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Abstract: Reactive power is an important parameter in electrical power systems since it affects the
efficiency of the system because it is not useful energy. It decreases the power factor of the system
and limits the ability of generators to deliver useful power. It is therefore necessary to understand
and correctly measure the phenomenon of reactive energy in three-phase systems. In this paper,
we analyze reactive power in linear and unbalanced three-phase systems using the Unified Theory of
Electrical Power and the Institute of Electrical and Electronics Engineers Standard 1459-2010 (IEEE
Std. 1459-2010) to obtain expressions for reactive power in balanced and unbalanced systems and
noting that there are terms that exist only for unbalanced systems. Analysis of the measurements
carried out led us to identify the existence of two components of reactive power—that due to reactive
elements, and that caused by unbalances in the system. Knowing the causes that generate reactive
power, it is possible to act more effectively on the problem and therefore achieve a more sustainable
generation of electric power and a lower environmental impact.

Keywords: Unbalanced systems; reactive power; efficiency of electrical power systems

1. Introduction

Reactive power is a fundamental parameter to consider when working with electrical power
systems as it is an inefficiency of the system. Although reactive power is necessary in any electrical
installation, the main interest in order to avoid losses and economic costs is its minimization.
From a technical point of view, it necessitates oversized installations, and from an economic point
of view, it increases the cost of consumed electrical energy [1–4]. All this results in important
environmental cost; raw materials and resources are consumed in generating an energy that is not
used. Actually, the energy not consumed as a result of the unbalances in the systems is not quantified,
so there is no idea of the real magnitude of the problem. A way of recognizing the mechanisms that
generate it and how to measure it is an important step in its minimization, therefore resulting in a more
sustainable generation of electric power, a better use of resources, and a lower environmental impact.

Interest in reactive power arose at the end of the 19th century, as the works of Stanley [5],
Knoltown [6], and Lyon [7] demonstrate, although it was in 1897 that Steinmtez [8] explained the
meaning of reactive power (Q) for single-phase and linear systems and defined it as the amplitude of
instantaneous reactive power.
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The reactive phenomenon has been explained by several theories [9–11]. Different modes of
operation of an electric system are considered and the results coincide if the system is balanced and
linear but do not coincide when the system is unbalanced or non-linear [12]. Currently, many authors
study the reactive power in the systems and evaluate ways to reduce the additional costs that their
presence generates [10–16].

Certain situations can cause the appearance of the reactive phenomenon, such as reactive elements
in the system, the presence of electronic converters, and the existence of unbalances as described in
some papers [17,18], which are also suggested by Jeon [19]. There are therefore different causes of the
reactive phenomenon, and in all these cases, there is a phase difference between the current and the
voltage [20,21].

Previous studies of this problem propose different solutions to minimize the presence of reactive
power in the Electric Distribution System [22–30], as well as to minimize the costs generated by its
presence [31,32]. Traditionally, according to these studies, the presence of reactive power is exclusively
associated with the presence of the elements mentioned above. In this article, we will demonstrate the
existence of reactive power as a result of unbalances in the system, regardless of whether there are
reactive elements.

For this purpose, in this paper, we will analyze the reactive power evaluating the causes that
generate it, and we will separate the reactive power produced by the reactive elements present in the
system from that generated by the unbalances of the same. This approach differs from other studies,
which analyze the reactive phenomenon as a whole.

To obtain an expression of the reactive phenomenon, instantaneous reactive power is used.
We first analyze a linear three-phase system with balanced voltages, and then the process is repeated
with a system with unbalanced voltages. The instantaneous power is formulated using the Unified
Theory of Electrical Power [33], based on the Theory of Steinmetz, and the reactive instantaneous
power is formulated as stated in Standard IEEE 1459/2010 [34] for the fundamental frequency and
direct sequence (positive).

