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Abstract

Structural optimization techniques have the potential to become a powerful tool in
the design of long-span bridges. The search for more efficient and reliable designs
involves considering shape variations in the deck cross-section, which is one of the
key features of a bridge. This affects to the deck aerodynamics and its mechanical
properties, and consequently to the aeroelastic response of the bridge. A numerical
approach pursuing to optimize a long-span bridge needs to explore changes in the deck
shape, including structural and aeroelastic responses as design constraints. Therefore,
the flutter response of the bridge must be numerically computed for every candidate
proposed by the optimization algorithm.

This work presents a novel approach to conduct the optimization of the deck shape and
the cables size of long-span cable-stayed bridges considering simultaneously aeroelastic
and structural constraints. The design variables considered in the application examples
presented in this thesis are the cross-section area and the prestressing force of each
stay, the deck plates thickness and the deck shape design variables. The aeroelastic
constraint, namely the flutter speed, is evaluated based on a fully numerical procedure
developed in this work. A series of parameter variation studies, that are instrumental
for the sound interpretation of the optimum designs obtained, are also reported.

The proposed approach has succesfully been applied in two application cases consid-
ering cable-stayed bridges with main span lengths of 658 m and 1316 m.





Resumen

Las técnicas de optimización estructural tienen el suficiente potencial para convertirse
en una formidable herramienta en el diseño de puentes de gran vano. La búsqueda de
diseños más eficientes y fiables conlleva a la consideración de variables de forma en la
sección del tablero, que es uno de los elementos fundamentales del puente. Esto afecta a
la aerodinámica del tablero, así como a sus propiedades mecánicas, y en consecuencia
a la respuesta aeroelástica del puente. Por tanto, un procedimiento numérico que
pretenda optimizar puentes de gran vano está obligado a considerar variaciones en la
forma del tablero, incluyendo condiciones de diseño relacionadas con las respuestas
estructurales y aeroelásticas del puente. Consecuentemente, la velocidad de flameo del
puente debe ser calculada numéricamente para cada diseño propuesto por el algoritmo
de optimización.

Este trabajo presenta un método innovador para llevar a cabo la optimización de
forma del tablero y de tamaño de los cables de un puente atirantado de gran vano,
considerando simultáneamente condiciones aeroelásticas y estructurales. Las variables
de diseño consideradas en los ejemplos de aplicación que se presentan en esta tesis son
las áreas y las fuerzas de pretesado de los cables, el espesor de las chapas del tablero y
variables relacionadas con la forma de la sección transversal del tablero. La condición
aeroelástica, concretamente la velocidad de flameo, se evalúa mediante un proceso
puramente computacional desarrollado en el presente trabajo. Además, se presentan
un conjunto de estudios de variación de parámetros con la finalidad de facilitar la
comprensión de los diseños óptimos obtenidos.

La metodología propuesta se ha aplicado satisfactoriamente a dos puentes atirantados
con longitud de vano principal de 658 y 1316 metros.





Resumo

As técnicas de optimización estrutural teñen o suficiente potencial para converterse
nunha formidable ferramenta no deseño de pontes de gran van. A procura de de-
seños máis eficientes e fiables leva á consideración de variables de forma na sección do
taboleiro, que é un dos elementos fundamentais da ponte. Isto afecta á aerodinámica
do taboleiro, así como ás súas propiedades mecánicas, e en consecuencia á resposta
aeroelástica da ponte. Por tanto, un procedemento numérico que pretenda optimizar
pontes de gran van está obrigado a considerar variacións na forma do taboleiro, in-
cluíndo condicións de deseño relacionadas coas respostas estruturais e aeroelásticas
da ponte. Consecuentemente, a velocidade de flameo da ponte debe ser calculada
numericamente para cada deseño proposto polo algoritmo de optimización.

Este traballo presenta un método innovador para levar a cabo a optimización de forma
do taboleiro e de tamaño dos cables dunha ponte atirantado de gran van, considerando
simultaneamente condicións aeroelásticas e estruturais. As variables de deseño consid-
eradas nos exemplos de aplicación que se presentan nesta tese son as áreas e de tamaño
dos cables dunha ponte atirantado de gran van, o espesor das chapas do taboleiro e
variables relacionadas coa forma da sección transversal do taboleiro. A condición
aeroelástica, concretamente a velocidade de flameo, avalíase mediante un proceso pu-
ramente computacional desenvolvido no presente traballo. Ademais, preséntanse un
conxunto de estudos de variación de parámetros coa finalidade de facilitar a compren-
sión dos deseños óptimos obtidos.

A metodoloxía proposta aplicouse satisfactoriamente a dúas pontes atirantados con
lonxitude de van principal de 658 e 1316 metros.
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Chapter 1

Introduction

1.1 Motivation

In the framework of an interconnected World, the existence of transport infrastructures
is crucial to communicate people and exchange goods and services all over the planet.
This is so because good transport networks is one of the essential components of eco-
nomic growth in any region (Fogel [124], Plassard [326], Quinet [332]). Particularly,
in Europe, the role of transport infrastructure in and among European Union (EU)
countries and regions has grown in significance throughout the history of the EU (EC
[109]). Prior to the free movement policies in the EU, however, there were political bor-
ders that restricted cooperation and development in transport infrastructures. Today,
in Europe, these political borders have all but disappeared to a large extent. Apart
from the cooperation policies between the different nations in the World, what does
remain as a challenge for improving infrastructures is the physical obstacles such as
rivers, estuaries or valleys. These can act as technical and economic barriers between
different regions and countries in the World.

Bridges make an important and key contribution to overcoming these barriers and
obstacles since they improve connectivity and communication between different places,
creating a better environment for economic and cultural development. This was the
case, for instance, of the Golden Gate Bridge in the city of San Francisco, which after
its construction during the economic crisis of the 1930s, played an important role in
helping to stimulate the economy of the city (Brown [43]). In Europe, the East Bridge
of the Great Belt Fixed Link connects two islands of Denmark, previously divided
by that strait, resulting in relevant benefits as reflected in several economic reports
[16]. However, when bridges become long, owing to the scale and complexity of the
obstacles they have to span, their design and construction become a challenge from
the economic and technical points of view.

In recent years, several long-span bridges have been built and their span lengths have
grown longer on each occasion, as in the case of the aforementioned Great Belt Bridge
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in Denmark, with 1624 m main span, or the Akashi Bridge in Japan, with 1991 m main
span. In addition, there are several planned projects to build long-span bridges in dif-
ferent countries. Some examples of these are several bridges with main spans of 2500 m
in China, one of 4000 m main span in Japan, or the Messina bridge project, with a main
span of 3300 m, designed to connect Sicilia with mainland Italy. Moreover, in Europe,
at the time of writing, several long-span bridges are being built or have been recently
completed, such as the Constitution of 1812 Bridge, in Cadiz, Spain - completed in
2015, the Queensferry Crossing in Scotland, which is due to be finished in 2017, the
Hålogaland Bridge in Narvik, Norway, also due to be finished in 2017 which will be
part of the European rout E6, or the Osman Gazi and Yavuz Sultan Selim bridges -
both structures opened in 2016 in Turkey. Improving the techniques for designing and
building this kind of structures would result in a notable improvement for the road
networks of every region in the World and consequently for their competitiveness and
economic activity. The most important factor in the design of these large structures,
besides earthquake response, is their behavior under wind-induced loads (Simiu and
Scanlan [381]), given that their large dimensions make them more prone to aeroelastic
instability, as described in the works of Scanlan [359, 360]. A well-known case is the
collapse of the Tacoma Narrows Bridge in 1940, which was caused by the improper
consideration of the effect of aeroelastic loads (Farquharson et al [113]). This inci-
dent led to put greater attention on aeroelastic phenomena when designing long-span
bridges, in particular on flutter, which can produce the collapse of a bridge when the
wind velocity surpass a threshold (see for instance Xiang and Ge [461] and Matsumoto
et al [268]). Thus, the aeroelastic performance of every long-span bridge design has to
be studied meticulously.

On the other hand, there is a mathematically founded engineering discipline related
with the design of efficient and reliable structures, which is the numerical optimization
(Vanderplaats [422], Belegundu and Chandrupatla [28] and Arora [15]). This method-
ology allows to optimize a given objective function, which is commonly the cost or the
weight of the structure, subject to some design criteria or constraints. Its application
is widespread in some engineering fields like aerospace engineering (see, for instance,
Kuya et al [224], Robinson et al [338] and Doyle et al [108]), where reductions in weight
produce notable economic savings during the aircraft life period. In civil engineering,
particularly in bridge engineering, this technique has been applied in research since
the 1990’s, for instance, in the works conducted by Simões and Negrão [298, 378, 380],
where optimization algorithms were used to obtain the most efficient location and size
of cables. Later, in the work of Nieto et al [301], an optimization of the Messina Bridge
project was carried out using the thicknesses of the deck plates as design variables, and
considering kinematic and aeroelastic constraints. This work in the only application
of optimization to the design of long-span bridges considering aeroelastic constraints,
along with the latter works by Kusano et al [222, 223], where the effects of uncertainty
were included in the optimization process.

However, the shape of the deck was kept constant in the aforementioned investiga-
tions, reducing the possible improvements that could be achieved in the bridge design.
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This thesis seeks to be the first application of simultaneous structural and aeroelastic
optimization of long-span bridges considering shape and size changes in the deck cross-
section along with size variations in the cable supporting system, including kinematic,
stress and flutter constraints. Consequently, the main motivation of this thesis is to
develop and apply a general methodology for optimizing these structures considering
variations in their size and shape, including simultaneously structural and aeroelastic
constraints. In this manner, the methodology developed will allow to design more eco-
nomic and safer bridges, and will permit designers to explore new shapes and concepts
in bridge design. The successful development of the methodology proposed herein will
represent an interesting scientific step forward and an advance for wind and bridge
engineering communities.

1.2 Objectives and contributions

This research aims to develop a numerical methodology for conducting the design
optimization of long-span bridges, considering simultaneously aeroelastic and struc-
tural constraints, including deck shape design variables, as well as size design variables
of structural elements, such as the deck plates thickness or the cables’ cross-section
area. In order to achieve this goal, the following intermediate objectives have to be
accomplished:

• Aerodynamic characterization of bridge decks considering variations on its geom-
etry. Hence, the aerodynamic force coefficients and their slopes for the defined
range of shape design variables that determine the deck cross-section geometry
have to be evaluated by means of Computational Fluid Dynamics (CFD) analyses
on a set of representative designs.

• Definition of a function that provides the force coefficients and their slopes for
every design included in the design domain. The aerodynamic responses obtained
in the previous point can be used to identify a response surface defined by using
surrogate models. Furthermore, the feasibility of the resulting surface must be
validated by wind tunnel experimental data.

• Development of a fully numerical approach for assessing the flutter velocity of
any bridge within the design domain. This consists of posing an approach that,
using the surrogate model defined in the previous point and the multi-mode
flutter formulation, allows to calculate the flutter velocity of a bridge by means
of numerical methods.

• Formulation of a numerical approach to obtain optimum designs considering
structural and aeroelastic constraints. This process must be implemented to
conduct all required structural analyses and to assess the flutter velocity for
each candidate design, obtained by allowing the introduction of variations in the
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shape and size design variables, particularly those related with the deck shape
definition. Furthermore, it must be formulated in a manner such that parallel
computation can be applied, in order to obtain optimum designs with acceptable
computing times.

• Application of the numerical approach described in the previous points to a real-
istic long-span bridge application cases with the purpose of extracting conclusions
about the optimum designs obtained.

Within this framework, the most relevant contributions of this piece of research can
be summarized in the following points:

• Development of a fully numerical methodology for determining the critical flutter
velocity response surface of a bridge considering deck shape modifications.

• Analysis of the dependence of the flutter velocity response surfaces in terms of a
set of structural and aerodynamic properties of the bridge.

• Formulation of a methodology for conducting the numerical optimization of long-
span bridges considering simultaneously aeroelastic and structural constraints,
and including deck shape design variables.

• Application of the proposed approach to a long-span cable-stayed bridge, which
has allowed to identify the optimum bridge design for the set of included con-
straints.

• Some new insights about bridge engineering design can be extracted analyzing the
results obtained from the optimizations conducted. In particular, the relationship
of the width of the deck with the critical flutter velocity for the application case
used in this research.

• The methodology is formulated aiming to parallelize most of the analyses re-
quired in the optimization process, which allows to obtain optimum designs in
computational times of a couple of hours when a High Performance Computing
(HPC) cluster is used.

1.3 Organization of the Thesis

The contents of this thesis are organized in the following chapters:

• Chapter 2 reviews the state-of-art of the current design techniques in bridge
engineering, putting the focus on long-span bridges. First, a historical overview
is drawn to understand the evolution of the design of long span bridges until



1.3 Organization of the thesis 5

present days. The most relevant long-span suspension and cable-stayed bridges
built in the world are listed and described. Furthermore, some of the most
remarkable projects of future long-span bridges are mentioned. Afterwards, the
current state-of-the-art of the design and analysis techniques of long-span bridges,
putting the focus on the aeroelastic behavior, are outlined. They can be classified
into experimental and numerical techniques, and two sections are dedicated to
describe these approaches for studying the wind-induced loads. Finally, the
design approach proposed in this thesis is presented based on the capabilities
and drawbacks of the methodologies previously discussed.

• Chapter 3 summarizes the techniques that are being used nowadays in wind
engineering for assessing the flutter velocity of a bridge. First, the most relevant
definitions about force coefficients, aeroelastic forces and quasi-steady formu-
lation are reported. Then, the experimental methodologies required to obtain
wind tunnel data are described. In the frame of this investigation, they will be
used for validation of CFD-based results. Finally, the formulation of the main
CFD concepts required to obtain the force coefficients are discussed, focusing on
several turbulence models available in the literature.

• Chapter 4 describes the fundamental approaches and strategies in numerical op-
timization that will be used during the research reported in this thesis. First, the
formulation of the optimization process is presented. Second, the most relevant
optimization algorithms are described. Third, the surrogate model techniques
are described in order to understand the surrogate-based optimization approach
described in the following section. Finally, the concept of multidisciplinary opti-
mization is introduced.

• Chapter 5 develops the proposed approach for conducting the combined aeroe-
lastic and structural optimization of long-span bridges considering deck shape
design variables. In the first section, the methodology for obtaining the flut-
ter velocity response surface of a long-span bridge when shape modifications are
introduced to its deck cross-section is outlined. Later, a fully numerical method-
ology able to carry out bridge optimization is studied and its formulation is also
presented and described in this chapter.

• Chapter 6 contains the first application case in which the developed method-
ology was tested. It consists of a cable-stayed bridge with a deck cross-section
with circular segment shape whose corner angle is adopted as the only shape
design variable. In this application case relevant efforts were done in the aerody-
namic characterization of the section, since circular segments are very challeng-
ing geometries from the aerodynamic point of view, and its accurate numerical
modelization required extensive analyses considering different turbulence mod-
els. From the optimization perspective, this application case allowed the trial of
the proposed approach in a relatively simplified application case.
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• Chapter 7 reports the results obtained for the second application case, which
consists of a super-long cable-stayed bridge with a streamlined box deck cross-
section. The methodology showed a very good performance and the results
provided very interesting insights about the design of long-span bridges. In
addition, several parameter variation studies were conducted to facilitate the
understanding of the results obtained by means of the optimization process.

• Chapter 8 summarizes the main conclusions of this work, provides a list of
the publications that this work gave place to and presents some future lines of
research that arise from the studies described in this thesis.



Chapter 2

Aeroelastic design of long-span
bridges: Historical evolution and
state-of-the-art

2.1 Introduction

The design approach used commonly in bridge engineering from the dawn of history to
the present days has been basically the same: the trial-error procedure. This approach
consists of proposing designs, analyzing them, and based on the results of the analysis
the design is accepted or modified. Hence, along the design process of a structure, it
is required to analyze the effect caused by all the loads that are expected to act on
the bridge. This includes, of course, the wind-induced loads. Therefore it is of utmost
importance to understand the behavior of the bridge under wind flow to properly
model their effects and achieve an accurate estimation of the loads that the structure
must support during its service life.

The history of suspension bridges started at the 19th century. Thanks to the skills of
several gifted structural engineers such as Finley, Telford, Chaley, Ellet and Roebling,
the number and span length of these bridges grew progressively. On that time, the
understanding of the aeroelastic phenomena was inexistent and consequently the esti-
mation of the wind-induced loads was frequently erroneous. This fact lead in several
occasions to the collapse or partial destruction of some bridges, such as the Brighton
Chair Pier, the Menai Bridge, the Wheeling Bridge, and later in the 20th century, the
most well-known case, the Tacoma Narrows Bridge. Furthermore, service problems
due to wind-induced effects were also a common issue on other bridges along the 19th
and 20th centuries.

Particularly, after the mentioned collapse of the Tacoma Narrows Bridge, a lot of effort
was devoted to the accurate modeling of wind-induced loads acting on bridges. This
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was tackled initially by using experimental tests, adapting techniques previously used
in the aeronautical industry and they allowed that the design of long-span bridges
evolved positively, resulting in larger and more efficient structures. From the analysis
point of view, the capabilities of the finite element method implemented in codes
processed in digital computers have provided a huge capacity of analysis to engineers.

Conversely, despite the advancement in analysis techniques, no equivalent efforts have
been made to improve the design techniques of bridges. In fact, the long-span bridges
that are built nowadays have been designed by trial-error procedures, following the
same approach used for the design of bridges in the pre-digital era. This contrasts
with the improvement in the design techniques being applied in other engineering
disciplines, such as aerospace and automotive, where the heuristic approaches used in
the design of structures have being progressively substituted by the use of optimization
algorithms. The application of these techniques in the civil engineering field is scarce,
and only some applications at research level can be found, and they consider only
structural constraints.

It is time to introduce the use of optimization techniques in the bridge engineering field
to improve the efficiency of bridge designs. However, in order to automate the design
of long span bridges, the required behavior constraints must be evaluated numerically.
The present work pretends to be the first application of structural optimization of
long-span bridges considering shape and size changes in the deck cross-section and
size changes in the cable supporting system, including structural and aeroelastic con-
straints.

This chapter intends to introduce to the current state-of-the-art of the long-span
bridges engineering field, particularly in the discipline related to model the effects of
the wind-induced loads. First, a historical overview aiming to understand the evolution
of the analysis techniques is presented in Section 2.2. Then, the current state-of-the-
art of bridge design is outlined in Section 2.3, focusing on the wind-induced loads.
The two main approaches for studying these loads are the experimental and numer-
ical techniques, and their respective state-of-the-art is presented in Section 2.4 and
Section 2.5, respectively. Finally, the approach presented in this thesis is outlined in
Section 2.6, and it will be further developed in the following chapters of this thesis.

2.2 Historical overview

2.2.1 The first cable supported bridges: the nineteenth century

The presence of suspension bridges dates back to the ancient civilizations of Asia,
Africa and America, since this was the traditional way to span obstacles in those days.
These bridges were made of ropes in the Inca empire, and steel chains were used in
China. However, the bridge that is considered the first modern suspension bridge
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was built in Pennsylvania, USA, in 1801. It is known as the Jacob’s Creek bridge,
it was designed by James Finley and spanned 21 m. The suspension system of the
bridge consists of two chains made of iron bars, 2.54 cm thick, anchored to the ground
at each end of the bridge. A patent was registered for the design of this bridge in
1808, being the first patent of a bridge design, and in 1810 Finley published the first
paper describing a bridge model in Finley [119]. The layout of the bridge is shown in
Figure 2.1.

Figure 2.1: Drawing of the layout of the Jacob’s Creek Bridge. Taken from Wiki-
media Commons [443].

Two decades later, in 1826, a chain bridge was built spanning the Menai Strait, UK.
This bridge was built to carry road traffic between the Isle of Anglesey and mainland
Wales. It was designed by Thomas Telford, and the span length was 177 m, one order
of magnitude larger than the Jacob’s Creek bridge, as shown in Figure 2.2. In the
following decades some other bridges were built, continuously increasing the length of
the main span. A good example is the Grand Pont Suspendu, over the Sarine valley, in
Fribourg, Switzerland. This suspension bridge, designed by Joseph Chaley and built
in 1834, had a world record-breaking span of 273 m. It was in service for almost a
century until 1923, when it was demolished.

Figure 2.2: Picture of the Menai Suspension Brigde. Taken from Wikipedia [445].
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2.2.2 Collapses in the nineteenth century: learning lessons

However, the trend in the 1830s of designing bridges with spans of increasing length
was affected by the collapse of the Brighton Chain Pier. The Royal Suspension Chain
Pier was built in 1823 and had four spans of 79.25 m. It was damaged by storms in
1824 and 1833, but a storm in 1836 caused its collapse. The phenomenon that caused
the bridge collapse was not understood in those years. Figure 2.3 shows sketches of the
collapse of the Brighton Chair Pier on November 29, 1836. They were made by L. C.
W. Reed. and describe the deformation of the bridge before collapsing in Figure 2.3(a),
and after the collapse in Figure 2.3(b).

(a) "Sketch showing the manner in which the 3rd span of the Chain Pier at Brighton undulated just
before it gave way in a storm on the 20th of November 1836".

(b) "Sketch showing the appearance of the 3rd span after it gave way".

Figure 2.3: Sketches of the collaps of the Brighton Chair Pier by L. C. W. Reed.
Taken from Russell [345].

Nevertheless, this was not an isolated case. One decade later, the Wheeling Bridge
was built in West Virginia, USA, in 1849. It was designed by Charles Ellet and had a
main span of 331 m. The bridge was destroyed in 1854, five years after its completion
due to a violent gale (Brown [44]).

At the same time, the German engineer John A. Roebling, who became famous for
taking bridge design to the limit, was responsible for building the Niagara River Rail-
way suspension bridge. When the bridge was near to completion, he knew about the
collapse of the Wheeling Bridge. He dramatized the fact in consternation saying that
"a number of such fair creations are still hovering abut the country, only waiting for
a rough blow to be demolished " (Billington [32]). This fact caused Robling concern
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about increasing the safety of his bridge design, and decided to reinforce the cable sus-
pension system of the Niagara Bridge. On May 20, 1854, he wrote his chief engineer
asking for more material for the bridge. "I shall want for this bridge at least another
coil of rope... as soon as you possibly can do it, send it by Rail Road... I am anxious
however to secure the new floor well by stays " (Billington [32]).

The final layout of the Niagara Bridge when it was finished in 1855, as it can be seen in
Figure 2.4, shows that Roebling was concerned about the safety considering wind loads
and the resulting design shows the good empirical design criterion of Roebling, without
any kind of rigorous approach to analyze the wind-induced loads at that time. It can be
appreciated some particularities related to the reinforcements included in the design,
such as the presence of stays under the deck and the combination of conventional
suspension system with stays, which will be typical in Roebling’s designs. Although
this bridge only spans 250 m, it carried both a railroad and a roadway, which was a
noticeable achievement in the 1850s.

Figure 2.4: Drawing of the layout of the Niagara Rail Road Suspension Bridge.
Taken from Wikipedia [446].

The case of the Niagara Bridge made clear the fact that engineers at that time had
no formal knowledge about wind-resistant design, but they knew its effects and conse-
quently the design of bridges was adapted based on intuitive or empirical conceptions
on the phenomenon.

Another example of the lack of knowledge in this field was the collapse of the Tay
Bridge. This bridge was part of the Edinburgh to Aberdeen Rail Line in Scotland, and
was designed by Sir Thomas Bouch. Although this bridge was not a cable supported
bridge, it is interesting to mention the causes of its collapse. This truss beam bridge
collapsed during a storm on December 28, 1879, when a train crossed the bridge from
Wormit to Dundee. This is an interesting case because until that date the designers
didn’t consider the simultaneous effect of traffic and wind loads. In fact, the wind
loads considered for the design of bridges at that time were only static wind loads, and
its value was even underestimated. In the case of the Tay Bridge, the static wind load
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considered was only 10lb/ft2 (48.75Kg/m2) (Koerte [217]). Modern codes of practice
would stipulate a wind load of about 58lb/ft2 (282.75Kg/m2).

However, the designs conducted by Roebling always were carried out keeping in mind
the wind-induced loads. One example is the Cincinnati-Covington Bridge across the
Ohio River completed in 1866 and with a record-braking length span of 322 m. This
bridge is a suspension bridge with two planes of stays to reinforce the cable suspension
system. In addition, the deck was reinforced by a stiffener truss. All the advanced
design concepts used in the Cincinnati-Covington Bridge were used to built the greatest
of Roebling’s achievements: the Brooklyn Bridge. This bridge spans 486 m across the
East River between Manhattan and Long Island, it was opened in 1883 and its total
length is 1058 m. Its deck is reinforced with trusses, and the cable supporting system
is a combinations of cables and stays, as is was used for the Cincinnati-Covington
Bridge. Figure 2.5 shows the cable system in one of the towers.

(a) Picture of the joint of the cable system to the
tower.

(b) General view of the tower.

Figure 2.5: Details of the cable system used for the Brookling Bridge.

The intention of Roebling of oversizing the cable supporting system after the collapse
of the Wheeling Bridge, was reflected on his own description of the Brooklyn Bridge
design: "But my system of construction differs radically from that formerly practiced,
and I have planned the East River Bridge [the Brooklyn Bridge] with a special view
to fully meet the destructive forces of a severe gale. It is the same reason that, in my
calculation of the requisite supporting strength so large a proportion has been assigned
to the stays in place of cables. "... "... If the cables were removed, the bridge would
sink in the center but will not fall. " (Gimsing and Goergakis [141])

The structural concepts applied by Roebling were based on intuition and on the expe-
rience, and the calculations conducted for his designs were relatively simple. However,
the next generation of engineers were educated to conduct strictly mathematical mod-
els and to concentrate their efforts in calculations. A first consequence of this fact, is
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that the new designs will seek to simplify the structures in order to facilitate the cal-
culations, since a cable system as those used by Roebling in the Cincinnati-Covington
Bridge or in the Brooklyn Bridge were mathematically intractable at that time.

2.2.3 Early calculation theories and its influence on the design

The theories available in the late nineteenth century were linear theories. One example
is the Rankine linear elastic theory, from 1858, which was the first theory to consider
the interaction between the deck and cables. In 1886, this theory was improved by
Maurice Levy in his work Mémoires sur le calcul des ponts suspendus rigides.

The implementation of all these theories in the bridge practice influenced the resulting
designs. A good example is the Williamsburg Bridge, opened in 1903 and spanning
488 m over the East River in New York. The cable system of this bridge is clearly
simpler than that of the Brooklyn Bridge, aiming to define a practicable mathematical
model. Another particularity of this design was the high depth of the deck, caused by
the limitations of the linear elastic theory to properly match the behavior of the real
structure (Gimsing and Goergakis [141] and Steinman and Watson [396]).

A similar design was applied to the Manhattan Bridge, the third suspension bridge to
span the East River, designed by L. S. Moisseiff with a main span of 451 m and opened
in 1909. This bridge shows a very similar cable system arrangement. However, the
depth of the deck is this time smaller, due to the application of a brand new theory.
This is the so-called deflection theory developed by Professor Melan in Vienna in 1888.
This is a non-linear deflection theory that considers the displacement of the main cable
under traffic loads. The main consequence of this theory is that when considering the
nonlinear elastic effect of the displacement of the cable, the bending moments of the
deck are reduced, and the conception of the structural role of the deck and the cables
is completely changed. The depth of the deck can be reduced with almost no limits
while the shape of the main cable presents a funicular curve. This leads to designs
where the structural contribution of the deck to the vertical bending of the bridge is
almost null.

The new concepts introduced by the deflection theory found their maximum expression
in the design and construction of the George Washington Bridge, conducted by O. H.
Ammann and finished in 1931. This bridge almost doubles the maximum span reached
by all previous bridges, spanning 1006 m across the Hudson River and breaking the
barrier of 1 km of main span. The cable system was similar to the system used for
those bridges designed with the linear theory, but this time the deck was completely
different, showing an extremely reduced depth, as it is shown in Figure 2.6.

In 1932, L.S. Moisseiff and F. Lienhard presented a new theory for analyzing the
response of suspension bridges under lateral loads, which is known as the three-
dimensional deflection theory [286]. This theory is an extension of the deflection theory
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Figure 2.6: Picture of the original slender deck of the George Washington Bridge
built in 1931. Taken from Wikimedia Commons [441].

to the third dimension where the horizontal forces where also considered. In the same
manner as the deflection theory, it led to designs where the need of vertical stiffness
of the deck decreased as well as loads transmitted to the deck. Additionally, the more
slender the deck, the lower the load it had to support. Therefore, the need for lateral
stiffness was also reduced by the introduction of this new formulation.

At that time, two bridges were built in San Francisco. The San Francisco-Oakland Bay
Bridge, started in 1933 and terminated in 1936, and the Golden Gate Bridge, finished
in 1937. The second one spans 1280 m over the San Francisco Bay, which is 20%
longer than the George Washington Bridge and presents some remarkable reductions
in material in comparison with this last one bridge. For instance, the Golden Gate
has only two main cables with a diameter of 0.93 m, while the Washington Bridge was
designed with four main cables with a diameter of 0.91 m each, although the last one
was designed considering the later addition of a second deck. The stiffening truss of
the Golden Gate Bridge was designed to be extremely slender and the depth-to-span
ratio was 1:168. The configuration of the trusses consisted of three plane trusses, with
almost no torsional stiffness, although at that moment this fact was not considered
relevant.

After the success in the construction of the Golden Gate Bridge, two new bridges
were built in the USA. The Bronx-Whitestone Bridge, projected by O. H. Amman to
span 701 m across the East River in New York City and finished in 1939, and the
Tacoma Narrows Bridge, open in 1940 and projected by L. S. Moisseiff to span 853
m. These two bridges had in common the extreme slenderness of the deck. In the
case of the Tacoma Narrows bridge, the slender deck was the result of the application
of the three-dimensional deflection theory, developed by the designer of the bridge.
The resulting bridge girder had a depth-to-span ratio of only 1:350, and a width-to-
span ratio of 1:72, much lower than those previously applied (for instance, 1:47 for the
Golden Gate Bridge, and 1:33 for the Washington Bridge). This deck had very low
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torsional and vertical bending stiffness, although the safety margin for the action of
traffic was completely adequate.

In the first fourth months of service, the bridge presented some non-problematic vertical
oscillations, which led the bridge to be nicknamed the "Galloping Gertie". However,
on November 7th, 1940, the bridge collapse after showing twisting oscillations on the
deck, caused by a wind velocity of only 18 m/s, which was much lower than the wind
speed considered in the design to calculate the static wind loads.

2.2.4 The Tacoma effect

Until that time, the aeroelastic effects were unknown in the bridge engineering field.
However, in the aeronautical engineering field the study of air flow induced effects
was already conducted on that time in wind-tunnel facilities, aiming to reproduce
the phenomena that happen to aircrafts during flight. Hence, these techniques were
transferred from that discipline to the bridge enineering field after the catastrophe
of the Tacoma Narrows bridge in order to study the reasons of its collapse. Prof.
Farquharson and his team carried out a series of wind tunnel tests in the University
of Washington from 1942 in order to understand the wind-induced phenomena that
caused collapse of the bridge (Farquharson et al [113]), as shown in Figure 2.7. After
this episode, experimental aerodynamic tests became an important part in the design
process of long-span bridges.

(a) Setting up of the reduced full model of the
original Tacoma Narrows Bridge.

(b) General view of the reduced full model of the
new Tacoma Narrows Bridge.

Figure 2.7: Pictures of wind tunnel tests of the original and the new Tacoma
Narrows Bridge. Taken from [418]

In those years, a large number of studies were made to review the safety of already
built bridges, particularly those with slender decks. A representative example is the
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case of the Bronx-Whitestone Bridge, whose depth-to-span ratio was 1:209, where
some vertical oscillations had been observed. In 1946 it was decided to strengthen
its deck by adding a Warren truss to double the depth of the girder, as it is shown
in Figure 2.8(a). Another example would be the Golden Gate Bridge. In 1951, a
gale provoked wind-excited vertical oscillations with an amplitude of 3.3 m. After this
warning, it was decided to reinforce the three-plane truss of the deck, by adding a
bottom plane to increase the torsional stiffness, since it was known that this fact could
avoid catastrophic torsional oscillations. The actual girder of the Golden Gate Bridge
is shown in Figure 2.8(b).

(a) Vertical Warren truss added to the deck
of the Bronx-Whitestone Bridge. Taken from
Wikipedia [444].

(b) Horizontal truss added to the bottom side of
the deck of the Golden Gate Bridge. Taken from
Max Pixel [269].

Figure 2.8: Pictures of two examples of reinforces decks after the collapse of the
Tacoma Narrows Bridge.

In the same manner, the new bridges designed and built in the following 30 years were
designed providing the decks with extremely high bending and torsional stiffness. The
best example of the wind design practice in those days is the new bridge over the
Tacoma Narrows, which is located in the same location as the original one and was
opened in 1950. The design of the deck girder is remarkably stiffer than the previous
bridge deck cross-section, as it can be seen in Figure 2.9(a).

However, the first suspension bridge with a span length similar to the Golden Gate
Bridge built after the World War II was the Mackinac Bridge, which was open to traffic
in 1957. This bridge was designed by D. B. Steinman and it spans 1158 m across the
Strait of Mackinac in Michigan, USA. The design of this bridge focused on achieving a
good aerodynamic stability by over-sizing the deck to increase the critical wind speed,
which was calculated to be 995 Km/h, one order of magnitude higher than the bridges
built before the World War II (Gimsing and Goergakis [141]). The extremely large
depth of the deck of this bridge can be seen in Figure 2.9(b).
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(a) Comparison of the deck girder of the original
Tacoma Narrows Bridge and the new over-sized
deck. Taken from Gimsing and Goergakis [141].

(b) View of the Mackinac Bridge, where the large
depth of the deck can be seen. Taken from Wnem
[457].

Figure 2.9: Examples of over-sized deck designs after the collapse of the Tacoma
Narrows Bridge.

Several bridges were designed following this pattern until 1966. One of the most
remarkable bridges of that period is the Verrazano-Narrows Bridge, which connects
Staten Island and Brooklyn in New York City, USA. This bridge became the longest
suspension bridge in the world at its completion in 1964, with a main span of 1298 m.
Other examples are the Forth Road Bridge, built in 1964 and spanning 1006 m over
the Firth of Forth, UK; and the 25 de Abril Bridge, built two years later in Lisbon,
Portugal, which spans 1014 m over the Tagus River.

In the design of these bridges no improvements in the aeroelastic design were con-
ducted. The designing criterion was to build bridges with very stiff decks in order
to avoid wind-induced vibrations, but no efforts were devoted to trying to improve
the designs aiming to reduce or avoid wind-induced phenomena. In words of Richard
Scott, "...thanks to some kind of miracle human lives weren’t lost in the collapse of
the Tacoma Narrows Bridge, ... but the worst consequence was the loss of a whole
generation of engineering practice. " (Scott [374]).

2.2.5 The streamlined box deck design

The understanding of the wind related phenomena improved in the 1960s as available
theories and methods were developed. Thus, wind design could be tackled in a more
rigorous fashion. In the 1960s, the structural engineer William C. Brown introduced
the concept of designing bridge decks emulating airfoil-shaped cross-sections, in order
to deal with the wind-induced phenomena by improving the aerodynamic response
instead of increasing the deck stiffness, which consequently increases the cost of the
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structures. Brown was one of the principal designers at the engineering consulting firm
Freeman Fox & Partners from 1965 to 1985.

In 1966, the idea of introducing bridge deck cross-sections with streamlined shapes was
applied in the Severn Bridge, a bridge of 1063 m of main span that crosses over the
Severn River, near the Bristol channel, in the UK, and was designed by Sir Gilbert
Robers, who was working in the same company as Brown. The deck cross-section was
a slender box girder, as shown in Figure 2.10, with a depth of only 3 m, which leads to
a depth-to-span ratio of 1:324, similar to the original Tacoma Narrows Bridge (1:350).
However, this section has a streamlined geometry, obtained after to numerous wind
tunnel tests, and being a box section the torsional stiffness is much higher than the
almost null torsional stiffness of the original Tacoma girder. Furthermore, this section
generated noticeable economical savings due to fabrication techniques that were more
efficient than those used for truss girders.

Figure 2.10: View of the Severn Bridge during its construction, where the shape
of the deck cross-section is shown. Taken from Flickr [123].

In the 1970s, Freeman, Fox & Partners applied the same concept for the design of the
deck for the Humber Bridge, which connects the East Riding of Yorkshire and North
Lincolnshire, in the UK. When it was open in 1981, the bridge had a main span of 1410
m, becoming the longest suspension bridge in the world, until the construction of the
Akashi Bidge in Japan, opened in 1998. Later, Freeman Fox & Partners designed again
two new bridges using streamlined box decks: the First and Second Bosphorus Bridges,
both spanning the Bosphorus Strait that separates Europe from Asia in Istanbul,
Turkey. The first one spans 1074 m and was built in 1973, while the second one, also
known as the Fatih Sultan Mehmet Bridge, was built in 1988 spanning 1090 m.
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2.2.6 The formulation of aeroelastic forces

The use of streamlined deck cross-section in the design of bridges was reinforced be-
cause of two main scientific contributions that set the basis for the assessment of the
aeroelastic analysis of bridges.

On the one hand, Robert H. Scanlan developed a formulation to obtain the aeroelastic
forces acting on a bridge based on a set of functions known as flutter derivatives.
These functions are characteristic of the shape of the deck and must be obtained
experimentally by means of sectional model tests in wind tunnels. Figure 2.11 shows
some of the flutter derivatives provided in the seminal work by Scanlan and Tomko
[365]. This work allowed to obtain the critical flutter velocity of bridges avoiding tests
of full bridge models in wind tunnel.

Figure 2.11: Flutter derivatives provided by Scanlan for an airfoil and some com-
monly used truss deck sections in his cornerstone work [365].

On the other hand, the research works lead by Alan G. Davenport allowed the definition
and modeling of the buffeting phenomenon [87], as well as a deep understanding of the
effects of turbulence on structures. Furthermore, he designed the first boundary layer
wind tunnel to study the effects of wind on reduced-scale full bridge models considering
the influence of the surrounding terrain and modeling the turbulence.

Both contributions in the late sixties and early seventies of the 20th century started
the rigorous analysis of the aeroelastic response of long-span bridges under wind loads
(Scanlan [361], Miyata [282]), and contributed to face more challenging projects.
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2.2.7 The last decades

The end of the 20th century and the beginning of 21st is characterized by the increase
in the number of projects of super-long-span bridges, taking advantage of the available
improvements in the analysis capabilities for these large structures. In the last two
decades, several bridges with a main span about 1.5 km have been built, most of
them in China. Table 2.1 shows the list of the fifteen bridges with the largest main
span length, built in the world until 2017, and Figure 2.12 shows two of the most
representative among them.

Table 2.1: Fifteen longest-span suspension bridges built in the world. Data taken
from Ge [136] and updated.

Span order Bridge name Main span [m] Deck type Country Year finished

1 Akashi 1991 Truss Japan 1998
2 Xihoumen 1650 Twin-box China 2009
3 Great Belt 1624 Box Denmark 1998
4 Osman Gazi 1550 Box Turkey 2016
5 Yi Sun-Sin 1545 Twin-box South Korea 2012
6 Runyang 1490 Box China 2005
7 4th Nanjing 1418 Box China 2012
8 Humber 1410 Box UK 1981
9 Yavuz Sultan Selim 1408 Box Turkey 2016
10 Jiangyin 1385 Box China 1999
11 Tsing Ma 1377 Box China 1997
12 Hardanger 1310 Box Norway 2013
13 Verrazano 1298 Truss USA 1964
14 Golden Gate 1280 Truss USA 1937
15 Yangluo 1280 Box China 2003

It can be seen in Table 2.1 that most of the long-span bridges recently built were
designed with streamlined box-type decks, given the good aerodynamic response and
economical efficiency of this section in comparison with other types.

