, the values of apparent ν′ attain levels slightly over 0.5, 
something that can also be observed for other highly anisotropic rocks. 
According to elastic parameters provided by Cho et al.,26 Yeoncheon 
schist would show values of apparent ν′ over 0.5 for PIPA. 

4.3. Strength anisotropy 

Table Appendix 1 compiles the peak strength values observed for all 
84 specimens successfully tested in the laboratory. Fig. 11 illustrates 
that the minimum strength is observed for foliation angles in the range 

Fig. 11. Data results of all strength tests on major – minor principal stress axes. 
A color code is given in the legend to differentiate anisotropy orientations. (For 
interpretation of the references to color in this figure legend, the reader is 
referred to the Web version of this article.) 

Fig. 12. JPW model fits to experimental data. ‘Expe’ and ‘Theo’ in the figure 
represent experimental data and theoretical solutions, respectively. 
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between 45◦ and 60◦. Additionally, in the present experiments, the 
maximum strength typically occurred for β = 0◦, and there are a sig-
nificant difference of peak strengths between specimens at β = 0◦ and β 
= 90◦. It is relevant to note that, for UCS tests of samples with β = 45◦, 
some tests failed at very low load levels in velocity measurement and 
stress-strain tests, so some of these low values were not even recorded in 
some of these cases due to unawareness of the technician. The strength 
anisotropy ratios, σ1,max/σ1,min, were higher than those of elastic moduli 
(E/E’). This high strength anisotropy ratios can also be observed for 
other highly anisotropic rocks, such as Asan Gneiss or Yeoncheon 
schist.26 

First, the uniaxial and triaxial (σ3 = 5, 10, and 15 MPa) experimental 
data on slates were fit with the Jaeger’s plane of weakness (JPW) 
model,39 resorting to the approach provided by Ambrose.2 After that, 
alternative 2 MC-JPW and 2HB-JPW models are proposed, as potential 
modifications to the original JPW model, and both of them have been 
used to fit the experimental data. As described in section 2.2, the JPW 
model is based on the Mohr-Coulomb criterion, and it has two differ-
entiated mechanisms. The first one associated to intact rock failure and 
depending on the intact rock parameters of cohesion (co) and friction 
(φo). And the second one, where the predominant failure mechanism is 
associated with the plane of weakness, which depends on the weakness 
plane strength parameters of cohesion (cw) and friction angle (φw). 

In this article, the set of strength parameters (co, φo, cw and φw) for the 
JPW model were determined (implemented in a MATLAB code by 
Ambrose2) by using the minimum root-mean-squared error (RMSE) 
method. The RMSE values are calculated as shown in Equation (23): 

RMSE =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
∑n

i=1(Pi − Oi)
2

n

√

(23)  

where Pi is the predicted value, Oi is the observed value, and n is the 
number of available tests. The smaller the value of RMSE, the closer the 
fitted values are to the experimental data. Fig. 12 shows the outcome of 
the curve-fitting procedure. This graph and Fig. 8 illustrate how speci-
mens with β = 30, 45, 60 and 75◦ failed along pre-existing foliation 
planes, meanwhile, specimens with β = 0 and 90◦ failed through intact 

rock. Only two strength results were obtained for specimens with β =
15◦, and the JPW model cannot well explain this data. In future research, 
more experiments would be performed for specimens with β = 15◦. 

The JPW model constrains intact rock to exhibit the same peak 
strength for all foliations dips where the weakness plane does not cause 
the failure of the sample.39 However, Fig. 12 shows apparent discrep-
ancies of peak strengths for PIPE (β = 0◦) and PIPA (β = 90◦) specimens. 
This discrepancy is largely consistent with results of experiments and 
considerations on foliated rocks by Donath,47 Amadei58 and Akai et al.59 

(see Fig. 3). Thus, at this point, the JPW model meets one of its limita-
tions to accurately represent observed strength of the slate rocks under 
scrutiny. Moreover, intact rock strength could vary continuously with 
the orientation of the weakness planes69 and the JPW model is unable to 
represent this type of behavior. 