Comparing the two expressions of the instantaneous reactive power of the balanced voltages
system and the unbalanced voltages system, we find terms which only arise for unbalanced systems.
These are therefore due to unbalances in the system. As Steinmetz states, reactive power is quantified as
the amplitude of the flows of instantaneous reactive power. We have performed simulations by using
OrCAD, a program for electric circuit modeling and simulating used by numerous authors [35–38],
in order to contrast the mathematical model proposed in the article and experimental measures.

2. Methodology

We analyze two parts of the reactive power—the reactive power produced by the reactive elements
of the system, and the reactive power produced by its unbalances. We use three different methods for
the analysis:

• Mathematical model—The analysis of the existence of reactive power in three-phase linear systems
will be carried out when they are balanced and when they are not balanced. The equations that
allow us to determine the reactive power generated in each case will be obtained.

• Experimental measurements in the laboratory—We aim to demonstrate the presence of the reactive
power generated by the unbalances which is independent of any other characteristic of the system.
The choice of complex systems could mask this objective; therefore, we have chosen simple
systems for analysis.

• Simulations by using OrCAD—We have been performed the simulation of the same cases proposed
for analysis in the laboratory by using OrCAD.

• Posing a complex case. Once the proposed model has been contrasted, we propose the analysis of
a complex case as an example of application, since the cases previously analyzed are simplified.
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2.1. Mathematical Model

2.1.1. Reactive Power in Linear Three-Phase Systems with Balanced Voltages

Consider a balanced three-phase generator of positive (or direct) sequence feeding a three-phase
load which is unbalanced and linear, connected in star with neutral, with the conductances Gz and
susceptances Bz (considered inductive) of each phase (z = 1,2,3), as shown Figure 1, and with the
following applied voltages (1):

V1 = V1+ = V+∠α+

V2 = V2+ = a2
·V1+ = V+∠α+−120◦

V3 = V3+ = a·V1+ = V+∠α+−240◦

(1)
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Figure 1. Studied circuit.

The circulation of currents by the phases of the receptor is

I1 = V1+·
(
G1 + B1

)
,

I2 = V2+·
(
G2 + B2

)
= a2
·V1+·

(
G2 + B2

)
,

I3 = V3+·
(
G3 + B3

)
= a·V1+·

(
G3 + B3

)
.

(2)

Usually these currents are unbalanced, so using Th. Stokvis-Fortescue, and decomposing the
active part (I+a) and reactive (I+r) currents of positive sequence, we have

I1+ = 1
3 ·V1+·(G1 + G2 + G3) +

1
3 ·V1+·

(
B1 + B2 + B3

)
= I1+a + I1+r,

I2+ = a2
·I1+,

I3+ = a·I1+.
(3)

Designating the equivalent susceptance (Be) for positive sequence component as

Be =
1
3
·

(
B1 + B2 + B3

)
. (4)

The expression of the positive sequence reactive component for the first phase is

I1+r = V1+Be = V+∠α+ ·Be∠−90◦ = V+Be∠α+−90◦ . (5)

The instantaneous value is

i1+r(t) = V+·
√

2·Be· sin(wt + α+ − 90◦). (6)
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The reactive phenomenon can be expressed by the instantaneous reactive power of fundamental
frequency and positive sequence [12,13].

pr(t) =
3∑

z=1
Vz+·iz+r = −Be·V2

+· sin 2(wt + α+) − Be·V2
+

· sin 2(wt + α+ − 120◦) − Be·V2
+· sin 2(wt + α+ − 240◦)

(7)

This is quantified for the reactive power as the amplitude of the flows of instantaneous
reactive power.

Q+r = 3·Be·V2
+ = Q (8)

2.1.2. Reactive Power in Linear Three-phase Systems with Unbalanced Voltages

Consider the system shown in Figure 1, but with unbalanced excitation voltages. This is a system
that is unbalanced in voltages and currents, using symmetrical components, positive (+), negative (−),
and zero (0).

As stated in Standard IEEE 1459-2010, and postulated in the Unified Theory of Electrical Power,
the active and reactive powers are defined for the fundamental frequency and positive sequence
component of voltage and current.