Furthermore, it can be seen that the Xihoumen Bridge and the Yi Sun-Sin Bridge
decks are twin-box type sections. One of the most relevant contribution in the recent
years in bridge engineering was the introduction of multi-box decks, as this configu-
ration provides a clear improvement in the flutter response of the section. In fact, a
relevant parameter that controls the aerodynamic response of twin-box sections is the
separation distance between the boxes, as analyzed by Febo and D’Asdia [115] and
Ge [136]. Two examples of the successful application of this type of cross-section are
shown in Figure 2.13.
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(a) View of the Akashi Bridge. (b) View of the Great Belt East Bridge. Taken
from Wikimedia Commons [442].

Figure 2.12: General view of the Akashi and Great Belt Bridges.

(a) Deck cross-section of the Xihoumen Bridge.

(b) Deck cross-section of the Stonecutters Bridge.

Figure 2.13: Two examples of Twin-box deck cross-sections used in long-span
bridges. Taken from Gimsing and Goergakis [141].
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Most of the bridges reported in Table 2.1 have been object of intensive aeroelastic
studies in order to ascertain their aeroelastic performance. Examples of these studies
can be found elsewhere, and some of the most relevant may be the works conducted
for the Akashi Bridge (Katsuchi et al [205] and Miyata et al [284]), the Great Belt
East Bridge (Larsen [234] and Larsen et al [239]) or the Sing Ma Bridge (Zhu et al
[471, 472]), among many others. Additionally, Ge [136] provides a list of the wind-
induced problems of some of the bridges listed in Table 2.1, where it can be seen
that apart from the Great Belt and the Fourth Nanjing Bridges, whose wind-induced
problem is related to vortex induced vibrations, the most common problem is flutter.
In fact, this is one of the most limiting aeroelastic-related design criteria, since it can
cause the collapse of the whole structure, as it happened with the Brighton Chair Pier
or the original Tacoma Narrows Bridge. This motivates the research reported in this
thesis, whose main target is to include the flutter constraint in the frame of a fully
numerical approach for optimizing long-span bridges considering variations in the deck
cross-section shape, as it will be described in Section 2.6.

2.2.8 A promising future

The evolution of long-span bridges is in continuous development and it seems that this
trend is far from an end. In fact, there are several projects to built super long-span
bridges, some of them have already covered a long way in the journey from conception
to construction.

Maybe, one of the most remarkable projects is the Messina Strait Bridge project, which
seeks to link the Isle of Sicilia with the Italian peninsula. The first design of this bridge
was made by D. B. Steinman in 1950 (see Steinman [395]). Steinman’s design had a
stiffened truss deck with a depth of 38 m to span the 1524 m considered on that design,
with a depth-to-span ratio of 1/40. This design never was considered for construction,
but the idea of building a bridge on that location lead to multiple design alternatives
in the 1980s and 1990s, as reported by Brancaleoni et al [41]. Its final design, reported
in Diana [98], Brancaleoni and Diana [42] and Miyata et al [285], is a cable suspended
bridge with a main span of 3300 which would almost double the current largest span
in the world. A large number of aeroelastic and aerodynamic studies were conducted
for the design proposed for this bridge in the 1990s. In Figure 2.14 some of the models
used in the tests conducted at the Politecnico di Milano wind tunnel are shown.

Another interesting project is the link between Spain and Morocco by a long span
bridge, known as the Gibraltar Bridge. The studies for designing this bridge started
in 1984 and three were the companies involved in the preliminary studies: Carlos
Fernández Casado S.L. from Spain, COWI from Denmark and CID from Morocco.
The project is a multi-span bridge with spans ranging from 2000 to 5000 m and stiff
A-shaped pylons. Details about this project can be found in Manterola et al [258],
Astiz and Andersen [19] and Ostenfeld et al [317], among others.



2.2 Historical overview 23

(a) Full bridge reduced model test. (b) Sectional model test.

Figure 2.14: Wind tunnel tests of the Messina Bridge project. Figures taken from
Diana et al [103, 104].

Following the success of the Akashi Bridge, the Japanese government planned to build
a number of connecting routes across its main islands, giving place to a set of projects
involving long-span bridges, as described in Ito [186]. The main bridges considered in
this last reference are:

• The Tokyo Bay entrance crossing, which would consist of a three-span suspension
bridge with a 2250 m center span over the 1750 m wide international navigation
channel.

• The Ise Bay entrance crossing is a project to join the Toba City with the Irako
Cape. The distance between these two locations is approximately 20 km, but
the Kami Island is located in the middle and allows to divide the link into two
bridges. The first one would consist of a three-span suspension bridge with a
center span of 2100 m, while the other bridge would be a four-span suspension
bridge with two main spans of 1400 m. Complementary routes are projected
including cable-stayed bridges with main spans between 1000 and 850 m.

• The Kitan Straits crossing route would require a three-span suspension bridge
with a main span of 2100 m, and two additional bridges with span lengths of 450
m and 750 m.

• The Ho-yo Straits crossing would consist of a series of bridges across a distance
of 15 km. Two alternative plans have been considered, which are shown in
Figure 2.15.

• The Tsugaru Strait crossing. To cross the 19 km of this strait, a four-span
suspension bridge with two main spans of 3000 m and 4000 m is considered.

Further projects can be found elsewhere, for instance, the Fehmarn Strait link project
to connect the Lolland Island in Denmark with Fehmarn Island in Germany; the Bridge
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Figure 2.15: Two alternative projects for the Ho-yo crossing. Taken from Ito [186].

project over the Chacao Channel (Forsberg and Petersen [128]), to join Chiloé Island
to mainland Chile; or the Rías Altas Link (Hernández [154]) in Spain, to communicate
the cities of La Coruña and Ferrol.

The common factor among all these projects is the aim of surpassing barriers at the
forefront of the current design limits. All the projects mentioned above would be the
largest bridge in the world, and consequently, the most advanced design techniques
should be used in their design to improve its performance and achieve more efficient
structures. This is the main reason for the use of optimization algorithms in the
framework of long-span bridge designs, as proposed in this thesis.

2.2.9 Historical summary

The evolution of the main span length of bridges along history can be outlined with
the information of the previous sections, as shown in Figure 2.16. The most relevant
technological contributions can be identified in the time. For instance, the contribu-
tions of Roebling in the late nineteenth century, the influence of the deflection theory
in the 1920s, the stop in the evolution trend caused by the Tacoma Narrows Bridge
collapse in 1940, the advances due to the introduction of streamlined box girders in
the 1970s and the current fast development in the last two decades. Furthermore, the
Messina Bridge Project is represented in order to show the relevance of the technical
advance that would represent its construction.

2.2.10 Comments on long-span cable-stayed bridges

Up to this moment only suspension bridges have been referred because of historical
reasons. The evolution of cable-stayed bridges is more recent, and the technological
challenges that were addressed during their evolution were mainly related to structural
issues instead of to wind-induced solicitations. As shown in Figure 2.16, the main span
length of this kind of bridges has always been relatively short compared with their con-
temporaneous suspension bridges, and consequently the aeroelastic phenomena were
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Figure 2.16: Evolution of the length of the main span of "world record bridges" in
the last two centuries.

always a bigger concern in suspension bridges, which were more flexible. In fact, it can
be seen in Figure 2.16, that the main span length of the Brooklyn Bridge (about half
a km), was reached by a cable-stayed bridge at the end of the 20th century, more than
a century later. In addition, the standard range of application of this bridge typology
in the 20th century was for spans lower than 500 m.

However, this changed dramatically in the last decades. The construction of the Nor-
mandie Bridge (Virlogeux [431] and Livesey and Larose [249]) in 1995 and the Tatara
bride (Akiyama [7]) four years later, reaching span lenghts of 856 m and 890 m, respec-
tively, opened the door the consider this typology of bridges as a suitable alternative as
super long-span bridges. In fact, the construction of the Stonecutters bridge (Vejrum
et al [427] and Larsen et al [240]), the Sutong Bridge (Chen et al [61]) and the Russky
Bridge (Mellier [272]), with main span lengths longer than one km in the period 2009-
2012, shows that the use of these bridges will become a common practice in the near
future.

The flourishing use of these bridges can be appreciated in the summary provided in
Table 2.2. It can be seen that the construction of cable-stayed bridges with a main
span longer than 1000 m is very recent, and its application is expected to continue, as
it was described in Section 2.2.8 for the projects of the bridges in Japan, where some of
the proposals were cable-stayed bridges. Furthermore, some researchers are currently
studying the viability of this typology of bridges for even longer main span lengths,
such as Zhu et al [474] and Ge [136], among others.
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Table 2.2: Ten longest-span cable-stayed bridges built in the world. Data taken
from Ge [136] and updated.

Span order Bridge name Main span [m] Deck type Country Year finished

1 Russky 1104 Box Russia 2012
2 Sutong 1088 Box China 2008
3 Stonecutters 1018 Twin-box China 2009
4 Edong 926 P. K. Box China 2010
5 Tatara 890 Box Japan 1999
6 Normandy 856 Box France 1995
7 Second Jiujiang 818 Twin-box China 2013
8 Jingyue 816 P. K. Box China 2010
9 Inchoen 800 Box South Korea 2009
10 Yachi River 800 Truss China 2016

The response of these bridges under the action of wind-induced loads is to some extend
different from that of suspension bridges, since cable-stayed bridges are relatively stiffer
than suspension bridges, which benefits their aerodynamic stability (Gimsing and Go-
ergakis [141]). In fact, the most common wind-induced problem of these bridges is
the rain-wind induced vibration of the stays (Ge [136]). This phenomenon consist of
the vibration of stays due to the combinations of rain and wind actions, since rivulets
of rainwater going down inclined stays, combined with the action of wind, can cause
severe and frequent oscillations in stays in a wind velocity range of 7-15 m/s (Irwin
[180]). This phenomenon has been studied by several researches in the last two decades,
for instance, by Hikami and Shiraishi [168], Flamand [121], Matsumoto et al [265] and
Irwin [178], among others. However, as the main spans of cable-stayed bridges are
expected to keep growing, other wind-induced phenomena such as flutter will became
more relevant and its consideration in the design is compulsory for assessing the bridge
safety.

2.3 Current state-of-the-art in the design of long-
span bridges

In the previous section it was briefly outlined the evolution in the design techniques
along the last two centuries and how they have had an influence in the design of
long-span bridges. It is clear that the quality of the designs was improved along
history accordingly with the advances in the analysis techniques, as it was remarked
in Section 2.2.9.

Currently, the structural analysis of bridges is not the main challenge in bridge design,
since the use of Finite Element Method (FEM) in the industry is widespread and
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this formulation can be considered well developed nowadays. The structural effects
are assessed computationally and they are considered in the design by means of limit
states. In the case of the wind-induced loads, two main approaches are available to
evaluate the effects on the structure of the aeroelastic phenomena:

1. Wind tunnel testing: This approach is the standard way currently used for con-
ducting aeroelastic studies. This technology was taken from the aeronautical
engineering field, and it was firstly applied to bridge engineering applications
in the 1940s after the Tacoma Narrows Bridge collapse by Farquharson et al
[113]. There are a large number of wind tunnel types and tests, depending on
the phenomenon to be studied. Further information about this technique will be
provided in Section 2.4.

2. Computational Fluid Dynamic (CFD) simulations: Although its application in
the bridge engineering field is still very scarce, this discipline has rapidly evolved
in the last two decades and it is expected to be an alternative to substitute, to
some extent, some wind tunnel tests in the future. A description of the capa-
bilities developed at research level that can be transfered to bridge engineering
design and some practical applications in real bridge projects are reported in
Section 2.5.

The results obtained from the analyses conducted using these techniques are applied
to check the satisfaction of different design limitations (for instance, critical flutter
velocity or amplitude of vortex induced vibrations, among other). The stipulations to
fulfill can be given by general design codes, project-specific design requirements (for
instance, in the case of the Messina Bridge project) or established by the designer to
guarantee the safety and reliability of the structure.

The advances in the analysis techniques developed along history which were described
in the previous sections contrast with the null advances achieved on the design approach
used in real projects, which is basically a trial-error iterative process based on the
previous experience of the designers, which is commonly known as heuristic-based
design. It essentially depends on experience-based criteria to modify the design based
on the results obtained in the analyses carried out. More insights about this approach
will be provided in Chapter 4.

An alternative approach to the heuristic-based design is the use of optimization al-
gorithms to improve (optimize) the designs. This approach is widely used in other
engineering fields like aeronautical or automotive industries, and provides the designer
with a valuable tool to achieve efficient and economical designs.

However, despite of the wide use of optimization techniques in other fields, its ap-
plication in civil engineering is scarce. In the research field, some applications were
conducted in the 1990s by Simões and Negrão [298, 378, 380], and more recently by
Baldomir et al [23], Hassan et al [151] and Martins et al [261, 262], where the design
of cable-stayed bridges were optimized considering only structural constraints.
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The application of optimization techniques in the design of bridges are usually con-
strained to the academic field, and it is difficult to find built civil structures whose
design was conducted using optimization algorithms. One example is the application
of structural optimization techniques in a 300 m footbridge built in the campus of
the University of Aveiro, Portugal. It consist of a truss beam where the location of
the nodes were defined by an optimization algorithm, giving place to a more efficient
design, as is can be seen in Figure 2.17. Further details of this work can be found in
Azevedo et al [20].

9

Figura 7. Ponte pedonal – perspectiva com a Universidade de Aveiro ao fundo.

Figure 2.17: General layout of a truss footbridge designed using optimization al-
gorithms, Aveiro, Portugal. Taken from Azevedo et al [20].

In this research, the application of optimization techniques to the design of cable-
stayed bridges considering the critical flutter velocity as one of the constraints is posed
and solved. The core idea is to develop an alternative approach to the classical design
process of long span bridges (see Chen and Duan [58]) aiming to achieve more efficient
designs taking into account wind-induced effects. In Section 2.6 a more comprehensive
description of the approach proposed is developed, as well as in the following chapter
of this thesis.

2.4 Experimental methodologies: Wind tunnel test-
ing

Wind tunnel testing is currently the most reliable way of studying the aeroelastic
behavior of a full bridge due to the high complexity of the problem. More details
about this specific technique can be found in publications authored by Cermak [52],
Irwin [179], King [210] and Diana et al [103, 104].

This section provides a general description of wind tunnel techniques, focusing on those
related to the bridge engineering field. First, a description of wind tunnel facilities and
a summary of the wide range of wind tunnel types are presented in Section 2.4.1. Later,
the most used models to study the prototype’s behavior by means of wind tunnel tests
are outlined in Section 2.4.2. More detailed descriptions of the tests used in this piece
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of research to validate the results obtained by means of numerical techniques will be
presented in Chapter 3.

2.4.1 Wind tunnel facilities

In this section, a general description of wind tunnels is provided. First, basic classifi-
cations are outlined in Section 2.4.1.1. Second, the pioneers wind tunnels, which were
dedicated to aeronautical engineering, are described in Section 2.4.1.2. Then, the wind
tunnels used specifically in civil engineering are introduced in Section 2.4.1.3, and fi-
nally a wide description of the wind tunnel used in this thesis to validate the numerical
data is provided in Section 2.4.1.4. Further details about wind tunnel testing can be
found in the literature, for instance, in the book by Barlow et al [24].

2.4.1.1 Types of wind tunnel facilities

There are several alternatives to classify wind tunnels. However, two main groups can
be established. The first one divides the wind tunnels into two main groups depending
on the air flow: open circuit and closed circuit tunnels. In the first case, the air flows
along it, being suctioned by the entrance of the tunnel and later being blown out.
Examples of this kind of tunnels can be found in the BLWT1 of the Boundary Layer
Wind Tunnel Laboratory (BLWTL), University of Western Ontario (UWO), Canada,
the wind tunnel of Diamler-Benz Aeroespace Airbus, Germany, or the aerodynamic
wind tunnel in the Instituto Superior Técnico, Lisbon, Portugal. The main advantage
of open circuit wind tunnels is its lower economical cost, which justifies its wide use. In
the second case, the air flow moves around a closed circuit, so the same volume of air is
flowing inside the tunnel. If the circuit with a controlled flow is large enough, several
test chambers can be set along the tunnel circuit, as it is the case of the BLWT2 in the
BLWTL of the UWO (Davenport and Isyumov [89]), which is shown in Figure 2.18.
Other examples are the boundary layer wind tunnels of the Politecnico de Milano
(Diana et al [100]), where the circuit layout was designed in a vertical arrangement,
or the Defense Establishment Research Agency (DERA), in Great Britain.

On the other hand, wind tunnels can be classified depending on the test-section con-
figuration, which can be considered as open test sections and closed test sections.
However, these two definitions are the two ends of an spectrum, given that interme-
diate configurations can be found since test sections with slotted walls are also in
use.

2.4.1.2 Wind tunnels in aeronautical engineering

The first wind tunnels date back at the end of 19th century, with the dawn of aero-
nautical research. After the Wright Brothers first flight in 1903, it grew the interest
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Figure 2.18: BLWT2 of the Boundary Layer Wind Tunnel Laboratory (BLWTL) of
the University of Western Ontario (UWO), in Canada. Picture taken from BLWTL

[36].

on this facilities seeking for improvements in the design of aircrafts. In this field, trial-
error approaches require to conduct an unfordable number of flights which potentially
can risk the life of the pilot, hence alternative approaches are required. The only
way to study the aerodynamic behavior of aeronautical elements without flying, is to
reproduce the flight in a facility on the ground. This lead to the design of the first
wind tunnels. As the variety of situations to study is large, a number of different wind
tunnel types appeared as the research in the field developed. In the following para-
graphs a summary of the main types of wind tunnels applied to aeronautical research
is presented.

High-Reynolds-Number wind tunnels

A common problem in wind tunnel testing is that reproducing the Reynolds number
is not always practicable, given that the full-scale Reynolds number is usually higher
that the Reynolds number that can be achieved in an experimental facility. There
are three methods to overcome this difficulty, which are based on modifying the term
related to the flow (the flow viscosity ν) in the expression of the Reynolds number,
which is given by

Re =
UB

ν
, (2.1)

where U is the flow velocity, B is a representative dimension of the model to test and
ν is the flow viscosity. This is because the terms B and U are conditioned by the wind
tunnel dimensions and capabilities, and the only remaining free term is ν. The most
common methods are:

1. Pressurized wind tunnels: they are based on the idea of increasing the pressure
of the air flow, which modifies the viscosity of the fluid ν and consequently the
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Reynolds number, in the same proportion as the pressure. The first applica-
tions were the NACA variable density tunnel in 1929 (Jacobs [187]) and the
compressed-air tunnel at NPL in Great Britain. The first one can be seen in
Figure 2.19.

Figure 2.19: NACA variable density tunnel. Picture taken from NASA [295].

2. Other-than-air tunnels: Changing the moving fluid is another way to modify
the term ν in Equation (2.1), as discussed for instance in Chapman [54]. The
Transonic Dynamics Tunnel at NASA Langley used Freon 12 as working fluid
instead of air in the 1960s.

3. Cryogenic tunnels: The idea is to modify both pressure and temperature by using
nitrogen as working fluid. An example of this kind of approach is the wind tunnel
built in the National Transonic Facility (NTF) at the NASA Langley Research
Center (Nicks and McKinney [300]).

These are also used in civil engineering applications were Reynolds-number effects are
becoming increasingly relevant, for instance, in the work by Schewe and Larsen [369].

Other types of wind tunnels

There are as many wind tunnel types as phenomena required to be studied. Some of the
most relevant, apart from those described above, are the V/STOL wind tunnels, the
free-flight wind tunnels, the spin or vertical wind tunnels, the stability wind tunnels,
the propeller wind tunnels, the propulsion wind tunnels, the icing wind tunnels and
the low-turbulence wind tunnels, among others. Further details about these facilities
can be found in Barlow et al [24].

2.4.1.3 Wind tunnels for civil engineering tests

The wind tunnels used in civil engineering can be classified into two main groups,
depending of their application. The aerodynamic wind tunnels aim to generate a
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uniform flow in the test chamber to conduct a wide range of two-dimensional test
that will be described in Section 3.3.2 and in Section 3.3.3. The boundary layer wind
tunnels seek to reproduce the atmospheric boundary layer generated by the roughness
of the terrain in order to conduct three-dimensional studies of full models in reduced
scale size. Further comments regarding these two types of wind tunnels are provided
in the following paragraphs.

Aerodynamic wind tunnels

These wind tunnels try to generate a uniform flow to conduct a wide variety of tests.
The main application of these tunnels is to conduct sectional model tests, aiming to
reproduce two-dimensional phenomena. The most relevant kinds of tests that can be
conducted in these tunnels are:

1. Aerodynamic tests: these tests are conducted to obtain the aerodynamic forces
on a fixed sectional model. The responses measured in this test are usually the
aerodynamic force coefficients and the Strouhal number.

2. Aeroelastic tests: these tests pursue to study the fluid-structure interaction be-
tween air flow and the cross-section. One example is the aeroelastic tests con-
ducted with the purpose of obtaining the flutter derivatives of a bridge deck.

Depending on the relative location of the fan with respect to the test chamber, they
can be classified as blow-down wind tunnels, when the flow pass through the fan or
centrifugal blower before the test chamber, and suction wind tunnels, when the fan
system is located downstream of the test chamber and flow is drawn through the wind
tunnel.

One example of the first type is the aerodynamic wind tunnel of the School of Civil
Engineering of the Universidade da Coruña, while an example of the second type can
be found in the aerodynamic wind tunnel of the Instituto Superior Técnico, Lisbon,
Portugal.

Boundary layer wind tunnels

This kind of wind tunnel was developed by Davenport [89] and co-workers in the
1960s aiming to reproduce the atmospheric boundary layer characteristics, since this
phenomenon has to be considered when studying civil engineering structures, such
as bridges or tall buildings. The tests conducted in this type of wind tunnel require
full reduced-scale models, and further details on this technique will be provided in
Section 2.4.2.3.

Some of the most relevant boundary layer wind tunnels in the world are the wind tunnel
of the Politecnico di Milano (Diana et al [100]), Italy, the BLWT2, in the Boundary
Layer Wind Tunnel Laboratory, UWO (Davenport and Isyumov [89]), Canada, the set
of wind tunnels at the Force Technology in Denmark (formerly the Danish Maritime
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Institute (Hansen and Sørensen [147] and Smitt and Brinch [387])), and the KOCED
wind tunnel at the Chonbuk National University in South Korea. Another example
would be the New Boundary Layer Wind Tunnel of the Universidade da Coruña, in
Spain.

2.4.1.4 Wind tunnel laboratories of the Universidade da Coruña

Aerodynamic wind tunnel

The experimental campaigns for validating the results reported in Chapter 6 and Chap-
ter 7 were carried out in the aerodynamic wind tunnel of the Universidade da Coruña,
shown in Figure 2.20. This wind tunnel is an open circuit tunnel 9.21 meters long. It
presents a contraction ratio of 1:6 in the nozzle, after the flow conditioner, and before
the inlet of the test chamber, which is set in open configuration with a cross section
of 1x1 m2 and 2 meters long. The maximum wind speed is 30 m/s.

Figure 2.20: Picture of the aerodynamic wind tunnel of the Universidade da
Coruña.

Boundary layer wind tunnel

The new boundary layer wind tunnel of the Universidade da Coruña was build in 2016
and the research activity in the laboratory started in 2017. The layout of this wind
tunnel is shown in Figure 2.21, where it can be appreciated that, although it is an open
circuit tunnel (see Section 2.4.1.1), the laboratory was adapted including channeling
appendages for guiding the air flow, which makes the tunnel to closely work as a closed
circuit wind tunnel. This improves its efficiency in terms of flow quality and energy
consumption. The flow is propelled by a matrix of 3x3 fans, as shown in Figure 2.22,
and guided through the laboratory by four groups of turning vanes installed at the
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Figure 2.21: Layout the new boundary layer wind tunnel of the Universidade da
Coruña.

four corners of the laboratory. The contraction ratio of the nozzle is about 1:4 and
the maximum wind speed is 25 m/s. The test chamber presents a cross-section 3 m
wide and 2 m high, which allows a wide range of tests and a large number of scale
alternatives for the reduced models. The chamber is 22 m long aiming to have a good
control of the flow profile and turbulence characteristics.

Figure 2.22: Pictures of the boundary layer wind tunnel of the Universidade da
Coruña.
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2.4.2 Types of reduced models of civil engineering structures
for wind tunnel tests

2.4.2.1 Sectional models of deck bridges

Sectional models aim to reproduce two-dimensional phenomena on bridge decks in
a aerodynamic wind tunnel test. These models seek to reproduce the shape of the
element studied and no dynamic similarity is required. Therefore, the models must
be as stiff as possible and special care must be taken to reproduce every geometrical
detail.

Different tests can be conducted using sectional models, such as aerodynamic tests
to obtain the force coefficients, vortex shedding static tests to assess the Strouhal
number, aeroelastic tests to estimate the flutter derivatives of the deck and dynamic
vortex shedding tests, among many others. Further information about these models
and test techniques can be found, for instance, in Hjorth-Hansen [169] and Diana et al
[101].

Figure 2.23 shows the sectional model built to study the aerodynamic and aeroelastic
performance of the design proposed for widening the Rande Bridge, in Spain. Several
aerodynamic and aeroelastic tests were conducted in the aerodynamic wind tunnel of
the Universidade da Coruña (Jurado et al [202]).

Figure 2.23: Bottom side of the sectional model built in the Universidade da
Coruña of the proposed section for the deck widening project of the Rande Bridge,

Spain.

2.4.2.2 Taut strip models

Taut strip models consist of a sectional model of the deck intended to be studied
which keeps the mass similitude (equivalent generalized masses and inertias to the
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prototype) and is connected to a stiffening system composed by taut wires located
between anchor blocks, as described in Figure 2.24(a). This kind of model pursues to
mimic the three dimensional dynamic response of a full bridge. Although the stiffening
system combined with the sectional model is a simplified structure with sinusoidal
modes of vibration, it is designed with the aim of reproducing the appropriate ratio
between the frequencies of the firsts vertical, torsional and horizontal modes. In this
manner, the response of the bridge deck under wind loads can be simulated. Further
details can be found in Davenport [85] Davenport et al [92] and Ma and Chen [254],
where practical insights of the tests conducted in the BLWTL of UWO to analyze the
wind-induced response of the Great Belt Bridge can be found.

(a) Sketch of a taut strip model. Taken from [92].

♦ ❢❭ ♦ ♣♣✐qr✐♦s ♦t❤✉✈

(b) Test of a taut strip model. Taken from [37].

Figure 2.24: Taut strip model description.

2.4.2.3 Full bridge aeroelastic models

Full bridge aeroelastic models intend to reproduce the response of the complete struc-
ture under wind action by reproducing the stiffness, mass and geometrical properties
of the prototype in a reduced scale model (see, for instance, Irwin [177]), which is
tested in boundary layer wind tunnels, and provide sets of valuable data. Their effi-
ciency has been widely demonstrated, for instance, by Davenport [88] and Larose et al
[233], as well as Diana et al [99] and Zasso et al [467], for the Messina Bridge project.
Figure 2.25 shows the full bridge aeroelastic model of the Talavera de la Reina Bridge,
in Spain, tested in the Politecnico di Milano, Italy.

Other examples are presented by King [209], where an integrated design methodology
based on the wind tunnel testing of full bridge aeroelastic models is developed and
applied to the Confederation Bridge, Canada, and Terrés-Nícoli et al [412], where the
Rio Almonte Bridge, Spain, a 384 meter concrete arch bridge, is studied at different
construction phases. Further insights about the modeling of cable-stayed bridges are
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Figure 2.25: Full model test of the Talavera de la Reina Bridge (Rosa et al [342])
in the wind tunnel of the Politecnico di Milano.

given by Scanlan [362], and the relevance of the construction process is considered by
Irwin and Gamble [181].

Full bridge reduced model tests require a faithful representation of the phenomena that
are going to be studied (see, for instance, the works of Whitbread [440] and Cermak
[50]). This includes a set of critical tasks. First, an accurate wind characterization is
crucial for any kind of test, as highlighted by Davenport [87], Irwin and Schuyler [182]
and Cermak and Cochran [53]. Second, the representation of the surrounding terrain,
whose influence is studied by Davenport and King [90] and Cermak [51], is essential
in some particular tests. Third, a precise reproduction of the geometry of the bridge
is mandatory (see discussion by Irwin [180]), since slight variations can deeply affect
the results, as described by Mannini et al [256] for the Sunshine Skyway Bridge, USA.
Finally, the similitude in the structural response of the reduced model is one of the
most decisive aspects, as described by Davenport et al [91] and Isyumov et al [185].
Additionally, important tasks during the tests, such as instruments calibration, data
acquisition, and post-processing of the acquired data are also pivotal, as discussed by
Tavoularis [408]. Furthermore, the results are sometimes validated or compared with
full-scale observation data, as in the cases reported by Tanaka and Davenport [404] for
the Golden Gate Bridge, USA; the studies of Schewe and Larsen [369] regarding the
Reynolds number effects in the Great Belt East Bridge, Denmark; and the monitoring
campaign conducted by Bakht et al [21] for the Confederation Bridge.

Full bridge aeroelastic models design and construction

Full bridge aeroelastic modeling consists of faithfully reproducing the stiffness and
mass properties of each element of the prototype as well as the outside geometry. The
conceptual scheme of this design is shown in Figure 2.26.
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Reduced model design

Prototype Reduced scale model

1:1 1: 1
λLSpine

Cladding modules

Figure 2.26: Conceptual scheme of the design of a full bridge aeroelastic model.

Therefore, each piece of the model is composed by a spine, which reproduces the
stiffness properties of the model, and a set of cladding modules, that reproduce the
mass properties and the outside geometry of the bridge element. Figure 2.27 shows an
schematic layout of a piece of an aeroelastic model.

Cladding module k Cladding module k + 1 Cladding module k + 2

Spine segment j Spine segment j + 1

Generic 1D member

Cladding gap Transition SpineClamps

Figure 2.27: Conceptual scheme of the spine and cladding modules.

The stays of cable-stayed bridges are modeled by wires with springs, as shown in
Figure 2.28(a). However, it is common practice that the number of stays in the reduced
model is lower than the number in the prototype. This avoids interactions between
stays by reducing their total number and consequently increasing the distance between
them. Hence, the stiffness of the stays in the prototype is provided in the model by a
distribution of wires and springs with an equivalent scaled stiffness. The drag produced
by the stays is emulated by lightweight cylinders distributed along the stays, as shown
in Figure 2.28(b).

This full bridge model approach can be also applied to tall buildings and other vertical
structures, such as wind turbine towers. Figure 2.29 shows the setting up of a reduced
model of a wind turbine tower tested in the boundary layer wind tunnel of the Univer-
sidade da Coruña to study vortex induced vibrations. In this figure, it can be identified
the presence of the spine, and the cladding modules along its height. It can be also
seen that the cladding modules are separated by a gap between them in order to avoid
their contact, since this will affect the global stiffness of the tower. Another example
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(a) Cables stiffening system. (b) Drag reproduction system.

Figure 2.28: Images of the system used in the stays to reproduce the stiffness and
the wind drag effects effects of the protoype in reduced scale. Pictures taken from

[73].

(a) Set up of the model. (b) Full model.

Figure 2.29: Set up of the reduced model of a wind turbine tower in the boundary
layer wind tunnel of the Universidade da Coruña.
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is provided in Figure 2.30, where the spine can be identified in the gap between the
cladding modules of the reduced model of a cable-stayed bridge tower.

Figure 2.30: Detail of two consecutive cladding modules of the Maumee River
Bridge, exposed in the BLWTL, UWO, Canada.

The accurate design of the reduced model is crucial for the quality of the tests, since
inaccuracies in the dynamic response of the the model could lead to errors in the
evaluation of the aeroelastic response. Differences between the model response and the
response of the prototype represented in terms of differences in the natural frequencies,
can be found in several references, for instance in Reinhold et al [334] and in Diana
et al [99]. In the work by Cid Montoya et al [73], this problem is discussed and a
method to minimize the dynamic differences between the model and the prototype is
proposed and applied to a modified version of a real bridge project.

2.5 Numerical methodologies: CFD techniques

An alternative approach to the experimental methodologies described in Section 2.4
is the Computational Fluid Dynamics (CFD). Since the early works in this discipline
(Son and Hanratty [390]), CFD applications have experimented a remarkable growth
in the last two decades, mainly at research level. Currently, it is applied to study the
dynamics of flows, heat transfer and fluid-structure interaction (FSI) problems. The
great development in the 1990s was achieved thanks to the contributions of a number
of authors: Murakami (Murakami [291] and Murakami and Mochida [292]), Tamura
(Tamura et al [401] and Tamura et al [402]) and Larsen (Larsen and Walther [237],
Larsen and Walther [238], Larsen [235] and Vejrum et al [426]). In addition to the last
author, some others have contributed in the specific field of bridge engineering, such
as Frandsen [130], Morgenthal [288], Fransos and Bruno [133], Sun et al [398, 399], Ge
and Xiang [138], Mannini et al [256], Šarkić et al [480] and Brusiani et al [46], among
many others.
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2.5.1 CFD capabilities in bridge engineering

In bridge engineering, these computational techniques are use to replicate numerically
sectional model wind tunnel tests, therefore they are applied to conduct mainly three
types of analyses, that are listed below based on the goal of the analysis:

1. Calculation of force coefficients: This analysis aims to obtain the non dimensional
forces acting on a deck by integrating the pressures around the body. The process
consists of computing for each time step of the CFD simulation the velocity and
pressure fields in the flow domain, as it can be seen in Figure 2.31(a). The pres-
sure around the surface for the deck can be obtained, as shown in Figure 2.31(b),
and then, by integrating it around the deck perimeter, the aerodynamic forces
as a function of time can be assessed. The force coefficients are obtained by
dividing the aerodynamic forces between the dynamic pressure and a reference
dimension. Applications at research level are plentiful in the last decade, and
interesting contributions can be found in Sarwar et al [357], Mannini et al [256]
and Šarkić et al [480], among many others.

(a) Snapshots of the streamwise velocity flow field
of a deck section. Taken from Mannini et al [256].

(b) Mean pressure coefficient distributions for a
box deck section. Taken from Šarkić et al [480].

Figure 2.31: Images of the procedure for obtaining the forces coefficients of a
bridge deck cross-section by using CFD techniques.

In addition, from the time history of the force coefficients acting on the fixed
deck the Strouhal number can be extracted by applying a Fourier transform.
This technique was used by Fransos and Bruno [133] and Laima et al [226],
among many others. In Figure 2.32 the Kármán vortex street of a deck cross-
section obtained by means of CFD is shown, where the alternative shed of vortex
from the upper and lower side of the static deck can be identified.
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Figure 2.32: Kármán vortex street of a deck cross-section. Taken from Fransos
and Bruno [133].

2. Calculation of flutter derivatives: The flutter derivatives of a deck cross-section
can be obtained numerically simulating forced oscillation test, as it was first pro-
posed by Larsen and Walther [238] in his influential paper. The forced vibration
results obtained by Larsen and Walther [238] for the vertical forces are shown in
Figure 2.26. This method has been widely applied in the last years, and inter-
esting applications can be found in Sun et al [398, 399], Šarkić et al [480, 481],
Brusiani et al [46] Wei et al [439] and Nieto et al [306].

Figure 2.33: Non-dimensional results of forced vertical bending of the G1 cross-
section. Taken from Larsen and Walther [238].

3. Calculation of Vortex Induced Vibrations (VIV): CFD techniques are also usefull
to investigate possible VIV on bridge deck sections. In this case forced oscillation
or free-to-oscillate simulations have been conducted, replicating available wind
tunnel tests. An application example of these kinds of studies can be found in
Sarwar and Ishihara [356], where the performance of a deck section is investigated
and alternative solutions are analyzed, as shown in Figure 2.34.

As it can be seen, the application of CFD techniques in bridge engineering is limited
to sectional studies, and full bridge simulations have not been conducted yet in this
field, as it has occurred in other engineering fields such as tall building aerodynamics
(see Bernardini et al [29] and Elshaer et al [112]).
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(a) Bridge deck cross-section with vortex on its
surface.

(b) Bridge deck cross-section with flaps to avoid
the formation of vortex.

Figure 2.34: Instantaneous velocity vectors of two simulations to study VIV effects.
Taken from Sarwar and Ishihara [356].

2.5.2 CFD applications in real long-span bridge projects

Although the application of CFD techniques at academic level is widespread, its appli-
cation in real bridge projects is very scarce. The main reason is that there is a lack of
confidence in the results obtained by means of CFD, and engineers are more confident
with the results obtained by means of experimental techniques, that have probed their
reliability since the 1940s. However, experimental tests are relatively more expensive
than CFD simulations in terms of time and economical cost. This increases the cost of
projects, and reduces the number of alternatives that the designer can analyze, which
affects to the quality of the final structure in terms of aerodynamic performance. These
drawbacks may be avoided by using CFD simulations as a complement of wind tunnel
tests.

Luckily, CFD accuracy is continuously improving and it is expected that the use of CFD
in future bridge projects will increase in the following years. In fact, some applications
have been already conducted, as described below:

1. Aerodynamic studies of the Lions’ Gate Bridge - 3 lane renovation by Vejrum
et al [426]. In this work, numerical simulations were calibrated by means of wind
tunnel tests and then the simulations were used to study alternative designs
to improve the aerodynamic performance of the proposed design. One of the
considered alternatives is shown in Figure 2.35.

2. Aerodynamic studies of the River Neath Bridge deck by Morgenthal [287]. In
this work, several alternative designs were compared by using numerical meth-
ods, that were validated experimentally. Further information about other bridge
projects analyzed numerically is also provided in this work.

3. Aerodynamic studies of the effect of barriers on the deck of a footbridge by Taylor
and Vezza [410], Taylor et al [411]. In this work the influence of barriers on the
aerodynamic response of a footbridge deck is studied by numerical techniques.
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Figure 2.35: Flow plot of the deck section of the Lions’ Gate Bridge. Taken from
Vejrum et al [426].

4. Aerodynamic studies on the cross-section of a 425 m cable-stayed bridge by
Nieto et al [302]. This work describes the enhancements in the design of the
deck cross-section of a cable-stayed bridge in the frame of a tender project by
adding fairings and baffles in the initial deck design. Figure 2.36 shows the
improvements achieved in the flow from the initial to the final designs.

(a) Contours of instantaneous vorticity magnitude of the initial design.

(b) Contours of instantaneous vorticity magnitude of the final design, which fair-
ings and baffles.

Figure 2.36: Comparison of the initial and final deck design. Taken from Nieto
et al [302].

The use of CFD in industrial applications is not still generalized nowadays. However,
it is demonstrated that this technique has the capabilities to progressively substitute
wind tunnel tests.
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2.6 Application of optimal design techniques in aeroe-
lastic bridge design

In the historical overview presented in Section 2.2 it was shown that historically the
wind-resistant design has been conducted, from a conceptual point of view, by increas-
ing the stiffness of the bridge or by improving the aeroelastic performance of the deck
cross-section. Currently, these two approaches are present in the design of bridges (see
Astiz [18], Ostenfeld and Larsen [316] and Diana et al [103]), and therefore both make
an impact in the final design of the bridge deck. The shape of the deck cross-section is
crucial in the deck stiffness, which is mostly controlled by the deck depth and width.
On the other hand, shaping the decks to avoid undesirable aeroelastic responses is
an adequate approach to reduced wind-induced effects (see, for instance, the work by
Larsen and Wall [236]). Therefore, the search of a good design of a bridge deck consists
of finding a balance between these two factors: aeroelastic performance and stiffness.