With the aim of overcoming the above-mentioned drawbacks of the 
JPW model applied to slaty rocks, an improved approach for theoretical 
prediction of strength anisotropy is introduced, named 2MC-JPW model 
(2 Mohr-Coulomb – Jaeger Plane of Weakness). The introduction of this 
proposal is inspired in empirical evidence and previous studies,40,41 

where different strength parameters for intact rock are used according to 
loading direction. Moreover the authors have considered a continuous 
variation in the strength of the intact rock from β = 0◦ to β = 90◦. This is 
selected for being a simple hypothesis that consider a smooth variation 
of strength associated to a transition of failure mechanisms from a 
typical occurrence of shear banding for β = 0◦ to axial splitting and 
bulging for β = 90◦, as observed for these cases in tested samples. Ac-
cording to this model, two different failure criteria are combined: (a) for 
the shear failure mode on the plane of weakness, the same approach as 
the JPW model is used (see Equation (18) or (19)); whereas, (b) for the 
failure mode of the intact rock, a β-dependent Mohr-Coulomb failure 
criterion is proposed, as shown in Equation (24). 

σ1(β) = σ0
1 +

σ90
1 − σ0

1

90
β (24) 

In the calibration of the parameters for the 2MC-JPW model, firstly, 
the strength parameters of specimens with β = 0 and 90◦ are determined 
independently (see Fig. 13a and 13 b), based on fitting a line to strength 

Fig. 13. Determination of intact slate strength parameter for: a) Mohr-Coulomb strength for PIPE (β = 0◦), b) Mohr-Coulomb strength for PIPA (β = 90◦), c) Hoek- 
Brown strength for PIPE (β = 0◦), and d) Hoek-Brown strength for PIPA (β = 90◦). (For interpretation of the references to color in this figure legend, the reader is 
referred to the Web version of this article.) 
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results in τm,=(σ1-σ3)/2, σm,=(σ1+σ3)/2 axes and derivation of cohesion 
and friction for each case as suggested by Jaeger et al.34 Then, the peak 
strengths for cases of β = 0 (σ0

1) and 90◦ (σ90
1 ) can be calculated from 

Equation (24). After that, the strength parameters (cw and φw) for the 
plane of weakness were determined by using the minimum 
root-mean-squared-error (RMSE) method. Note that very few changes 
had to be introduced in the original MATLAB code by Ambrose2 or any 
alternative method to account for the 2MC-JPW model. 

Fig. 14 a shows the outcome of the curve-fitting procedure for the 
2MC-JPW model. The RMSE of the 2MC-JPW model is 27.75 MPa, the 
correctness of prediction has improved by 26.0% compared with the 
JPW model (RMSE = 37.49 MPa). Although it may be interesting to 
analyze the influence of different functional forms in Equation (24) for 

representing more realistically the strength anisotropy of intact rock, it 
would require additional laboratory tests and further analysis, 
exceeding the objectives of this study. 

On the other hand and similarly to the 2MC-JPW model, an alter-
native 2HB-JPW model is proposed. The only difference between the 
2MC-JPW and 2HB-JPW model is that the Hoek-Brown standard crite-
rion is used to represent the strength of intact rock in the 2HB-JPW 
model, by fitting the corresponding σci and m Hoek-Brown parameters 
for intact rock failure for foliation perpendicular and parallel to loading. 
The empirical Hoek-Brown criterion is not linked to any particular shear 
failure plane. For many rocks, where the occurence of failure shear 
bands is not observed and the strength relations between σ1 and σ3 are 
non-linear, this strength criterion better represents strength results than 

Fig. 14. a) The 2 MC-JPW model fits to experimental data, and b) the 2HB-JPW model fits experimental data. ‘Expe’ and ‘Theo’ in the figure represent experimental 
data and theoretical solutions, respectively. Strength parameters of PIPE (c0 and φ0 for 2MC-JPW model; m0 and σci,0 for 2HB-JPW model) and PIPA (c90 and φ90 for 
2MC-JPW model; m90 and σci,90 for 2HB-JPW model) are presented in Fig. 13. 
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the Mohr-Coulomb linear criterion. 
Fig. 13c and 13 d shows the determination of strength parameters for 

specimens with β = 0 (m0 = 7.37 and σci,0 = 195.9 MPa) and 90◦ (m90 =

21.44 and σci,90 = 70.7 MPa). Remark the significant difference between 
the values corresponding to the load applied perpendicular and parallel 
to foliation. Fig. 14 b presents results of the 2HB-JPW model fits to 
experimental data. The RMSE of the 2HB-JPW model is 25.9 MPa, and 
the correctness of prediction has improved by 31% and 6.7%, compared 
with the JPW model (RMSE = 37.49 MPa) and the 2MC-JPW model 
(RMSE = 27.75 MPa), respectively. 