The voltages of the system, in phasor notation:

V1 = V1+ + V1− + V10 = V+∠α+ + V−∠α− + V0∠α0 ,
V2 = a2

·V1+ + a·V1− + V10,
V3 = a·V1+ + a2

·V1− + V10.
(9)

The currents for each phase of the receptor, in phasor notation:

I1 = V1·
(
G1 + B1

)
=

(
V1+ + V1− + V10

)
·

(
G1 + B1

)
,

I2 = V2·
(
G2 + B2

)
=

(
a2
·V1+ + a·V1− + V10

)
·

(
G2 + B2

)
,

I3 = V3·
(
G3 + B3

)
=

(
a·V1+ + a2

·V1− + V10
)
·

(
G3 + B3

)
.

(10)

For analysis of the reactive, only the positive sequence component of the current is considered:

I1+ = 1
3 V1+·(G1 + G2 + G3) +

1
3 V1+·

(
B1 + B2 + B3

)
+ 1

3 V1−·
(
G1 + a2

·G2 + a·G3
)

+ 1
3 V1−·

(
B1 + a2

·B2 + a·B3
)
+ 1

3 V10·
(
G1 + a·G2 + a2

·G3
)

+ 1
3 V10·

(
B1 + a·B2 + a2

·B3
)
.

(11)

Taking the conductance and susceptance of positive sequence of the load as

Ge =
1
3 ·(G1 + G2 + G3),

Be =
1
3 ·
(
B1 + B2 + B3

)
.

(12)

Designating
Y
′

= Y′
−α′ =

1
3

(
Y1 + a2

·Y2 + a·Y3
)
,

Y
′′

= Y′′
−α′′

= 1
3

(
Y1 + a·Y2 + a2

·Y3
)
.

(13)

Where
Yz = Gz + Bz (14)

is the admittance of each phase of the load
The positive sequence component for the first phase current can be expressed by

I1+ = V1+·
(
Ge + Be

)
+ V1−·Y

′

+ V10·Y
′′

. (15)
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Considering the degrees of unbalance (δu) and of asymmetry (δA) of the voltages of the system,

δu = V−∠α−
V+∠α+

= δu∠α− − α+,

δA = V0∠α0
V+∠α+

= δu∠α0 − α+.
(16)

The Equation (11) is

I1+ = V1+·
(
Ge + Be + δu·Y

′

+ δA·Y
′′
)
= I1+a + I1+r. (17)

The instantaneous value of the reactive component of current is

i1+r(t) = V+·
√

2·
[
Be + δuY′ sinϕ′

−
+ δAY′′ sinϕ′′0

]
· sin(wt + α+ − 90◦).

ϕ′
−
= (α+ − α− + α′)

ϕ′0 = (α+ − α0 + α′′ )

(18)

The instantaneous reactive power for positive sequence has the following expression:

pr(t) =
3∑

z=1
Vz+·iz+r = −(Be·V2

+ + Y′·V+·V−· sinϕ′
−
+ Y′′ ·V+·V0

· sinϕ′′0 )· sin 2(wt + α+)

−(Be·V2
+ + Y′·V+·V−· sinϕ′

−
+ Y′′ ·V+·V0· sinϕ′′0 )· sin 2(wt + α+ − 120◦)

−(Be·V2
+ + Y′·V+·V−· sinϕ′

−
+ Y′′ ·V+·V0· sinϕ′′0 )· sin 2(wt + α+ − 240◦).

(19)

Comparing Equation (19) with that obtained for the case of balanced voltages (7), we can see that
there are identical terms in both—the flows of instantaneous reactive power due to the presence of
reactive elements in the system, and which we will designate as prr(t).

prr(t) = −Be·V2
+ · sin 2(wt + α+) − Be·V2

+

· sin 2(wt + α+ − 120◦) − Be·V2
+· sin 2(wt + α+ − 240◦)

(20)

The instantaneous reactive power is determined by two flows of power: that due to the reactive
elements of the system, and that caused by unbalances in the system.

pr(t) = prr(t) + pru(t), (21)

where pru(t) is the instantaneous reactive power due to the unbalances.
Reactive power flows associated with the unbalance can be inductive or capacitive, depending on

the unbalance, which means they are either added to or compensate those due to the reactive elements
in the system. They can also appear in purely resistive systems.