The use of trial-error approaches to find this balance is the technique currently used
to design long-span bridges. Concisely, the design of the bridge is initially conducted
analyzing the structural responses, and later the aeroelastic performance of the result-
ing design is evaluated. If the aeroelastic evaluations are not satisfactory, the design
is modified, the structural performance of the new design is analyzed again, and the
aeroelastic studies are repeated once again, as described in Chen and Duan [58]. This
design procedure was historically conducted in this manner because the aeroelastic
performance of the bridge has been studied in real projects by means of wind tunnel
tests as discussed in Section 2.4 and Section 2.5.

Assuming that both the structural and the aeroelastic analyses can be conducted nu-
merically, then they can be carried out simultaneously, facilitating the work of the
designer. Hence, for each proposed design, the designer would be able to assess the
structural and aeroelastic performance of each candidate design simultaneously, mak-
ing straightforward to take decision about the modifications necessary in the bridge
design aiming to find the most efficient balance between stiffness and aeroelastic per-
formance.

On the other hand, the use of optimization algorithms in the design of bridges is a
suitable alternative to the trial-error classical approach, as discussed in Section 2.3.
The only requirement is that all the analysis carried out along the optimization pro-
cess must be conducted numerically. In the case of the assessment of the aeroelastic
performance, the analyses must be conducted by means of CFD simulations.

Additionally, the cable system of both suspension and cable-stayed bridges provide
most of the vertical and torsional stiffness of the bridge, and its definition is another
crucial issue in bridge design. Again, optimization algorithms are a suitable alternative
to obtain the optimal area of each cable of the bridge that would contribute to the
cable system providing the adequate stiffness to the bridge.
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Hence, the combination of CFD techniques with optimization algorithms and structural
analyses with finite element models have the potential to become a suitable alternative
to the traditional aeroelastic design process of bridges. A methodology with these
characteristics will be presented in detail in Chapter 5, where the rigorous formulation
of the optimum design problem will be posed.



Chapter 3

Bridge aerodynamics and
aeroelasticity: formulation and
methodologies

3.1 Introduction

Flutter and other aeroelastic phenomena that influence the design of long-span bridges
were described in Chapter 2. The role played by them in how bridges are designed was
also discussed. The relevance of flutter as one of the most dangerous wind-induced
phenomenon was highlighted, as it can cause the collapse of the structure. The need
for routinely include the flutter analysis in the design process of bridges is clear, and
this chapter is dedicated to discuss the state-of-the-art regarding this phenomenon,
focusing on the available analysis techniques.

In other words, this chapter seeks to define the modeling framework that will be used to
assess the flutter velocity of bridges and to discuss the phases involved in the process,
as depicted in Figure 3.1. First, Section 3.2 develops the formulation of the bridge
aerodynamics and aeroelasticity, in order to create a conceptual model that represents
the real phenomenon. This means to move from reality to the conceptual model
that will allow to conduct the analyses. Then, the methodologies for applying the
conceptual model to real application cases are discussed in Section 3.3 and Section 3.4.
These are, respectively, the experimental methodologies, which are based on wind
tunnel tests, and the numerical approaches, which are Computational Fluid Dynamics
(CFD) techniques.

As described in Chapter 2, aeroelastic studies of bridges were historically conducted by
experimental methods. However, with the advances in computer sciences, these tasks
are progressively carried out by means of CFD analyses, as proposed in this research.
However, in this work, experimental analysis are only used for validation purposes,
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Figure 3.1: Conceptual definition of the relationship between reality, modeling and
simulation. Based on AIAA [6].

aiming to close the circle of the modeling process sketched in Figure 3.1. All these
techniques will be described in the following sections.

3.2 Formulation of bridge aerodynamics and aeroe-
lasticity

This section aims to provide the formulation framework used to evaluate the flutter
velocity of a bridge. First, two-dimensional models for obtaining the aerodynamic and
aeroelastic forces acting on a bridge deck are described in Section 3.2.1. The models dis-
cussed are the steady approach, the quasi-steady load model and its linearization, and
finally the semi-empirical approach. From these models, some relationships between
the flutter derivatives and the aerodynamic coefficients can be established. Later, the
method for obtaining the flutter velocity of a bridge under the action of the aeroelastic
loads provided by the aforementioned models is described. This approach is known as
the multi-mode flutter analysis method and a summary is presented in Section 3.2.2.

3.2.1 Modeling schemes of wind-induced loads on bridge decks.

This section presents some approaches for modeling the wind-induced loads on bridge
decks, in the frame of two dimensional system analysis. The target is to pose and
develop the formulation that will allow to define the aerodynamic and aeroelastic
loads that must be considered for the evaluation of the aeroelastic response of the
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bridge. The first step to understand the wind-induced loads schemes is to analyze the
steady approach, from which the steady-state coefficients, also known as aerodynamic
or force coefficients, are defined. This approach is discussed in Section 3.2.1.1. Next,
the formulation of the quasi-steady load model is developed in order to overcome
the limitations of the steady approach. The hypotheses that must be fulfilled for its
application and its formulation are introduced in Section 3.2.1.2. However, this model
is based on nonlinear differential equations, and often the formulation is linearized
pursuing a more straightforward application, as it will be described in Section 3.2.1.3.

An alternative approach is the so-called semi-empirical approach developed by Scanlan
and Tomko [365] to study the self-excited forces generated by a constant wind flow,
and by Davenport [87] for the buffeting forces produced by wind turbulence. In this
approach the unsteady parameters of the model, namely the flutter derivatives and
admittance functions, are obtained from wind tunnel tests. Section 3.2.1.4 develops
the formulation from the aeroelastic perspective as proposed by Scanlan and includes
also later improvements. Finally, the relationship between the force coefficients and
the flutter derivatives introduced in the previous section is provided in Section 3.2.1.5.

3.2.1.1 Steady approach.

This approach studies the forces acting on a unit-length section of a bridge deck,
subject to the action of a constant wind orthogonal to the spanwise direction. The
analysis is conducted in a two-dimensional framework. This can be assumed since
when studying the effects of the mean wind "in a line structure the important forces
are those in the plane perpendicular to it" (Davenport [86]). Furthermore, in the
steady approach, the deck cross-section is assumed to be rigidly supported and no
displacements are considered in the deck. Hence, the phenomenon to study consists of
the wind passing around the deck section, which generates a distribution of pressures
along its perimeter. The integration of the mean pressure acting on the surface gives
place to three steady load components: the drag force D, which is the load component
parallel to the wind direction (positive downstream), the lift force L, which is the load
component across the direction of the wind (positive upward), and the pitching moment
M (positive clockwise), defined at the elastic center of the cross section. These forces
and the sign convention adopted in this research are depicted in Figure 3.2, where U
represents the constant wind velocity, α is the wind incident angle, B is the bridge
deck width and O is the elastic center of the deck cross-section, which is the origin of
the reference system {X, Y, Z}, where X is the direction along the bridge deck span,
Z the vertical axis, orthogonal to the wind direction, and the Y axis is parallel to the
windward direction.

The steady-state forces based on this reference system {F s
Y , F

s
Z ,M

s
X} can be written

as

F s
Y = Ds =

1

2
ρU2BCD (α) , (3.1a)
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Figure 3.2: Definition the aerodynamic steady forces and the adopted sign conven-
tion in the steady approach.

F s
Z = Ls =

1

2
ρU2BCL (α) , (3.1b)

M s
X = M s =

1

2
ρU2B2CM (α) , (3.1c)

where ρ is the air density, the term ρU2/2 represents the dynamic pressure q0, and CD,
CL and CM are the non-dimensional steady-state coefficients, which are functions of
the angle of attack α. In these expressions, the steady nature of the forces is indicated
by the superindex s.

In Equation (3.1), the steady-state coefficients, also known as aerodynamic coefficients
or force coefficients, are parameters that must be identified to assess the values of the
force components. Although there are some analytical formulations for obtaining them
in some basic streamlined geometries like a flat plate or airfoils (Theodorsen [413] and
Sears [375]), the assessment of the force coefficients of bluff bodies such as bridge deck
cross-sections is mathematically intractable. Since the dawn of this discipline, and until
nowadays, the force coefficients of bluff bodies have been obtained experimentally by
means of wind tunnel tests. This is conducted by measuring such forces on sectional
models, following the inverse form of Equation (3.1), which allows to obtain the force
coefficients as

CL (α) =
Ls

1
2
ρU2B

, CD (α) =
Ds

1
2
ρU2B

, and CM (α) =
M s

1
2
ρU2B2

, (3.2)

where Ls, Ds and M s are the time-averaged lift and drag forces and moment per unit
of length, respectively, according to the sign criterion adopted in Figure 3.2.

Currently, other alternatives are available for obtaining the force coefficients with-
out conducting wind tunnel tests. The application of Computational Fluid Dynamics
(CFD) techniques allows to find out the force coefficients by obtaining the velocity
and pressure fields around the body under study, and integrating the pressure distri-
bution around the geometry. Further details about this technique will be provided in
section 3.4.
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3.2.1.2 Quasi-steady load model

In the steady approach reported in Section 3.2.1.1 two assumptions were made: first,
that the bridge cross-section is rigidly supported and therefore no motion of the cross-
section is allowed, and second, that the wind velocity is constant and uniform, conse-
quently no fluctuations on the wind velocity are included. However, these two assump-
tions can not be considered when intending to rigorously study the wind-induced loads
on a bridge deck, since the bridge deck is a deformable element of the bridge, and the
wind flow is turbulent in nature. Hence, the steady approach must be improved con-
sidering displacements in the deck cross-section and turbulent wind flow. This gives
place to the so-called quasi-steady (QS) load model.

This approach studies the loads induced by the wind on a unit-length section of an
elastically supported bridge deck subject to the action of turbulent wind flow. This
is conducted by establishing a static nonlinear relationship between the incident flow
and the flow-induced forces on the structure. The force components are the same as
those described for the steady approach in Section 3.2.1.1 per unit span: the lift L and
drag D force components and the pitching momentM at the elastic center of the cross
section. The coordinate system {X, Y, Z} is the same as in Section 3.2.1.1. As shown
Figure 3.3, this is a two-dimensional model and consequently the bridge deck motion
is modeled by a system with three degrees-of-freedom with vertical h and horizontal
p displacements and rotational motion α. The wind flow is defined by the mean wind
speed U and the turbulence components, in other words, the time variations of the
speed in horizontal and vertical directions, represented by u (t) and w (t), for the along-
wind and cross-wind components, respectively. This analysis can be conducted in a
2D framework based on the "strip theory", which consist of the assumption "that the
structures (or structural members) are sufficiently slender for the secondary span-wise
flow and redistribution of pressures to be neglected, such that the pressures on any
section of the span are only due to the wind incident on that section" (Davenport [86]).

Vr (t)

U + u (t) − ṗ (t)

w (t) − ḣ (t) + µBα̇ (t)φ (t)

αe (t)

h (t)

p (t)

MX (t, αe)

FZ (t, αe)

FY (t, αe)

L (t, αe)

D (t, αe)

α (t)
φ (t)

Figure 3.3: Definition of the wind-deck iteration system.
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The relative wind velocity components with respect to the coordinate system (see
Figure 3.3) can be written as

UY = U + u− ṗ, (3.3a)

UZ = w − ḣ+ µBα̇, (3.3b)

where µBα̇ is the component of the vertical velocity of the wind due to the rotation
of the deck, ṗ, ḣ and α̇ are the derivatives with respect to time t of p, h and α, and
UY and UZ are the components of the instantaneous relative wind velocity Ur, from
which the angle φ can be obtained as

φ = arctan

(
UZ
UY

)
= arctan

(
w − ḣ+ µBα̇

U + u− ṗ

)
. (3.4)

The parameter µ stands for the distance between the elastic center of the cross section
and the point of application of the aerodynamic forces, expressed as a fraction of the
section width B. Further details about this dimensionless distance will be provided in
Section 3.2.1.5.

The instantaneous wind velocity Ur can be defined from the vertical and horizontal
components of the wind velocity and can be written as

Ur =
√
U2
Y + U2

Z =

√
(U + u− ṗ)2 +

(
w − ḣ+ µBα̇

)2

. (3.5)

The instantaneous wind angle of attack αe (Figure 3.3) is given by

αe = αs + α + φ, (3.6)

where αs is the angle of the incident mean wind with regards to the Y axis, which is
commonly 0◦, α is the rotation of the deck due to the torsional rotation caused by the
wind-induced loads and φ is the angle of the wind with respect to the Y axis due to
the turbulent nature of the flow, also known as dynamic angle of attack.

Then, the quasi-steady forces can be expressed as

Dqs =
1

2
ρU2

rBCD (αe) , (3.7a)

Lqs =
1

2
ρU2

rBCL (αe) , (3.7b)
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Mqs =
1

2
ρU2

rB
2CM (αe) , (3.7c)

where the drag force is not necessarily parallel to the wind direction and the lift is
neither perpendicular to it, since in the QS load model the turbulent components of
the wind are considered, which leads to φ 6= 0 in general (see Figure 3.3).

It must be noted that the wind loads are obtained considering the instantaneous dy-
namic pressure, expressed as

q =
1

2
ρU2

r =
1

2
ρ
(
U2
Y + U2

Z

)
. (3.8)

From Equation (3.7), the components of the forces expressed with respect to the XY Z
reference system can be written as

F qs
Y = Dqscos (φ)− Lqssin (φ) , (3.9a)

F qs
Z = Dqssin (φ) + Lqscos (φ) , (3.9b)

Mqs
X = Mqs (3.9c)

where "qs" indicates quasi-steady.

Finally, from Equation (3.9) and Equation (3.7), the components of the forces can be
expressed as

F qs
Y =

1

2
ρU2

rBCD (αe) cos (φ)− 1

2
ρU2

rBCL (αe) sin (φ) , (3.10a)

F qs
Z =

1

2
ρU2

rBCD (αe) sin (φ) +
1

2
ρU2

rBCL (αe) cos (φ) , (3.10b)

Mqs
X =

1

2
ρU2

rB
2CM (αe) , (3.10c)

which are the non-linear wind-induced forces of the quasi-steady model.

The bridge deck motion can be modeled as a three-degree-of-freedom model system
with horizontal, vertical and rotational motions, following the governing equations of
motion and considering the force components given in Equation (3.10). Thus, the
dynamic system can be expressed as

m
(
p̈+ 2ζpωpṗ+ ω2

pp
)

= F qs
Y , (3.11a)
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m
(
ḧ+ 2ζhωhḣ+ ω2

hh
)

= F qs
Z , (3.11b)

I
(
α̈ + 2ζαωαα̇ + ω2

αα
)

= Mqs
Z , (3.11c)

where ζp,h,α and ωp,h,α are the damping ratios and the circular frequencies of the bridge
deck for p, h and α, respectively; m and I are the translational and rotational masses,
respectively; and FY , FZ andMX are the components of the wind-induced loads defined
in Equation (3.10).

One of the most remarkable attributes of this model is its ability to include the effect
of the aeroelastic phenomena. This is conducted by means of the instantaneous wind
angle of attack αe, which is defined combining the wind angle variations due to the
turbulence of the flow and the bridge deck motions.

However, the main shortcoming of the model it that no fluid memory effects are consid-
ered, since the status of the wind-bridge interaction system at a given time is mapped
to the status at infinite time, neglecting the effect of the wake. Hence, it is considered
that this model is only applicable when the time required by the flow to pass around
the bridge deck and move far enough downstream is much lower than the required
time to the structure to respond to the surrounding flow changes (Wu and Kareem
[458]). Therefore, this formulation is commonly used for high reduced wind velocity
and streamlined deck cross-sections. A discussion about this last statement can be
found in Tubino [416].

3.2.1.3 Linearization of the quasi-steady model

The QS theory-based model described in Section 3.2.1.2 involves nonlinear differen-
tial equations (see Equation (3.10), Equation (3.5) and Equation (3.4)). In order to
evaluate the wind induced loads without solving nonlinear differential equations, the
quasi-steady formulas are usually linearized. This is carried out linearizing the force
coefficients by adding the first-order term to the mean term. Hence, the lift, drag and
moment coefficients can be approximated around the static configuration given by the
angle αs as

CL (αe) ≈ CL (αs) + (α + φ)C ′L|αs = CL + (α + φ)C ′L, (3.12a)

CD (αe) ≈ CD (αs) + (α + φ)C ′D|αs = CD + (α + φ)C ′D, (3.12b)

CM (αe) ≈ CM (αs) + (α + φ)C ′M |αs = CM + (α + φ)C ′M , (3.12c)

where C̄ ′C = [∂CC/∂α]α=αs
, being C = D,L,M .
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Additionally, it is assumed that the wind fluctuations caused by turbulence and the
cross-section motion are much smaller than the mean wind velocity and the derivatives
with regard to time of deck displacements are also small. Therefore the product of
this quantities can be neglected. Consequently, and following these assumptions, the
relative velocity reported in Equation (3.5) can be simplified as follows:

U2
r = (U + u− ṗ)2 +

(
w − ḣ+ µBα̇

)2

≈ (U + u− ṗ)2

≈ U2 + 2Uu− 2Uṗ = U2

(
1 + 2

u

U
− 2

ṗ

U

)
,

(3.13)

On the other hand, taking into account that the angle φ is assumed to be small, it can
be written that

sinφ ≈ φ, and cosφ ≈ 1. (3.14)

Hence, considering the simplifications conducted in Equations (3.13) and (3.14) and
Equation (3.12), the components of the forces given by the QS theory reported in
Equation (3.10) can be approximated as

F qs,l
Y ≈ 1

2
ρU2

(
1 + 2

u

U
− 2

ṗ

U

)
B (CD + (α + φ)C ′D)

− 1

2
ρU2

(
1 + 2

u

U
− 2

ṗ

U

)
B (CL + (α + φ)C ′L)φ,

(3.15a)

F qs,l
Z ≈ 1

2
ρU2

(
1 + 2

u

U
− 2

ṗ

U

)
B (CD + (α + φ)C ′D)φ

+
1

2
ρU2

(
1 + 2

u

U
− 2

ṗ

U

)
B (CL + (α + φ)C ′L)

(3.15b)

Mqs,l
X ≈ 1

2
ρU2

(
1 + 2

u

U
− 2

ṗ

U

)
B2 (CM + (α + φ)C ′M) . (3.15c)

More simplified expressions can be defined by neglecting the multiplication of small
terms as

(2Uu− 2Uṗ)C ′L (α + φ) ≈ 0, (3.16a)

(2Uu− 2Uṗ)CDφ (α + φ) ≈ 0, (3.16b)

C ′D (α + φ)φ ≈ 0. (3.16c)
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Thus, the vertical force of Equation (3.15b) can be expressed as follows:

F qs,l
Z ≈ 1

2
ρU2

(
1 + 2

u

U
− 2

ṗ

U

)
BCL +

1

2
ρU2B (α + φ)C ′L +

1

2
ρU2BφCD

=
1

2
ρU2B

(
CL + 2CL

u

U
− 2CL

ṗ

U
+ C ′Lα + (CD + C ′L)φ

)
.

(3.17)

Furthermore, the angle φ, given by Equation (3.4), can be also simplified. It must
be taken into account that the numerator contains the influence of the velocity of the
torsional rotation α̇, and a different linearization can be made for each force component
of this terms, which can be written as follows

φY = arctan

(
w − ḣ+ µBα̇

U + u− ṗ

)
≈ w − ḣ+ µPBα̇

U
, (3.18a)

φZ = arctan

(
w − ḣ+ µBα̇

U + u− ṗ

)
≈ w − ḣ+ µHBα̇

U
, (3.18b)

φX = arctan

(
w − ḣ+ µBα̇

U + u− ṗ

)
≈ w − ḣ+ µABα̇

U
. (3.18c)

Hence, the vertical force can be further simplified as

F qs,l
Z ≈ 1

2
ρU2B

(
CL + 2CL

u

U
− 2CL

ṗ

U
+ C ′Lα + (CD + C ′L)

w − ḣ+ µHBα̇

U

)

=
1

2
ρU2B

(
CL + (CD + C ′L)

−ḣ+ µHBα̇

U
+ C ′Lα

− 2CL
ṗ

U
+ (CD + C ′L)

w

U
+ 2CL

u

U

)
.

(3.19)
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Following the same procedure for the force F qs,l
Y and the moment Mqs,l

X , the following
approximations can be done:

F qs,l
Y ≈ 1

2
ρU2B

(
CD + (C ′D + CL)

−ḣ+ µPBα̇

U
+ C ′Dα

− 2CD
ṗ

U
+ (C ′D + CL)

w

U
+ 2CD

u

U

) (3.20)

Mqs,l
X ≈ 1

2
ρU2B2

(
CM + C ′M

−ḣ+ µABα̇

U
+ C ′Mα− 2CM

ṗ

U
+ C ′M

w

U
+ 2CM

u

U

)
(3.21)

The final form of the linearized quasi-steady formulation reported in Equations (3.19)
to (3.21) can be split into three main terms: the steady, buffeting and self-excited
contributions to the quasi-steady loads. Hence, Equations (3.19) to (3.21) can be
expressed as

F qs
Y ≈ F qs,l

Y = F s
Y + F qs,b

Y + F qs,a
Y , (3.22a)

F qs
Z ≈ F qs,l

Z = F s
Z + F qs,b

Z + F qs,a
Z , (3.22b)

Mqs
X ≈Mqs,l

X = M s
X +Mqs,b

X +Mqs,a
X . (3.22c)

Where the three components of the loads, F s, F qs,b and F qs,a are:

1. The steady mean load, which is a term depending only of the angle of attack and
it is given by

F s
Y =

1

2
ρU2BCD, (3.23a)

F s
Z =

1

2
ρU2BCL, (3.23b)

M s
X =

1

2
ρU2B2CM ; (3.23c)
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2. The buffeting contribution, which is a term depending on the wind velocity
fluctuations that can be written as

F qs,b
Y =

1

2
ρU2B

[
2CD

u

U
+ (C ′D − CL)

w

U

]
, (3.24a)

F qs,b
Z =

1

2
ρU2B

[
2CL

u

U
+ (C ′L + CD)

w

U

]
, (3.24b)

Mqs,b
X =

1

2
ρU2B2

[
2CM

u

U
+ C ′M

w

U

]
; (3.24c)

3. The aeroelastic or self-excited contribution, which is a term depending on the
motion of the cross-section under the mean wind speed U that can be expressed
as

F qs,a
Y =

1

2
ρU2B

[
−2CD

ṗ

U
− (C ′D − CL)

ḣ

U
+ C ′Dα + (C ′D − CL)µP

Bα̇

U

]
,(3.25a)

F qs,a
Z =

1

2
ρU2B

[
−2CL

ṗ

U
− (C ′L + CD)

ḣ

U
+ C ′Lα + (C ′L + CD)µH

Bα̇

U

]
,(3.25b)

Mqs,a
X =

1

2
ρU2B2

[
−2CM

ṗ

U
− C ′M

ḣ

U
+ C ′Mα + C ′MµA

Bα̇

U

]
. (3.25c)

As it can be seen from Equation (3.22), each kind of load is obtained by different
expressions and no interaction between them, for instance between self-excited forces
and turbulence induced forces, is included in the formulation. Further details about
this topic can be found in Lazzari [242], Salvatori and Spinelli [352] and Wu and
Kareem [458], among many others.

As it happened in the steady approach, the linearized quasi-steady formulation is de-
pendent on a set of parameters, the steady-state coefficients and their derivatives with
respect to the wind angle of attack and the mean wind speed. As discussed in Sec-
tion 3.2.1.1, analytical expressions are only available for particular cases, and therefore
these values must be obtained experimentally, or by means of CFD techniques.
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3.2.1.4 Semi-empirical approach

Aiming to overcome the lack of analytical expressions for the aeroelastic characteriza-
tion of bluff bodies, an alternative approach was introduced by Scanlan and Tomko
[365]. The so-called semi-empirical approach consists of the definition of unsteady pa-
rameters derived from aeroelastic wind-tunnel sectional tests. Two parallel approaches
were developed for modeling self-excited forces, produced by mean wind speed, and
buffeting forces, produced by wind turbulence:

1. The self-excited forces were formulated based on frequency dependent functions
known as flutter derivatives by Scanlan and Tomko [365].

2. The buffeting forces were obtained by Davenport [87] by introducing expres-
sions based on data obtained by wind-tunnel tests and known as aerodynamic
admittance functions.

Focusing on the self-excited forces, the expressions for obtaining the lift and moment
components were developed by Scanlan and Tomko [365], and later, Jain et al [188]
added the lateral displacement of the deck giving place to a more complete formulation
including the whole set of 18 flutter derivatives.

Scanlan’s formulation is based on a two degree-of-freedom dynamic system considering
an airfoil or a bridge deck under the action of smooth oncoming flow, as described in
Figure 3.4.

Figure 3.4: Scanlan’s two degree-of-freedom dynamic system. Taken from Simiu
and Scanlan [381]

The assumed two degrees-of-freedom are the vertical heave displacement h and the
pitch angle α. The dynamic properties of the system per unit of span length are the
mass m, the mass moment of inertia I, the static unbalance S = m · ab, being ab
the distance from the center of mass to the elastic center, the vertical an torsional
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stiffnesses Ch and Cα, and the viscous damping coefficients ch and cα. The governing
equations of the system (Theodorsen [413] and Scanlan and Rosenbaum [364]) can be
written as

mḧ+ Sα̈ + chḣ+ Chh = Lh, (3.26a)

Sḧ+ Iα̈ + cαα̇ + Cαα = Mα, (3.26b)

where Lh andMα are the self-excited force components lift and moment per unit span.
These equations can also be written as

m
[
ḧ+ aα̈ + 2ζhωhḣ+ ω2

hh
]

= Lh, (3.27a)

I

[
a

r2
g

ḧ+ α̈ + 2ζαωαα̇ + ω2
αα

]
= Mα, (3.27b)

where rg stands for the radius of gyration of the section about the center of rotation, ζh
and ζα are critical damping ratios, and ωh and ωα are the circular natural frequencies
in the vertical and rotational degrees-of-freedom, respectively, which are given by

ω2
h =

Ch
m
, and ω2

α =
Cα
I
. (3.28)

It must be noticed that in the case of bridge decks, the cross-sections are usually sym-
metric. Consequently, the center of mass lays in the vertical plane of symmetry, leading
to a = 0. This would simplify the notation of Equation (3.27), and the expressions
are the same as the equations used in the literature of bridge engineering described in
Equation (3.11).

The definition of the aeroelastic forces Lh and Mα in the case of thin airfoils in in-
compressible flow was analytically developed by Theodorsen [413]. On the other hand,
in the case of the bluff bodies in wind engineering applications, there are not avail-
able analytical formulations for the aeroelastic forces starting from the basic fluid-flow
principles. However, Scanlan and Tomko [365] demonstrated that considering small
oscillations of the self-excited lift and moment, these forces can be treated as linear
for the deck displacements and rotations and their two first derivatives (h, α, ḣ, α̇, ḧ
and α̈), and they can be measured in wind tunnel tests. The expressions proposed by
Scanlan and Tomko [365] for the linearized loads are:

La =
1

2
ρU2B

(
KH∗1

ḣ

U
+KH∗2

Bα̇

U
+K2H∗3α +K2H∗4

h

B

)
, (3.29a)
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Mα =
1

2
ρU2B2

(
KA∗1

ḣ

U
+KA∗2

Bα̇

U
+K2A∗3α +K2A∗4

h

B

)
, (3.29b)

where K is the reduced frequency, which is defined as

K =
Bω

U
, (3.30)

where U is the mean wind speed and B is the width of the deck, which is used as the
reference dimension. H∗i and A∗i are the flutter derivatives related to the vertical and
moment aeroelastic forces, respectively, that are non-dimensional functions of K.

These equations were extended including the third degree-of-freedom by Jain et al
[188] by considering the lateral displacements of the deck. Hence, the resulting set of
equations is given by

La =
1

2
ρU2B

(
KH∗1

ḣ

U
+KH∗2

Bα̇

U
+K2H∗3α +K2H∗4

h

B
+KH∗5

ṗ

U
+K2H∗6

p

B

)
,

(3.31a)

Da =
1

2
ρU2B

(
KP ∗1

ṗ

U
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U
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p

B
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ḣ
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(3.31b)

Ma =
1

2
ρU2B2

(
KA∗1

ḣ

U
+KA∗2

Bα̇
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+K2A∗3α +K2A∗4

h

B
+KA∗5

ṗ

U
+K2A∗6

p

B

)
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(3.31c)

where P ∗i are the flutter derivatives related to the horizontal aeroelastic force. The
sign convention adopted in this work for these forces in shown in Figure 3.5. Further
insights can be found, for instancce, in Caracoglia and Jones [47].

3.2.1.5 Relationships between the flutter derivatives and the steady coef-
ficients

It can be noticed in Equation (3.25) and Equation (3.31) that some relationships can
be established among the flutter derivatives and the force coefficients and their slopes
for each deck displacement and velocity components. Assuming the sign convention
reported in Figure 3.3 for Equation (3.25), and Figure 3.5 for Equation (3.31), consid-
ering two degrees-of-freedom as in Equation (3.29), it can be stated that

F qs,a
Z = La and Mqs,a

X = −Ma, (3.32)
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Figure 3.5: Sign convention adopted for the aeroelastic forces.

Flutter derivatives related to p and ṗ (A∗5−6 and H∗5−6) and those related to the drag
aeroelastic force P ∗, have a reduced effect on bridge response. Only in super long-span
bridges with bluff sections they may be influent (Katsuchi et al [205] and Singh [384]).
The equality of the lift forces between Equation (3.25b) and Equation (3.31a) gives
place to:

1

2
ρU2B

[
−2CL

ṗ

U
− (C ′L + CD)

ḣ

U
+ C ′Lα + (C ′L + CD)µH

Bα̇
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+K2H∗3α +K2H∗4

h

B
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ṗ

U
+K2H∗6

p

B

)
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(3.33)

From this equation, the relationships between the flutter derivatives related to the
aeroelastic lift and some of the aerodynamic coefficients and their slopes can be es-
tablished. The relationship for H∗1 is obtained from the terms of ḣ and is reported in
Equation (3.34a), the flutter derivative H∗2 is given by the terms multiplied by α̇, as
it can be seen in Equation (3.34b), while the expression for H∗3 can be extracted from
the terms multiplied by α, as given by Equation (3.34c).

ḣ term → − (C ′L + CD)
ḣ

U
= KH∗1

ḣ

U
, (3.34a)

α̇ term → (C ′L + CD)µH
Bα̇

U
= KH∗2

Bα̇

U
, (3.34b)

α term → C ′Lα = −KH∗3α. (3.34c)
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In the same manner, the equivalence of the moments between Equation (3.25c) and
Equation (3.31c) gives place to:

1

2
ρU2B2

[
−2CM

ṗ

U
− C ′M

ḣ

U
+ C ′Mα + C ′MµA

Bα̇
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+K2A∗3α +K2A∗4
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ṗ

U
+K2A∗6

p
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)
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(3.35)

Equation (3.35) provides the relationships for obtaining the A∗ flutter derivatives. A∗1
can be obtained from the terms related to ḣ and is reported in Equation (3.36a).
The relationship for A∗2 can be extracted from the terms multiplied by α̇, as given
by Equation (3.36b). Finally, the expression for A∗3 is given by comparing the terms
multiplied by α, as it can be seen in Equation (3.36c).

ḣ term → −C ′M
ḣ

U
= −KA∗1

ḣ

U
, (3.36a)

α̇ term → C ′MµA
Bα̇

U
= KA∗2

Bα̇

U
, (3.36b)

α term → C ′Mα = K2A∗3α. (3.36c)

This gives place to the definition of the relationships between the flutter derivatives
and the force coefficients and their slopes ([115, 242, 363, 384]). These relationships
can be written as

H∗1 = −C
′
L + CD
K

, H∗2 =
C ′L + CD

K
µH , H∗3 = −C

′
L

K2
, H∗5 = −2CL

K
,

A∗1 =
C ′M
K

, A∗2 =
C ′M
K

µA, A∗3 =
C ′M
K2

, and A∗5 = −2CM
K

,

(3.37)

where CL, CM , CD, C ′L, C ′M and C ′D are the aerodynamic coefficients and derivatives
at zero wind incident angle α = 0. According to these results, the following expressions
can be proposed to obtain the value of µA and µH and are also found in Diana et al
[97]:

µH = −H
∗
2

H∗1
, and µA = −A

∗
2

A∗1
. (3.38)

This formulation can be used when the flutter derivatives are available. However, if
the goal of using Equation (3.37) is to obtain the flutter derivatives from the force
coefficients and their slopes, as it is the case of the present work, such formulas are
not adequate, as H∗2 is unknown because its dependence of µH , and the same situation
arises with A∗2, which depends on µA. Other alternative to obtain the values of µA
and µH is to use the theoretical solution for the thin airfoil, which leads to µH = 0.5
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and µA = 0. Alternatively, in Stoyanoff [397], the term µBα̇ is not included in the
definition of φ (see Equation (3.4)), and consequently µH = µA = 0. In the work by
Borri and Costa [38] the same value was given for both components µH = µA = 0.25.
However, the consistency of these values (µH = µA = 0.25) was studied previously by
Larose and Livesey [232] and it is reported that with that value, µA does not estimate
accurately A∗2. Alternatively, two expressions are given in Larose and Livesey [232] to
obtain the values of µA and µH , which are

µH ≈
A∗1
H∗1

and µA ≈
A∗3
H∗3

. (3.39)

The consistency of this approach is studied in Febo and D’Asdia [115], where the values
of µH and µA are obtained following Equation (3.39) for streamlined sections of real
bridges. The results obtained are compared with the reference value of µH = µA =
0.25, as it was considered in several works (Larose and Livesey [232] and Borri and
Costa [38], among others). In general, the values obtained for all the cases studied
are around the value of µH = µA = 0.25, although some differences are found. In the
present research, the values of the parameters µH and µA will be obtained by using
Equation (3.39).

3.2.2 Multi-mode flutter analysis.

The dynamic system defined in the previous sections, reported in Equation (3.11), is
a two-dimensional system which only considers three degrees-of-freedom. However, in
order to estimate the flutter velocity of a bridge, a more developed approach must be
considered, since the dynamic responses of the full bridge must be taken into account.
Complete description of this process can be found elsewhere, for instance, in Jurado
et al [199], and a brief presentation is provided next.

The aeroalastic analysis of a bridge is a kind of dynamic analysis where the bridge is
under the action of the wind forces, which are dependent on the displacements and
velocities that they produced on the deck. To analyze the dynamic behavior of the
bridge a three-dimensional finite element model (FEM) is required. The use of this
models is general in the industry and applications in research can be found elsewhere.
Figure 3.6(a) shows the FEM of a cable-stayed bridge and Figure 3.6(b) shows the first
asymmetrical vertical bending modal shape of the Miradoiros cable-stayed bridge (see
Baldomir [22]) obtained by solving the eigenvalue problem using a FEM.

Assuming the "strip theory" (Davenport [86]) described in Section 3.2.1.2, the aeroe-
lastic forces acting along the deck of the bridge can be broken down into three com-
ponents: lift La, drag Da and moment Ma, where the subindex a indicates aeroelastic.
This assumption was previously made for the two-dimensional approaches discussed
in Section 3.2.1. Hence, following the sign convention described in Figure 3.5, the
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Step: Step−1
Mode         1: Value =   542.69     Freq =   3.7076     (cycles/time)
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(a) Example of a FEM of a cable stayed-bridge.
Taken from Cid Montoya et al [73].

(b) Vertical bending modal shape of a cable-
stayed bridge obtained from solving the eigen-
value problem on a FEM.

Figure 3.6: Application of FEM for obtaining the dynamic response of cable-stayed
bridges.

aeroelastic forces can be represented along the deck of the bridge as shown in Fig-
ure 3.7(a). The value of these forces is given by Equation (3.31), previously reported
in Section 3.2.1.4.

(a) Aeroelasticc forces distributed in a segment of
the bridge deck.

(b) Forces acting on nodes along the deck.

Figure 3.7: Representation of the action of the aeroelastic loads on the bridge
deck. Taken from [199]

Working with the FEM of a bridge, the forces acting on the nodes of each element
of the deck due to the aeroelastic forces represented in Figure 3.7(a) can be obtained
following the sketch presented in Figure 3.7(b). In this manner, the aeroelastic forces
acting on an element of the bridge fa,e are given by

fa,e = Ka,eue + Ca,eu̇e, (3.40)

since the forces are a function of the displacements and velocities of the element (iden-
tified by the subindex e), as studied in Section 3.2.1, and where Ka,e is the aeroelastic
stiffness matrix of the element, Ca,e is the aeroelastic damping matrix of the element.
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This expression can be developed as
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(3.41)

where the subindex i indicates the node (see Figure 3.7(b)) and le is the length of the
element e.

Assembling the forces of Equation (3.41) at bridge deck level the following ecuation is
obtained:

fa = Kau + Cau̇, (3.42)

where Ka is the aeroelastic stiffness matrix, Ca is the aeroelastic damping matrix, u
represents the vector of displacements, and u̇ is the vector of velocities. All these terms
are matrices in terms of the whole bridge model. The dynamic equation governing the
behavior of the full bridge is

Mü + Cu̇ + Ku = fa = Kau + Cau̇, (3.43)

where M is the matrix of masses, K is the stiffness matrix, C is the damping matrix,
and ü represents the vector of accelerations. This can be expressed in a more compact
form as

Mü + (C−Ca) u̇ + (K−Ka) u = 0, (3.44)

which describes the dynamic equilibrium equation of a damped system in free vibration,
where the damping and the stiffness matrices have been modified by including the terms
associated with wind-induced aeroelastic forces.

The procedure for solving the dynamic problem given by Equation (3.44) starts ap-
plying the modal analysis. The first step consists of obtaining the natural frequencies
and modal shapes of the bridge by solving the eigenvalue problem (Chopra [64]):(

K− ω2M
)
φ = 0, (3.45)

where ω represent the natural frequency value and φ is the vibration mode associated
with the frequency.
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The displacements of the bridge can be approximated with a linear combination of the
most significant modes m as

u =
m∑
r=1

φrqr = Φq, (3.46)

where Φ is the modal matrix and vector q is the participation of each mode. Then,
Equation (3.44) can be transformed into:

ΦTMΦq̈ + ΦT (C−Ca) Φq̇ + ΦT (K−Ka) Φq = 0. (3.47)

This equation governs the response of the bridge. Establishing the following definitions:

MR = ΦTMΦ, CR = ΦT (C−Ca) and KR = ΦT (K−Ka) Φ, (3.48)

and taking into account that the modes are normalized to the mass, then MR = I, the
expression given by Equation (3.47) becomes

Iq̈ + CRq̇ + KRq = 0. (3.49)

After some manipulations, Equation (3.49) can be expressed as:

(A− µI) wµe
µt = 0. (3.50)

where
A =

(
−CR −KR

I 0

)
,wµ =

(
µw
w

)
, and q (t) = weµt. (3.51)

The solution of the eigenvalue problem defined in Equation (3.50) is summarized in
the flowchart of Figure 3.8.