Moreover, the authors have computed the root mean square error 
associated to different strength approaches for every anisotropy angle, 
which are compiled in Table 3. While the errors are equal for all ap-
proaches when computed for the angles where failure take place 
through foliation planes (30, 45, 60 and 75◦), they significantly differ for 
0 and 90◦, showing numerically better fits for the 2MC-JPW and 2HB- 

JPW approaches, and particularly better, for this last one. Thus, for 
the slate rock under scrutiny, the 2HB-JPW model shows improved ac-
curacy for representing the actual laboratory strength anisotropic 
behavior of slates in relation to the JPW model. 

Moreover, the authors have fit the JPW and the 2HB-JPW strength 
models to uniaxial strength test results of Asan gneiss, Boryeong shale 
and Yeoncheon schist provided by Cho et al.26 The fits of the 2HB-JPW 
model improve the accuracy of the JPW by a few percentage units of 
RMSE for the first and third rock results, which will probably not justify 
the increased complexity of the approach in line with Occam’s razor 
principle. It will improve though the accuracy of the Boryeong shale 
strength data by 17%, which could justify using this approach. 

5. Discussion 

Based on stress-strain testing of a good number of slate samples cut 
with different orientations of the foliation plane, the anisotropic 
deformability and strength of this foliated rock have been investigated. 
The interpretation in terms of observed deformability is given by using 
the transversely isotropic elastic model, which matches rather well the 
observed elastic rock sample response. 

The strength behavior observed matches the JPW strength model for 
slate rocks when failure occurs through foliation planes, the most 
common failure mechanism observed. However, in relation to intact 
rock strength, two different strength levels were observed for samples 
cut perpendicular and parallel to foliation respectively. Although this 
was reflected in the literature in some studies, to the best knowledge of 
authors there are not commonly accepted strength models able to 
properly represent this differential strength behavior. This is why the 
authors have proposed two models based on Mohr-Coulomb and Hoek- 

Table 3 
Root mean square error of predicted values according to different strength ap-
proaches in relation to average observed values in the lab according to anisot-
ropy angle levels.   

Anisotropy 
Angle (◦) 

Average measured 
value (MPa) 

RMSE 
JPW 

RMSE 
2MC- 
JPW 

RMSE 
2HB- 
JPW 

PIPE 0 225.5 60.66 49.25 32.32 
PI15 15 84.6 53.75 54.93 73.20 
PI30 30 75.3 16.15 16.15 16.15 
PI45 45 34.6 19.33 19.33 19.33 
PI60 60 42.9 13.78 13.78 13.78 
PI75 75 76.9 21.31 21.31 21.31 
PIPA 90 129.6 49.62 14.56 13.04  

Fig. 15. Rough estimate of plastic zones (in red transparent color) and the sliding foliation zones (in purple colour and estimated with a FEM code) predicted around 
a hole excavated in a slate-type foliated rock according to three different stress regimes (σv > σh in the left column, σv = σh in the central column and σv < σh in the 
right column) and different orientations of principal stress in relation to foliation according to the proposed models (2MC-JPW) in the lower row and the JPW model 
in the upper row. (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.) 
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Brown intact strength different for every normal direction. 
In the alternative proposed models named 2MC-JPW and 2HB-JPW, 

the intact rock peak strength varies continuously with the orientation of 
the weakness planes. Compared with the standard JPW model, the 
proposed 2MC-JPW and 2HB-JPW models are more accurate to predict 
the observed slate strength results. These models have also shown to be 
more accurate than standard JPW for other foliated rocks. i.e. Boryeong 
shale, even if not for every rock of this type. 