The reactive power that quantifies this phenomenon is given as the sum of the amplitudes of the
expression of the instantaneous reactive power, as established by Steinmetz. We get two terms: the
reactive power due to the reactive elements of the system:

Qrr = 3·Be·V2
+. (22)

The reactive power caused by the unbalance:

Qru = 3·
(
Y′·V+·V−· sinϕ′− + Y′′ ·V+·V0 sinϕ′′0

)
. (23)
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2.2. Experimental Measurements

The measurements have been taken in the laboratory, as shown in Figure 2, and they confirm
what has been stated in this paper. The following equipment and measuring instruments were used:
adjustable three-phase electronic suitcase model PTE-300-V of SMC, for unbalanced voltages; De
Lorenzo linear resistive (R) and inductive (L) loads; and the Fluke 435 Series II Analyzer (Fluke,
Everett, Washington D.C., US) of energy and power quality, based on IEEE Std. 1459/2010 and on the
Unified Theory of Electrical Power.
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The situations studied were the following:

• A single-phase linear resistive load (cases 1, 2, and 3). Three cases with purely resistive load were
studied. Case 1 has resistive load and balanced voltages, while in cases 2 and 3, unbalanced
voltages were applied. The unbalance was generated by varying the voltage argument in a single
phase, looking for simplified cases that allow us to observe the appearance of reactive power as
a direct consequence of these unbalances.

• A single-phase linear inductive (cases 4, 5, and 6) was connected between phase 1 and the neutral
of the unbalanced system of voltages, respectively. These three cases maintain the same voltage
conditions as cases 1, 2, and 3, but with the presence of inductive load.

Table 1 summarizes the cases evaluated in the laboratory.

Table 1. Test parameters.

Variable
Resistive Load (R) Inductive Load (L)

Case 1 Case 2 Case 3 Case 4 Case 5 Case 6

Load 213∠0º 213∠0º 213∠0º 202∠18.5º 202∠18.5º 202∠18.5º
V1(V) 75∠0º 75∠0º 75∠0º 75∠0º 75∠0º 75∠0º
V2(V) 75∠−120º 75∠−100º 75∠−140º 75∠−120º 75∠−100º 75∠−140º
V3(V) 75∠120º 75∠120º 75∠120º 75∠120º 75∠120º 75∠120º
δV(%) 0 11.73 11.73 0 11.73 11.73
δA(%) 0 11.73 11.73 0 11.73 11.73
I1(A) 0.352∠0º 0.352∠0º 0.352∠0º 0.371∠−18.5º 0.371∠−18.5º 0.371∠−18.5º

I2 = I3(A) 0 0 0 0 0 0

Cases 1, 2, and 3 correspond to purely resistive loads, and in cases 4, 5, and 6, inductive loads
were introduced. As can be seen in Table 1, the voltage unbalance was generated by modifying the
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angle of tension V2 (−100 ◦ for cases 2 and 5, and −140 ◦ for cases 3 and 6), keeping the rest of the
variables constant.

2.3. Simulations with OrCAD

The simulations have been carried out by using the OrCAD software, a program for electric circuit
modeling and simulating. To carry out the simulation, the equivalent circuit was determined in each
of the cases analyzed, based on the procedure described in references [17,33].

In the simulations reactive power flows have been obtained, taking the values of total
reactive power, QT, reactive power due to reactive elements, Qrr, and reactive power due to
unbalances, Qru, in order to compare them with those obtained by the mathematical model and
experimental measures.