It consists of iteratively analyze the aeroelastic behavior for the bridge, subject to an
increasing wind speed U , by evaluating the complex eigenvalues given by

µj = αj + iβj, j = 1, ...,m, (3.52)

which allows to identify the characteristic parameters of the system response, which
are the frequency response

ωaj = βj, (3.53)

and the damping coefficient
ζaj =

−αj√
α2
j + β2

j

. (3.54)

When for a given wind speed Uf the damping of one complex eigenvalue (for instance,
the J-th) obtained from Equation (3.50) changes from positive to negative, or equiva-
lently αJ = 0, the critical flutter velocity of the bridge is identified.
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Figure 3.8: Flowchart for obtaining the flutter speed. Taken from Jurado et al
[199].

The approach is known as multi-modal flutter analysis, and was developed in the 1990s.
Some of the most remarkable works were published by Agar [4], Jones and Scanlan
[194], Tanaka et al [405], Miyata et al [283], Katsuchi et al [205] and Ge and Tanaka
[137].

3.3 Experimental methodologies

As described in some of the load models discussed in Section 3.2.1, wind tunnel tests
are required to obtain the parameters that can not be obtained by analytical proce-
dures, particularly in the case of bluff bodies. For instance, in the case of the steady
approach, described in Section 3.2.1.1, no analytical approach is provided for obtaining
the force coefficients of bluff bodies and therefore they must be measured experimen-
tally. This is usually conducted by aerodynamic wind tunnel sectional tests, which
will be described in Section 3.3.2. On the other hand, the semi-empirical approach de-
veloped in Section 3.2.1.4 requires the measurement of the flutter derivatives to define
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the aeroelastic forces acting on the bridge deck. The wind tunnel tests required in this
case are the aeroelastic sectional tests, and they will be explained in Section 3.3.3.

The common characteristic in both kinds of tests is its sectional nature, which allows
to use the same sectional model for both tests by changing the set up in the wind
tunnel. Sectional tests are a valuable tool to study the action of wind on high aspect-
ratio or slender structures, like long-span bridges. Sectional models are designed to
behave adequately in both tests, and a previous introduction about design and building
techniques of these models is provided in the following sections.

3.3.1 Design and fabrication of sectional models

Sectional models are designed to behave as rigid elements in both aerodynamic and
aeroelastic test arrangements, aiming to reproduce the wind-induced loads in a wind
tunnel test. In order to fulfill this task, a set of requirements must be accomplished:

1. Geometrical similarity: It is crucial to obtain an accurate reproduction of the
geometry of the cross-section to be studied. In addition, special care must be
taken to avoid geometrical differences along the spanwise direction, in order to
reproduce the 2D phenomena as accurately as possible. There are many modeling
techniques to represent the geometry of sectional models. The most common
materials are wood, plastic, or even steel. Further details about the techniques
used in this work for achieving these goals will be reported in Section 3.3.1.1.

2. Stiffness requirements: As described in Section 3.2.1.1, the correct measurement
of the force coefficients requires that the sectional model does not deform during
the test, consequently, the models must be as rigid as possible. This is achieved by
providing them with an internal rigid rod that gives high stiffness to the models
and guarantees an adequate transmission of the wind pressure to the load cells
through the supporting system, without introducing dynamic amplifications in
the response of the model.

3. Mass requirements: In the aerodynamic sectional tests no requirements about
the mass properties of the sectional model must be considered, since the sectional
model is rigidly fixed to the load cells. The only limitation may be the maximum
axial load supported by the load cells. However, in the aeroelastic tests, some
considerations about the mass properties of the sectional model must be regarded.
The sectional model must be designed considering that the translational mass
and the mass moment of inertia must be in accordance with the stiffness of
the supporting springs in order to get the desired natural frequencies of the
system. It is important in aeroelastic tests that the natural frequencies of the
three degrees-of-freedom of the system are different enough, in order to avoid
interferences.
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4. Size requirements: The sectional models are usually designed to present the
chordwise dimension as large as possible to obtain the highest possible Reynolds
number, as it will be discussed in Section 3.3.2.2. However, the spanwise dimen-
sion of the model is commonly limited by the width of the test chamber of the
wind tunnel. This limitation affects to the chord length, as a chordwise-spanwise
dimensions ratio at least of 1:3 should be kept. For instance, in this work, the
experimental campaign was conducted in the wind tunnel of the Universidade
da Coruña, described in Section 2.4.1.4. The test chamber has a width of 1 m,
which sets the maximum spanwise length of the sectional model at about 0.95
m, in order to adequately carry out the free vibration aeroelastic tests avoiding
any contact of the model with the chamber walls. Thus, and trying to keep the
chordwise-spanwise ratio close to 1:3, the width of the models must be around
0.33 m.

5. Two-dimensionality requirements: The phenomenon intended to mimic is the
flow passing around the sectional model exhibiting a two-dimensional behav-
ior. This is conducted assuming the "strip theory" (Davenport [86]), previously
commented in Section 3.2.1. Although it is assumed that it is not possible to
eliminate all three-dimensional phenomena, some flow effects can be avoided.
One of the most important is the wrapping of the flow around the two ends
of the model. In order to avoid this situation, in the tests of this research the
sectional models have been provided with elliptical end-plates attached to both
sides of the model.

Sectional models must be designed aiming to accomplish all the requirements listed
above. The size, stiffness and mass requirements can be fulfilled by a precise design of
the model, but the geometrical similarity sometimes relies on the skills of the fabrica-
tion team or the quality of the available technologies. The following section describes
the techniques used in the frame of this work to guarantee the geometrical similarity
of the models.

3.3.1.1 Available technologies for the accurate definition of the model ge-
ometry

Given the geometrical requirements explained above, the model construction is one of
the most important steps in a wind tunnel campaign. Therefore, the most advanced
modeling techniques are required to achieve the desired result. Figure 3.9 shows two
of the techniques used for constructing the models tested during the experimental
campaigns conducted for validating the numerical results reported in this thesis. In
Figure 3.9(a), the Computer Numerical Control (CNC) machine used for building
the circular shaped deck models used in Chapter 6 is shown while working on the
transversal rib of one model. Also, the 3D printer used for fabricating the streamlined
sectional models based on the Scanlan’s G1 cross-section used in Chapter 7 is shown
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in Figure 3.9(b). It can be seen in this picture that the section has a hole for placing
the longitudinal rigid rod that provides the stiffness for the model.

(a) CNC machine defining a rib of a sectional
model.

(b) 3D printer working on a deck bridge sectional
model.

Figure 3.9: Pictures of two machines for creating deck sectional models available
in the Universidade da Coruña.

It must be borne in mind that 3D printers use an extruder that generates small irregu-
larities in the surfaces of the model. In addition, the printing volume of 3D printers is
commonly insufficient for creating the model in a single piece. Hence, several segments
must be printed separately and then they must be joint together, which may generate
irregularities on the model surface. Aiming to eliminate these inaccuracies that may
affect to the roughness of the surface of the model and consequently to the results of
the tests (Achenbach and Heinecke [2]), the surfaces were caulked, sanded and painted.
Special care must be taken when modeling sharp corners, since this may affect to the
aerodynamic response of the bridge deck, as studied by Mannini et al [256]. Further
details about the techniques used for building the sectional models will be reported in
Chapter 6 and Chapter 7.

3.3.2 Aerodynamic tests of sectional models in wind tunnel

Aerodynamic testing is a type of wind tunnel test where the sectional model is rigidly
fixed in order to reproduce the steady loads on the body and also to identify the vortex
shedding frequency. With this aim, the sectional model is placed in the test chamber
supported by rigid bars that connect the sectional model to the load cells. In this
manner, no displacements are allowed to the sectional model during the tests, and the
wind-induced loads over the model are directly measured by the load cells.

Figure 3.10 shows the supporting and measuring system used for this test in the wind
tunnel of the Universidade da Coruña. Figure 3.10(a) shows a test of a circular segment
deck model with a positive angle of attack α. Figure 3.10(b) outlines the main elements
of the test arrangements. This supporting system seeks to rigidly link the load cells
with the support rod located in the elastic center of the sectional model. This is
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achieved by the set of bars shown in Figure 3.10(b). The wind velocity is controlled by
the Pitot tube, located upstream of the test section. The elliptical end-plates described
in Section 3.3.1 can be appreciated in Figure 3.10(a) attached to the sides of the model.

(a) Experimental test set-up for a circular seg-
ment model.

Vertical load cells

Test model

End plate

Rigid model support rod

Stiff support beam

Stiff cell conexion beams

Horizontal load cells

Cells support device

Test chamber frame

Wind direction

Pitot tube

(b) Supporting and measuring system for aerody-
namic tests.

Figure 3.10: Aerodynamic test set-up and description of the suspension system.

3.3.2.1 Measurement of the force coefficients

The target of this test is to obtain the force coefficients as a function of the angle
of attack of the wind α. Therefore, it must be conducted several times with different
values of α aiming to obtain the values of the three force coefficients as a function of the
angle of attack α. Since the measurements obtained from wind tunnel tests are subject
to some dispersion of inherent nature, the data recorded along the measurement time
are averaged and the final reported results are the time-averaged force coefficients.
The selection of the wind velocity for conducting the test is not a trivial choice, as
Reynold-number effects can affect to the results, as reported, for instance, in Schewe
[368], Larose and D’Auteuil [231] or Kargarmoakhar et al [204]. A more detailed
discussion about this topic will be provided in Section 3.3.2.2.

The meassurement of the force coefficients is made by the horizontal and vertical
load cells affixed to the test chamber frame. The load cells are uniaxial as shown in
Figure 3.11(b). The load cells used in the wind tunnel of the Universidade da Coruña
are UTILCELL 240, with a nominal capacity of 5 kg and accuracy interval of 0.6 g.
This limits the mass of the sectional model, as mentioned in Section 3.3.1. However,
the characteristics of the used load cells guarantee that the measurements carried out
are accurate enough.

A description of the measuring system is provided in Figure 3.11(a), where it can be
seen that the drag is measured by cells 1 and 2, the lift is obtained from cells 4, 5 and
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Cell 1

Cell 2

Cell 3 Cell 4

Cell 5 Cell 6
M

D

L

(a) Scheme of the cells in the aerodynamic test. (b) Detail of a cell fixed to a connexion beam.

Figure 3.11: Details of the system for measuring the wind forces on the model.

6, and the moment is given by cells 5 and 6, according to the expressions

Dexp (α) = Fm
1 + Fm

2 , (3.55a)

Lexp (α) = Fm
4 + Fm

5 + Fm
6 , (3.55b)

M exp (α) = (Fm
5 + Fm

6 )
d

2
, (3.55c)

where Fm indicates the measured force and the subindex indicates the identification
number of the cell, according to Figure 3.11(a), and d is the horizontal distance between
cells 5 and 6.

3.3.2.2 Reynolds-number-effects studies

It is common in wind engineering that the geometries studied belong to bluff bodies
subject to Reynolds-number effects. In the case of bridge decks, the geometries are
commonly sharped edged bodies, which reduces the Reynolds-number dependence, as
these edges help to fix the flow separation point, and the flow structure is less prone to
be modified. However, there are well-known cases of bridge decks were discrepancies
have been found from wind tunnel tests of reduced models to full scale measurements,
as a consequence of the differences in the Reynolds number (see Equation (2.1)). One
example is the Reynolds-number sensitivity of the Strouhal number and drag coefficient
of the approach spans deck of the Great Belt East Bridge reported by Schewe and
Larsen [369] and Schewe [368], and shown in Figure 3.12. In this figure, variations
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in the Strouhal number St and drag coefficient CD are shown in Figure 3.12(a) as a
function of the Reynolds number, and the changes in the flow structure are represented
in Figure 3.12(b). Basic geometries as rectangular cylinders with non null angle of
attack and particularly those with curved shapes show a strong sensitivity with Re.

(a) Sensitivity of St and CD. (b) Interpretation of flow structures.

Figure 3.12: Representation of Reynolds-number-effects of the aerodynamic re-
sponse of the deck cross-section of the approach spans of the Great Belt East Bridge.

Taken from Schewe and Larsen [369].

This sensitivity has been also studied in numerical works, for instance in the work
conducted by Mannini et al [255]. In that paper, the force coefficients of a trapezoidal
single-box deck cross-section show Reynolds-number sensitivity. The phenomenon is
always present and Reynolds-number-effects studies must be conducted in order to
ascertain the sensitivity of the aerodynamic forces acting on the studied cross-section.

The procedure carried out is to conduct this kind of tests evaluating the force coef-
ficients, as described in Section 3.3.2.1, for a set of wind velocities. In this manner,
the force coefficients may be expressed as a function of the Reynolds number, and its
possible influence can be identified (see Figure 3.12(a)). In the experimental studies
conducted during this research several studies with different Reynolds numbers were
carried out and the most relevant results are reported in Chapter 6 and Chapter 7.

3.3.2.3 Measurement of the Strouhal number

The Strouhal number is a dimensionless parameter indicative of the frequency of vortex
shedding generated by an incident flow over a static bluff body. This phenomenon is
one of the most studied in fluid mechanics, and its interest in wind engineering is
motivated by the vibrations induced in structures when the frequency of excitation
is close to one of the natural frequencies. In this respect, vibrations in bridge decks
might cause serviceability and fatigue of materials related problems. Some interesting
research works about this topic can be found in Owen et al [318], Larsen et al [239],
Battista and Pfeil [27], Barrero Gil et al [25] and Jurado et al [200].
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The Strouhal number St is defined as

St =
fH

U
, (3.56)

where f is the frequency of vortex shedding, U is the mean velocity of the flow and
H is the characteristic dimension of the section. In this case the depth of the bridge
section model was used given that it is the most common characteristic dimension
considered for the Strouhal number in bridge engineering.

The measurement of the Strouhal number consists of conducting an aerodynamic test,
usually at α = 0◦, and then analyze the force signal by a Fourier transformation to
obtain the frequency of vortex shedding. Further insights can be found in Simiu and
Scanlan [381], Jurado et al [201] and in Sánchez et al [353].

Vortex shedding studies are carried out in the context of this research in order to
use the results to validate those obtained from the CFD simulations, as the Strouhal
number is a relevant characteristic of the response of bluff bodies under wind flow.

3.3.3 Aeroelastic tests of sectional models in wind tunnel

Aeroelastic wind tunnel tests seek the measurement of the flutter derivatives described
in Section 3.2.1.4. These tests can be conducted using sectional models and following
two approaches:

1. Free vibration tests: The approach consists of supporting the model by a flexible
suspension system to allow the wind to induce oscillations in the section. The
flexible supporting system seeks to emulate a two-dimensional dynamic system
with three degrees-of-freedom, as described in Equation (3.11). In this man-
ner, the unsteady functions, namely the flutter derivatives, can be measured, as
proposed by Scanlan and Tomko [365].

2. Forced vibration tests: This approach consists of imposing the oscillation of the
sectional model in the wind flow and measuring the wind forces acting over it. A
set of actuators generates harmonic motions while the aeroelastic forces acting
over the section are measured to obtain the flutter derivatives of the model.
Further details about this technique can be found, for instance, is Washizu et al
[437] and Diana et al [101].

In this research, free vibration test were conducted to obtain the flutter derivatives of
the deck cross-section to validate the results of numerical techniques. Further details
are provided in Section 3.3.3.1.
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3.3.3.1 Measurement of the flutter derivatives in free vibration tests

The supporting system for conducting free vibration tests is composed by a set of
springs and therefore the sectional model is allowed to suffer oscillations induced by
the wind loads, since these tests seek to study fluid-structure interaction effects.

The set up of the suspension system in the test chamber consists of a set of springs
aiming to generate a two-dimensional dynamic system with three degrees-of-freedom,
namely the vertical and horizontal displacements and the pitch rotation. The combi-
nation of the stiffnesses of the springs and the mass and mass moment of inertia of
the model gives place to the three natural frequencies of the system. A detail of two
configurations of springs used in this research to obtain the flutter derivatives of the
models is shown in Figure 3.13. It can be seen that two springs at each side of the
model are used to provide horizontal stiffness to the model, while the vertical stiffness
is provided by the set of vertical springs. The stiffness related to the rotational DoF
is controlled by the stiffness of the vertical springs and their horizontal separation.
Therefore, this distance is the variable used for modifying the torsional stiffness while
the stiffness of the springs is used to control the vertical stiffness of the system. Fur-
ther insights about this technique can be found elsewhere, for instance in Scanlan and
Tomko [365], Poulsen et al [327], Hjorth-Hansen [169], Jakobsen and Hjorth-Hansen
[189] or León [244].

(a) Set up with upper vertical springs. (b) Set up with upper and lower vertical springs.

Figure 3.13: Conceptual scheme of the set up of the aeroelastic test.

The aeroelastic tests for obtaining the flutter derivatives using the free vibration tech-
nique consist of two steps:

1. A vibration test without air flow: the measurements conducted in this test allow
to identify the damping matrix C and the stiffness matrix K of the system.
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2. Several vibration tests at different wind velocities: in this case the measured
damping and stiffness matrices correspond to the expressions (C−Ca) and
(K−Ka), as described in Equation (3.44). This information along with the
damping and stiffness matrix obtained in the tests without air flow provide the
required data to obtain the flutter derivatives of the model. These tests are car-
ried out for a set of wind velocities, as the flutter derivatives are a function of
the reduced frequency, as explained in Section 3.2.1.4.

In this manner, from the differences in the response in terms of displacements of the
sectional model with and without air flow, the flutter derivatives can be extracted.

The formulation of this process starts from the equation of the dynamic equilibrium
under wind loads given in Equation (3.43). This equation can be normalized in terms
of the mass as

ü + Cmu̇ + Kmu = 0, (3.57)

considering Cm = M−1 (C−Ca) and Km = M−1 (K−Ka), where the terms Cm and
Km are required for the calculation of the flutter derivatives. These terms are obtained
in the tests carried out in the wind tunnel, from the differences in the oscillations of the
section with and without wind flow. Some techniques for identification of the flutter
derivatives are the Modified Ibrahim Time Domain (MITD) proposed by Sarkar et al
[354], which is based on the method proposed by Ibrahim and Mikulcik [175], and the
Iterative Least Squares (ILS) proposed by Chowdhury and Sarkar [65].

The expressions for obtaining the flutter derivatives from experimental data can be
written as
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where m is the mass of the sectional model (including the mass of every element of the
suspension system that moves with the model), I is the mass moment of inertia, ωi
is the natural frequency of the i-th degree-of-freedom, Cmech

ij and Kmech
ij are the terms

of the damping and stiffness matrices without air flow, while Ceff
ij and Keff

ij are the
terms of the damping and stiffness matrices at different wind velocities. The tests are
repeated for a number of times at different wind velocities in order to obtain the values
of the flutter derivatives as a function of the reduced velocity U∗ = U/fB, where f
is the frequency of oscillation. The software used for conducting and postprocessing
these tests is the in-house code PCTUVI (Sánchez et al [353]), and more details can
be found in Jurado et al [197].

3.4 Numerical methodologies: Computational Fluid
Dynamics (CFD)

Computational Fluid Dynamics (CFD) can be defined as the technique that allows the
study of fluid and heat transfer by combining fluid mechanics engineering, mathematics
and computational science, as illustrated in Figure 3.14. The application of this tech-

Figure 3.14: Representation of the different disciplines involved in Computational
Fluid Dynamics. Taken from Tu et al [415].

nique for wind engineering applications has significantly grown in the last two decades
(see for instance, Cochran and Derickson [77], Blocken [35] and Tamura and Van Phuc
[403]). The fundamentals of this methodology are widely described in Fletcher [122],
Anderson [10], Wilcox [451], Versteeg and Malalasekera [428] or Tu et al [415], and a
brief summary is outlined in the following sections. First, the Navier-Stokes equations
are described, and the main methods for modeling the turbulence are summarized
in Section 3.4.1. In the following sections the most relevant techniques involved in
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the solution of CFD simulations are illustrated, which are the discretization schemes
in Section 3.4.2, the preassure-velocity coupling algorithms in Section 3.4.3 and the
wall modeling approaches in Section 3.4.4. Section 3.4.5 is dedicated to describe the
Unsteady Reynolds averaged Navier Stokes (URANS) formulation, since this is the
approach that will be used in this work. Later, the turbulence models used in this
research to close the URANS formulation are discussed in Section 3.4.6. Finally, the
last subsection is dedicated to describe the CFD solvers employed in this research.

3.4.1 Navier-Stokes equations

The fluid flow around a body can be modeled by using the Navier-Stokes equations.
These equations are named to honor the works conducted by Claude Navier and George
Stokes, and are widely used to study fluid motions. The continuity equation is given
by

∂ρ

∂t
+ ρ

∂ui
∂xi

= 0, (3.61)

where ρ is the density of the flow, ui are the velocity components of the flow, t is the
time and xi stands for the space components. The momentum equation can be written
as
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)
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where µ is the viscosity of the flow and p is the static pressure. The terms in the
momentum equation have physical meaning and can be identified as transient term
(ρ∂ui

∂t
), inertial term (ρ∂uiuj

∂xj
), pressure term ( ∂p

∂xi
), and viscous term (µ ∂

∂xj

(
∂ui
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+
∂uj
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)
).

In Equation (3.61) and Equation (3.62) the fluid is considered isothermal, since thermal
effects are not relevant in bridge engineering applications.

In the wind engineering field the wind flows are usually turbulent. This fact is one
of the most important ones to consider when studying the wind-induced loads on
structures, as outlined in Section 3.2.1.2. Turbulence is a flow regime characterized
by chaotic changes in the flow pressure and velocity, which can cause the presence of
chaotic flow structures and eddies. Figure 3.15 shows two pictures where the turbulent
nature of flows can be identified. This characteristic must be included in wind flow
calculations in order to capture the turbulence of the incoming flow and the turbulence
caused by interactions of the flow with the structure.

Turbulent flows have random characteristics and present a wide range of length and
time scales of eddies. The treatment of the eddies generated by the turbulent nature of
the flow gives place to different methodologies for modeling the turbulence. This task
is a challenging problem, and turbulence models are in constant development. The
main methodologies used for modeling the turbulence are summarized in the following
paragraphs.
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(a) Smoke flame of a cigarette. (b) Turbulence generated around a bridge deck.
Taken from Larsen and Wall [236].

Figure 3.15: Two pictures showing the turbulent nature of flows.

A first approach would be to directly solve the flow governing equations by discretizing
the flow domain in spatial grids so fine that could be able to resolve the length scales
at which energy dissipation takes place, and considering time steps small enough to
resolve the period of the fastest fluctuations. This approach is known as Direct Nu-
merical Simulation (DNS), and solving the problem in this manner would provide
accurate details of turbulence. However, the application of this approach to bridge
engineering field is unfordable nowadays because of the high computational cost that
it requires, although this approach is expected to play an important role in the future
as computational performance is continuously improving.

The Reynolds averaged Navier-Stokes (RANS) method deals with the problem by
using time-averaged properties. This gives place to new terms due to the interactions
between various turbulent fluctuations and the effects of turbulence on the mean flow
properties, which leads to the need for including further assumptions to close the
system of equations, giving place to the different turbulent models. However, many
RANS turbulence models may present some limitations because they are limited to
special flow problems, and cannot be used to solve all the flow problems. The main
reason is that the RANS method ignores the scales effect of flow in space, while the
turbulence has multi-scales in space, presenting small eddies with universal isotropic
behavior, and large eddies, which interact with the main flow and consequently are
related to it. Despite these drawbacks, this approach is one of the most used methods in
the wind engineering field for studying bridge aerodynamics problems. Some examples
can be found in Mannini et al [256], Šarkić et al [480, 481], Brusiani et al [46] and
Nieto et al [306]. The formulation will be developed in Sections 3.4.5 and 3.4.6.

The Large Eddy Simulation (LES) approach (Ghosal et al [140] and Sagaut and Ger-
mano [348]) deals with both kinds of eddies, computing directly the large eddies with a
time-dependent simulation, while the small eddies are captured with a compact model.
The method applies a filtering function and a cutoff width in order to revolve all the
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eddies with a length scale greater than the cutoff width. In the spatial filtering process
the information related to the filtered-out small eddies is removed. This fact and the
interaction between the large solved eddies and the small unsolved eddies gives place to
sub-grid-scale (SGS) stresses, that are computed by means of a SGS model. The most
used SGS models are the Smagorinsky model and the dynamic SGS model. Although
the formulation of this approach was developed two decades ago (Ghosal et al [140]),
its use has grown more recently taking advantage of the increasingly available com-
putational power, particularly in fully 3D simulations. Application examples in wind
engineering can be found elsewhere, for instance in Sarwar et al [357] and Bruno et al
[45]. In addition, some researches have conducted studies comparing the performance
of LES and RANS, such as Lübcke et al [253] or Salim et al [349].

The Detached Eddy Simulation (DES) (Spalart et al [393]) method is a hybrid model
which, in order to reduce computational time without significant loosening of accuracy,
deals with the large eddies through a conventional LES model and handles boundary
layers with conventional RANS methods. The most important issue of the DES method
is to identify the portions of the computational domain where the LES or RANS
methods must be applied, which is known as the DES blending problem. The most
used approaches to deal with this problem are known as DES based on the Spalart-
Allmaras model and DES based on the SST k − ω model.

The Discrete Vortex Method works solving the Navier-Stokes equations for the fluid in
terms of vorticity to characterize the flow around a body. The main characteristic of
this approach is that it does not require a mesh. Interesting application examples can
be found in Larsen and Walther [237] or Taylor and Vezza [409], where this method
is used to calculate the aerodynamic characteristics of two-dimensional bridge deck
cross-sections.

An other alternative approach is the Lattice Boltzmann method (LBM), which instead
of solving the Navier-Stokes equations, the Boltzmann equation is adopted to simulate
the flow as a Newtonian fluid by using collision models such as Bhatnagar–Gross–Krook
(BGK). Further details can be found in Wagner [432] and a recent application in
Devaraj et al [95].

The method employed for obtaining the aerodynamic characteristics of the cross-
sections considered in this work is the two-dimensional URANS method, and its for-
mulation is described in Section 3.4.5.

3.4.2 Discretization schemes

The system of partial differential equations developed in Section 3.4.1 can not be
solved analytically for the problems of interest in wind engineering. Therefore, these
equations have to be discretized. The process consists of discretizing these equations to
transform the partial differential equations into algebraical equations in order to obtain
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a solution at discrete points at a certain time by using a computational procedure.
This discretization is divided into three main processes: the spatial discretization, the
equations discretization and the temporal discretization.

3.4.2.1 Spatial discretization

The spatial discretization consists of the subdivision of the flow domain, giving place
to a mesh. Each element of the mesh is known as a cell or finite control volume,
in the case of using the Finite Volume method, which is the technique used in this
work and will be described in Section 3.4.2.2. At each cell of the mesh, the Navier-
Stokes equations are solved numerically and the solution obtained is transferred to the
adjoining cells.

The geometry of the flow domain under consideration and the goals of the simulation
determine the number, size and geometry of the finite control volumes. The design of
the mesh is an important task in CFD, since its quality highly influences the accuracy of
the results. Therefore, the mesh must be defined with high spatial resolution, specially
in those areas where flow gradients are important. In particular, the definition of the
boundary layer is crucial. In the case of bluff bodies, as it is the case of most of the
bridge decks, the wake region requires also a detailed discretization. Conversely, in
the regions where the flow is nearly uniform, the density of cells in the mesh may be
reduced in order to decrease the computational requirements of the CFD simulation.

There is a wide range of literature which focus on methods for grid generation, and
further details can be found in Thompson et al [414] Arcilla et al [14] and Liseikin [246],
among many others. The most common types of meshes are the structured meshes
and non-structured meshes. Figure 3.16 shows two meshes generated for conducting
CFD simulations of the semicircular section and the Scanlan’s G1 section, that will
be reported in Chapter 6 and Chapter 7, respectively. The first one is shown in
Figure 3.16(a), and the whole fluid domain is discretized by a structural mesh composed
by quadrilateral control volumes. In the second case, which is shown in Figure 3.16(b),
a non-structured mesh, made using triangular control volumes in the buffer region, and
a structured mesh in the boundary layer region can be appreciated. The structured
meshes made in the frame of this research were generated by the in-house software
FLUSINI (Nieto et al [304]).

In addition, the CFD meshes must be verified in order to ascertain the degree of depen-
dence of the simulation results on the mesh discretization. Concisely, the verification
process can be defined as "the process of determining that a model implementation
accurately represents the developer’s conceptual description of the model and the so-
lution to the model" (AIAA [6]). These studies consist of analyzing the dependence
of the results with the density and distribution of elements along the fluid domain.
In other words, several meshes are generated with a growing number of cells and the
obtained results are compared, usually the mean and standard deviation of the force
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(a) Example of structured mesh. (b) Example of non-structured mesh.

Figure 3.16: Two examples of different strategies for conducting the spatial dis-
cretization of the flow domain.

coefficients and Strouhal number. When the increment in the number of cells, or the
improvement in the mesh refinement, does not effect to the results, it can be considered
that the mesh is verified.

3.4.2.2 Equation discretization

This is the process of transforming the partial differential equations, that cannot be
solved analytically, into an analogous algebraic system of equations that can be solved
by means of computational procedures.

The Finite Volume Method (FVM) integrates the governing equations over the control
volume, considering for each control volume the conservation of mass and momentum.
Thus, the general integration result of the Navier-Stokes equations for a flow variable
φ is ∫

V

∂ρφ

∂t
dV +

∫
A

n · (ρφU) dA =

∫
A

n · (Γφ∇φ) dA+

∫
V

SφdV, (3.63)

where V is the control volume and A is the surface area of that volume, n is the normal
area vector (see Figure 3.17), Γφ is the diffusion coefficient of φ and Sφ is the source
of φ.

It must be borne in mind that the scalar φ may represent any averaged (or filtered)
quantity of the URANS approach (or LES) described in Section 3.4.1 and Section 3.4.6.
Each term of Equation (3.63) has a role in the equation, and they can be interpreted
in relation to φ in the control volume as follows:
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Figure 3.17: Representation of a control volume. The relative location of the
adjoint volumes is indicated by compass notation. Taken from Franke [132].

1. Unsteady or transient term: Rate of change of φ with respect to time.∫
V

∂ρφ

∂t
dV (3.64)

2. Convective term: Rate of decrease of φ because of convection∫
A

n · (ρφU) dA (3.65)

3. Diffusive term: Rate of increase of φ because of diffusion∫
A

n · (Γφ∇φ) dA (3.66)

4. Source term: Rate of creation of φ ∫
V

SφdV (3.67)

CFD solvers provide different approaches to treat each term, in order to transform
these terms into a set of algebraic equations to obtain the flow parameters inside
the control volume. The solutions are transferred to the adjacent control volumes
to simulate the flow throughout the flow computational domain. The convergence is
achieved by repeating this process in an iterative approach.
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3.4.2.3 Temporal discretization

Transient simulations usually involve time-dependent terms, and therefore a temporal
discretization is required, which consist of discretizing the time into finite size time
steps ∆t. Consequently the problem is converted into a system of equations dependent
on time, where some unknown variables at the current time step are computed from
the values obtained in the previous time step. To tackle this problem, two techniques
can be used:

1. Explicit schemes: the values of the unknown variable at the current time step ti
are calculated using the value of the previous time step ti−1. This makes the size
of the time step a crucial value, as it must be small enough to not compromise
the stability and convergence of the process. The advantages of this method are
that it is easy to implement and requires less computational memory. The main
drawback, is that it requires small time-steps, which leads to long computational
times for the simulations.

2. Implicit schemes: this technique obtains the values of the variables from their
values in the previous step, and the values of the variables in the adjacent nodes
at the same time step. The main advantage of these methods is that larger
time steps can be used when compared with the explicit schemes, and it is more
robust. However, the effort per time step or iteration is higher.

Further insights about the discretization schemes can be found in Blazek [33].

The temporal discretization also affects to the accuracy of the simulation, as well
as to the stability and convergence of the numerical process. Therefore, both the
domain and time must be discretized properly, and the relationship between these two
discretization is given by the Courant number, which is given by

Co =
U∆t

∆x
, (3.68)

where U is the speed of the flow and ∆x is the cell size. Consequently, each cell of the
mesh has its own Courant number, as it has its own size and flow speed. In practice,
in many cases in order to promote stability in the simulation the Courant number has
to be lower than one at every cell of the mesh, given that this guarantees that the
distance traveled by the flow in ∆t is lower than the cell size. Therefore, since the Co
has an inverse relationship with ∆x (Equation (3.68)), the smallest cells of the mesh
will determine the time step ∆t that will allow to fulfill Co ≤ 1. In the meshes used in
this work, these cells are the first element of the boundary layer located at the corners
of the geometries considered, as it can be appreciated in Figure 3.16.
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3.4.3 Solution algorithms: Pressure-velocity coupling

In the Navier-Stokes equations there is not an independent equation to obtain the
pressure field, and consequently the pressure field is obtained iteratively with the
velocity field. This procedure is conducted by using pressure-velocity solvers. Two
different solvers can be used:

1. Coupled pressure-velocity or simultaneous algorithms: This algorithm solves the
system of momentum and continuity equations simultaneously, requiring a high
computational power and memory.

2. Segregated algorithms: The discretized governing equations are solved sequen-
tially. Coupling between equations is carried out using an iterative procedure.
This approach requires less computational resources and time than the simulta-
neous algorithms.

The most used approaches as pressure-velocity coupling solvers are the ones based on
segregated algorithms. The most popular schemes are SIMPLE and its variations, as
well as PISO, and PIMPLE, which are listed below:

1. SIMPLE: The Semi-Implicit Method for Pressure Linked Equations was firstly
proposed by Patankar and Spalding [322]. It consists of a predictor-corrector
procedure for the calculation of pressure and velocity fields. The momentum
equation is solved first to calculate the velocity field assuming a given pressure
field. Then, the results of the velocity field are used to correct the pressure field
by the continuity equation. This process is repeated until the residuals are small
enough.

2. SIMPLER: The SIMPLE Revised algorithm, developed by Patankar [321], is an
improved version of the SIMPLE algorithm, based on improving the calculation
of the pressure field, which is obtained directly without using corrections.

3. SIMPLEC: The SIMPLE-Consistent algorithm improves the SIMPLE algorithm
by manipulating the momentum equations. It was developed by Van Doormaal
and Raithby [419].

4. PISO: The PISO algorithms stands for Pressure Implicit with Splitting of Oper-
ators. This procedure was originally developed for the computation of unsteady
compressible flows using a non-iterative scheme, and later it was adapted for
the iterative solution of steady state problems. This algorithm is an extension of
SIMPLE with a further corrector step. It involves one predictor step and two cor-
rector ones. Is was developed by Issa [183], and a comparison of its performance
with the SIMPLE method was conducted in Issa et al [184].
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5. PIMPLE: This algorithm is a merged version of the SIMPLE and PISO schemes
(Jasak [192]). It includes internal loops and the use of relaxation factors for the
model variables and matrices of the linear equations. This algorithm is indicated
for long time steps.

Further insights about these algorithms can be found in Patankar [321], Ferziger and
Peric [117] and Versteeg and Malalasekera [428].

3.4.4 Wall modeling approach

The wall treatment approach deals with modeling the boundary layer attached to the
walls of bodies immersed in a real fluid. The boundary layer refers to the layer of
fluid in the vicinity of a bounding surface, where the viscosity effects over the flow
are meaningful. In other words, is the region where the viscous forces caused by the
velocity gradient normal to the wall surface are significant. Consequently, the velocity
of the flow is modified as show in Figure 3.18. The height of the boundary layer δ is
the distance from the wall to the point where the flow velocity reaches the free-stream
velocity.

Figure 3.18: Sketch of a boundary layer. Adapted from Tu et al [415].

Along the height of the boundary layer δ, the velocity of the flow and the distance
from the wall are linked by two dimensionless relationships, which are the dimensionless
velocity u+ and the dimensionless distance y+ (see Wilcox [454]), given by

u+ =
U

uT
, (3.69)

y+ =
uTy

ν
, (3.70)

where U is the velocity and ν is the kinematic viscosity of the flow, as defined before,
y is the distance from the wall and uT is the friction velocity, given by the expression

uT =

√
τw
ρ
, (3.71)
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where τw is the wall shear stress.

These two dimensionless quantities are related by the "law of the wall", which is given
by

u+ = f
(
y+
)
. (3.72)

This law describes the velocity profile for a turbulent boundary layer, and a typical
profile can be seen in Figure 3.19. The research conducted by Schlichting and Gersten
[370] demonstrates a fair agreement between the profile reported in Figure 3.19 and
experimental data. In this profile, three regions can be identified:

1. Viscous Sublayer: Is the region between the wall and the Log Layer. It behaves as
a laminar boundary layer, and consequently the horizontal velocity varies linearly
with y in the neighborhoods of the surface. In terms of the dimensionless velocity
and distance, u+ varies linearly with y+, and it can be written for y+ < 7 that

u+ = y+. (3.73)

2. Log Layer: This layer is typically found between y+ = 30 and y = 0.1δ. In this
layer, the velocity varies logarithmically with y, and can be modeled following
the expression

u+ =
1

κ
lny+ + C (3.74)

where κ is the Kármán constant, which takes the value κ = 0.41, and C is a
constant that depends on the surface roughness. Further details about constant
C can be found in Kline et al [215] and Schlichting and Gersten [370].

3. Defect Layer: This layer is identified between the Log layer and the edge of
the boundary layer and consists of a departure from the logarithmic behavior
approaching the freestream. The expression of the velocity is again obtained
from correlation measurements, and is given by

u+ =
1

κ
lny+ + C +

2Π

κ
sin2

(π
2

y

δ

)
. (3.75)

where Π is Coles’ wake-strength parameter, which varies with pressure gradient,
as described in Coles and Hirst [78], and for constant pressure Π ≈ 0.6.

In CFD simulations, the wall boundary condition on the body surface or wall can be
modeled by wall functions (Viegas and Rubesin [429]), or by means of a low turbulent
Reynolds number formulation (Jones and Launder [195]). The first approach consist
of modeling the whole boundary layer by using a single element on the mesh, while in
the second case the boundary layer is discretized by a number of elements. In all the
cases studied in this work the second approach is used.
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Figure 3.19: Typical velocity profile for a turbulent boundary layer. Taken from
Wilcox [454].

3.4.5 Unsteady Reynolds-Averaged Navier-Stokes (URANS)

This method relies on the time-averaging of the variables of the governing equations
(Equations (3.61) and (3.62)). In the case of the flow velocity, which is given by

ui = ūi + u′i, (3.76)

the value of the time-averaged velocity takes the value of the mean, as the mean of the
fluctuation component u′i is 0. In the same manner, all the variables can be averaged.
Furthermore, the fluid can be considered to be incompressible, which means that

∂ρ

∂t
= 0, (3.77)

where ρ is the density of the fluid, which is assumed constant in the whole domain.
Thus, the Reynolds averaged equations of motion in conservative form according to
Wilcox [452] are expressed in tensor notation for the three space dimensions as

∂Ui
∂xi

= 0, (3.78)

ρ
∂Ui
∂t

+ ρUj
∂Ui
∂xj

= −∂P
∂xi

+
∂

∂xj

(
2µSij − ρui′uj ′

)
, (3.79)

where Ui is the averaged flow velocity vector, xi the position vector, P is the main
pressure, µ is the viscosity of the fluid, Sij is the time-averaged strain-rate tensor,
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which is defined as
Sij =

1

2

[
∂Ui
∂xj

+
∂Uj
∂xi

]
, (3.80)

and ui′ is the fluctuation velocity and ui′ its time average. The correlation −ui′uj ′ in
eq. (3.79) defines the specific Reynolds stress tensor

τij = −ui′uj ′. (3.81)

As described in Wilcox [452], the fundamental problem on turbulence lies on computing
this term ui′uj ′, for which a prescription is required. This means that the system is not
closed and more equations are required to solve the system. This problem is known
as the closure problem, and the turbulence models provide approximations for the
unknown correlations in terms of flow properties that are known.