In this way, when analyzing the mechanical response of a cylindrical 
hole drilled parallel to foliation, and for the case of an isotropic stress 
field, the radial stress in the whole periphery will achieve values of twice 
or more the field stress. If this value is over the uniaxial compressive 
strength derived from the JPW model, a circular plastic zone will appear 
around the hole according to this approach. However, if the compressive 
strength in the directions parallel and normal to foliation differs 
significantly, the plastic aureole will present an elliptical shape and 
potentially no failure will be observed in the more resistant hole pe-
riphery normal to foliation. 

This is illustrated in the central diagrams of Fig. 15. In this diagrams 
the orientation of foliation is depicted with gray and white stripes, the 
estimated plastic aureole associated to failure of intact rock is colored in 
red and the areas with failure through sliding planes derived from 
anisotropic elasticity and strength models computed with FEM code 
RS270 are colored in purple. 

In the central diagrams of Fig. 15, the cases with isotropic field stress 
with the corresponding yielded zones are presented for the JPW models 
in the upper part and for the proposed 2MC-JPW model in the lower 
part. Equivalent estimates are presented in the left and right hand side 
columns of this figure corresponding two cases where a moderately 
anisotropic stress field occurs (σ1 = 2⋅σ3), according to the direction of 
the major principal stress in relation to foliation. 

Remark how in the lower left diagram of Fig. 15 corresponding to the 
major principal stress oriented parallel to foliation, the plastic zone 
significantly increases in the hole sides parallel to foliation and buckling 
failure phenomena are to be expected, associated to a high stress con-
centration in the weaker direction of the intact rock. This is only a rough 
indication of the potential impact of considering the proposed strength 
approaches to analyze the response of a dry well in slaty rock. Further 
analyses, which falls out of the scope of this study, are needed to better 
understand the practical implications of this strength difference that can 
be relevant for well stability in cases where the breakout limit for the 
intact rock is higher than that in the foliation planes, in line with studies 
by Setiawan and Zimmerman.15 

6. Conclusions 

Experimental investigation of slates from North-Western Spain was 
carried out, including analysis of anisotropic deformability and aniso-
tropic strength. Wave propagation velocity results are also included to 
improve characterization. The transversely isotropic elastic model can 
reasonably explain the deformability of slates. In calibrating the trans-
versely isotropic elastic parameters, an updated optimization approach 
was proposed based on considering the first strain invariant as control 

parameter, which can improve standard characterization approaches to 
transversely isotropic elastic constants, particularly when many data are 
available. 

Different failure mechanisms were observed in compression tests on 
slate samples. A clear difference is observed between failure through 
weakness planes (for β in the range of 15 to 75◦) and failure through 
intact rock (for β = 0 and 90◦), as otherwise put forward by traditional 
approaches. However, for the case of the analyzed slates, unlike for some 
shales, it is also observed that the failure mechanisms for samples cut 
perpendicular (β = 0◦) and parallel (β = 90◦) to weakness planes tend to 
differ, appearing buckling phenomena and being the strength system-
atically smaller for the parallel case. 

Through fitting with the experimental data, the Jaeger’s Plane of 
Weakness (JPW) Model can reasonably explain the shear failure 
behavior on the plane of weakness. However, the JPW model meets one 
of its limitations in demonstrating the strength of samples cut perpen-
dicular and parallel to foliation angle where failure occurs in the intact 
rock, which for the case of slates are significantly different. 

Thus, to overcome this drawback of the JPW model, in this study, 
alternative 2MC-JPW and 2HB-JPW models were proposed, such as 
potential modification of the JPW model when applied to slaty rocks. In 
both alternative models, the strength of samples normal and parallel to 
foliation are determined independently, and strength for intact rock is 
forced to vary continuously with the orientation of the weakness planes. 
These alternative models are more realistic and they can be helpful to 
better understand and more accurately simulate the anisotropic strength 
of slates. 

Our results suggest that slates are highly anisotropic materials, and 
the use of isotropic deformability parameters and failure criteria may 
produce relevant errors when predicting the mechanical behavior of 
slates of anisotropic nature. The proposed models will be used to analyze 
the response of slates in compressive and hydraulic fracture tests. 
Moreover, they will be implemented in numerical models to assess there 
reliableness when modelling different mechanical tests. 
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Appendix. Results of propagation velocity and rock mechanics parameters of tested specimens  

Appendix Table 1 
Results of tested slate specimens.   