2.4. Example of Application to a More Complex Case

As we have previously mentioned, the aim of this work is to separate the total reactive power
due to the reactive elements present in the circuit from the reactive power due to the unbalances in it.
We have selected simple simulated cases to better achieve this goal. This prevents the complexity of
the system from masking the desired result. In this section, we will apply the mathematical model
to a somewhat more complex case, by way of example. The simulation will also be carried out by
OrCAD of the proposed system.

It will be analyzed the case of two single-phase loads (Figure 3) which consume 1.25 kW,
with a cosϕ = 0.77(i) and 3.78 kW with a cosϕ = 0.85(i) when they are respectively connected between
the phases 1,2 and the neutral of an unbalanced system of voltages of values.

V1 = 221∠4.9◦V
V2 = 204.2∠−117.2◦V
V3 = 206.34∠127.93◦VSustainability 2017, 9, x FOR PEER REVIEW  8 of 13 
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Figure 3. Scheme of the proposed example.

For the system reflected in Figure 3, and with the values of loads and tensions proposed we can
calculate the unbalance and asymmetry voltage degrees by using Equation (16).

δu = 0.0508
δA = 0
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The values of the currents in the system and the sequence components of these unbalanced
systems are:

I1 = 7.346∠−34.75◦A
I2 = 21.778∠−148.98◦A

I3 = 0A
V1+ = 210.37∠5.21◦V
V1− = 10.68∠−1.25◦V

V10 = 0V
I1+ = 9.698∠−30.44◦A
I1− = 6.158∠72.18◦A

I10 = 6.641∠−129.33◦A

As set forth in Standard IEEE 1459-2010, and The Unified Theory of Electrical Power, the reactive
power is due to the components of positive sequence, which in this system is:

Q = 3V+I+ sinϕ+ = 3567.228 var (24)

As we have indicated in this paper, by applying The Unified Theory of Electrical Power at this
value of the reactive power, it is also possible to distinguish that part which is due to the presence of
reactive elements in the system and that part caused by the unbalances in the system.

By applying Equation (4), the direct susceptance of the load is

B+ = 0.0257964Ω−1.

Of (13),
Y
′

= 0.033009∠−133.65◦Ω−1,
Y
′′

= 0.030051∠+71.29◦Ω−1.

Using (22) the reactive power due to the presence of reactive elements is calculated, while that
due to the unbalance have been calculated using (23).

Qrr = 3424.901var
Qru = 142.584var

3. Results and Discussion

Table 2 shows the values obtained for the six cases studied with the mathematical model. Table 3
presents the experimental measurements, and Table 4 collects the values obtained with the simulations
made with the OrCAD. The three tables show the total reactive power, QT, broken down into reactive
power due to reactive elements, Qrr, and due to unbalances, Qru. Expression “ind” and “cap” in the
tables means inductive and capacitive respectively.

Table 2. Values of reactive power due to reactive elements (Qrr), reactive power due to unbalances
(Qru), total reactive power (QT), and active power (P) obtained through the mathematical model.

Case 1 Case 2 Case 3 Case 4 Case 5 Case 6

Qrr(var) 0 0 0 8.83(ind) 8.59(ind) 8.59(ind)
Qru(var) 0 3.01(ind) −3.01(cap) 0 3.07(ind) −2.95(cap)
QT(var) 0 3.01(ind) −3.01(cap) 8.83(ind) 11.66(ind) 5.64(ind)

P(W) 26.40 26.04 26.04 26.46 24.92 26.94
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Table 3. Values of reactive power due to reactive elements (Qrr), reactive power due to unbalances
(Qru), total reactive power (QT), and active power (P) measured experimentally.

Case 1 Case 2 Case 3 Case 4 Case 5 Case 6

Qrr(var) 0 0 0 8.60(ind) 8.60(ind) 8.60(ind)
Qru(var) 0 3.01(ind) −3.01(cap) 0 3.07(ind) −2.95(cap)
QT(var) 0 3.01(ind) −3.01(cap) 8.60(ind) 11.67(ind) 5.65(ind)

P(W) 26.40 26.40 26.40 26.40 26.40 26.40

Table 4. Values of reactive power due to reactive elements (Qrr), reactive power due to unbalances
(Qru), total reactive power (QT), and active power (P) obtained by OrCAD.