One way to solve the closure problem is employing the Boussinesq assumption (see
Boussinesq [40] and Wilcox [452])

τij = 2νTSij −
2

3
kδij. (3.82)

where νT is the kinematic eddy viscosity and k is the turbulent kinetic energy per unit
of mass, which are the terms to be obtained using the turbulence model.

3.4.6 Turbulence modeling

The turbulence models based on the Boussinesq assumption (eq. (3.82)) are known
as the viscosity models. Some of the most popular viscosity models are the Spalart-
Allmaras model [391], the standard k− ε model [452], the RGN k− ε model [463], the
Wilcox k − ω model [447] and the Menter SST k − ω model [274, 275]. A brief and
useful summary of them can be found in Xu [462], and more in depth information about
turbulence modeling can be found in Tannehill et al [406], Wilcox [450], Finnemore and
Franzini [120], Blazek [33], Versteeg and Malalasekera [428] and Davidson [93], among
many others. Comparisons between these models can be found in Hofmann et al
[170] for applications in the field of jets, or in Tucker [417] for applications concerning
turbomachinery.

3.4.6.1 Wilcox k − ω model

The first two-equation turbulence model using as turbulence parameters the turbulence
kinetic energy (k) and the specific dissipation rate (ω) was developed by Kolmogorov
[218] and later by Saffman [347]. Later, this model was improved until its present form
by Wilcox in a series of works (Wilcox and Alber [455], Wilcox and Traci [456] and
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Wilcox [447], among others). A revised version of this model can be found in Wilcox
[453].

This turbulence model is an empirical model based on the transport equations to
obtain the turbulence kinetic energy and the specific dissipation rate. The weakness of
the model is the sensitivity of the solution of k and ω outside the shear layer. Further
insights can be found in Wilcox [452], and a summary of the formulation is provided
next.

The transport equations that allow to obtain the values of k and ω are

∂

∂t
(ρk) +

∂

∂xi
(ρkUi) =

∂

∂xj

(
Γk

∂k

∂xj

)
+Gk − Yk + Sk (3.83)

and
∂

∂t
(ρω) +

∂

∂xi
(ρωUi) =

∂

∂xj

(
Γω

∂ω

∂xj

)
+Gω − Yω + Sω (3.84)

where Γk and Γω are the effective diffusivity of k and ω, and are defined as

Γk = µ+
µt
σk

(3.85)

Γω = µ+
µt
σω

(3.86)

where σk and σω are the turbulent Prandtl numbers for k and ω, respectively. The
turbulent viscosity µt depends on k and ω and is given by

µt = α∗
ρk

ω
. (3.87)

The coefficient α∗ causes a low-Reynolds number correction by damping the turbulent
viscosity as

α∗ = α∗∞

(
α∗0 +Ret/Rk

1 +Ret/Rk

)
, (3.88)

where
Ret =

ρk

µω
, (3.89)

Rk = 6, (3.90)

α∗0 =
βi
3
, (3.91)

and
βi = 0.072. (3.92)

It must be noted that in high-Reynolds numbers, the value of the coefficient α∗ turns
1, α∗ = α∗∞ = 1.
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On the other hand, Gk is the generation of turbulence kinetic energy k due to mean
velocity gradients and is defined as

Gk = −ρui′uj ′
∂Uj
∂xi

(3.93)

and Kω is the generation of the specific dissipation rate ω, which can be written as

Gω = α
ω

k
Gk (3.94)

where Gk is given by eq. (3.93) and the coefficient α can be obtained from

α =
α∞
α∗

(
α0 +Ret/Rω

1 +Ret/Rω

)
(3.95)

where Rω = 2.95.α∗ and Ret is given by eqs. (3.88) and (3.89).

Finally, Yk and Yω represents the dissipation due to turbulence of k and ω. The
dissipation of k is given by

Yk = ρβ∗fβ∗kω (3.96)

where

fβ∗ =

{
1 χk ≤ 0
1+680χ2

k

1+400χ2
k

χk > 0
(3.97)

where
χk ≡

1

ω3

∂k

∂xj

∂ω

∂xj
(3.98)

and
β∗ = β∗i [1 + ζ∗F (Mt)] (3.99)

β∗i = β∗∞

(
4/15 + (Ret/Rβ)4

1 + (Ret/Rβ)4

)
(3.100)

ζ∗ = 1.5 (3.101)

Rβ = 8 (3.102)

β∗∞ = 0.09 (3.103)

where Ret is defined in eq. (3.89).

On the other hand, the dissipation of ω can be written as

Yω = ρβfβω
2 (3.104)

where
fβ =

1 + 70χω
1 + 80χω

(3.105)
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χω =

∣∣∣∣ΩijΩjkSki

(β∗∞ω)3

∣∣∣∣ (3.106)

Ωij =
1

2

(
∂Ui
∂xj
− ∂Uj
∂xi

)
(3.107)

where the tensor Sij is the mean strain rate tensor and is given by eq. (3.80). Besides,

β = βi

[
1− β∗i

βi
ζ∗F (Mt)

]
(3.108)

where β∗i can be obtained from eq. (3.100), and the compressibility function F (Mt),
which determines the dissipation of both k and ω, can be written as

F (Mt) =

{
0 Mt ≤Mt0

M2
t −M2

t0 Mt > 0Mt0
(3.109)

where
M2

t ≡
2k

a2
(3.110)

Mt0 = 0.25 (3.111)

a =
√
γRT . (3.112)

It must be noticed that when the Reynolds number is hight β∗i = β∗∞. Besides, in the
incompressible form of the model β∗ = β∗i .

The model relies on dimensional analysis and some closure constants are required.
These closure coefficients are chosen by reducing the model to simpler well known
cases where relationships between the different parameters of the simplified model are
known from experimental observations, as described for instance in Wilcox [452]. Thus
the closure coefficients are selected to match these relationships, and in this case they
are

α∗∞ = 1, α∞ = 0.52, α0 =
1

9
, β∗∞ = 0.09, βi = 0.072, Rβ = 8,

Rk = 6, Rω = 2.95, ζ∗ = 1.5, Mt0 = 0.25, σk = 2.0, σω = 2.0.
(3.113)

3.4.6.2 Menter’s k − ω SST

This model was first developed by Menter [274] and improved in Menter and Esch [273].
It is similar to the Wilcox k−ω turbulence model and includes some refinements from
the k − ε model, seeking to take advantage of the robust and accurate formulation
of the k − ω model in the near-wall region and the good performance of the k − ε
model in the far field (Wilcox [452]). This helps to avoid the sensitivity of the results
to the freestream values specified for the k and ω characteristic of the k − ω model.
The use of the model in the wind engineering field is widespread, and some interesting
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applications can be found in Šarkić et al [480], Brusiani et al [46], de Miranda et al
[281] or Nieto et al [306] among many others. Further details may be found in [12],
and a brief version of the formulation is presented below. The formulation of this
model consists of two transport equations, one for the turbulence kinetic energy k and
another for the specific rate of dissipation ω. These are

∂

∂t
(ρk) +

∂

∂xi
(ρkUi) =

∂

∂xj

(
Γk

∂k

∂xj

)
+Gk − Yk + Sk (3.114)

and
∂

∂t
(ρω) +

∂

∂xi
(ρωUi) =

∂

∂xj

(
Γω

∂ω

∂xj

)
+Gω − Yω +Dω + Sω (3.115)

where Γk and Γω are the effective diffusivity of k and ω, and are defined in eqs. (3.85)
and (3.86), where the turbulent viscosity µt is obtained in this case as

µt =
ρk

ω

1

max
[

1
α∗ ,

SF2

a1ω

] , (3.116)

where S is the strain rate and α∗ is given by eq. (3.88). The definition of the eddy
viscosity µt is the only difference in the formulation of Menter and Esch [273] with
respect to Menter [274]. Equation (3.116) presents the version of [273], while in [274]
vorticity is used instead of the strain-rate S. The Prandtl turbulent numbers σk and
σω are obtained in this case as

σk =
1

F1/σk,1 + (1− F1)/σk,2
, (3.117)

σω =
1

F1/σω,1 + (1− F1)/σω,2
, (3.118)

F1 and F2 are known as the blending functions and can be obtained by

F1 = tanh
(
Φ4

1

)
, (3.119)

where

Φ1 = min

[
max

( √
k

0.09ωy
,
500µ

ρy2ω

)
,

4ρk

σω,2D+
ω y

2

]
, (3.120)

D+
ω = max

[
2ρ

1

σω,2

1

ω

∂k

∂xj

∂ω

∂xj
, 10−10

]
, (3.121)

and
F2 = tanh

(
Φ2

2

)
, (3.122)

where

Φ2 = max

[
2

√
k

0.09ωy
,
500µ

ρy2ω

]
, (3.123)
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where y is the distance to the next surface and D+
ω is the positive portion of the

cross-diffusion term.

While the production of turbulence kinetic energy Gk is given in the same manner as
in the standar k − ω model by eq. (3.93), the formulation of the production of ω, Gω,
differs from the standard k − ω model, and is given by

Gω =
α

µt
Gk. (3.124)

Besides, while the term α∞ is considered constant in the standard k − ω model
(eq. (3.113)), in this model is obtained by

α∞ = F1α∞,1 + (1− F1)α∞,2 (3.125)

where
α∞,1 =

βi,1
β∗∞
− κ2

σw,1
√
β∗∞

(3.126)

α∞,2 =
βi,2
β∗∞
− κ2

σw,2
√
β∗∞

(3.127)

where the constant κ is 0.41.

The dissipation of turbulent kinetic energy Yk in this model is defined as eq. (3.96).
However, the term fβ∗ is in the present model a constant equal to 1, instead of the
piecewise function defined in eq. (3.97). Thus, eq. (3.96) can be expressed as

Yk = ρβ∗kω (3.128)

When it comes to the dissipation of ω, the definition of Yω is the same as shown in
eq. (3.104). However, the terms βi and fβ, which in the standard k − ω model are
defined as a constant of value 0.072 and by eq. (3.105), respectively, in the SST k− ω
model are fβ = 1, which simplifies eq. (3.104) as

Yω = ρβω2, (3.129)

and βi is given by
βi = F1βi,1 + (1− F1) βi,2, (3.130)

where F1 is obtained from eq. (3.119).

The term Dω in eq. (3.115) is the cross-diffusion term, which aims to include the
standard k − ε model in eqs. (3.114) and (3.115) by transforming it into equations
based on k and ω. Thus, Dω is defined as

Dω = 2 (1− F1) ρ
1

ωσω,2

∂k

∂xj

∂ω

∂xj
. (3.131)
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Finally, the model constants are presented below in eq. (3.132), where the constants
with the same value of those from the standard k − ω model (eq. (3.113)) are also
included in eq. (3.133) as

σk,1 = 1.176, σω,1 = 2.0, σk,2 = 1.0, σω,2 = 1.168

a1 = 0.31, βi,1 = 0.075, βi,2 = 0.0828
(3.132)

α∗∞ = 1, α∞ = 0.52, α0 =
1

9
, β∗∞ = 0.09, Rβ = 8,

Rk = 6, Rω = 2.95, ζ∗ = 1.5, Mt0 = 0.25.
(3.133)

3.4.6.3 Low-Reynolds corrections

Low-Reynolds-number correction helps the k−ω SST turbulence model to describe the
transition from laminar flow into the turbulence flow regime, as described in Wilcox
[448]. This correction improves the accuracy when viscous effects are important. This
is carried out by the coefficients α̃∗, α̃ and β∗. The coefficient α̃∗ damps the turbulent
viscosity µt (Equation (3.116)) and controls the modeling of the effective diffusivity
that determines the transport equations of the k − ω model, as explained in Wilcox
[452]. These coefficients can be obtained as

α̃∗ = α̃∗∞

(
α̃∗0 +ReT/Rk

1 +ReT/Rk

)
, (3.134)

while the coefficient α̃ determines the production of ω in Equation (3.115) and can be
written as

α̃ =
α̃∞
α̃∗

(
α̃0 +ReT/Rω

1 +ReT/Rω

)
, (3.135)

and the coefficient β∗ controls the dissipation of k in Equation (3.114) and is given by

β∗ = β∗∞

(
100β0/27 + (ReT/Rβ)4

1 + (ReT/Rβ)4

)
, (3.136)

where

ReT =
ρk

µω
, Rk = 6, α̃∗0 =

βi
3
, βi = 0.072, α̃∗∞ = 1, α̃∞ = 0.52,

α̃0 =
1

9
, Rω = 2.95, β∗∞ = 0.09, β0 = 0.0708, and Rβ = 8,

(3.137)

being ReT the turbulence Reynolds number. It must be noted that in high-Reynolds
numbers α̃∗ = 1. This approach is described and compared with other models in
Wilcox [449], obtaining a good performance of the k − ω SST model, as well as in
Wilcox [452]. An application of this model to hydrofoils can be found in Münch et al
[290].
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3.4.6.4 Curvature correction

The curvature correction, also known as Sparlart-Shur correction, can be applied to
the two-equation eddy-viscosity models in order to deal with their insensitivity to
streamline curvature and system rotation, which are relevant in turbulent flows, by
means of modifying the production term Gk (Equation (3.93)). It was developed by
Smirnov and Menter [385], although this work is based on the original contributions of
Spalart and Shur [392] and Shur et al [377]. The correction is based on the "rotation
function" proposed by Spalart and Shur, which is an empirical function to account for
streamline curvature and system rotation effects. This function can be written as

frotation (r∗, r̂) = (1 + cr1)
2r∗

1− r∗
[
1− cr3tan−1 (cr2r̂)

]
− cr1. (3.138)

where r̂ ≡ S/ω, r∗ ≡ S/ω, and the constants are cr1 = 1, cr2 = 12 and cr3 = 1,whose
values were token from Dacles-Mariani et al [83]. This rotation function frotation is used
to multiply the production term Gk, given place to

Gk → Gk · frotation. (3.139)

However, the implementation in ANSYS Fluent [12] sets limits to the value of the
rotation function, expressed as

fr = max
{

0, 1 + Cscale

(
f̂r − 1

)}
(3.140)

where
f̂r = max {min (frotation, 1.25) , 0} (3.141)

which limits the rotation function range from 0 to 1.25. These values represent, for in-
stance, a strong convex curvature without turbulence production and a strong concave
curvature with hight turbulence production, respectively.

The components r̂ and r∗ of the rotation function can be obtained as

r∗ =
S

Ω
(3.142)

r̂ = 2ΩikSjk

[
DSij
Dt

+ (εimnSjn + εjmnSin) ΩRot
m

]
1

D̂
(3.143)

where the mean strain rate and vorticity tensor are defined as

Sij =
1

2

(
∂Ui
∂xj

+
∂Uj
∂xi

)
(3.144)

Ωij =
1

2

(
∂Ui
∂xj

+
∂Uj
∂xi

)
+ 2εmjiΩ

rot
m (3.145)
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with
S2 = 2SijSij (3.146)

Ω2 = 2ΩijΩij (3.147)

The term D̂ in eq. (3.143) for the Spalart-Allmaras turbulence model is

D̂ = D4 (3.148)

where
D2 = 0.5

(
S2 − Ω2

)
(3.149)

while for the other turbulence models

D̂ = ΩD3 (3.150)

where
D2 = max

(
S2, 0.09ω2

)
. (3.151)

The values of the constants cr1, cr2 and cr3 are set for the Spalart-Allmaras model as
cr1 = 1, cr2 = 12 and cr3 = 1, while for the other turbulence models are cr1 = 1,
cr2 = 2 and cr3 = 1, as established in Smirnov and Menter [385].

This formulation has been tested in several recent works comparing the results of the
Sparlart-Shur correction with other turbulence models. Some recent references can be
found in Da Soghe et al [82], Dhakal and Walters [96], Ahmad et al [5], Tao et al [407]
and Zhang et al [470].

3.4.6.5 Transition SST model

The Transition SST turbulence model was developed by Menter et al [276] and Langtry
et al [229]. The goal of this four-equation model is to improve in the shear layer the
transition from laminar to turbulent flow. This model is a modification of the two-
equation k−ω SST which consists of coupling two additional transport equation to the
original equations of the k − ω SST model (Equation (3.114) and Equation (3.115)).
The additional transport equations focus on the intermittency γ and the transition
onset criteria. The first one is given by

∂ (ργ)

∂t
+
∂ (ρUjγ)

xj
= Pγ1 − Eγ1 + Pγ2 − Eγ2 +

∂

∂xj

[(
µ+

µt
σγ

)
∂γ

∂xj

]
(3.152)

where the transition sources are given by

Pγ1 = Ca1FlengthρS[γFonset]
cγ3

Eγ1 = Ce1Pγ1γ,
(3.153)
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where Flenght is an empirical correlation that controls the length of the transition region
and the constants are Ca1 = 2 and Ce1 = 1. The destruction or relaminarization sources
are given by

Pγ2 = Ca2ρΩγFturb

Eγ2 = Ce2Pγ2γ,
(3.154)

where Ω is the vorticity. Besides, the transition onset is controlled by the following
relations:

Fonset = max (Fonset2 − Fonset3, 0) (3.155)

Fonset3 = max

(
1−

(
RT

2.5

)3

, 0

)
(3.156)

Fonset2 = min
(
max

(
Fonset1, F

4
onset1, 0

)
, 2.0

)
(3.157)

Fonset1 =
Rev

2.193Reθc
(3.158)

Rev =
ρy2S

µ
(3.159)

ReT =
ρk

µω
(3.160)

Fturb = e
−
(
RT
4

)4

(3.161)

where Reθc is the critical Reynolds number where the intermittency first starts to
increase the boundary layer and y is the wall distance. A summary of the constants
for these equations are:

Ca1 = 2, Ce1 = 1, Ca2 = 0.06, Ce2 = 50, Cγ3 = 0.5 and σγ = 1.0. (3.162)

The transport equations for the transition momentum thickness Reynolds number Rẽθc
is given by

∂ (ρRẽθt)

∂t
+
∂ (ρUjRẽθt)

xj
= Pθt +

∂

∂xj

[
σθt (µ+ µt)

∂Rẽθt
∂xj

]
(3.163)

where the source terms are given by:

Pθt = cθt
ρ

t
(Reθt −Rẽθt) (1.0− Fθt) (3.164)

t =
500µ

ρU2
(3.165)

Fθt = min

(
max

(
Fwakee

(− yδ )
4

, 1.0−
(
γ − 1/50

1.0− 1/50

)2
)
, 1.0

)
(3.166)
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θBL =
Rẽθtµ

ρU
(3.167)

δBL =
15

2
θBL (3.168)

δ =
50Ωy

U
δBL (3.169)

Reω =
ρωy2

µ
(3.170)

Fwake = e−(Reω
105

)
2

(3.171)

where the constants of this equation are:

cθt = 0.03 and σθt = 2.0. (3.172)

The boundary conditions for Rẽθt at a wall is zero flux. The model contains three
empirical correlations provided by Langtry and Menter [228] which are

ReΘt = f (Tu, λ) (3.173)

Flength = f (RẽΘt) (3.174)

ReΘc = f (RẽΘt) (3.175)

the empirical correlation of eq. (3.173) is a function of the local turbulence intensity
Tu given by

Tu =
100

U

√
2

3
k (3.176)

where k is the turbulent energy. The Thwaites’ pressure gradient coefficient λθ si
obtained as

λθ =
(
θ2/v

)
dU/ds (3.177)

where dU/ds is the acceleration in the streamwise direction.

The separation-induced transition correction is implemented as

γsep = min

(
Cs1max

[(
Rev

3.235Reθt

)
− 1.0

]
Freattch, 2

)
Fθt (3.178)

Freattch = e
−
(
ReT
20

)2

(3.179)

γeff = max (γ, γsep) (3.180)

where Cs1 = 2.0.
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In order to couple the transition model and the SST transport equations, the k-
equation es modified as

∂ (ρk)

∂t
+
∂ (ρkUi)

∂xi
=

∂

∂xj

(
Γk

∂k

∂xj

)
+G∗k − Y ∗k + Sk (3.181)

G∗k = γeffG̃k (3.182)

Y ∗k = min (max (γeff , 0.1) , 1.0)Yk (3.183)

where G̃k and Yk are the original production and destruction terms in the SST k − ω
model.

Some examples of application of this turbulence model can be found in the recent
works by Grabe [144] and Lanzafame et al [230].

3.4.7 CFD software for simulating bridge deck aerodynamics
in this research

3.4.7.1 Software for mesh generation

The mesh generation task is one of the most challenging steps in the process of simu-
lating the aerodynamic response of a bridge deck. In fact, mesh verification is always
required, as described in Section 3.4.2.1. In terms of time, it can take up to 75% of the
time dedicated for the whole process. There are a lot of codes for generating meshes.
In this research, two different ones were used. Most of the meshes used for the circular
segments studied in Chapter 6 were generated using the open source code Salome [350].
This is an open source software with a generic platform for Pre-processing and Post-
processing numerical simulations. Its architecture is open and flexible and is composed
of reusable components. It is distributed as a free code under GNU General Public
License. Additionally, some of the meshes of the circular segments studied in Chap-
ter 6 were generated using ALTAIR Hypermesh mesh generator [174]. This commercial
software is a module of the HyperWors platform developed by Altair, that allows the
the creation of surface and solid geometries and tools to mesh those geometries. It can
generate meshes in the format of input files of some of the most used commercial soft-
wares, like Nastran, Abaqus, Ansys, RADIOSS, OptiStruct, Marc, Actran, LsDyna,
among others.

The meshes of the streamlined box deck in Chapter 7 were generated using the in-house
software FLUSINI, which acts as a preprocessor for the block Mesh code distributed
with OpenFOAM ([314]).
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3.4.7.2 Software for CFD solvers

The reference CFD solver used in this work is the OpenFOAM (Open Source Field
Operation And Manipulation) software ([314]), which is an open source object ori-
ented toolbox for solving continuum mechanics problems. This software was created
in the late 1980s at the Imperial College of London. Although the first versions were
implemented in Fortran programming language, it was later changed to C++ due to
the object oriented features of this language. The current version of the software was
released and developed primarily be OpenCFD Ltd since 2004. This software was
chosen because of its good performance in applications in the field of wind engineering
(Nieto et al [306] or Bruno et al [45]), the fact that it is a free code under GNU General
Public License, and that the software allows to conduct parallelized computations by
dividing the domain in different parts and solving them by separate processors. The
last fact is important given that the Structural Mechanics Group of the Universide da
Coruña has a high performance computing (HPC) cluster, which allows to compute
the CFD simulations using parallelization. This cluster has 928 cores, a theoretical
peak performance of 7.6 TFLOP’s and a physical memory of 1.8 TB.

Although OpenFOAM was used to conduct all the simulations that will be reported in
Chapter 7, and most of those reported in Chapter 6, some other simulations were
conducted using ANSYS Fluent solver [12]. This solver is a commercial software
developed by ANSYS. As in the case of OpenFOAM, parallelization capabilities are
available, and a wide range of turbulence models are implemented. The reason for
using this solver in this research is to take advantage of the variety of implemented
turbulence models, as it will be discussed in Chapter 6.



Chapter 4

Numerical optimization in engineering
design

4.1 Introduction

Engineering design is the process of creating functional products or processes in a wide
range of disciplines, that can be new (never designed before) or not new (improved
versions of already known designs). It consists of a number of steps that starts from
the recognition of a problem, or the identification of a need, and the definition of the
constraints that the product must fulfill. Then, after conducting a study, possible
solutions are proposed and analyzed. The results of these analyses provide an idea to
the designer about the performances of each alternative, and helps to the definition of
the final design. Along the process, the intermediate prototype can be modified and
improved as many times as required.

It is important to remark the relevance of the analysis phase in the engineering design
process, as the decision of choosing the final design and the criteria used for improving
it are based on the results of the analyses. Consequently, the quality of the designs is
dependent on the level of development of the state-of-the-art of the engineering field
related to the product under study. Therefore, it is easy to understand the efforts
conducted along the human history for improving the engineering analysis techniques
aiming to achieve more efficient designs.

An illustrative proof of this is the evolution of the structural analysis methods devel-
oped throughout the centuries, which is outlined in Figure 4.1. Relevant achievements
were done by ancient civilizations like Egypt, Assyria, Persia or Greece, whose analysis
capabilities are reflected in the monuments preserved from that time. Good examples
of them are the Egyptian pyramids, or the Greek temples. Human building ability has
grown since that time, and it is considered that the first rational structural analysis
was conducted by Galileo Galilei [135] in 1638, when he tried to study the failure of

103
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simple structures. Since those days, a large number of researchers, starting with Hooke
and Newton [299], and following with Bernoulli, Euler, Coulomb, Navier, Clapeyron,
Maxwell, Betti, Mohr, Castigliano and Cross, among many others, established the
bases of the structural analysis as it is known nowadays. However, the key technologi-
cal advance appeared in the 1950s, with the arrival of the first computers. This allowed
to solve large calculations in a very reduced time, and from that time the formulation
of the methods of analysis were based on the use of computers, giving place to the
matrix structural analysis and to the finite element analysis methods.

Ancient structures

Giza Pyramid
2570 AC

Athens Parthenon
449 AC

Galilei’s cantilever
1638

F = ku
Hooke’s law 1678

Newton’s laws 1687

Bernoulli, Euler,
Coulomb, Navier,

Clapeyron 1688-1857

Wδ
Ext = Uδ

Maxwell-Betti 1872
Mohr, Castigliano, Grene

Gaudí’s approach 1900Cross method 1930

Computational
Analysis 1950s

Matrix analysis Finite Element Analysis

Current new
challenges

Figure 4.1: Representation of the evolution of engineering analysis along history.
Flowchart focused in structural analysis, not intended to be exhaustive. Third image

taken from Galilei [135].

Conversely, design techniques have not advanced at the same pace as analysis methods
In fact, the same methods have been used in engineering design since the dawn of
history, mostly based on trial-error approaches. They consist of a procedure where the
designer initially proposes a candidate design based on his previous experience, and
this design is analyzed to ascertain its performance in the frame of the requirements
of each project. In addition, it is also checked if its efficiency can be improved. If
so, the design is modified following a set of experience-based rules, and the process is
repeated until the designer’s criteria are satisfied or the designer does not know how to
enhance it further. The guidelines for improving the design in this case are known as
heuristic rules, and this approach is the traditional engineering strategy. A graphical
description of the procedure is depicted in Figure 4.2.

However, this design problem can be posed in a more rational way and modeled math-
ematically, since it consists of identifying the values of some design characteristics,
named design variables, and optimizing a property or objective function (the econom-
ical cost, for instance) while fulfilling a set of design constraints (engineering require-
ments). This kind of problem is known as numerical optimization problem. Thus,
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Initial Design Analysis
Accepted

design
Final Design

Heuristic
rules

Modified
design

yes

no

Figure 4.2: Flowchart of the classical conventional design process.

the traditional design strategy described in Figure 4.2 can be improved by substitut-
ing the heuristic rules by mathematical optimization algorithms, giving place to the
design optimization approach, sketched in Figure 4.3. In this figure, an optimization
algorithm conducts the work of the designer by modifying the design, trying to opti-
mize the objective function and accomplishing the design constraints, which are the
engineering requirements from the mathematical point of view. This numerical pro-
cess is repeated until the mathematical convergence criterion defined beforehand is
achieved, and therefore the algorithm stops. The final design, obtained following the
outlined procedure, is known as optimum design.

Initial Design Analysis
Convergence

criterion
Optimum Design

Optimization
algorithm

Modified
design

yes

no

Figure 4.3: Flowchart of the optimization design process.

This technique has been studied since the end of the 19th century (Levy [245] and
Michell [279]), but the first mathematical formulations were developed in the 1950s
by Dantzig [84] and Klein [214]. Nonetheless, the key contribution was conducted
by Schmit [372] in the 1960s, where for the first time an optimization algorithm was
implemented in combination with the Finite Element Model (FEM) for obtaining the
optimum design of a structure, an approach that was named as Structural Synthe-
sis. From that moment, a new research field was developed and a large number of
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researchers have contributed so far by improving the techniques of engineering opti-
mization, mainly focusing on structural applications (Schmit [371], Schmit and Rar-
nanathznil [373], or Hernández [155]). Further details about numerical optimization
techniques, commonly applied to the structural design optimization, can be found in
the large number of available texts on this topic. Some of the most relevant are Kirsch
[212], Haftka and Gürdal [146], Vanderplaats [422], Hernández and Fontán [156], Bele-
gundu and Chandrupatla [28] and Arora [15], among others

In the following sections, a general description and formulation of the most relevant
algorithms and some strategies and methods commonly used in optimum design are
provided. The formulation of the optimization problem is reported in Section 4.2, while
the main algorithms are described in Section 4.3. Surrogate modeling, which is a very
useful technique in the frame of structural optimization, is described in Section 4.4,
while its connection with optimization algorithms is explained in Section 4.5. Finally,
the general concept of multidisciplinary optimization is developed in Section 4.6, since
this methodology will be necessary to tackle the combined structural and aeroelastic
optimization of long-span bridges studied in this research.

4.2 Formulation of the optimization problem

The structural optimization problem consists of optimizing a given property or re-
sponse of the structure, which commonly is the weight or economical cost, accomplish-
ing a set of structural constraints that will ensure that the optimum design is feasible
from the structural point of view. Therefore, in the minimization version the problem
can be written as

minF (x) , (4.1)

where F is the objective function to be minimized, and x is a vector that contains the
set of design variables, which are the properties of the structure whose values are going
to be obtained by the optimization algorithm. The full set of the design variables gives
place to the design domain or design space. The values that these variables can take
is usually limited to a given range, and mathematically these are expressed as lateral
constraints. These constraints take the form

xmin ≤ x ≤ xmax, (4.2)

where xmin is the vector of lower values, or lower bounds, of the design variables, and
xmax represents the set of maximum values or upper bounds of the design variables.

In the structural field, this approach is commonly formulated including also constraints,
with the aim of controlling the structural behavior of the model, giving place to a
constrained optimization problem. The set of constraints can be expressed as

gi (x) ≤ 0, i = 1...m (4.3)
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where gi is a function of the design variables representative of the i-th constraint
and m is the number of constraints in the problem. When the value of gi (x) is
negative, the constraint is satisfied, while if this value is positive, the constraint is
considered violated. Also, when the value is 0, it means that the constraint is active,
and consequently the design constraint is strictly accomplished. Therefore, the design
space can be divided into two subspaces: the feasible design region, which consists
of the subspace of the design space where all the constraints are accomplished, or
in mathematical terms, gi (x) ≤ 0, and the non feasible design region, which is the
subspace of the design space where at least one design constraint is not accomplished
since its value is positive.

4.3 Optimization algorithms

There is a wide range of methods to solve the optimal design problem. They can
be classified into two main groups: gradient-based optimization methods, and non-
gradient-based optimization methods. Further details are provided next.

4.3.1 Gradient-based optimization algorithms

This approach requires the computation of the sensitivities (mathematical derivatives)
of the objective function and the constraints with regards to the design variables,
and uses this information to iteratively modify the design until convergence (Kuhn
and Tucker [221]). A number of gradient-based methods exist to solve constrained
optimization problems (Hernández [155]). Most of them are already implemented
in commercial software as toolboxes in programming environments like Python (van
Rossum [344]) or MATLAB (MATLAB [264]) and in structural design packages like
Abaqus (Abaqus [1]), Altair OptiStruct (Optistruct [315]), ANSYS (Ansys [11]), Gen-
esis (Genesis [139]) or NASTRAN (Nastran [296]).

Some of the most representative for solving non-linear problems, which are the most
common in structural engineering, are described next. These are the penalty function
approach, the feasible directions technique, and the lineal and quadratic sequential
programming methods.

4.3.1.1 Penalty-function methods

The penalty-function methods were firstly proposed by Courant [81], and later de-
veloped by Carroll and Fiacco [49] and Fiacco and McCormick [118]. They consist
of modifying the objective function (eq. (4.1)) by adding a term known as penalty
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function as follows

Φ̃ (x) = F (x) + r
m∑
i=1

P (gi) , (4.4)

where Φ̃ is the modified objective function, P is the penalty function which contains
the problem constraints (Equation (4.3)). In this manner, the problem can be solved
as a sequence of unconstrained minimization problems (SUMP) by changing the value
of the control parameter r. Depending on the feasibility of the initial design, the
formulation of P is different, giving place to the interior penalty-function method or
the exterior penalty-function method, respectively. Further information about this
approach can be found in Vanderplaats [422] and Kirsch [212].

4.3.1.2 Feasible directions technique

This method solves directly the problem formulated in Section 4.2, without manipu-
lating the constrains as required in the penalty-function method. The method is based
on the iterative use of the following relationship

xq = xq−1 + αqSq, (4.5)

where q is the iteration number, vector Sq is the search direction and αq is the step
length parameter. The method proceeds in two stages: first determining the feasible
search direction vector Sq, and secondly performing a one-dimensional search along
this direction to reduce the objective function as much as possible, but considering
also the design constraints if the current design is on the boundary of the feasible
domain region. The most accepted way to obtain the search direction vector Sq is the
method proposed by Zoutendijk [477]. Interesting applications in structural design
and descriptions of an enhanced version of the method can be found in Vanderplaats
and Moses [423] and Vanderplaats [421].

4.3.1.3 Lineal and quadratic sequential programming methods

The sequential linear programming method (SLP) works by creating an approximated
problem substituting the objective function by a linear function and linearizing also
the constraints. This is achieved by using the Taylor series expansion up to the linear
term for both the objective function and the design constraints at the point xq of each
iteration, as

minF (x) ≈ F (xq) +
∂

∂xi
Fq (xq) (x− xq) , (4.6)

subject to

gi (x) ≈ gi (xq) +
∂

∂xi
gi (xq) (x− xq) ≤ 0. (4.7)
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Such approximation is solved iteratively several times until convergence. The first ap-
plication of this technique was conducted by Knenzi et al [216], and the implementation
that shows best numerical performance is reported in Griffith and Stewart [145].

The sequential quadratic programming method (SQP) (Powell [328]) is similar to the
SLP although in this case the objective function is substituted by a quadratic func-
tion while the constraints are again linearized. The new formulation of the objective
function can be written as

minF (x) ≈ F (xq) +
∂

∂xi
Fq (xq) (x− xq) +

1

2
(x− xq)

T ∂2

∂xixj
F (xq) (x− xq) , (4.8)

subject to

gi (x) ≈ gi (xq) +
∂

∂xi
gi (xq) (x− xq) ≤ 0, (4.9)

where it can be seen that the first and second derivatives of the objective function, are
required, while Equation (4.9) presents the same form as Equation (4.7). This strategy
has proved to be very efficient, and it is implemented in many optimization packages.
This optimization algorithm is the technique used for solving the optimization problems
studied in this research that will be described in Chapter 5. The implementation used
for the SQP algorithm is provided by the DOT software package ([425]), linked to the
DAKOTA framework [3].

4.3.2 Non-gradient-based optimization algorithms

This group of methods appeared first in the late 1980s and consist of tackling the
optimization problem from a different perspective. Instead of using mathematic rules,
they try to mimic some physical or biological processes to obtain the optimal solution
of an optimization problem. This is the reason why they are also known as evolu-
tionary algorithms or probabilistic search methods, given the nature of the process on
which they are inspired. The main difference of these algorithms with the gradient-
based optimization algorithms is that they do not need to compute the gradients of
the objective function or constraints, and this is the reason why they are also known
as non-gradient-based optimization algorithms. As a consequence, the number of ob-
jective function and constraints evaluations is usually very high and a large number of
iterations must be conducted to obtain the optimal solution.

The most relevant non-gradient-based optimization algorithms are the genetic algo-
rithms (GA) (Holland [171]), which use the Darwin’s evolution theory to obtain the
minimum value of the objective function; the particle swarm optimization (PSO)
(Kennedy and Eberhart [208]), which simulates the displacement strategy of swarms
when endangered by predators; the simulated annealing (Metropolis et al [278], Kirk-
patrick et al [211] and Černý [479]), which mimics the industrial metallurgical process
of metals solidification; and the ant colony optimization (ACO) (Dorigo et al [107]),
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which reproduces the behavior of a colony of ants to search for the optimum path in
communication problems. Surveys of non-gradient optimization methods applied in
structural engineering can be found in Kaveh and Talatahari [207], Hare et al [149]
and Kaveh [206]. General texts about this topic can be found in Wahde [433] and
Yang [465].

4.4 Surrogate modelling

Surrogate modeling is a numerical approach that consists of substituting a time-
consuming implicit model, generally identified as simulation or high-fidelity truth
model, by an analytical approximation, which is the surrogate model. A general
overview of this technique can be found in Forrester et al [127], and recent surveys
and interesting applications in the structural engineering field can be found, for in-
stance, in Simpson et al [383], Jin et al [193], Bouazizi et al [39], Bichon et al [31],
Irisarri et al [176], Marín et al [259], Bichon [30] and Cid Montoya et al [69].

The strength of this method is that it is able to substitute time demanding calcu-
lations, such as structural or CFD analyses, by analytical approximations with very
limited loss of accuracy. In addition, it allows to obtain responses in some areas of
the design domain where information from the original model is not available. This
last capability motivates its use in wind engineering, given the high computational
cost of the simulations. Furthermore, the simulations required for the surrogate model
construction are independent among them, and consequently they are parallelizable.
Thus, the simulations can be conducted in parallel in a High Performance Computing
(HPC) cluster, with the subsequent reduction in computational time.

There is a wide range of surrogate models [127, 193, 383], and they can be classified
into three main groups: data fit surrogate models, multifidelity surrogate models and
reduced order models. The multifidelity surrogates involve the use of a low-fidelity
model as a surrogate for the original high-fidelity model. The low-fidelity model is a less
accurate model that can use data from the high-fidelity model to include corrections.
Further details are given in Robinson et al [339]. In the case of the reduced order
models, it is mathematically derived from a high-fidelity model using the Galerkin
projection in order to define a system smaller than the original high-order system.
More information can be found in Frangos et al [131]. In the data fit surrogate class,
the surrogate model is a non-physics-based approximation created from a set of data
generated with the original model. These methods can be characterized by the number
of data points used in the fitting: local approximations (data from a single point),
multipoint approximations (a small number of data points) and global approximations,
which use a set of data points distributed over the domain of interest. Due to the nature
of the problem studied in this thesis, a global approximation will be used. The most
relevant surrogate techniques are reported and summarized in Section 4.4.1.
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Surrogate models require information from the real model to obtain the values of the
coefficients or parameters in the analytical expressions that will allow the surrogate
model to approximate the response of the real model. Therefore, the steps to construct
the surrogate model can be summarized as follows:

1. Preparing the data and choosing a modeling approach: A first estimation of the
responses of the model aimed to be approximated is required to know which kind
of response is intended to be modeled. From this information, the most adequate
surrogate model can be chosen.

2. Design of Experiments (DoE): After the surrogate model is selected, a full set of
data is needed to obtain the values of the parameters of the model. The strategy
for defining the full set of data is known as design of experiments (DoE), and
several methods can be used to conduct this task, as it will discussed later.

3. Parameter estimation and training: Once the surrogate model is selected, and the
DoE is carried out, the parameters of the surrogate model can be estimated. The
main techniques to carry out this task are the Maximum Likelihood Estimation,
and the Cross-Validation. Further information about these approaches can be
found in Press et al [329] and Hastie et al [152], respectively.

4. Model testing: The quality of the surrogate model can be evaluated by analyz-
ing the differences of the responses of the real model with the responses of the
surrogate model. Several techniques to assess the discrepancies can be used, as
it will be related below.

In the following subsection, some of the most representative surrogate models are de-
scribed, as well as DoE techniques and metric approaches for quantifying the accuracy
of surrogate models.