β (◦) Vp (km/s) Vs1 (km/s) Vs2 (km/s) σ3 (MPa) σmax
1 (MPa)  εy/σy (GPa

-1
) εz/σy (GPa

-1
) εx/σy (GPa

-1
) 

PIPE 1 0 4.84 2.55 2.74 0 191.8 0.026 − 0.009 − 0.006 
PIPE 2 0 4.90 2.03 2.00 0 192.1 0.022 − 0.011 − 0.010 
PIPE 3 0 4.99 2.11 1.97 0 195.4 0.020 − 0.003 − 0.004 
PIPE 7 0 4.59 2.35 2.43 5 234.2 0.034 − 0.010 − 0.010 
PIPE 8 0 4.80 2.23 2.24 2.5 237.8 0.024 − 0.011 − 0.011 

(continued on next page) 
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Appendix Table 1 (continued )  

β (◦) Vp (km/s) Vs1 (km/s) Vs2 (km/s) σ3 (MPa) σmax
1 (MPa)  εy/σy (GPa

-1
) εz/σy (GPa

-1
) εx/σy (GPa

-1
) 

PIPE 9 0 4.89 2.47 2.49 7.5 260.3 0.031 − 0.013 − 0.011 
PIPE 10 0 5.00 2.52 2.50 10 241.9 0.034 − 0.010 − 0.012 
PIPE 11 0 4.94 2.51 2.51 15 268.2 0.025 − 0.015 − 0.014 
PIPE 12 0 5.04 2.46 2.32 12.5 258.5 0.032 − 0.019 * 
PIPE 13 0 4.97 2.51 2.33 2.5 48.6 – – – 
PIPE 14 0 4.87 2.13 2.91 2.5 206.9 – – – 
PIPE 15 0 4.94 2.55 2.52 5 173.5 – – – 
PIPE 17 0 5.05 2.23 2.54 5 217.7 – – – 
PIPE 18 0 4.80 2.56 2.45 7.5 202.7 – – – 
PIPE 19 0 4.92 2.48 2.49 7.5 196.1 – – – 
PIPE 20 0 4.88 2.55 2.79 10 228.1 – – – 
PIPE 22 0 4.92 1.76 2.98 10 175.3 – – – 
PIPE 23 0 4.99 2.48 2.51 2.5 226.2 0.030 − 0.011 − 0.009 
PIPE 24 0 5.04 2.52 2.50 5 280.5 0.019 − 0.005 − 0.006 
PIPE 25 0 4.88 2.55 2.54 15 227.5 – – – 
PIPE 26 0 4.96 2.51 2.49 15 304.8 * * * 
PIPA 1 90 6.30 3.06 3.24 0 66.7 0.014 * * 
PIPA 2 90 6.20 3.73 3.73 0 78.7 0.013 * − 0.007 
PIPA 3 90 6.19 3.33 3.43 0 57.2 0.030 * * 
PIPA 8 90 6.24 3.74 3.89 2.5 121.7 0.016 * * 
PIPA 9 90 6.23 4.07 3.83 5 101.0 0.010 * * 
PIPA 10 90 6.28 4.43 3.58 7.5 126.1 0.019 − 0.002 * 
PIPA 11 90 6.26 2.96 3.55 10 156.8 – – – 
PIPA 12 90 6.24 4.48 3.55 12.5 191.4 0.015 * * 
PIPA 13 90 6.26 3.68 4.33 15 179.6 0.016 − 0.003 * 
PIPA 14 90 6.26 4.40 3.85 10 147.0 0.012 * − 0.006 
PIPA 15 90 6.27 3.78 4.44 2.5 105.0 0.009 *  
PIPA 16 90 6.26 4.44 4.33 2.5 167.7 0.013 * − 0.005 
PIPA 17 90 6.28 3.83 3.80 5 140.8 0.011 * − 0.008 
PIPA 19 90 6.24 3.69 4.15 5 123.5 0.011 * − 0.006 
PIPA 20 90 6.24 3.74 3.80 7.5 136.0 0.013 − 0.005 * 
PIPA 21 90 6.23 2.42 3.76 7.5 127.6 – – – 
PIPA 22 90 6.18 4.39 3.51 7.5 138.1 – – – 
PIPA 26 90 6.29 3.61 3.71 15 201.0 – – – 
PIPA 27 90 6.25 4.37 4.34 15 167.7 – – – 
PIPA 28 90 6.26 3.80 3.81 12.5 173.0 – – – 