Case 1 Case 2 Case 3 Case 4 Case 5 Case 6

Qrr(var) 0 0 0 8.74(ind) 8.65(ind) 8.60(ind)
Qru(var) 0 3.04(ind) −3.01(cap) 0 3.23(ind) −2.95(cap)
QT(var) 0 3.04(ind) −3.01(cap) 8.74(ind) 11.57(ind) 5.65(ind)

P(W) 26.40 26.38 26.41 26.34 26.54 26.62

As can be seen in Table 2, when the system of voltages is balanced (cases 1 and 4), the measurements
performed on the resistive and inductive receiver match those expected by the classic theories—reactive
power is null and inductive respectively. The resistive receiver presents inductive or capacitive behavior
(cases 2 and 3), depending on how the unbalance is carried out. This is due to reactive power from the
unbalances (Qru), which is formulated in this paper.

When the voltages in the system are unbalanced, it can be seen how the QT is the sum of the
reactive power generated as a result of the presence of the inductive load, Qrr, and that generated by
the system unbalance, Qru. As before, the behavior can be inductive or capacitive depending on the
type of unbalance, so the generated Qru is added or subtracted from the Qrr, increasing or decreasing
the QT (cases 5 and 6).

The reactive power values obtained experimentally and presented in Table 3 are coincident with
the values calculated with the proposed mathematical model.

Figure 4 shows, by way of example, the graph obtained for the simulation using the OrCAD
software in case 6. The graphs represent the total reactive power (QT), reactive power due to loads
(Qrr) and power flows reactive due to system unbalance (Qru).
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The values presented in Table 4 correspond to the maximums obtained in the different simulations,
and they are again practically coincident with those presented in Tables 2 and 3.
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Once the mathematical model has been contrasted, and taking into account that the cases analyzed
are very simple, a more complex case is proposed as an example of application. The results obtained
for the case proposed in Figure 3 through the application of the mathematical model developed and
those obtained in the simulation are those shown in Table 5.

Table 5. Values of reactive power due to reactive elements (Qrr), reactive power due to unbalances
(Qru), and total reactive power (QT) obtained for the proposed example.

Qrr(var) Qru(var) QT(var)

Calculated 3424.90 142.58 3572.48
Simulated 3426.90 140.85 3568.44

Figure 5 shows the graphs obtained for this example by simulation with OrCAD.
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In this system, the reactive power due to unbalances (Qru) is calculated, and is added to the
reactances of the system (Qrr), thereby increasing the total value of the reactive power in the system
around 4%. This percentage is not negligible, so it is very convenient to take it into account when
designing the systems.

4. Conclusions

In this paper, we have aimed to analyze the reactive power and evaluate the causes that generate
its appearance in the systems. As a novelty, the possibility of the presence of reactive power in purely
resistive systems has been raised and demonstrated as a result of the presence of unbalances in the
system’s stresses and loads

Throughout this paper, we have shown the importance of unbalance in three-phase systems in
relation to the presence of reactive phenomena.

Expressions that allow us to quantify reactive power have been developed in accordance with
IEEE Std. 1459/2010 and the Unified Theory of Electrical Power. These expressions calculate the
separation of the reactive power that comes from unbalance in the system, from that due to the reactive
elements in the system.

We have verified the following points through the developed expressions,
experimental measurements and simulations performed. The following points have been
verified:

• In purely resistive systems, the presence of reactive power has been demonstrated. This is
exclusively due to unbalance of loads and system voltages, since there are no reactive elements.
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• Reactive power due to unbalance (Qru) can be either inductive or capacitive and can therefore can
be increased or decreased due to the reactive elements in the system

• It has been shown that unbalances in the systems involve a non-negligible amount of unused
energy, so if this effect is minimized as much as possible, the environmental impact of the power
generation industry could be reduced.
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