4.4.1 Surrogate models

The most usual surrogate models are described in the following paragraphs. These are
the polynomial approximation, the Kriging model (or Gaussian process), the Multivari-
ate Adaptive Regression Splines (MARS), and the Artificial Neural Networks (ANN).
A study of the performance of the surrogate models described below was conducted
by Díaz et al [106] in the frame of surrogate-based design optimization applications in
composite panels.
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4.4.1.1 Polynomial surrogate models

Polynomial surrogates are defined using multivariate polynomials, according to the
general expression

f̂P (x) = c0 +

p∑
k=1

 n∑
i1=1

· · ·
n∑

ik>ik−1

ci1···ik

k∏
j=1

xij

 , (4.10)

where f̂p is the response of the surrogate model, p is the order of the polynomial,
n is the number of variables, xij are the components of the n-dimensional vector of
variables and the terms c0 and ci1···ik are the polynomial coefficients. The number of
coefficients nc needed for a polynomial approximation of order p is

ncP =

p∏
i=1

n+ i

i
, (4.11)

and this is the minimum number of samples required to form a consistent system of
linear equations to obtain the polynomial coefficients.

4.4.1.2 Kriging model

Kriging emulator f̂K (Krige [220], Sacks et al [346]) combines a regression model or
trend function κ (x)Tρ with a stationary Gaussian process error model ε (x) that is
used to correct the trend function. The formulation of the model can be written as

f̂K (x) = κ (x)Tρ+ ε (x) , (4.12)

where κ (x) is the vector of basis functions and ρ is a vector containing the least squares
coefficients of the basis functions. Therefore, the role of the regression model κ (x)Tρ is
similar to the polynomial model (see Section 4.4.1.1), as it provides a response surface
for the design space. Common regression models involve zero, first and second-order
polynomials.

The second term of Equation (4.12) is the stationary Gaussian process error ε (x),
which is used to correct the regression model by creating localized deviations in the
response surface of the model so that the surrogate model interpolates all the sample
data points used in the training process. The covariance matrix of ε (x) is given by

cov [ε (x) , ε (x′)] = σ2r (x,x′) , (4.13)

where σ2 is the process variance and r (x,x′) is the correlation function between any
two arbitrary points x and x′ of the sample data. The stationary Gaussian process
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proposed by Sacks et al [346] has zero mean, constant variance and a stationary auto-
correlation function r (x,x′). There are many options for r (x,x′), as studied in Simp-
son et al [382], but the most used class of autocorrelation functions is the anisotropic
generalized exponential model

r (x,x′) = exp

(
−

D∑
k=1

θk|xk − xk ′|γ
)
, (4.14)

where D is the number of input dimensions or number of samples used in the training
process, γ is a parameter which must satisfy 0 < γ < 2 and θk are the correlation
parameters, that are related to the correlation lengths as

θk =
1

2L2
k

. (4.15)

The correlation lengths Lk are analogous to standard deviations in the normal distri-
butions.

This model guarantees that all responses of the samples used in the training process
are included in the response surface function given by the surrogate model. This
is because the stationary Gaussian process error model modifies the response of the
regression model or trend function to force the response of the model to contain the
responses of the samples. This is the reason why this surrogate model used in the
application example reported in Chapter 7. In addition, this model has proven to be
very accurate and efficient (Martin and Simpson [260], Bichon et al [31] and Díaz et al
[106]). An example of an application in wind engineering can be found in Bernardini
et al [29], where a Kriging model was used to reproduce the aerodynamic response of
the cross-section of a tall building to carry out its shape optimization considering the
aerodynamic response without taking into account fluid-structure interaction.

4.4.1.3 Multivariate Adaptive Regression Splines

The multivariate adaptive regression splines (MARS) surrogate model approaches the
response to model by means of a continuous surface of splines. MARS consists of a
non-parametric regression technique, and it was first described by H. Friedman in 1991
[134]. The approximation can be written as

f̂MARS (x) =

Mb∑
m=1

amBm (x) , (4.16)

where am are the coefficients of the power basis functions Bm and Mb is the number
of functions, which is an important parameter to determine. Basically, the model
consists of a weighted sum of Mb basis functions, Bm (x). These basis functions take
the form of hinge functions, described in detail in [134]. The design space is split
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into a set of sub-regions, and regression methods are applied to fit each one to a local
approximation. Then, these approximations are joined together to produce a global
and smooth surrogate model. Application examples of this surrogate model can be
found in Costas et al [80] and in Cid Montoya et al [68]. In the last reference, a study
searching for the optimum value of the number of splinesMb for reproducing the model
responses was conducted to improve the quality of the surrogate model.

4.4.1.4 Artificial Neural Networks

The artificial neural network (ANN) model consists of training a network of neurons
by adjusting their connecting weights. This approach is inspired by biological neural
networks and the typical scheme of ANN is organized in layers that are formed by a set
of computing units called nodes that are interconnected among them. The network
weights are related to the connexions among the nodes, and they are the parame-
ters that allow the network to reproduce the output response intended to simulate.
The first approach was made by McCulloch and Pitts [270], and several models have
been developed since then. One of the most used ANN surface fitting method is the
stochastic layered perceptron (SLP) artificial neural network based on the approach
of Zimmerman [476], which is designed to have a lower training cost than traditional
ANNs. The approximation is of the form

f̂ANN (x) ≈ tanh (tanh ((xA0 + θ0) A1 + θ1)) (4.17)

where the matrix A0 and A1 and the vectors θ0 and θ1 correspond to the neuron
weights and offset values in the ANN model. These terms are computed during the
ANN training process, so they play the same role as the polynomial coefficients in the
polynomial surrogate model.

The ANN is very popular in several engineering fields (Franández-Fdz and Zaera [129]).
In wind engineering, some applications can be found, for instance, the work by Chen
et al [56], where artificial neural networks are used to obtain the flutter derivatives of
intermediate designs of a given set of baseline designs, or the work by Elshaer et al [111],
where it was used to carry out a surrogate-based shape optimization of a tall building
considering the aerodynamic response without including fluid-structure interaction to
three-dimensional shape modifications. In a later work by Elshaer et al [112], ANN
where again used to optimize the corners of the cross-sections of a tall building.

4.4.2 Design of Experiments

In order to obtain the coefficients of the surrogate models described above, a data set
must be generated from the real model using a design of experiments procedure (DoE).
These techniques consist of a number of rules to define a set of points in the design
variables space that are efficient enough to represent the general response of the model,
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being the number of points limited due to the computational cost of conducting all
the simulations related to each point. Some of the most popular sampling techniques
are the Monte Carlo Simulation (MCS) and the Latin Hypercube Sampling (LHS).

4.4.2.1 Monte Carlo Simulation

This method is a probabilistic technique that involves generating a set of points by
a random procedure. It was first developed by Metropolis and Ulam [277] and takes
its name from the Casino Monte Carlo in Monaco, due to the random nature of the
gambling carried out in it. Basically, it consist of defining a probability distribution
for each variable of the design space, and randomly generate a sampling, or set of
points, using the assigned probability distributions. Further details can be found in
Sobol [388].

The MCS is also widely used as uncertainty quantification technique, because when
the number of samples generated is high enough, it is considered that the value of
the probability obtained by this method is almost numerically exact, although the
required number of realizations must be in the order of millions (see Shooman [376],
Choi et al [63] and Díaz et al [106]). An interesting application of this method in wind
engineering can be found in Smith and Caracoglia [386].

4.4.2.2 Stratification techniques

Apart from probabilistic techniques for creating samples, other kind of strategies can
be used. For instance, stratification techniques are very popular, being the most
representative the full factorial sampling method. This method consists of splitting the
design space into subspaces and carrying out a sampling operation guaranteeing that
the same number of points is generated on each subspace. The typical representation
to understand the performance of this technique is by rectangular grids in a two-
dimensional space. In Figure 4.4, it can be seen a generation created by a MCS and
two common stratification techniques. In the MCS case (Figure 4.4(a)), the samples
are randomly distributed on the design space, while in the first stratification case
(Figure 4.4(b)) they are uniformly distributed. The main advantage of the technique
depicted in Figure 4.4(b), which is known as full factorial sampling method, is that the
samples are more equally distributed along the whole design space, and the resulting
areas without data are smaller. However, when the number of variables is high, and
the resulting domain space has a high number of dimensions, stratification techniques
require a high number of realizations, and the computational cost is very high.
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(a) Monte Carlo Sampling. (b) Full factorial sampling. (c) Latin Hypercube Sampling.

Figure 4.4: Example of the two-dimensional sampling strategies using obtained
using MCS, full factorial sampling method and LHS.

4.4.2.3 Latin Hypercube Sampling

An alternative technique to deal with this problem is the Latin Hypercube Sampling
(LHS) (McKay et al [271]), which have demonstrated a very good performance in a
lot of research works (see Morris and Mitchell [289], Olsson et al [311], Olsson and
Sandberg [312] and Choi et al [62]). LHS is a stratified sampling technique where
each dimension of the design space is divided into as many segments as the number
of samples Np, and one realization is randomly generated within each one of these
hypercubes. The nature of the probability distribution specified for each random
variable will define the relative lengths of the aforementioned segments. An example
of an application of the LHS is shown in Figure 4.4(c). It can be seen that using a
lower number of samples than in the full factorial sampling method case, the whole
domain is sufficiently represented and the use of the samples is more efficient.

4.4.3 Parameter estimation and training

Once the sampling plan is conducted, and the real model is evaluated at each sample
point, the surrogate model can be defined by estimating its parameters. One of the
most used techniques to carry out this task is the least-squares approach. Thus,
the surrogate model can be fitted to the Np samples by the least-squares procedure
which gives the values of the surrogate model coefficients (or model parameters) c by
minimizing the following expression

min
cp

Np∑
i=1

[
fi (x)− f̂i (x, c)

]2

. (4.18)
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It must be pointed out that the number of samples Np, as well as how they are gen-
erated, is one of the main issues related with the accuracy of the surrogate models
because it strongly influences the parameter estimation process. The number of real-
izations is strongly conditioned by the number of variables considered in the problem,
as well as the particular characteristics of the domain studied, the sampling method or
the surrogate model applied. Besides, even when the number of samples is high enough,
the parameter estimation process becomes more complicated in problems with a large
number of variables, a fact that affects the accuracy of the surrogate model. More
details about this issue can be found in Forrester et al [127].

4.4.4 Techniques for quantifying the accuracy of surrogate mod-
els

Once the surrogate model is built, it is common to find differences between the re-
sponses of the samples and the responses of the model. Therefore, the quality of the
surrogate model can be quantified by using a metric technique that assess these differ-
ences. Two of the most used methods are the correlation coefficient (r2) and the root
mean square error (RMSE) metrics. The correlation coefficient can be obtained from
the covariance and variances (σ) of the responses of the samples and the response of
the surrogate model as

r2 =

cov
(
f , f̂

)
√
σ2
fσ

2
f̂

2

=

=


Np

Np∑
i=0

fif̂i −
Np∑
i=0

fi

Np∑
i=0

f̂i√√√√√
Np

Np∑
i=0

f 2
i −

(
Np∑
i=0

fi

)2
Np

Np∑
i=0

f̂ 2
i −

(
Np∑
i=0

f̂i

)2




2

,

(4.19)

while the root mean squared error metric is defined as

RMSE =

√√√√√√
Np∑
i=0

(
fi − f̂i

)2

Np

. (4.20)

The values obtained for the quality metrics of each surrogate model are used to accept
or reject it.
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Depending on the data considered for the surrogate model validation, several strategies
can be used. One of the most accurate and generally applied is the cross-validation
strategy. This model validation technique consists of splitting the sample of data into
k roughly equal subsets denominated folds. In the next step, one of the subsets is
removed and the model is fitted to the remaining k − 1 subsets, aggregately. The
model is then compared to the data points in the fold set aside, allowing to test the
model predictive capabilities. Therefore, the cross-validation measure used to estimate
the error of the prediction can be written as

ε (c) =
1

2

n∑
i=1

[
fi (x)− f̂−Ψi

(
xi, c

)]2

. (4.21)

where Ψ defines a mapping so that Ψ : {1, ..., n} → {1, ..., k}, which means that this
mapping allocates the n training points to one of the k subsets, and f̂−Ψi (x) is the
value of the surrogate model obtained by removing the fold Ψi.

4.5 Surrogate-based optimization

Surrogate modeling is commonly used in combination with optimization algorithms
in order to speed-up the optimization process, giving place to the technique known
as surrogate-based design optimization (SBDO). Reviews about this technique can be
found in Queipo et al [331] and Forrester and Keane [126]. This technique consists
of replacing the real model to be analyzed (see Figure 4.3) by a surrogate model that
approximates the real model responses in a lower computational time, as described in
Figure 4.5. Prior to conduct the optimization process, the surrogate model has to be
built following the steps described in Section 4.4.

The use of surrogate models in conjunction with optimization algorithms for improving
the efficiency of structures is widespread at research level in some engineering fields,
as aerospace (Kuya et al [224] and López et al [251]) or automotive (Jansson et al
[191] and Paz et al [324]) industries. Furthermore, in civil engineering, some recent
works apply this method to improve the aerodynamics of tall buildings, as in the works
reported by Bernardini et al [29] or Elshaer et al [112], previously mentioned.

It must be noted that although the representation depicted in Figure 4.5 shows that
the construction of the surrogate model is carried out prior to conduct the optimization
process and it is no longer modified, there is a branch of surrogate-based optimization
algorithms that update the surrogate model as the optimization process advances. This
process is commonly known as Sequential Approximate Optimization, and consists of
updating the surrogate model once the surrogate-based optimization progresses, in
order to get closer to the real response of the real model intended to simulate. Several
investigations about this topic can be found in Wujek and Renaud [459], Rodríguez
et al [340, 341], and Pérez et al [325].
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Figure 4.5: Flowchart of surrogate-based design optimization (SBDO).

4.6 Multidisciplinary optimization

The optimization process in which the responses are obtained from different disciplines
is usually known as multidisciplinary design optimization (MDO), and a deep review
of the state-of-the-art can be found in Martins and Lambe [263]. This technique is
very useful when the physical model that is analyzed or optimized has to be studied
from perspectives belonging to different disciplines. This is the case, for instance,
of bridge engineering. When designing a bridge, the required responses are obtained
from different kinds of analyses. Very relevant are the static and dynamic structural
responses, or aeroelasticity and earthquake safety requirements, among others. In
fact, a combination of these factors governs the design of long-span bridges. It can
be appreciated in the work by Miyata [282] how the design of cable supported bridges
has evolved as the main span of the bridges has grown and wind-induced effects have
become more relevant. In fact, not only the physics but also the understanding on the
different phenomena have influenced the bridge design in several stages of the recent
history, as discussed in Section 2.2. Therefore, when analyzing a complex structural
system as a bridge, several kinds of analyses have to be conducted. Consequently, when
dealing with design optimization techniques, the same multidisciplinary analyses are
required for each candidate design appearing during the optimization algorithm.

This strategy has been adopted in bridge engineering in the works by Simões and
Negrão [379] and Ferreira and Simões [116], where earthquake analyses were conducted
in conjunction with structural analyses, or in Hernández et al [158], Nieto et al [301] and
Kusano et al [222, 223], where the focus has been placed on the aeroelastic phenomena.



120 Chapter 4

This technique is applied in many research areas, and current applications in the
aerospace engineering field can be found in Wunderlich [460] and Fazeley et al [114].

In the present work, as described in Chapter 1, the main goal is to obtain the opti-
mization of the deck shape, as this characteristic of the bridge is a key aspect in its
behavior and consequently in its design. In fact, both the structural and aeroelastic
responses, are mainly driven by the deck shape, since the geometry of the deck controls
its aerodynamics, which is the most relevant characteristic when studying the flutter
velocity; and the deck cross-section deeply affects the mechanical properties of the
bridge, and consequently its stiffness, mass and natural frequencies. Therefore, the
analyses required to understand the effects of introducing deck shape modification in
the design of a bridge necessarily come from different fields: aerodynamics and struc-
tural mechanics. Hence, an optimization process that intends to optimize a long-span
bridge modifying the deck shape needs to carry out more classes of analyses than those
of structural nature.

Initial Design
Aerodynamic

Analysis

Eigenvalue
Analysis

Static
Structural
Analysis

Aeroelastic
Analysis

...

Convergence
criterion

Optimum Design

Optimization
algorithm

Modified
design

yes

no

Figure 4.6: Flowchart of Multidisciplinary Design Optimization (MDO) for the
structural and wind-resistant design of long-span bridges.

In Figure 4.6, the typical sketch of the design optimization process (Figure 4.3) has
been modified by including in the analysis phase the whole set of different calculations
that are required for the structural and wind-resistant design of a long-span bridge.
These are static analysis, to obtain the kinematic and stress responses of the bridge, the
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aerodynamic analysis to establish the wind-induced loads, and the eigenvalue analysis
and aeroelastic analyses to assess the flutter velocity of the bridge.

It must be borne in mind that some of the analyses described in Figure 4.6 may be
carried out using surrogate models, giving place to a combination between Figure 4.6
and Figure 4.5. This is the approach proposed in this thesis and will be disused in the
following chapter.





Chapter 5

Numerical optimization of long-span
bridges considering deck shape design
variables and aeroelastic and
structural constraints

5.1 Introduction

Structural optimization deals with the application of numerical optimization algo-
rithms to structural models aiming to reduce a target property while satisfying a series
of structural requirements. This allows to define a design that satisfies the imposed
constraints while reducing, for instance, its weight, and consequently its cost, to the
minimum. As described in Chapter 4, this technique was firstly developed in the 1960s
by Schmit [371, 372], and since then it has been systematically applied in industry and
research applications in several engineering fields, such as aerospace (Liu et al [247],
López et al [250, 251]), automotive (Jansson et al [191], Youn et al [466], Costas et al
[80], Cid Montoya et al [68]), civil (Hernández et al [157], Klanšek and Kravanja [213],
Kravanja and Žula [219], Fontán et al [125]) and many others, like applications in me-
chanical engineering for energy extraction (Ashuri et al [17], Paulsen et al [323], Son
et al [389]). In addition, in aerospace engineering, some recent research works have
conducted optimization studies considering structural and aerodynamic or aeroelastic
design constraints. For instance, in the work by Elham and van Tooren [110], the
optimum shape of wings is defined based on its aerodynamic quality using gradient-
based optimization algorithms. In the same manner, the aeroelastic constraint for the
optimization of aircraft wings is considered in the recent works by Robinson et al [338]
and Doyle et al [108]. Furthermore, the aerodynamic shape optimization without con-
sidering fluid-structure interaction is currently being addresed for obtaining optimum
shapes on tall buildings. Remarkable works about this topic can be found in recent
papers by Bernardini et al [29] and Elshaer et al [111, 112].

123
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However, applications of optimization techniques in bridge engineering are scarce, al-
though in the last two decades some advances have taken place at research level.
Research efforts in the use of optimization techniques in cable-stayed bridges started
with the works by Simões and Negrão [298, 378, 380] in the 1990s, where pylons, stay
system and deck were optimized imposing structural constraints achieving relevant re-
ductions in the total amount of material. The process of defining the optimum values
of prestressing forces into the optimum design of a cable-stayed bridge was studied
by Baldomir et al [23], Hassan et al [151] and Martins et al [261, 262], once again
considering only structural constraints. Furthermore, a first approach to combine
the structural optimization with constraints from other disciplines was conducted by
Simões and Negrão [379], where design constraints related to earthquake actions were
considered, as well as in the later work by Ferreira and Simões [116]. However, the
optimum designs obtained in the aforementioned works do not consider the response of
the bridge due to aeroelastic phenomena, whose influence is more relevant as the main
span of bridges grows becoming more flexible (Astiz [18], Diana [98] and Diana et al
[103]). Some insights about this problem and a historical perspective are provided by
Miyata [282].

The search for optimum designs considering aeroelastic design constraints started with
the work by Jurado and Hernández [196], where sensitivity analyses of some of the most
relevant mechanical properties of cable-stayed bridges with respect to the flutter veloc-
ity were conducted. Later, other works related to sensitivity analyses and parameter
variation studies provided valuable information about aeroelastic responses of long-
span bridges, such as the works by Jurado et al [198], Nieto et al [303], Omenzetter
[313] and Wang et al [435].

The first work reporting the successful application of optimization techniques to the
case of a long-span bridge considering aeroelastic constraints was the paper by Nieto
et al [301]. In that work, kinematic and flutter constraints were considered when
the size of the deck plate thicknesses of the Messina Bridge project were modified
by an optimization algorithm to reduce the total amount of material in the bridge.
This methodology was extended by Kusano et al [222, 223], where the uncertainty
associated to the flutter phenomena is also considered in the optimization process.

However, the shape of the deck was kept constant in the aforementioned references,
reducing the possible improvements that can be achieved in the bridge design. In this
Chapter, a pioneer contribution of this research is presented, which is the formulation
of a numerical methodology to conduct the combined structural and aeroelastic opti-
mization of long-span bridges considering shape variations in the deck cross-section.

The formulation of the problem is based on the combination of optimization algorithms
with CFD simulations, surrogate modeling techniques, and the quasi-steady formula-
tion for evaluation of the flutter derivatives. In Section 5.2, a numerical methodology
that allows obtaining the flutter derivatives for any deck shape inside a pre-defined
range of variation of deck geometry is proposed. Some preliminary descriptions of this
technique were previously reported in Cid Montoya et al [69, 75, 76]. In Section 5.3, the
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numerical methodology proposed for conducting the combined structural and aeroelas-
tic optimization in long-span bridges is developed. This optimization-based approach
combines optimization algorithms with FEM for the structural analysis of the bridge
and the methodology introduced in Section 5.2 to calculate the flutter velocity for each
intermediate design along the optimization process.

The proposed problem is relevant because of the inclusion of deck shape design vari-
ables, since these variables are the most challenging ones as they modify the aero-
dynamic response of the deck. Nevertheless, the thickness of the plates of the deck
and the area and prestressing forces of each cable of the bridge are also considered as
design variables. The objective function is the sum of the cables and deck volumes.
The design constraints include a set of kinematic and stress constraints for the load
cases considered, and a constraint which establishes a minimum flutter velocity for the
bridge. This methodology was previously developed and reported in Hernández et al
[165] and Cid Montoya et al [69, 71, 72].

5.2 Computational strategy for aeroelastic bridge anal-
ysis with deck shape changes

5.2.1 Introduction

The classical approach of heuristic bridge design is described for instance in Chen and
Duan [58] and in Honshu-Shikoku Bridge Authority [173], where the wind-resistant
analysis process is described. The main steps can be summarized as:

1. Structural analysis of the bridge: verification of design constraints, like kinematic
and stress related, among others.

2. Evaluation of the air-flow force coefficients: obtaining the force coefficients as-
sociated to the deck cross-section considered in the current bridge design. This
typically involves wind tunnel sectional tests to obtain the aerodynamic forces:
lift, drag and moment.

3. Verification of static stability under wind flow (aerodynamic stability): struc-
tural analysis of the effects produced by the aerodynamic forces obtained in the
previous step.

4. Verification of dynamic stability under wind flow (aeroelastic stability): aeroe-
lastic studies to analyze possible aeroelastic effects such as flutter, buffeting,
vortex-induced vibrations, among others. Again, this typically involves wind
tunnel tests, and two approaches are possible: full bridge aeroelastic tests, or
sectional model tests complemented with numerical approaches.
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The described steps are sketched in Figure 5.1, where the kind of analysis at each stage
is also included.

Structural
analysis

FEM analyses

Air-flow
forces

evaluation

Wind tunnel tests:
CL, CD & CM

Aerodynamic
stability

verification

FEM analyses

Aeroelastic
stability

verification

Wind tunnel tests:
Flutter, Buffeting...

Figure 5.1: Flowchart of the classical approach for the wind-resistant analysis of
long-span cable-suported bridges.

It must be mentioned that, as described in Chapter 3, the advances in the CFD
techniques (Cochran and Derickson [77], Blocken [35] and Tamura and Van Phuc
[403]) have allowed in recent years to progressively substitute the wind tunnel tests
required in steps 2 and 4 by numerical techniques. Nevertheless, its implementation
in engineering practice in wind engineering is still scarce, and in real bridge projects
wind tunnel tests are still the standard approach. Despite this, the application of
CFD techniques in real wind engineering projects is expected to grow in the decades
to come.

However, independently of the methodology chosen for the aerodynamic and aeroelastic
characterization, the main drawback of this process is the interdependence among these
steps. Once the deck of the shape is defined, the subsequent analyses depend on this
decision. If any of the requirements considered in at least one of the last steps is not
achieved, the design must be modified, and the first step will be repeated, giving place
to an iterative process that increases the required time to reach the final design.

In other words, because aerodynamic and aeroelastic wind tunnel tests of the bridge
are required to find out the bridge performance, any change in deck shape requires a
new round of structural analysis and wind tunnel testing. However, taking advantage
of the capabilities of the CFD techniques and using the numerical strategy that will be
outlined next, the static structural response and wind-induced effects can be evaluated
simultaneously for any design proposed, which simplifies the process and reduces the
associated design computational time.
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5.2.2 Description of the methodology for the evaluation of the
flutter velocity

In this section the numerical methodology for obtaining the flutter velocity of a bridge,
considering changes in the deck shape cross-section, is described. The key contribu-
tion of this approach is the combination of CFD techniques with surrogate models in
order to avoid the experimental testing of the modified designs along the optimization
process described in the previous section. Aiming to simplify the description of the
proposed methodology, this is divided into two parts: A first one where the evaluation
of the flutter derivatives of every design considered in the design domain is explained
(Section 5.2.2.1), and a second one where the numerical process for obtaining the flut-
ter velocity of a bridge using the flutter derivatives obtained by the numerical strategy
developed in the first step is described (Section 5.2.2.2).

5.2.2.1 Numerical estimation of the flutter derivatives

This methodology is based on the use of CFD techniques to create a surrogate model
that provides the force coefficients and their slopes for deck geometries within the
pre-defined design domain that will be considered during the bridge design process.
From this surrogate model, and using the quasi-steady (QS) formulation, the flutter
derivatives of any candidate streamlined deck shape can be approximated (see Sec-
tion 3.2.1.5). This allows to obtain the flutter derivatives of any intermediate design
along the iterative optimization process. A sketch of the process for obtaining the flut-
ter derivatives is depicted in Figure 5.2, and can be summarized in the steps outlined
next:
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Figure 5.2: Flowchart of the process for obtaining numerically the flutter deriva-
tives for any design included inside the design domain.

1. Identification of the design variables and definition of the design domain of the
bridge deck shape: This requires, in the first place, to identify the shape design
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variables that govern the geometry modifications of the deck cross-section; and
secondly, to define the range of admissible variations of these variables. In other
words, it consists of defining the allowed changes in the shape of the baseline deck
geometry. It must be borne in mind that the definition of the design domain,
namely the range of variation accepted for the shape design variables, is decided
beforehand, as the analyses conducted in the following steps will be with values
of the design variables inside this domain. In the following chapters of this thesis,
two kinds of deck cross-sections are going to be studied. In the first case, the
design variable that defines the shape of these sections consists of the corner
angle of a circular segment type cross-section. In the second case, the width and
the depth of a streamlined box deck are considered.

2. Design of Experiments: It consists of selecting a set of representative designs to
be analyzed by means of CFD simulations, aiming to define the aerodynamic re-
sponse of the bridge deck in the design domain defined in the previous step. This
requires to establish a sampling plan, which entails choosing a set of representa-
tive design realizations from which the overall aerodynamic response surface of
the whole domain can be approximated. Further insights about this technique
were introduced in Section 4.4.2. It must be taken into account that the number
of samples, and its distribution in the design domain will be responsible of the
accuracy of the method, which makes this step a crucial task in the approach.

3. CFD analyses: They are carried out for the designs included in the set of sam-
ples established in the previous step. The goal of these analyses is to obtain the
aerodynamic force coefficients and their slopes for a wind incident angle α = 0◦.
With this aim, two CFD analyses must be conducted for each sample: One for
obtaining the force coefficients at α = 0◦, and another to obtain the force co-
efficients at other value of α close enough to α = 0◦ to assess the slopes of the
coefficients by the finite differences method. The quality of the numerical results
strongly influences the accuracy of the whole methodology and it is another chal-
lenging issue. In this research, several experimental wind tunnel campaigns have
been conducted to validate the numerical results obtained. However, as CFD
techniques are continuously improving and they are expected to progressively
substitute wind tunnel testing without requiring experimental validation, the
use of CFD should not be a source of inaccuracy in the future.

4. Surrogate model construction: The results obtained from the CFD analyses are
used in this step for constructing the surrogate model. This process is commonly
known as model training, and further details were provided in Section 4.4.3.
The resulting surrogate model consists of a model with as many inputs as shape
design variables defined in the first step of the process, and six outputs, which
correspond to the values of the three force coefficients, and their respective slopes.
Once the model is built, the force coefficients and slopes for every design within
the design domain can be approximated.
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5. Numerical assessment of the flutter derivatives: Using the force coefficients and
slopes provided by the surrogate model and making use of the quasi-steady for-
mulation, the flutter derivatives of any deck geometry included in the design
domain can be numerically estimated. It must be noted that the quasi-steady
formulation establishes some limitations that must be taken into account (see
Chapter 3). However, when applying the model to streamlined sections, the
performance of this formulation is accurate enough, as it will be shown in the
application example reported in Chapter 7.

It must be noticed that the accuracy of the flutter derivatives obtained by means
of the outlined approach depends on the accuracy of the CFD results, the ability of
the surrogate model to approximate intermediate designs (which is highly conditioned
by the quality of the design of experiments process), and the appropriateness of the
application of the quasi-steady formulation. However, all these sources of accuracy can
be tackled by good engineering practice, and the accumulative discrepancies are quite
small as it will be shown in Chapter 7.

Finally, it must be mentioned that the whole computational cost of the surrogate model
construction mainly relays on the CFD analyses. As each of them are independent,
they can be carried out in parallel, which notably reduces the computational time.
This is a remarkable advantage of this technique, that turns it very competitive when
compared with the traditional design process described in Section 5.2.1.

5.2.2.2 Estimation of the flutter velocity of long-span bridges

Once the flutter derivatives of a candidate design are numerically obtained from the
application of the quasi-steady formulation using the data provided by the surrogate
model as described in Section 5.2.2.1, the flutter velocity of the bridge can be assessed
by means of multi-mode flutter analyses, as described in Chapter 3.

This process is sketched in Figure 5.3, where all the steps involved in evaluating the
flutter velocity are included. They can be summarized as follows:

1. Numerical estimation of the flutter derivatives: This process consists of the nu-
merical strategy developed in Section 5.2.2.1. Basically, the only required task is
to apply the quasi-steady formulation introducing the set of equations presented
in Chapter 3 in Equation (3.37) for the evaluation of the flutter derivatives using
the force coefficients and their slopes, which are provided by the surrogate model
defined before.

2. Eigenvalue analysis of the bridge: The natural frequencies ωm and the modal
shapes φm of the model, where m = 1, ..., nm, being nm the number of modes,
are required for conducting the following steps in the frame of the multi-mode
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flutter analysis (Section 3.2.2). It must be noted that this process is independent
from the previous step.

3. Multi-mode flutter analysis: Conducting this analysis according to the scheme
in Figure 5.3, the flutter velocity of the bridge is obtained. This process requires
the information listed below, although further insights about this technique were
described in Chapter 3.

(a) Flutter derivatives: Obtained in the first step of this process. They are
required for obtaining the aeroelastic forces vector fa.

(b) Natural frequencies and mode shapes of the bridge: Obtained in the second
step of this process.
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Figure 5.3: Flowchart of the process for evaluating the flutter velocity of a bridge
for a given set of design variables values.

It must be highlighted that, once the surrogate model is built, the proposed methodol-
ogy requires a small computational effort since no additional CFD analyses are needed.
It can be noted that, as the eigenvalue analysis is independent from the flutter deriva-
tives assessment, both processes can be computed in parallel. This capability improves
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the computational performance of this approach. Hence, obtaining the flutter velocity
of any design of the bridge can be done in a few minutes.

Therefore, following the aforementioned steps, the flutter response of the bridge can be
obtained for any combination of deck shape design variables and any other property of
the bridge. This facilitates the design process, as its iterative nature is not penalized
by high costs in terms of time and computing resources, as it occurs in the heuristic
classical design approach outlined in Figure 5.1.

The main concepts and steps involved in the methodology outlined above will be
applied in Chapter 6 and Chapter 7.

5.3 Combined structural and aeroelastic optimization
of long-span bridges

5.3.1 Introduction

The traditional design process of long-span bridges, which is based on the analysis pro-
cedure described in Section 5.2.1, can be sketched following the definition of traditional
engineering design depicted in Figure 4.2. This involves including the wind-resistant
analysis tasks shown in Figure 5.1 into the flowchart of the heuristic design process of
Figure 4.2, giving place to the flowchart reported in Figure 5.4.

It can be appreciated in Figure 5.4 that for each intermediate design proposed by
the designer, a new experimental campaign must be conducted to carry out the re-
quired verifications related to wind-induced effects. Alternatively, the traditional wind-
resistant design process can be substituted by the numerical strategy proposed in Sec-
tion 5.2, which will speed-up notoriously the design process. Furthermore, substituting
in Figure 5.4 the heuristic design rules by an optimization algorithm (see Figure 4.3),
the design process becomes automatic and the design finally obtained is the optimum
design that fulfills all the constraints considered. This gives place to a particular case
of Multidisciplinary Design Optimization (MDO) (Figure 4.6) that will be developed
in detail in the following section.

5.3.2 Description of the methodology for multidisciplinary de-
sign optimization

This section describes a multidisciplinary approach for the combined aeroelastic and
structural optimization of long-span bridges. The fundamental goal is to pose and solve
an optimization problem able to identify the bridge design with minimum weight, or
material volume, that accomplishes all the required structural constrains as well as the
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Figure 5.4: Flowchart of the classical approach for the wind-resistant design of
bridges based on heuristic rules.

prescribed minimum value of flutter velocity. The only way to rigorously address this
task is to formulate an optimization problem which includes simultaneously structural
and aeroelastic constraints, which requires that all those constraints can be computed
numerically.

Hence, the most challenging aspect when formulating this kind of problem is to define
a process that allows the evaluation of the flutter velocity of a bridge exclusively by
means of numerical methods. Several works have dealt with this issue, for instance, the
research reported by Ge [136], where the flutter velocity of some long-span bridges is
numerically obtained. However, in the above reference the flutter response is obtained
for a given section without providing information or methodological alternatives to
obtain the flutter response when the shape of the deck cross-section is modified. In
order to implement this methodology into an optimization algorithm, a more general
approach has to be formulated. The reason is that for every intermediate design pro-
duced by the optimization algorithm, which may include shape variations of the deck
cross-section, the flutter velocity needs to be obtained. Hence, a fully computational
method that obtains the flutter velocity of a cross-section inside the range of allow-
able variations of the section geometry is required. This was developed in Section 5.2,
where a numerical strategy based on the combination of CFD simulations with sur-
rogate modeling techniques, the quasi-steady formulation, and the multi-mode flutter
analysis, was developed.
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The formulation of the proposed optimization problem relies on this capability for
obtaining numerically the flutter velocity of any intermediate design, and it is summa-
rized in the flowchart of Figure 5.5. It can be seen that it is divided into two phases:
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Figure 5.5: Flowchart of the methodology for carrying out the combined structural
and aeroelastic optimization for streamlined box decks.

1. Aerodynamic surrogate modeling: This phase consists of the definition of a sur-
rogate model that will provide the force coefficients and their slopes for each
design produced by the optimization algorithm as the design process progresses.
It is indicated in Figure 5.5 as "Aerodynamic Surrogate Modeling" (ASM), and
it is conducted prior to the optimization process.

2. Multidisciplinary optimization: Once the aerodynamic surrogate model is built,
the optimization algorithm is implemented in combination with several classes
of analyses of multidisciplinary nature. This evaluation, indicated in Figure 5.5
as "Bridge Multidisciplinary Analysis" (BMA), consists of obtaining the struc-
tural and aeroelastic responses of the bridge for the set of values of the design
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variables proposed at each iteration by the optimization algorithm. The design
variables considered in this work are the area and prestressing forces of all the
stays of the bridge, the thickness of the deck plates, and the shape variables of
the deck cross-section (the corner angle β in the application case 1 reported in
Chapter 6 and the deck width B and depth H for the application case 2 reported
in Chapter 7, as shown in Figure 5.5). These deck shape design variables are
expected to play an important role on the deck aerodynamics since they control
the geometry of the cross-section. The data obtained from the BMA are the
structural responses of the bridge, which include kinematic and stress values, as
well as the aeroelastic behavior in terms of the flutter velocity of the bridge. To
obtain these bridge responses for each intermediate design, a number of different
analyses are required:

(a) First, the static analysis must be conducted to obtain the kinematic and
stress responses for the load cases included in the problem.

(b) Second, the process described in Section 5.2 must be carried out to ob-
tain the flutter velocity of the bridge. This involves solving the eigenvalue
problem of the bridge to obtain the natural frequencies and modes, getting
the force coefficients from the surrogate model for a given set of shape de-
sign variables, applying the quasi-steady formulation to obtain the flutter
derivatives, and finally, performing the multi-mode flutter analysis.

The optimization algorithm proceeds by modifying the design at each iteration until
convergence, when the optimum design, accomplishing the structural and flutter con-
straints, is obtained. The formulation of this methodology is mathematically developed
in the following section.

5.3.3 Formulation of the optimization problem

The objective function F of the combined structural and aeroelastic optimization is
formulated in this work as

minF (x) = minF (S, t,A,N) = Ax (S, t)LD + 2
ns∑
i=1

AiLs,i, (5.1)

where the design variables x are the uniform thickness of the deck plates t, the vector
containing the deck-geometry-related design variables S (β for the application case 1
reported in Chapter 6; and B and H for the application case 2 reported in Chapter 7),
the vector of ns elements containing the stays area A = |A1, ..., Ans| and the vector
containing the prestressing forces of each stay N = |N1, ..., Nns|, being ns the total
number of stays. The range of values that each of these design variables x can take is
limited by the lateral constraints, which can be formulated as

xmin ≤ x ≤ xmax, (5.2)
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where xmin and xmax are the lower and upper bounds of the design variables, respec-
tively. The objective function is evaluated as the sum of the volume of the deck and
the stays. The first term is obtained multiplying the area of the deck cross-section Ax
by the length of the deck LD. The second term is the sum of the volume of the ns
stays. The volume of each one can be obtained multiplying the area Ai and the length
Ls,i of the i-th stay. This value is multiplied by 2 as two planes of stays are considered
in the design of the bridge.

This problem is constrained by the structural conditions that the bridge must accom-
plish. This includes the following:

1. Maximum displacements allowed in the deck and towers under self weight (SW ).
These limits are applied to the vertical displacements of the deck wD and the
horizontal displacements of the top of the towers uT . The locations of the control
points on the deck for these constraints are the locations of the nd stays anchor-
ages without considering the backstays, namely the cables connecting the top of
the towers with the deck at the locations of the abutments. These constraints
are formulated as

gw
D, SW

d (x) =
wD,SWd

wD,SWmax

− 1 ≤ 0, d = 1, ..., nd, (5.3)

gu
T, SW
t (x) =

uT, SWt

uT, SWmax

− 1 ≤ 0, t = 1, ..., nt, (5.4)

where gu
D, SW
d (x) are the constraints imposed in the deck at the nd locations

of the stays anchorages of the deck, and gu
T, SW
t (x) are the nt constraints of the

tower top horizontal displacement at points t. These constraints define the limits
for obtaining the prestressing forces during the optimization process. A similar
approach was carried out by Baldomir et al [23].