PIPA 29 90 6.25 3.72 3.55 10 134.9 – – – 
PI15_01 15 4.94 3.19 3.21 0 99.0 0.035 * − 0.003 
PI15_02 15 4.95 3.02 2.93 0 70.2 0.020 − 0.001 − 0.006 
PI30_01 30 – – – 5 67.6 0.018 − 0.001 − 0.013 
PI30_03 30 – – – 5 96.0 0.013 − 0.004 − 0.003 
PI30_04 30 – – – 5 66.5 0.028 − 0.005 − 0.009 
PI30_05 30 – – – 10 68.5 * * * 
PI30_06 30 – – – 10 99.6 0.015 − 0.006 − 0.016 
PI30_07 30 – – – 10 79.4 0.012 − 0.004 − 0.013 
PI30_08 30 – – – 15 80.1 – – – 
PI30_09 30 – – – 15 106.6 0.017 − 0.005 − 0.011 
PI30_11 30 – – – 15 101.3 0.033 * − 0.008 
PI30_16 30 5.23 3.54 3.34 0 30.6 0.055 * − 0.005 
PI30_17 30 5.19 3.54 3.45 0 31.5 * * * 
PI45_01 45 – – – 5 51.5 0.006 − 0.001 − 0.012 
PI45_03 45 – – – 5 55.4 0.019 − 0.003 − 0.008 
PI45_05 45 – – – 10 39.4 0.039 − 0.007 − 0.008 
PI45_09 45 – – – 10 35.5 0.016 − 0.001 − 0.007 
PI45_10 45 – – – 15 58.9 0.016 − 0.002 − 0.010 
PI45_11 45 5.71 3.34 3.54 0 1.0 * * * 
PI45_12 45 5.35 3.95 3.84 0 0.5 * * * 
PI60_01 60 – – – 5 33.8 0.013 − 0.004 * 
PI60_02 60 – – – 5 42.9 0.023 − 0.005 − 0.016 
PI60_03 60 – – – 5 20.6 0.009 * − 0.007 
PI60_04 60 – – – 10 47.5 0.007 − 0.002 − 0.008 
PI60_05 60 – – – 10 50.8 * − 0.005 − 0.010 
PI60_06 60 – – – 10 57.3 0.013 0.000 − 0.003 
PI60_07 60 – – – 15 65.6 0.011 − 0.002 − 0.003 
PI60_08 60 – – – 15 67.5 0.021 − 0.001 − 0.009 
PI60_09 60 – – – 15 74.8 0.032 − 0.002 − 0.009 
PI60_14 60 5.68 3.61 3.72 0 3.0 * * * 
PI60_15 60 5.89 4.38 3.82 0 8.6 * * * 
PI75_01 75 – – – 5 64.9 0.020 * − 0.006 
PI75_02 75 – – – 5 77.2 0.015 − 0.001 − 0.003 
PI75_03 75 – – – 5 66.0 0.013 − 0.002 − 0.002 
PI75_04 75 – – – 10 92.2 0.015 − 0.003 − 0.002 
PI75_05 75 – – – 10 82.0 0.016 − 0.003 − 0.003 
PI75_06 75 – – – 10 81.0 0.013 − 0.003 − 0.004 
PI75_07 75 – – – 15 106.2 0.019 − 0.002 − 0.006 
PI75_08 75 – – – 15 119.3 0.016 − 0.002 − 0.006 

(continued on next page) 
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Appendix Table 1 (continued )  

β (◦) Vp (km/s) Vs1 (km/s) Vs2 (km/s) σ3 (MPa) σmax
1 (MPa)  εy/σy (GPa

-1
) εz/σy (GPa

-1
) εx/σy (GPa

-1
) 

PI75_09 75 – – – 15 112.5 0.008 − 0.004 − 0.006 
PI75_11 75 6.09 4.29 4.26 0 26.9 0.014 − 0.003 * 
PI75_13 75 6.02 4.66 4.49 0 17.7 0.013 − 0.002 * 

Note: - Not tested, * Not reliable result. 
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