2. Maximum displacements allowed in the deck and towers under different distribu-
tions of nl live loads Ll along with the self-weight. The control points in towers
and deck are the same as for the constraints related with the self-weight, but the
allowed values are different. The formulation of these constraints, for each live
load distribution l can be written as

gw
D, Ll

d (x) =
wD,Lld

wD,Llmax

− 1 ≤ 0, d = 1, ..., nd, l = 1, ..., nl, (5.5)

gu
T, Ll
t (x) =

uT, Llt

uT, Llmax

− 1 ≤ 0, t = 1, ..., nt, l = 1, ..., nl, (5.6)

where nl is the number of live loads and Ll is the identification name of each live
load.
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3. Maximum normal stress allowed at the top and bottom fibers of the deck cross
section for the l distributions of the live loads along with the self-weight. Both
stresses are evaluated at nk control points along the deck, and the values of the
constraints are given by

gσ
TF, Ll

k (x) =
σTF,Llk

σTF,Llmax

− 1 ≤ 0, k = 1, ..., nk, l = 1, ..., nl, (5.7)

gσ
BF, Ll

k (x) =
σBF,Llk

σBF,Llmax

− 1 ≤ 0, k = 1, ..., nk, l = 1, ..., nl, (5.8)

where k indicates the number of the deck stress control points, σTF is the stress
at the top fiber of the deck cross-section, σBF is the stress at the bottom fiber,

4. Maximum normal stress allowed in the stays for the live loads (including the
self-weight) and self-weight load cases. This constraint is applied to the ns stays
(including the backstays) in each load case and is formulated as

gσ
s, Ll

i (x) =
σs, Lli

σs, Llmax

− 1 ≤ 0, i = 1, ..., ns, l = 1, ..., nl, (5.9)

gσ
s, SW

i (x) =
σs, SWi

σs, SWmax

− 1 ≤ 0, i = 1, ..., ns. (5.10)

5. Minimum flutter velocity allowed for the bridge. This constraint can be formu-
lated as

gUf (x) =
Uf,min

Uf
− 1 ≤ 0, (5.11)

where Uf,min is the minimum value accepted for the flutter velocity of the bridge.

All values required for these constraints can be obtained following the process de-
scribed in Figure 5.5, where the structural constraints of the bridge are obtained from
the static analyses conducted using the FEM of the bridge, and the flutter velocity
response Uf is obtained from the multi-step process of combining eigenvalue analyses,
surrogate modeling, the application of the quasi-steady formulation and multi-mode
flutter analysis, as described in Section 5.3.2.

Other important topic in the field of cable-stayed bridges design is the evaluation of the
prestressing forces of stays, as studied by Lazar et al [241], Wang et al [436], Chen et al
[57] and Janjic et al [190]. As described in Equation (5.1), the prestressing forces are
obtained by including them in the optimization process as design variables, following
the strategy proposed by Baldomir et al [23]. In this work the design variables related
to the stays’ area are the inverse of the areas of the stays, namely 1/Ai. This seeks to
simplify the stay stress constraints reported in Equations (5.9) and (5.10), since the
stress on the stay i-th is given by

σsi = Ni/Ai. (5.12)
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The same approach was used by Baldomir et al [23] for the same problem. This
technique was successfully developed in Vanderplaats and Salajegheh [424] and Van-
derplaats [422], because using the inverse value of some design variables simplifies the
expressions of the design constraints. Simplifying the constraints, although it may in-
volve to make more complex the objective function, usually facilitates the solution of
the optimization problem, as studied in Aoues and Chateauneuf [13]. Other example
where the formulation of the design variables is modified to simplify the problem can
be found in Cid Montoya et al [73], where the inverse value of the design variables were
used to simplify the objective function, which is composed by dynamic responses of a
bridge FEM model. This can be done due to the simplicity of the design constraints.

5.3.4 Definition of the design space

In Section 5.3.3, it was explained that the design variables in the optimization problem
considered in this piece of research are the following:

1. Deck geometry related design variables S: For the first application case (Chap-
ter 6), where the geometry of the deck cross-section is a circular segment, a single
variable defines the shape of the deck, which is the corner angle β. On the other
hand, in the second application case (Chapter 7), where the deck geometry cor-
responds to a streamlined box, two design variables, the deck width B and depth
H, control the geometry of the deck.

2. Deck plates thickness t: In both application cases a uniform thickness is consid-
ered for the deck plates.

3. Stays cross-section areas A: The cross-section area of each stay, including back-
stays are considered as design variables.

4. Prestressing forces N: Prestressing forces acting on each stay is another set of
design variables considered in this problem.

Therefore, in the proposed optimum design problem, the range of possible designs is
given by the set of values that the design variables can take once the lateral constraints
are imposed. This concept is defined as the "global design space":

D = {S, t,A,N}|xmin≤x≤xmax . (5.13)

In the frame of the current research the focus is going to be set on the impact that the
deck geometry related design variables S may have in the aerodynamics of the deck
cross-section, the structural response or the flutter velocity of the bridge. Because of
that, in some cases, the values of the design variables that are not related with the
deck shape (t, A and N) are going to be prescribed and the effect caused in certain
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responses due to changes in S is going to be studied. This situation, when the design
variables t, A and N adopt fixed prescribed values and the ones related with the deck
geometry S are allowed to change, defines what is named as "shape design space" S,
which is a subset of the global design space D. Depending on the prescribed values for
the non-shape design variables, different shape design spaces are defined, as it will be
explained and discussed in Chapter 7.

5.3.5 Computational considerations

From the computational perspective, this process is parallelizable, as indicated in
Figure 5.5, as the static analysis, the eigenvalue analysis and the evaluation of the
surrogate model are independent of each other. This fact allows to speed-up the
procedure, and consequently the total computer time of the optimization process is
considerably reduced.

The optimization method considered herein is a gradient-based optimization algo-
rithm, specifically the sequential quadratic programming method (SQP) described in
Section 4.3.1.3. Therefore, the optimization algorithm requires to compute the sensi-
tivities of each response calculated in the BMA with regards to the design variables
at each iteration of the optimization process. These sensitivities are used by the al-
gorithm to create the approximated expression of the constraints and the objective
function. At the end, the procedure provides the optimum design that accomplishes
the structural and aeroelastic constraints considered. It must be noted that all the
evaluations of the BMA required to compute the sensitivities are independent among
them, and consequently they are also parallelizable, giving place to a new paralleliza-
tion level. Similar approaches were used in other researches to optimize cable-stayed
bridges, as reported by Simões and Negrão [378], Baldomir et al [23] and Martins et al
[262].

Alternatively, other authors solve the optimum structural design problem of cable-
stayed bridges by using genetic algorithms, as those reported by Srinivas and Ra-
manjaneyulu [394], Lute et al [252] and Hassan et al [151]. However, in the authors’
opinion the use of gradient-based algorithms is a most robust approach, as analyzed
in the piece of research reported by Cid et al [66].
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Application example #1: Circular
segment deck cross-section

6.1 Introduction

With the advances in the analysis methods and construction techniques in bridge
engineering (Chapter 2), new "non-standard" geometries are being used nowadays as
cross-sections for decks of footbridges, and even for cable supported bridges. This is
the case of, for instance, the Igollo de Camargo Footbridge over the Santander’s Bay
Ring Motorway, in Spain, where a semicircular-shaped deck cross-section was used.
This footbridge is a balcony beam 70.7 m long with curved layout and a steel-concrete
composite semicircular-shaped deck (Pantaleón et al [319]). Other example presenting
a circular segment shape as cross-section is the Nichols Bridgeway, also known as the
Art Institute Footbridge, in Chicago, USA, which is shown in figure 6.1, and is widely
described in Algaard et al [8]. This footbridge has a total length of 189 m and a
maximum span length of 60.4 m. The design received in 2009 the Award of Merit by
the Structural Engineers Association of Illinois (SEAOI). A third example would be

Figure 6.1: View of the Nichols Bridgeway or Art Institute Footbridge in Chicago,
USA.
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the pedestrian crossing over the Lérez river in Pontevedra, Spain, with a span of 80
m. This structure consists of a slightly curved deck supported by an arch, as shown
in Figure 6.2(a). The deck cross-section is a circular segment with longitudinal and
transversal stiffeners closed by a steel plate on the top of the deck, as it can be seen in
the picture shown in Figure 6.2(b), taken during the footbridge construction. Further
details are provided in Hernández [153].

(a) General view of the footbridge. (b) Deck cross-section with circular segment
shape.

Figure 6.2: Pedestrian crossing over the Lérez river in Pontevedra, Spain.

These cross-sections can be considered as circular segments, defined by the width B and
the corner angle β as indicated in figure 6.3, assuming that their primary aerodynamic
response is not affected by handrails, as studied for instance in Sarwar et al [357],
where the influence of the handrails on the aerodynamic forces acting on a bridge deck
was studied. In the case of the Igollo de Camargo Footbridge, the cross-section has a
width of 3.2 m and the corner angle is β ≈ 84.5◦, approximately, given that the depth
is 1.45 m. In the Art Institute Footbridge, the deck depth varies from 0.69 m to 1.37
m, being the width of the deck 4.6 m and ranging the corner angles from β ≈ 33.4◦ to
β ≈ 61.57◦ along its length. In the case of the pedestrian crossing over the Lérez river
the cross-section is a circular segment with constant geometry along the span, whose
width is 4 m and the depth is 0.8 m, which gives place to a corner angle of β ≈ 43.6◦.

β

β = 20◦

β = 40◦

β = 90◦

B

Figure 6.3: Parametrization of circular segments in terms of width B and corner
angle β.
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Furthermore, the use of semicircular cross-sections is not limited to footbridges. The
viaduct of the Riyadh fast metro line 3, which is planned to be finished in 2019, also
presents a circular segment as deck cross-section geometry, which corresponds to a
value of β of approximately 45◦. In addition, some slender cross-sections of newly
built long-span bridges may be assumed to be very similar to circular segments with
low values of β. For instance, the Yavuz Sultan Selim Bridge, also known as the
Third Bosphorus Bridge, in Istanbul, Turkey, presents a very slender cross-section
with 58.4 m wide and 5.5 m deep, as described in de Ville de Goyet et al [143]. The
global geometry of this bridge deck can be assumed to be close to a circular segment
with β ≈ 21.5◦, although the actual cross-section is a polygon presenting two sharp
corners at the bottom side, that are 13.5 m apart, and lateral fairings that resemble
streamlined box decks. Other example of the use of circular segments as a deck cross-
section in a long span bridge can be found in the Kwangyang Bridge, also known as
the Yi Sun-Sin Bridge, described in Kwon et al [225] and Lee et al [243]. This bridge
is located in the South coast of South Korea, it was opened in 2012 and it has a main
span of 1545 m. The deck is a twin box at center span and a single box 29.1 m wide at
the side spans, with a cross-section whose bottom geometry is very close to a circular
segment shape with β ≈ 16◦, although fairings are located at the side corners of the
section. Figure 6.4 shows the deck cross-sections of the Yavuz Sultan Selim Bridge
and the Kwangyang Bridge Bridge embodied by circular segments. Furthermore, a
summary of the different geometries of circular segments identified in this review of
deck cross-sections is presented, and it is clear the wide range of corner angles that
have been considered in the aforementioned real examples, which anticipates a very
different aerodynamic response.

Yavuz Sultan Selim Bridge (β ≈ 21.5◦)

Kwangyang Bridge (β ≈ 16◦)

β = 0◦

β = 90◦

β = 21.5◦
Nichols Bridgeway

(β ≈ [33.4◦, 61.57◦])

Riyadh metro line 3
viaduct (β ≈ 45◦)

Igollo de Camargo
Footbridge

(β ≈ 84.5◦)

Figure 6.4: Representation of some deck cross-sections with circular segment shapes
and comparison with other deck cross-sections.

The use of circular segment geometries in bridge and footbridge decks is due to two
main reasons. When the value of β is reduced, the resulting shape is a streamlined
section that can be used in long-span bridges where good aerodynamic and aeroelastic
performance is required, like the Yavuz Sultan Selim Bridge. On the other hand, less-
slender curved shapes are used in short spans, which do not pose a high demand in
terms of aeroelastic performance, due to its high stiffness and they provide high aes-
thetic qualities. This is the case of the Den Haag station viaducts, in the Netherlands,
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where a complex curved shape is used as cross-section, achieving a design with hight
aesthetic value.

Nevertheless, circular segments, according to traditional conceptions, are unfeasible
from an aerodynamic perspective, particularly those with high value of β. This is
mainly due to variations in the location of the boundary layer separation point on the
curved surface (see for instance Zdravkovich [468]) due to the lack of corners that might
fix the flow separation (which may also reduce Reynolds-number effects, as discussed
by Robertson et al [337]), and the massive flow separation on the straight side. As a
consequence, they may be prone to suffer high aerodynamic load as well as different
types of aeroelastic excitation. Moreover, circular segments are sensitive to Reynolds-
number effects, as described in Roshko [343] or Zdravkovich [469]. Consequently, this
phenomenon has to be considered when studying the aerodynamics of bridges due to
scale effects, as described in Schewe and Larsen [369] for the East Great Belt Bridge,
and in Larose and D’Auteuil [231] for the Stonecutters Bridge, in Hong Kong, and for
the Ikara Bridge, in Japan, among others.

Some references about the aerodynamics of the semicircular section (β = 90◦) can
be found in the literature. However, they are basically experimental studies con-
ducted mainly in the 1950s, 1960s, and even in the 1970s, focused on galloping ef-
fects (Den Hartog [94], Harris [150], Cheers [55], Richardson and Martuccelli [336],
Ratkowski [333] and Novak and Tanaka [310], among others). Some of these works
report partial information of the force coefficients for a wide range of angles of attack,
however there is a large scattering in the results when they are compared, as will be
discussed in Section 6.2. In addition, to the authors’ knowledge, there is a lack of re-
search about the aerodynamic behavior of other circular segments apart from β = 90◦.
References in the literature concerning CFD-based simulations of the aerodynamic
response of circular segments are particularly scarce.

In this application case the aerodynamic behavior of circular segments is studied by
means of CFD, covering a design domain in terms of the corner angle β from the flat
plate (β → 0◦, theoretically), which is analytically studied in Theodorsen [413], to
the D-section (β = 90◦), for possible applications in bridge engineering. The focus
is placed on the range β = [40◦, 90◦], and the goal is to obtain the force coefficients
and their slopes for an attack angle of α = 0◦. In this way the force coefficients can
be used to obtain the static wind loads on structural elements with shapes within
the aforementioned chosen range for its use in the design of structures. Furthermore,
obtaining the slopes of the force coefficients might provide an idea of the aeroelastic
stability of these sections in terms of flutter response. Moreover, this information
facilitates the application of the methodology described in Section 5.2 to estimate the
flutter derivatives of the geometries included in the shape design space. The high
degree of bluffness of these geometries do not properly satisfy the requirements of the
QS approach and they will provide a good test case to assess the robustness of the
approach proposed.
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The experimental results of three sectional models of circular segments β = 40◦, 60◦

and 90◦, described in Jurado et al [202], are presented for a Reynolds number in terms of
the section width ofRe = 1·105, in order to validate the numerical results that are going
to be reported. Moreover, Reynolds-number effects on these three sections are analyzed
experimentally in Section 6.3.2. The numerical computation of the aerodynamic forces
is carried out by means of a 2-D Unsteady Reynolds-Averaged Navier-Stokes (URANS)
approach (see for instance Wilcox [451]). Several turbulence models are used in order
to properly simulate the aerodynamics of the sections under study: Menter’s k − ω
SST turbulence model [274], with and without low-Reynolds-number [452] and cur-
vature [385] corrections and, the Transition SST turbulence model [276]. The used
CFD-solvers are the open source code OpenFOAM [314] and the ANSYS Fluent [12]
software. The formulation of all these turbulence models was explained in Section 3.4.6.
Numerical analyses were conducted for the sections β = [40◦, 50◦, 60◦, 70◦, 80◦, 90◦], and
a description of the numerical modeling approach adopted is reported in Section 6.4.
The numerical results show strong dependence on the turbulence model used, as it will
be discussed in Section 6.5, and the experimental validation of the results helps to un-
derstand the performance of the turbulence model in each case. Finally, the response
of the force coefficients and their slopes as a function of the corner angle β is analyzed
and the trends considered in the design space are introduced.

The approximation of the force coefficients response is used to obtain the flutter deriva-
tives in the shape design space as described in Section 5.2.2.1. The results obtained
are validated by means of the experimental flutter derivatives obtained in the wind
tunnel test campaign, and the accuracy of the method is analyzed.

Later, a cable-stayed bridge considering the geometries studied in this application case
as deck cross-section is optimized using the formulation reported in Section 5.3. First,
structural optimizations are conducted without the shape design variable β as design
variable for a prescribed set of values of β, in order to learn about the role of β in the
optimum design of the bridge. Discussions about the structural and aeroelastic role
of the shape design variable are given, and the flutter velocities obtained as described
in Section 5.2.2.2 for each structural optimum design are presented as a function of β.
This response is validated using the sections with experimental data available, in order
to ascertain the accuracy of the proposed approach. The limitations in the proposed
approach described in Section 5.2 for obtaining the flutter response of geometries with
high values of the corner angle β are also discussed.

Finally, the combined structural and aeroelastic optimization is carried out considering
several values of the required flutter velocity, in order to understand the role of this
constraint on the design.
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6.2 State-of-the-art of the aerodynamics of semicir-
cular cross-sections

The instability of a semicircular or D-section cylinder was firstly described in Lanch-
ester [227] and studied by Den Hartog [94], and later by Harris [150], Cheers [55],
Richardson and Martuccelli [336] and Ratkowski [333]. The target of those works was
to study the galloping effects (see for instance, Blevins [34] or Naudascher and Rock-
well [297]) of electric power transmission lines by means of experimental methods, and
the lift and drag coefficients of the so-called D-section were provided for a wide range of
wind incident angles. In Parkinson and Brooks [320], the aeroelastic instability of the
section is discussed and the force coefficients for a low range of attack angles with the
straight side perpendicular to the flow are provided. Later, Novak and Tanaka [310]
studied the effects of turbulence on the galloping stability of this section, providing
the force coefficients considering smooth flow and also different values of turbulence
intensities and turbulence length scales. The work of Weaver and Veljkovic [438] stud-
ied the flow-induced vibrations of the cantilever blades of mixing vessels that present
parabolic and semicircular cross-sections. In the last reference, the Strouhal number
and lift and moment coefficients are obtained for the whole range of flow incident
angles. In addition, a recent work of Ali et al [9], proposes harvesting energy from
the galloping effects of this section, and studies this geometry by means of Computa-
tional Fluid Dynamics (CFD) techniques. Finally, the work of Nikitas and Macdonald
[309] reviews the results obtained previously in Den Hartog [94] and Richardson and
Martuccelli [336], among others, and describes the performance of the quasi-steady
aerodynamic theory for a wide range of geometries.

A summary of the experimental data in the aforementioned references is presented in
table 6.1, where information on the Reynolds number of each test and the turbulence
characteristics is provided. A comparison of the lift coefficient as a function of the
angle of attack α of some of these references is shown in figure 6.5, where it can
be seen that the results show a non-negligible scattering in the lift coefficient, even
for results with similar test settings. The same circumstance takes place analyzing
the drag and moment coefficients. These discrepancies in the force coefficients can
be explained by the differences in the incoming flow characteristics, instrumentation,
or degree of sharpness of the models’ corner angles, among other causes. However,
discrepancies in the Strouhal number are found to be smaller, as it will be shown later,
in Section 6.3. This motivates to carry out experimental studies of the D-section and
two additional corner angles in this research work, to properly validate the numerical
simulations that are reported in Section 6.5.
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Table 6.1: Comparison of the test characteristics of the references of Figure 6.5.

Source Test Turbulence T Incident angle α Provided data *

Type Re (B) i [%] L/H Range Data CD CM St

Novak & Tanaka, 1974 [310] smooth Exp. 9.00 · 104 smooth 2 [-90,90] cont. 3 3 7
Novak & Tanaka, 1974 [310] turb. Exp. 9.00 · 104 11.0 % 2 [-90,90] cont. 3 3 7
Novak & Tanaka, 1974 [310] L=1 Exp. 5.00 · 104 11.0 % 1 [-90,90] cont. 3 3 7
Novak & Tanaka, 1974 [310] L=2 Exp. 5.00 · 104 11.0 % 2 [-90,90] cont. 3 3 7
Ratkowski, 1963 [333] Exp. 1.03 · 104 - - [-180,0] cont. 3 7 7
Weaver and Velijkovic, 2005 [438] Exp. 1.00 · 105 ≤ 1.0 % - [-90,90] each 2.5◦ 7 3 3
Harris, 1949 [150, 336] Exp. [-90,0] each 5.0◦ 3 7 7
Cheers, 1950 [55, 336] Exp. [-90,10] each 5.0◦ 3 7 7
Ali et al., 2013 [9] Num. 1.03 · 104 5.0 % 0.28 [-180,0] cont. 3 7 7

* The lift coefficient is always reported. The formulation of the force coefficients is provided in eq. (3.2).
T i = turbulence intensity; L = turbulence length scale; H = section depth; L/H = turbulence length scale normalized
to the section depth; - = not reported
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Figure 6.5: Comparison of the the lift coefficient as a function of the incident angle
α of the D-section (β = 90◦) reported by different authors.

6.3 Experimental campaign

6.3.1 Sectional models features

Three sectional models of circular segments corresponding to corner angles β = 40◦,
60◦ and 90◦ have been tested in the aerodynamic wind tunnel of the University of La
Coruña described in Section 3.3. These models are 0.97 m long and 0.34 m wide so
that the spanwise length-width ratio is close to 3. They were built using aluminum
bars to provide internal stiffness by means of a H-shaped frame structure and foamed
PVC with a density of 0.5 g/cm3 to reproduce the outside geometry of the model,
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as described in figure 6.6. The curved surface of the circular segments is achieved by
bending thick foamed PVC plates of 2 mm over the internal PVC ribs 10 mm thick
that define the geometry of the model. Special care was taken to accurately replicate
the desired geometry and guarantee a high degree of sharpness in the corners, given
the notable influence in the results of the force coefficients, as it has been remarked
for instance, in Tamura and Miyagi [400] or Fransos and Bruno [133]. In addition,
the surfaces of the models were treated so that they can be considered as smooth
surfaces, given that variations on the roughness can lead to strong variations in the
measurements, as described in [2]. Elliptical plates are placed at both sides of the
sectional models to avoid 3D effects in the vicinity of those zones.

Thin skin plates

Rigid rod

Longitudinal
corner element

Transversal ribs

Longitudinal stiffener

Center of mass correction rod

β = 60◦

β = 60◦β = 40◦

β = 90◦

β = 90◦

β = 40◦

Figure 6.6: Sectional models for sections β = [40◦, 60◦, 90◦] and model design
elements.

6.3.2 Reynolds number sensitivity

The Reynolds-number dependency of the aerodynamic response of circular sections is
widely known and it has been studied, for instance in the works of Schewe [366, 367].
These effects are very important to be considered in bridge engineering, as bridge deck
cross-sections are commonly bluff bodies prone, in some cases, to present Reynolds-
number dependency as they are tested in wind tunnel at Reynolds numbers lower than
the values of this parameter in the real bridges due to scale limitations (see Schewe
and Larsen [369], Larose and D’Auteuil [231] and Kargarmoakhar et al [204]). Hence,
in order to ascertain the influence of this parameter in the results, a study on the
Reynolds number sensitivity of the three tested models has been carried out. The
results are shown in figure 6.7, where the drag and lift coefficients of the three models
are reported.

Changes of flow regime in curved shapes are governed by changes in the location of
the flow separation point on the curved side of the geometry (Schewe [368]). This is
the case of circular-based geometries, and given that the three sections under study
are circular segments, the Reynolds number effects should occur at similar Reynolds
numbers when expressed in terms of a curvature-related dimension. Formulating the
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Figure 6.7: Effect of Reynolds number considering the radius R as characteristic
dimension for defining the Reynolds number ReR.

Reynolds number taking as reference dimension the radius of the circular segment ReR,
it was found that the regime change appears at approximately the same Reynolds
number, about ReR = 2 · 105, as it happens for a circular cylinder changing from
the sub-critical to the super critical regimes due to the displacement in the separation
point that gives place to narrowing the wake, as described for instance in Holmes [172].
This Reynolds number corresponds to a value in terms of the section width B in the
range of Re = [2.5 · 105, 4 · 105] for the three sections considered herein.

Taking into account the Reynolds number sensitivity mentioned above, the force coeffi-
cients and Strouhal number that are going to be reported hereafter have been obtained
at Re = 1 · 105 (in terms of B), which corresponds to a flow speed of 4.4 m/s. This is
the same Re at which the CFD simulations that will be presented next have been con-
ducted. It is checked therefore that this Reynolds number is well inside the subcritical
regime for these cross-sections.

6.3.3 Force coefficients and Strouhal numbers

The wind tunnel results of the force coefficients as a function of the angle of attack are
presented in figure 6.8 for the three sections β = [40◦, 60◦, 90◦], and clear differences
can be appreciated. The case β = 40◦ is the most streamlined section and the force
coefficients are close to other streamlined bridge deck sections that can be found in
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Figure 6.8: Force coefficients of models β = 90, β = 60 and β = 40 for a range of
wind incident angle of α = [−10◦, 10◦].
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the literature, as for instance, in the experimental works of Sarwar et al [357], Šarkić
et al [480] or in the numerical study of Nieto et al [306]. Qualitatively, the slope of
the lift coefficient is positive and the drop in the CL appears around α = 8◦, the
drag coefficient is more-or-less uniform, about 0.1, and the moment coefficient also
shows a positive slope up to α = 4◦. Conversely, the β = 90◦ section presents a non-
streamlined behavior, easily identified by the lift coefficient curve and the negative
slope in the moment coefficient. In addition, the drag coefficient presents high values,
around 0.5. Similar curves can be found in Harris [150] or Cheers [55] for the CD and
in Novak and Tanaka [310] for the CM . The β = 60◦ case presents an intermediate
behavior between β = 40◦ and β = 90◦. The CL curve is similar to the β = 40◦

case, shifted backwards some degrees, locating the drop in the CL in an intermediate
point between β = 90◦ and β = 40◦ cases. The CD reaches also an intermediate value
between the other two curves, closer to the β = 40◦ geometry case, as there is more
similarity in the value of the depth. Finally, the CM curve lays again between the
other two.

Also, vortex shedding studies are carried out aiming to be used in the validation of the
CFD simulations which are discussed next, in Section 6.4. In that regard, Weaver and
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Figure 6.9: Comparison of the Strouhal number as a function of the wind incident
angle α of the model β = 90◦ obtained by Weaver and Veljkovic [438] and the results

reported in this work.

Veljkovic [438] reported the Strouhal numbers in their tests of the D-section, which is
very useful as a reference for comparison with the experimental results presented in
this work. Figure 6.9 compares the Strouhal number of the model β = 90◦ with those
obtained for the same section in Weaver and Veljkovic [438]. It must be noted that
the results in [438] have been divided by 2, given that the characteristic dimension
used in this work for the Strouhal number is the depth (see eq. (3.2)), which is the
common practice in bridge engineering. As it can be seen in figure 6.9, there is a
general agreement in the results, particularly for α = 0◦. Moreover, a summary of the
wind tunnel results of the Strouhal number obtained for the three models considering
different angles of attack is presented in Table 6.2. The general trend is the decrease in
the frequency of vortex shedding as the angle of attack increases. In the same manner,
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Table 6.2: Strouhal number St of models with β = 40◦, β = 60◦ and β = 90◦ for
several values of incident wind angle α.

Model Incident wind angle α [◦]

−4◦ −2◦ 0◦ 2◦ 4◦

β = 90◦ 0.206 0.208 0.207 0.178 0.161
β = 60◦ 0.215 0.210 0.198 0.185 0.172
β = 40◦ 0.238 0.234 0.228 0.220 0.202

the lower the corner angle β is, the higher the frequency of the vortex shedding has
been identified.

6.3.4 Flutter derivatives

Aeroelastic tests have been conducted for the three mentioned geometries in order to
ascertain the accuracy of the flutter derivatives (FD) that will be obtained by numerical
methods. This kind of tests was described in Section 3.3.3. The results obtained for
the three sectional models are reported in Figure 6.10. In that figure, the derivatives
A∗i , H∗i and P ∗i are shown in the first, second and third column, respectively. The rows
are the number of these functions, indicated in the figure as X∗i , where i is the number
of the flutter derivative and X∗i represent A∗i , H∗i or P ∗i , depending on the considered
column.

Large differences can be found among the results of the three geometries, as the shapes
compared are very different. In general, the FD of the β = 40◦ model are those that can
be assumed to be more similar to a streamlined deck cross-section. In fact, the FD A∗1−4

and H∗1−4 for this geometry can be comparable to those obtained for streamlined deck
cross-sections in real bridges, for instance, for the flutter derivatives reported for the
Great Belt Bridge in Reinhold et al [334]. On the contrary, the FD of β = 90◦ model are
those of a bluff body, while the FD of β = 60◦ represent an intermediate case between
them, but also showing a general bluff body response. For instance, considering the A∗2
flutter derivative, which according to Matsumoto et al [267] the change in its sign from
negative to positive represents a risk of instability in the torsional DoF, the expected
quality of the response of each model can be compared. The change for the β = 90◦

model happens around U∗ = 3, and in the case of β = 60◦ this occurs about U∗ = 4.5.
A similar comparison can be done for other FD, for instance in the H∗2 .

Regarding the flutter derivatives related to the horizontal loads and displacements (all
P ∗ derivatives, as well as X∗5 and X∗6 ), the trend is clear. It can be seen in all cases
that the FD of the model β = 90◦ present the highest absolute values, and the model
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Figure 6.10: Comparison of the eighteen flutter derivatives of the three models
obtained experimentally by wind tunnel tests.
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β = 40◦ reports the lowest ones. This is due to the large difference in the depth
between these two geometries.

6.4 Numerical modeling, geometry and mesh descrip-
tion of CFD analyses

6.4.1 Mesh and boundary conditions

The flow domain used in the CFD analyses is 40B wide and 30B high, being B the
width of the cross-section. A conceptual sketch is presented in figure 6.11, where the
boundary conditions are also shown. At the left side of the flow domain the inlet is

Inlet Outlet

Slip wall

Slip wall

U

15B 25B

15B

15B

B

Figure 6.11: Definition of the flow domain and boundary conditions (not to scale).

located, where Dirichlet conditions with a constant velocity of 4.4 m/s (Re = 1 · 105)
are imposed, along with a turbulence intensity of 1% and a turbulence length scale of
0.1B, as in Ribeiro [335]. At the right side, a pressure outlet is placed with imposed
atmospheric pressure. The lower and upper limits of the flow domain are considered
slip walls.

The wall boundary condition on the studied body can be modeled by wall functions
(Viegas and Rubesin [429]) or by integration up to the surface by means of a low
Reynolds number approach (Jones and Launder [195]). In all the cases studied in this
work the second approach was employed. The geometry of the sections under study
follows the sketch of figure 6.3, for the values β = [40◦, 50◦, 60◦, 70◦, 80◦, 90◦]. The
corners of the deck sections have been modeled as sharp.

The numerical schemes adopted in the simulations conducted in this investigation have
been successfully applied in the work by Nieto et al [306]. A summary is provided
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next. The PIMPLE algorithm has been used as transient solver. The interpolation of
values from cell centers to face centers is conducted by a linear scheme. The gradient
terms are discretized applying the Gauss scheme adopting linear interpolation. For
the divergence terms, the Gauss scheme is used considering linear upwind and limited
linear interpolation schemes. For the Laplacian terms, the Gaussian with a linear
interpolation scheme and a limited normal surface gradient were employed. The first-
order Euler implicit scheme was applied for the first time derivative terms.

6.4.2 Verification of the Finite Volume grids

The design of the computational mesh plays an important role in the accuracy of
the CFD results, and consequently it is a common practice to carry out verifica-
tion studies for the finite volume meshes. Verification aims to identify the grid for
which the model results are not sensitive to the chosen spatial discretization (see
for instance Mannini et al [255]). In this work, six meshes have been generated
(β = [40◦, 50◦, 60◦, 70◦, 80◦, 90◦]), and three of them have been verified in order to
assess the independence of the results with the spatial discretization, which corre-
spond to the geometries analyzed experimentally (β = [40◦, 60◦, 90◦]). The verification
studies were carried out adopting the Menter’s SST k − ω turbulence model. The
results of the verification studies are shown in table 6.3 for β = 90◦ section, in ta-
ble 6.4 for β = 60◦ section and in table 6.5 for β = 40◦ section, considering an angle of
attack α = 0◦. In these tables, the total number of cells and the number of cells in the
boundary layer (BL) mesh around the deck section are indicated. It must be noticed
that the number of elements in the coarse mesh is well above the usual values adopted
in similar verification studies, see for instance Mannini et al [256] or Nieto et al [305].

Table 6.3: Properties and results of the grid-refinement study for the D-section
(β = 90◦).

Grid Total cells BL cells St f [Hz] CL CD CM CL’ CD’ CM ’

Coarse 199 689 70 200 0.217 5.615 0.676 0.440 0.153 0.314 0.041 0.049
Medium 270 098 86 000 0.211 5.466 0.672 0.437 0.153 0.314 0.041 0.049
Fine 362 789 104 800 0.210 5.451 0.677 0.442 0.155 0.321 0.041 0.050

Experimental 0.212 5.491 0.670 0.450 0.116 - - -

The main discrepancies in the three verification studies can be found between the
coarse and medium meshes. Differences between medium and fine meshes are mostly
negligible. Consequently, the medium meshes can be used hereafter for further anal-
yses. The six meshes used in this study are described in table 6.6, where the mesh
characteristics of the cases β = 50◦, 70◦ and 80◦ are established based on the results of
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Table 6.4: Properties and results of the grid-refinement study for the section β =
60◦.

Grid Total cells BL cells St f [Hz] CL CD CM CL’ CD’ CM ’

Coarse 223 777 81 432 0.020 0.896 0.287 0.137 0.126 0.005 80 0.000 63 0.000 85
Medium 296 846 99 760 0.022 1.002 0.287 0.137 0.126 0.003 73 0.000 35 0.000 51
Fine 394 371 121 568 0.021 0.923 0.286 0.137 0.126 0.004 14 0.000 31 0.000 31

Experimental 0.197 8.830 0.280 0.220 0.120 - - -

Table 6.5: Properties and results of the grid-refinement study for the section β =
40◦.

Grid Total cells BL cells St f [Hz] CL CD CM CL’ CD’ CM ’

Coarse 216 247 82 380 0.308 21.863 −0.311 0.056 0.064 0.015 20 0.001 21 0.003 03
Medium 321 050 113 680 0.310 21.984 −0.322 0.056 0.064 0.016 46 0.001 32 0.003 27
Fine 423 227 138 852 0.313 22.254 −0.316 0.056 0.064 0.015 98 0.001 27 0.003 20

Experimental 0.223 15.840 0.039 0.103 0.086 - - -

the verification studies previously reported. The meshes are composed by a boundary
layer region with a structured mesh, a buffer region made of triangular elements, and
a external region with a structured mesh with high density of elements in the wake.
The number of cells in each region of the mesh is provided, presenting an average total
number of cells of about 3·105. These regions can be identified in figure 6.12, where the
mesh used for the case β = 90◦ is shown. Moreover, table 6.6 describes the number of
elements of each region of the mesh, the boundary layer mesh defined for each case and
the dimensionless wall distances y+ = (δ1u∗) /ν, where u∗ is the friction velocity and
δ1 is the height of the first element. These dimensionless wall distances present mean
values lower than 1.5 and maximum values are below 6.5 for the considered Reynolds
number Re = 1 · 105. A maximum Courant number of Co = 1 was imposed, which
leads to a mean non-dimensional time step values of about ∆̄s = ∆̄tU/B ≈ 2.2 · 10−4,
depending on the particular simulation considered.

15B 25B

15B

15B

Wake region mesh

Buffer region mesh

Boundary layer mesh

Figure 6.12: Mesh used for deck section β = 90◦.
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Table 6.6: Properties of the meshes for each section, where BL is the boundary
layer mesh, p means number of elements in the perimeter, δ1 is the height of the first
element, h is the height of the boundary layer mesh, No. is the number of rows in

the boundary layer mesh and r the growth ratio.

Number of cells Boundary layer definition y+

β[◦] Total BL Buffer Exterior p δ1/B h/B No. r Mean Max y+ > 4 [%]

40 321 050 113 680 72 370 135 000 1960 3.24 · 10−4 3.82 · 10−2 58 1.023 1.498 6.037 10.20

50 318 809 113 680 70 129 135 000 1960 3.24 · 10−4 3.82 · 10−2 58 1.023 1.451 6.220 10.20

60 296 846 99 760 62 086 135 000 1720 3.24 · 10−4 3.82 · 10−2 58 1.023 1.256 6.446 17.44

70 314 927 113 680 66 247 135 000 1960 3.24 · 10−4 3.82 · 10−2 58 1.023 1.242 6.472 20.41

80 272 288 86 000 51 288 135 000 1720 3.24 · 10−4 3.82 · 10−2 50 1.030 1.306 5.932 17.44

90 270 098 86 000 49 098 135 000 1720 3.24 · 10−4 3.82 · 10−2 50 1.030 1.350 6.384 29.07

6.5 Force coefficients results and discussion

According to the wind tunnel tests (cases β = 40◦, 60◦ and 90◦), the slopes of the
lift and moment coefficients are remarkably high in the vicinity of the angle of attack
α = 0◦, as it can be seen in Figure 6.8. This must be taken into consideration when
the numerical results are compared with the wind tunnel data for validation, since
small deviations in the angle of attack in the wind tunnel tests might give place to
non-negligible changes in the values of the lift and moment coefficients. However, in
the numerical simulations, the angle of attack of the flow is set with absolute accuracy.
This circumstance can be responsible for some of the differences between numerical and
experimental values in the mean force coefficients that are reported in the following
sections. Accordingly, the higher absolute errors that are reported hereafter can be
found in the CL and CM , while in the CD the errors are lower.

6.5.1 Validation of numerical results considering the k−ω SST
turbulence model

As a first approach, the numerical simulations of all the geometries of circular segments
under study have been analyzed by means of the k−ω SST turbulence model. Hence,
a first step in the validation process is to compare the experimental results reported in
Section 6.3.3 with the numerical k − ω SST ones obtained for angles of attack α = 0◦

and 1◦. Table 6.7 and Table 6.8 present a comparison between these results and also
the relative (δ) and absolute (∆) errors between the experimental and numerical data.

The β = 90◦ geometry, for both angles of attack (α = [0◦, 1◦]), presents low values
of absolute errors, and a maximum relative error of 30% for the CM , which must
not be overemphasized since it corresponds to an absolute error in the coefficient of
0.03. The CL and St values show negligible relative and absolute errors, and the CD
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Table 6.7: Summary of the CL and CD obtained experimentally (Exp) and numer-
ically by means of the k−ω SST turbulence model (Num) and their relative (δ) and

absolute (∆) errors for the sections β = [90◦, 60◦, 40◦].

β [◦] α [◦]
CL CD

Exp Num δ [%] ∆ Exp Num δ [%] ∆

β = 90◦
0 0.672 0.672 0.022 0.000 0.456 0.437 4.100 0.019
1 0.613 0.648 5.670 0.035 0.481 0.450 6.543 0.031

β = 60◦
0 0.277 0.287 3.537 0.010 0.219 0.137 37.424 0.082
1 0.407 0.319 21.646 0.088 0.221 0.150 32.476 0.072

β = 40◦
0 0.039 −0.322 933.912 0.361 0.103 0.056 45.349 0.047
1 0.107 - - - 0.106 - - -

Table 6.8: Summary of the CM and St obtained experimentally (Exp) and numer-
ically by means of the k−ω SST turbulence model (Num) and their relative (δ) and

absolute (∆) errors for the sections β = [90◦, 60◦, 40◦].

β [◦] α [◦]
CM St

Exp Num δ [%] ∆ Exp Num δ [%] ∆

β = 90◦
0 0.117 0.152 30.615 0.036 0.210 0.211 0.470 0.001
1 0.098 0.129 32.116 0.031 0.205 0.206 0.370 0.001

β = 60◦
0 0.123 0.126 2.227 0.003 0.197 0.022 88.652 0.174
1 0.128 0.117 8.628 0.011 0.191 0.024 87.244 0.166

β = 40◦
0 0.086 0.064 26.328 0.023 0.223 0.310 38.789 0.087
1 0.102 - - - 0.219 - - -

shows a relative error of 5%. In general, it can be assumed that the results present
fair agreement for this geometry. On the other hand, in the case of β = 60◦ section,
some values of the force coefficients present non-negligible discrepancies. This is the
case of the Strouhal number, where the wind tunnel test value is about 0.19, and the
numerical simulations produce almost stationary results (St = 0.022). In addition,
although the results for the CL and CM can be acceptable, CD results present also
noticeable discrepancies. Finally, β = 40◦ geometry presents unacceptable absolute
and relative errors for all aerodynamic coefficients and Strouhal number. In fact, the
strong decrement in the lift coefficient obtained in the CFD simulations, in combination
with the also low value in the drag coefficient are indicative of reaching transition at
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a too low Reynolds number, typical of two-equation models in the absence of Low-
Reynolds corrections (see Wilcox [452] or Collie et al [79]). Consequently further
analyses of this geometry, as well as for the β = 60◦ case, should be conducted.

6.5.2 Impact of turbulence models

It can be found in the literature that the aerodynamic and aeroelastic responses are
sensitive to the ability of the turbulence models to properly emulate complex phenom-
ena such as transition or streamline curvature. Good examples of this can be found
for instance in Collie et al [79] and in Mannini et al [257]. In this section, more so-
phisticated turbulence models than the k − ω SST turbulence model are used, aiming
to improve the agreement between the numerical and experimental results of sections
β = 60◦ and β = 40◦.

The application of the turbulence models adopted in this section is conducted by
using the commercial software ANSYS Fluent [12]. The numerical schemes adopted in
this case are summarized next. The pressure-velocity coupling was carried out using
the PISO scheme with neighbor and skewness corrections. The interpolation values
from cell centers are conducted by means of the Green-Gauss gradient scheme. The
discretization for the momentum, turbulence kinetic energy and turbulence dissipation
rate are conducted by second order interpolation schemes. The solver considers second
order unsteady formulation.

It is intended to demonstrate in this application case that for well posed CFD simula-
tions, the differences in the force coefficients and Strouhal number results are due to
the different turbulence modeling formulation. Hence, we have considered the β = 90◦

case with α = 0◦, and two simulations are compared using the same turbulence model
(k − ω SST) but different meshes, numerical settings and CFD solvers.

The OpenFOAM results in Table 6.9 correspond to the medium mesh described in
Table 6.3 and the numerical settings reported at the end of Section 6.4.1. On the
other hand, the Fluent ANSYS results in Table 6.9 have been obtained using a 420000
cells non-structured quadrangular mesh (δ1/B = 1.66 · 10−4) and a non-dimensional
time step ∆̄s = ∆̄tU/B = 1.5·10−3 in combination with the numerical settings reported
above in this section. The common characteristic in these two CFD simulations is the
application of the k − ω SST turbulence model without corrections. The fact that
the results in Table 6.9 are very similar for the different solvers, emphasizes that is
the turbulence model formulation the fundamental factor controlling the ability of the
CFD simulation to accurately or inaccurately simulate the aerodynamic response of
the 2D circular segments.
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Table 6.9: Comparison of the results for the section β = 90◦ using the k − ω
SST turbulence model with the open source solver OpenFOAM using the settings
described in Section 6.4.1 and the ANSYS Fluent solver with the settings described

in Section 6.5.2.

Solver CL CD CM St

OpenFOAM 0.672 0.437 0.152 0.211
Fluent 0.636 0.421 0.153 0.217

6.5.2.1 Low-Reynolds-number corrections (LRNC)

A first approach has been to use low-Reynolds-number corrections in the k − ω SST
turbulence model given its good performance, reported in several works, for instance
in Wilcox [449], and its ability to grossly simulate transition. A comparison of the
experimental force coefficients and Strouhal numbers with those obtained numerically
by means of the k − ω SST turbulence model with or without corrections for cases
β = 40◦ and 60◦ is presented in Table 6.10.

Table 6.10: Comparison of the results for the section β = 60◦ and β = 40◦ for
an angle of attack α = 0◦ using the k − ω SST turbulence model with and without

low-Reynolds-number correction (LRNC).

Case β = 60◦ (α = 0◦) β = 40◦ (α = 0◦)

CL CD CM St CL CD CM St

Exp 0.277 0.219 0.123 0.197 0.039 0.103 0.086 0.223

k − ω SST 0.287 0.137 0.126 0.022 −0.322 0.056 0.064 0.310
δk−ω 3.537 37.424 2.227 88.652 933.912 45.349 26.328 38.789
∆k−ω 0.010 0.082 0.003 0.174 0.361 0.047 0.023 0.087

LRNC 0.280 0.247 0.169 0.243 −0.049 0.105 0.116 0.210
δLRNC 1.012 12.819 37.114 23.222 226.225 1.839 34.582 5.830
∆LRNC 0.003 0.028 0.046 0.046 0.087 0.002 0.030 0.013

The aerodynamic response of the β = 60◦ geometry is in general very much improved
by using the Low-Reynolds-number corrections. The CL modifies its value and now it is
closer to the experimental results. The improvement in the CD is noticeable, increasing
its value and therefore reducing the absolute error from 0.082 to 0.028. Furthermore,
the St is not stationary, reporting a value of St = 0.24. The absolute error in the CM
is still small, ∆CM = 0.046.
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In the case of β = 40◦, the improvements are remarkable, since all the force coefficients
present now acceptable differences when compared with the experimental results. The
main improvement can be found in the CL, where the absolute error has been decreased
from 0.361 to 0.087. Relevant improvements have also been obtained for the CD and
the St, and the accuracy in the value of the CM is similar.

These improvements in the force coefficients and Strouhal numbers are caused by a
better prediction of transition, which avoids the anticipation of the transition in the
boundary layer that switches the flow regime from sub-critical to super-critical, as it
can be appreciated from the values of the averaged force coefficients (see Section 6.3.2).
This can be analyzed by studying the flow structure simulated by the k−ω SST turbu-
lence model with and without Low-Reynolds-number corrections, which are reported
in Figure 6.13 and Figure 6.14.

In Figure 6.13, the instantaneous velocity fields of the k − ω SST turbulence model
with and without Low-Reynolds-number corrections are compared for a point in the
time-history close to the minimum in one cycle of oscillation of the lift coefficient time
history. In this figure, it can be appreciated that the k − ω SST turbulence model
without corrections anticipates the change of flow regime to super-critical (high Re),
as it has been described in Schewe [367]. In the curved side, the separation point is
located relatively downstream because the boundary layer undergoes transition. In
the rectilinear side, the reattachment point is located about 0.25B, consistent with
the response of the flow in the rectilinear side of the cross-section of the Great Belt
approach span deck reported by Schewe [368] for the super-critical regime.

On the other hand, when Low-Reynolds-number corrections are introduced in the k−ω
SST turbulence model formulation, the flow structures correspond to what is expected
in the sub-critical regime. It can be seen how the separation point in the curved side
has displaced upstream, as described in Wilcox [454], which has a dramatic effect on
the lift coefficient (see Figure 6.7). Similar flow patterns can be found in Van Dyke
[420]. In this simulation, the reattachment point in the rectilinear side is located farther
than 0.5B. Similar response is found by Schewe [368] for the sub-critical regime of the
Great Belt approach span cross-section.

Also, differences in the wakes in both simulations can be identified, as analyzed in
Figure 6.14 by comparing the instantaneous turbulence kinetic energy k fields. In the
k − ω SST simulation without corrections, the wake is narrower than when the Low-
Reynolds-number correction is included, which is typical of the response at high Re
(Schewe [368]). This phenomenon is also described in Schewe [367] and in Wilcox [454].
In addition, it can be appreciated from the wake structure reported in Figure 6.14 that
St grows in the super-critical regime (see also Table 6.10), as it has also been reported
by Schewe and Larsen [369] and by Schewe [368]. Similar comparisons can be made
for the CD.

Hence, the Low-Reynolds-number correction applied to the k − ω SST turbulence
model has successfully avoided the anticipation of transition in the boundary layer that
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Reattachment

Separation

Reattachment

Separation

k − ω SST without corrections

k − ω SST with LRNC

Figure 6.13: Instantaneous flow velocity U field obtained for β = 40◦ using the
k − ω SST turbulence model without corrections and with Low-Reynolds-Number
corrections. The reattachment point in the straight side and the separation point in

the curved side are indicated for comparative purposes.

k − ω SST without corrections

k − ω SST with LRNC

Figure 6.14: Instantaneous turbulence kinetic energy k field obtained for β = 40◦

using the k − ω SST turbulence model without corrections and with Low-Reynolds-
Number corrections, where the differences in the wake width size and vortex fre-

quency can be appreciated.
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changes the flow regime from sub-critical to super-critical, as described in Section 6.3.2.
Similar performance of this correction has been reported in the work by Collie et al [79].
However, the aerodynamic behavior of the cases β = 40◦ and 60◦ when the incident
angle is α = 1◦ is still inadequate even though Low-Reynolds-number corrections
are included in the k − ω SST turbulence model. Hence, further corrections in the
turbulence model must be considered.

6.5.2.2 Curvature corrections

The inclusion of the Spalart-Shur correction when modeling body geometries with
curved shapes has given good results in several works. For instance, it was found in
Ahmad et al [5] that this correction helps to obtain better predictions in the wake
region of the flow.

In this section, the Spalart-Shur correction is implemented in the k−ω SST turbulence
model together with the Low-Reynolds-number correction, aiming to improve the nu-
merical results for sections β = 60◦ and β = 40◦ when the angle of attack is α = 1◦.
The results are reported in Table 6.11, where the force coefficients and Strouhal num-
bers obtained by the k − ω SST turbulence model without corrections are compared
with the results achieved when both corrections are considered. No results are reported
for the β = 40◦ case because the approach used for α = 0◦ was non-satisfactory.

Table 6.11: Comparison of the results for the section β = 60◦ and β = 40◦ for
an angle of attack α = 1◦ using the k − ω SST turbulence model with and without

low-Reynolds-number correction (LRNC) and curvature correction (CC).

Case β = 60◦ (α = 1◦) β = 40◦ (α = 1◦)

CL CD CM St CL CD CM St

Exp 0.407 0.221 0.128 0.191 0.107 0.106 0.102 0.219

k − ω SST 0.319 0.150 0.117 0.024 - - - -
δk−ω 21.646 32.476 8.628 87.244 - - - -
∆k−ω 0.088 0.072 0.011 0.166 - - - -

LRNC&CC 0.517 0.274 0.157 0.238 0.048 0.112 0.134 0.201
δLRNC&CC 27.009 23.556 22.796 24.934 55.167 5.627 31.750 8.489
∆LRNC&CC 0.110 0.052 0.029 0.048 0.059 0.006 0.032 0.019

Again, the inclusion of the corrections in the turbulence model gives place to a non
stationary response for the β = 60◦ case, providing a Strouhal number of St = 0.238,
and the agreement with the experimental coefficients is acceptable. In the case of the
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β = 40◦ section, when the angle of attack is α = 1◦, the agreement with the experi-
mental results is also satisfactory. The smaller value obtained for the lift coefficient is
in agreement with the numerical result obtained for α = 0◦ (Table 6.10).

6.5.2.3 Four-equation Transition SST turbulence model

For the sections for which experimental data were not available to validate the nu-
merical results, the selection of the most adequate turbulence model has been made
based on the performance of the turbulence models for the closest geometries tested
in the wind tunnel. Hence, geometries β = 80◦ and β = 70◦ are simulated using the
k−ω SST turbulence model, obtaining results that are judged as adequate considering
the values obtained for sections β = 90◦ and β = 60◦, and that the CFD based force
coefficients are not stationary.

However, in the case of the section β = 50◦, a deeper study had to be conducted. The
expected results based on the experimental values obtained for geometries β = 60◦

and β = 40◦ when α = 0◦ should be CL ≈ 0.1, CD ≈ 0.15, CM ≈ 0.1 and St ≈ 0.21.
It can be seen in Table 6.12 that the results obtained with the k − ω SST turbulence
model without corrections and introducing LRNC and CC modifications are far from
those. This is indicative of the turbulence model being unable to properly simulate the
aerodynamic phenomena in this geometry. Hence, simulations were also carried out
using the four-equation Transition SST turbulence model. This model was described in
Section 3.4.6.5, and presents good results in several works, for instance, in Lanzafame
et al [230], when compared with the k − ω SST turbulence model.

Table 6.12: Comparison of the results for the section β = 50◦ for angles of attack
α = 0◦ and α = 1◦ using the k − ω SST turbulence model with and without low-
Reynolds-number correction (LRNC) and curvature correction (CC), and Transition

SST turbulence model.

Case β = 50◦ (α = 0◦) β = 50◦ (α = 1◦)

CL CD CM St CL CD CM St

k − ω SST −0.241 0.099 0.102 0.446 0.025 0.098 0.123 0.015
LRNC & CC −0.404 0.199 0.150 0.280 - - - -
Transition SST 0.068 0.127 0.135 0.223 0.305 0.129 0.146 0.000

It can be appreciated in Table 6.12 that the use of the Transition SST turbulence
model provides force coefficients and Strouhal numbers for both α = 0◦ and α = 1◦

with intermediate values referring to those obtained in the wind tunnel for the β = 60◦

and β = 40◦ sections (see Table 6.10 and Table 6.11), which is the expected behavior
of this intermediate geometry. For the angle of attack α = 1◦ the transition turbulence
model however provides a steady response.
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6.5.3 Summary of the numerical results

This section summarizes the results obtained for the whole set of geometries analyzed
in this application case. Table 6.13 represents the whole picture of the aerodynamic
responses, comparing the numerical values with the wind tunnel experimental data.
Note that the corrections introduced in the k − ω SST turbulence model used in the
numerical results are indicated for each case. These data are also graphically reported

Table 6.13: Summary of the force coefficients obtained experimentally and numer-
ically using several turbulence models.

Section Attack CL CD CM St

Exp Num Exp Num Exp Num Exp Num

β = 90◦
α = 0◦ 0.672 0.672 0.456 0.437 0.117 0.152 0.210 0.211
α = 1◦ 0.613 0.648 0.481 0.450 0.098 0.129 0.205 0.206

∂/∂α|∆α=1◦

α=0◦ −3.383−1.400 1.470 0.736−1.077−1.323

β = 80◦
α = 0◦ - 0.406 - 0.294 - 0.145 - 0.206
α = 1◦ - 0.489 - 0.353 - 0.160 - 0.201

∂/∂α|∆α=1◦

α=0◦ - 4.722 - 3.379 - 0.859

β = 70◦
α = 0◦ - 0.368 - 0.201 - 0.130 - 0.180
α = 1◦ - 0.363 - 0.222 - 0.124 - 0.182

∂/∂α|∆α=1◦

α=0◦ - −0.292 - 1.152 - −0.300

β = 60◦
α = 0◦ 0.277 0.280 L 0.219 0.247 L 0.123 0.169 L 0.197 0.210 L

α = 1◦ 0.407 0.517 C 0.221 0.274 C 0.128 0.157 C 0.191 0.201 C

∂/∂α|∆α=1◦

α=0◦ 7.423 13.556 0.141 1.522 0.250−0.705

β = 50◦
α = 0◦ - 0.068 T - 0.127 T - 0.135 T - 0.223 T

α = 1◦ - 0.305 T - 0.129 T - 0.146 T - 0.000 T

∂/∂α|∆α=1◦

α=0◦ - 13.573 - 0.128 - 0.642

β = 40◦
α = 0◦ 0.039−0.049 L 0.103 0.105 L 0.086 0.116 L 0.223 0.243 L

α = 1◦ 0.107 0.048 C 0.106 0.112 C 0.102 0.134 C 0.219 0.238 C

∂/∂α|∆α=1◦

α=0◦ 3.926 5.549 0.171 0.404 0.889 1.031

L The k − ω SST turbulence model has been implemented with low-Reynolds-
number correction.

C The k − ω SST turbulence model has been implemented with low-Reynolds-
number and curvature correction.

T Transition SST turbulence model.

in Figure 6.15, where the numerical results obtained with or without corrections are
given. Furthermore, the most relevant force coefficients slopes from the aeroelastic
point of view (C ′L and C ′M) are also provided in Figure 6.16.
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Figure 6.15: Comparison of the results obtained by different turbulence models
and the experimental results in the domain β = [90◦, 40◦] for α = 0◦ and α = 1◦.
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Figure 6.16: Comparison of the slopes of the CL and CM for α = 0◦ obtained by
different turbulence models and the experimental results in the domain β = [90◦, 40◦].

Same legend than Figure 6.15.

It must be noticed that the force coefficients obtained by means of the k − ω SST
turbulence model for the β = 60◦ section are not far from those obtained with correc-
tions, but the main difference is in the value of the Strouhal number. However, this
problem is not found for sections β = 80◦ and β = 70◦, and consequently the k−ω SST
turbulence model is adequately used in these cases. Furthermore, the values provided
for the β = 50◦ geometry with the Transition SST turbulence model are in accordance
with those provided for sections β = 60◦ and β = 40◦, as described in the former
section.

The inaccuracy of the k − ω SST turbulence model for sections β = 50◦ and β = 40◦

can be clearly appreciated for the CL in Figure 6.15, independently of the angle of
attack α. In the same representation, particularly for the lift coefficient at α = 0◦,
the fair agreement of the experimental and numerical results highlight the relevance
of choosing the adequate turbulence model for each case.

6.5.4 Curve fitting of force coefficients and their slopes as a
function of β

A summary of the force coefficients and slopes obtained in the range β = [40◦, 90◦],
and the theoretical values of the flat plate (Theodorsen [413]), which are assumed
to be similar to those of β = 20◦, are shown in Figure 6.17. The numerical values
are approximated by second order polynomials and splines aiming to approximate the
trend of the aerodynamic response of the circular segments for corner angles β =
[20◦, 90◦]. These curves may be helpful for approximating the value of the flutter
derivatives and they allow the evaluation of the flutter speed. These approximation
curves play a similar role as the surrogate model described in Section 4.4.



166 Chapter 6

It can be appreciated that the CL and CD increase as the value of the corner angle β
grows from the flat plate (β = 20◦) to the D-section (β = 90◦), because the depth of the
cross-section increments too. Therefore, for high values of β, the lift and drag forces
are elevated, as expected. In the case of the CM , the behavior is different. Although
this coefficient grows with β in the range β = [20◦, 60◦], for values higher than β = 60◦

the value of the moment coefficient becomes nearly constant, about CM = 0.14.

In general, the values of the force coefficients of circular segments are high, well above
the common values of streamlined deck cross-sections which are only comparable to
those of β = 40◦ (see Reinhold et al [334], Šarkić et al [480] and Brusiani et al [46]),
which is the geometry inside the range of shapes studied that presents the lowest values
in the force coefficients at α = 0◦.
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Figure 6.17: Summary of the trends of force coefficients and their slopes in the
domain under study.

The aeroelastic response of the cross-sections can be anticipated by analyzing the
behavior of the slopes of the lift and moment coefficients in Figure 6.16 (Larose and
Livesey [232] and Diana et al [102]). In the case of the slope of the CM , which controls
the torsional stability of the section, it can be seen that it becomes negative for high
values of β, as it can also be seen from the experimental data provided in Figure 6.8.
The same behavior is shown for the CL for greater values of β. In addition, the high
values of the slope of the CL, present for values of β around 55◦, indicates that the
aeroelastic response of the geometries with 50◦ ≤ β ≤ 60◦ is worse, in relative terms,
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for those values of β. However, cross-section geometries with high value of β will
provide very stiff bridge decks, and therefore, since this circumstance improves the
aeroelastic response of the bridge, they can be used in footbridges with not very long
spans. This is the case of the Art Institute Footbridge in Chicago or the Igollo de
Camargo Footbridge in Santander, both mentioned in the introduction of this chapter.

The approximations defined in this section and shown in Figure 6.17 will be used as if
they were the surrogate models described in Section 5.2.2.1, for estimating the flutter
derivatives in the following section. This flutter derivatives will be validated with
those reported in Section 6.3.4. Later, this information will be used to conduct the
combined structural and aeroelastic optimization approach described in Section 5.3.
In the following sections the performance and limitations of the proposed approach in
the frame of the current application case will be discussed.

6.6 Numerical evaluation of flutter derivatives

Once a response surface is defined in the shape design space S (β) (as defined in
Section 5.3.4) for the force coefficients and their slopes, the flutter derivatives (FD)
can be approximated by using the formulas reported in Section 3.2.1.5, based on the
quasi-steady formulation. In Section 6.6.1 the flutter derivatives obtained by this
mean for the three geometries with experimental data available are compared with
their experimental counterpart. Later, the response surface of the flutter derivatives
in the whole shape design space is provided in Section 6.6.2.

6.6.1 Validation of the numerical values of flutter derivatives
with the experimental results

For the geometries β = 90◦, 60◦ and 40◦, Figure 6.18 reports the comparison between
the experimental flutter derivatives obtained in Section 6.3.4 by means of wind tunnel
test, and those obtained numerically by means of the curve fitting described in Fig-
ure 6.17. In addition, two more FD approximations are included for comparison. In
one case, FD were obtained applying the QS formulation using the experimental force
coefficients and their slopes. In the second case, other set of FD was obtained using
the force coefficients and their slopes obtained by means of the CFD analyses. The set
of FD reported in Figure 6.18 is formed by A∗1−3 and H∗1−3 derivatives, since these are
very influential in the estimation of the flutter velocity of a bridge.

It can be seen in Figure 6.18 that noticeable differences can be seen in most of the
flutter derivatives, particularly in those of β = 90◦ and β = 60◦ geometries. In the
case of β = 40◦, the results are satisfactory for the A∗1−3 derivatives. However, in
the case of the H∗1−3 derivatives some differences can be identified among the results
obtained using the QS theory. It is interesting to understand the origin of each set of
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Figure 6.18: Comparison of the experimental flutter derivatives with the FD ob-
tained numerically by means of splines approximation (QS Num. aprox.), the FD
obtained using directly the values obtained from the CFD simulations (QS CFD) and
the FD obtained by means of the QS theory using the experimental force coefficients

(QS Exp.).
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derivatives and the source of error that each set is associated to. The discrepancies
found in Figure 6.18 between the experimental flutter derivatives and those provided
by the numerical approximations are due to several reasons:

1. Quasi-steady formulation: The hypotheses and simplifications described in Sec-
tion 3.2.1 may represent a source of errors that must be taken into account. Two
main sources must be remarked:

(a) Related to the applicability of the QS theory: The fundamental hypotheses
and shortcomings of the QS theory were described in Section 3.2.1.2, where
it was concluded that this formulation must be only used for high reduced
wind velocity and streamlined deck cross-sections (further insights can be
found in Tubino [416] or in Wu and Kareem [458]). This affects to the appli-
cability of this theory, and consequently to the validity of Equation (3.37)
depending on the application case. If these expressions are applied inade-
quately, the flutter derivatives obtained can be far from the correct ones.

(b) Related to the simplifications assumed: The linearizations described in Sec-
tion 3.2.1.3 are a inherent source of errors, although its relative value must
be negligible in most cases.

These discrepancies can be identified when the flutter derivatives obtained ex-
perimentally are compared with those obtained by applying the QS formulation
to the experimental force coefficients and their slopes (QS Exp.).

2. CFD simulations: Assuming that the wind tunnel provides accurate data, the
differences between the experimental and numerical force coefficients and slopes
are mainly due to limitations related with the turbulence modeling or the 2D
approach in the CFD simulations. These differences can be identified in Fig-
ure 6.17, and they are reflected in the differences found between the set of FD
of QS Exp. and the set of QS CFD.

3. Response curve approximation: Fitting functions are used to provide data in the
whole shape design space from the results of the CFD simulations. However,
depending on the quality of these approximations, differences between the sim-
ulations and the approximations can exist, generating an additional source of
error. The selection of the adequate approximation approach (or the surrogate
model) is also a crucial task in the process, as described in Section 4.4. The
errors produced by this circumstance can be evaluated by comparing the FD of
the set QS CFD with those of QS Num. approx.

Reviewing the results reported in Figure 6.18, several conclusions can be extracted:

• The degree of applicability of the quasi-steady formulation for these three ge-
ometries is very different. In section β = 40◦, very small differences can be found
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between the FD obtained experimentally and those obtained by applying the QS
formulation to the experimental force coefficients and slopes. Consequently, this
approach can be applied to this section. However, the size of the shape design
space chosen in this Chapter is very large, and the cross-sections β = 90◦ and
β = 60◦ are out of the range of geometries that could be considered streamlined,
according to the differences found between the experimental flutter derivatives,
and the QS Exp. FD.

• The accuracy in the CFD simulations is crucial, and the verification and valida-
tion tasks are very important in this process. The most clear case of this kind
of inaccuracy can be seen in the FD obtained for the geometry case β = 60◦,
where large differences can found between the slopes of the CL and CM obtained
numerically and experimentally, as shown in Figure 6.17.

• The accuracy of the approximate response curves can generate additional errors,
as it can be seen, for instance, in the case of the geometry β = 40◦ for the H∗1−3

derivatives. This is produced by the differences between the approximations and
the CFD results in the slope of the CL. A similar situation can be found for the
β = 60◦ geometry.

Taking into consideration the inaccuracies related with the CFD based evaluation of
the force coefficients, the approximations of force coefficients responses along the shape
design space and the limitations in the QS formulation, particularly for non-streamlined
bodies, it is clear that the assessment of the flutter velocities applying the fully numeri-
cal approach developed in Section 5.2 is not going to be very reliable in this application
case. This circumstance is also going to be present when the combined structural and
aeroelastic optimization is carried out. Nevertheless, from a research perspective is of
utmost importance to ascertain the impact that the aforementioned limitations can
have in the evaluation of the flutter response of the bridge and subsequently in the
multidisciplinary optimization problem. Because of that, in the following sections the
flutter response is studied using the proposed numerical approach and the combined
structural and aeroelastic optimization is also completed aiming to evaluate the level
of accuracy in the aeroelastic responses as well as identifying the ranges in the shape
design space, in terms of the corner angle β, where the proposed methodology can be
confidently applied.

Nevertheless, the viability of the proposed optimization approach will be satisfacto-
rily demonstrated in Chapter 7, where the geometries of the deck cross-sections are
streamlined.
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6.6.2 Computation of the flutter derivatives in the design do-
main

In spite of the limitations in the validation process of the flutter derivatives carried
out in the previous section, the whole set of flutter derivatives obtained numerically
(using the QS numerical approximation) for the shape space considered are provided
in Figure 6.19. The horizontal axes are, on the left side, the shape design space S
represented by the value of β, and on the right side, the reduced velocity in the range
U∗ = [0, 10]. Therefore, the flutter derivatives for every value of β are included in
this representation. Graphically, it consists of intersecting a vertical plane located at
a given value of β with the response surfaces provided in Figure 6.19.
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Figure 6.19: Representation of the values of the flutter derivatives in the domain
under study β = [20◦, 90◦] for a range of reduced velocities U∗ = [0, 10]. The surfaces
are obtained for values of β separated 10◦ and for values of U∗ separated one unit.

Only the most relevant flutter derivatives A∗1−3 and H∗1−3 are shown. It must be noticed
that the values given for the geometry β = 20◦ are taken from the theoretical values of
the flat plate as it is considered that for that value of β the geometry can be considered
as a long rectangular plate, as indicated in Figure 6.17.

It can be appreciated in Figure 6.19 the strong change in the flutter derivatives over the
shape design space. This is caused by two main reasons: First, the shape design space
is very extensive, and the geometries allowed can be very different. This produces
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large differences, for instance, for the case of the A∗2. Second, the inaccuracies outlined
in Section 6.6.1 in the numerical approach to approximate the flutter derivatives lead
to large changes in the obtained FD. For instance, the variations in the A∗3 for the
β = 60◦ case are generated by this fact, as it can be seen in Figure 6.18.

6.7 Application case. Bridge model description

The bridge model used in this work is based on the project of the Miradoiros bridge in
Coruña, Spain. It is a cable-stayed bridge with a main span of 658 m and two lateral
spans of 270 m, and further details about this project can be found in Baldomir et al
[23]. The layout of the model is shown in Figure 6.20. The structure has two H-shaped
towers with a height of 158.7 m and two planes of 40 stays. The deck cross-section is
a circular segment geometry, as indicated in Figure 6.3, considering a width of 34 m
and uniform thickness of the deck plates.

β tAi Ni

Abutment 1 Abutment 2Tower 1 Tower 2

270.0 658.0 270.0

1198.0

137.0

33.0

Z

Y X

Figure 6.20: Layout of the model of the Miradoiros Bridge considering circular
segment geometry for the deck cross-section. Dimensions in m.

The finite element model used for the structural analysis of the bridge is shown in
Figure 6.21. It was made using Abaqus CAE [1], assigning B31 beam type element in
the deck and towers, rigid elements in the beams that link the cables with the deck and
modeling the cables with T3D2 truss elements. The coordinate axes are in accordance
with those defined in Section 3.2.1.

The mechanical properties of the bridge will be defined by the values taken by the
design variables along the optimization process. The values in the initial design are re-
ported in Table 6.14, where the lateral constraints of those variables are also indicated.

The mechanical properties of the bridge deck are functions of the values of β and t,
since the deck width is kept constant B = 34 m. The relationship of the mechanical
properties with t is linear in all cases, but the relationship with β is not. In Table 6.15,
the most relevant mechanical properties of the bridge deck are given for the whole
design domain considering 10◦ intervals and assuming t = t0 = 0.01 m. It can be
seen that large differences can be found in the mechanical properties as a function
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Z
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Figure 6.21: FE model of the bridge.

Table 6.14: Initial values (x0), lower bounds (xmin), and upper bounds (xmax) of
the design variables (x) considered for the structural optimization.

x x0 xmin xmax

β [◦] 45.0 20.0 90.0
t [m] 0.01 0.005 0.05
AB [m2] 0.5 0.0033 1.0
As [m2] 0.05 0.0033 1.0
N [MPa] 200 0.0 800 *

* This value is directly con-
strained by Equations (5.9)
and (5.10).

of the values of the corner angle β. For instance, the torsional stiffness ranges from
Jx = 2.72 m4 when β = 20◦ to Jx = 94.31 m4 when β = 90◦, due to the increase in
the internal area of deck section. In addition, the depth changes, from H = 3 m to
H = 17 m, cause a variation in the vertical bending stiffness from Iy = 0.95 m4 to
Iy = 38.89 m4.

Five different load cases are considered to act on the bridge: the self-weight of the
structure (SW ), which determines the prestressing forces of each stay, and four uniform
live loads (Ll) acting along different lengths of the deck along with the self-weight: the
whole deck (L0), the left lateral span (L1), the main span (L2) and the right lateral
span (L3). The live load consists of a uniform load with a value of 136 KN/m.
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Table 6.15: Summary of the main mechanical characteristics of the circular segment
cross-sections along the shape design space considering the initial value of the deck

plate thickness t0 = 0.01 m.

β [◦] H [m] Ax [m2] Jx [m4] Iy [m4] Iz [m4] M s
x [T] IsMx

[Tm]

20 2.998 0.686 2.721 0.953 66.396 5.350 525.33
30 4.555 0.695 6.302 2.238 68.126 5.423 548.84
40 6.187 0.709 11.678 4.217 70.630 5.528 583.81
50 7.927 0.727 19.288 7.107 74.161 5.669 633.89
60 9.815 0.751 29.828 11.255 79.075 5.855 704.57
70 11.904 0.782 44.411 17.216 85.935 6.097 804.58
80 14.265 0.822 64.864 25.906 95.656 6.409 948.18
90 17.000 0.874 94.308 38.890 109.801 6.815 1159.79

6.8 Structural optimization of the bridge without shape
design variables

Before conducting the combined structural and aeroelastic optimization, a number
of structural optimizations of the bridge will be carried out without the shape de-
sign variable β. The goal is to learn about the role played by the variable β in the
combined structural and aeroelastic optimization process by studying the structural
optimum designs obtained for a set of cases when fixed values of β are prescribed. The
formulation of the problem is presented next.

6.8.1 Definition of the problem

The formulation of the optimum structural design problem is the same as described
in Section 5.3.3, without considering the aeroelastic constraint and dismissing in this
application example the shape design variable β. Therefore, the problem can be for-
mulated as

minF (t,A,N) = Ax (t)LD + 2
40∑
i=1

AiLs,i, (6.1)

subject to
xmin ≤ x ≤ xmax, (6.2)

gStrr (x) =
Rr

Rr,max

− 1 ≤ 0, r = 1, ..., 1104. (6.3)

where xmin and xmax are the lower and upper bounds of the design variables x, respec-
tively, gStrr represents the structural constraints included in Equations (5.3) to (5.10),
being r the number of each structural constraint, Rr the structural response and Rr,max
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the maximum allowed value for that structural response. It can be seen that the ob-
jective function is expressed in Equation (6.1) as a function of t, A and N, which are
not shape-related design variables, and the shape design variable β is not included.
This problem will be solved for a set of values of β to analyze its influence, both in
the structural and aeroelastic field.

The limit values assumed for these constraints (Rr,max), as well as the load cases for
which they have been established, are summarized in Table 6.16.

Table 6.16: Summary of constrains included in the structural optimization process.

Type Location Limit constraint value # RP P Load cases L # constraints

uSW Deck nodes wmax = 0.05m 38 SW (1) 38
Tower top nodes umax = 0.05m 2 SW (1) 2

uL
Lateral spans wmax = 270m / 500 = 0.540m 18 L (4) 72
Main span wmax = 658m / 500 = 1.316m 20 L (4) 80
Tower top nodes T umax = 157.2m / 600 = 0.262m 2 L (4) 8

σSW &L
Deck top fiber σmax = 200MPa 88 L (4) 352
Deck bottom fiber σmax = 200MPa 88 L (4) 352
Stays σmax = 800MPa 40 SW & L (5) 200

Total number of design constraints SW & L (5) 1104
L SW = self weight, L = live loads, (#) = total number of load cases
P # RP = Number of response points where the responses of the structure are meassured
T It must be noticed that the height of the tower used in this constraint is related to the location of
the backstay anchorage, which is 1.5 m below the top of the tower.

6.8.2 Optimum structural designs for a set of values of the
shape design variable β

The structural optimum obtained for several values of β without considering the aeroe-
lastic constraint, as defined in Section 6.8.1, are reported here. They were obtained
in the range β = [20◦, 90◦] with an interval of 1◦, covering in this manner the whole
set of possible deck geometries. The designs and the structural responses obtained
as a function of β are reported in Section 6.8.2.1, while the aeroelastic responses are
reported in Section 6.8.2.2.

6.8.2.1 Structural optima as a function of β.

The value of the objective function once the structural optimum has been obtained for
each value of β is represented in Figure 6.22, along with the optimum deck thickness
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t∗. Note that the symbol ∗ denotes the result of the optimization process hereafter.
Furthermore, the two components of this function, which are the volume of the deck
and cables, as indicated in Equation (6.1), are also represented.
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Figure 6.22: Optimum amount of material of the deck, cables and objective func-
tion and optimum thickness of the deck plates for a set of 71 values of β in the shape

design space.

It can be seen that the general trend of the objective function presents an inverse
relationship with β, since F decreases as β grows. This fact can be explained taking
into consideration the evolution of the mechanical properties of the deck as a function
of β, which were reported in Table 6.15. When the value of β is high, the mechanical
properties grow noticeably, allowing the decrement of the value of the thickness t, which
decreases the volume of the deck. On the other hand, the variation of the volume of
stays along the design domain is very limited. Consequently, the objective function is
mainly governed by the deck volume, and consequently by the thickness of the deck
plates, whose value is dependent on the value of β, as it can be seen for the optimum
values reported in Figure 6.22.

Although the optimum volume of the cables does not present relevant variations along
the design domain, the distribution of the stays’ optima cross-section areas is strongly
dependent on the value of β, as it can be seen in Figure 6.23(a). The most relevant
difference can be found in the center of the main span. When the deck is slender and
its vertical stiffness is low (lower values of β), the areas of the stays in the center of the
main span grow (particularly those of cables number 20 and 21). Alternatively, when
the deck presents higher stiffness (high values of β), the distribution of the material
in the optima cable system is different, since the reinforced stays are number 18 and
23, as shown in Figure 6.23(a). This highlights the importance of considering as much
design variables as possible when optimizing a bridge, since variations in the stiffness
of some elements (the deck in this case) can influence the optimum design of others
(the cable system in this case).
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(b) Normalized constraint of the deck displace-
ments for load case L2..
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(c) Normalized constraint of the stress on the bot-
tom fiber of the deck for load case L0.

Figure 6.23: Subset of the most representative results of the optimum structural
designs without the shape design variables for β = [20◦, 90◦].

As a consequence, the structural constraints of the bridge are affected by the design of
the cable supported system. The normalized constraints related to the vertical deck
displacements under the live load L2, which is the most demanding live load for this
constraint type, are shown in Figure 6.23(b). It can be seen that they depend on
the optimum cable system for each value of β. Similar behavior can be found for
the normalized constraint related with the bottom deck stress under the live load L0,
shown in Figure 6.23(c). Although the maximum stress values are found near the
towers, the stress distribution in the center of the main span and in the lateral spans
depends on the optimum cable system, which is different for each value of β.

Similar analyses can be done for all constraints of the problem, reaching the same
conclusions. The influence of β in the structural response of the bridge is remarkable.
Furthermore, in view of the results presented in this chapter, the designer would think
that the value of β that would produce a more efficient bridge design from the structural
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point of view would be β = 90◦, as this value provides the highest deck stiffness along
with the lowest value of the bridge material in the optimization process. Nevertheless,
when aeroelastic constraints are considered in the optimization problem the conclusions
changes as it will be shown next.

6.8.2.2 Aeroelastic response of the structural optima

In this section the aeroelastic response of the bridge for each optimum obtained in
the structural optimization process will be obtained in order to understand the effects
of the shape design variable β on the aeroelastic response of the bridge. The flutter
derivatives that will be used to evaluate the flutter velocity are those reported in
Section 6.6.2.

Figure 6.24 shows the flutter velocity obtained for each optimum design as a function
of β, following the same representation criteria as in the previous section. The trend

20 30 40 50 60 70 80 90
β values

0

100

200

300

400

500

600

U
f
 [

m
/s

]

Uf Numerical

Uf Experimental

U ∗ Numerical

U ∗ Experimental

0

10

20

30

40

50

U
∗

Figure 6.24: Optimum flutter and reduced velocities obtained with numerical FD
for a set of 71 values of β. The results obtained for geometries with experimental

data of FD available are indicated by black squares.

of the curve indicates that in the range β = [20◦, 60◦] the bridge shows increasingly
better aeroelastic response. However, for values of β higher than 60◦, the aeroelastic
response of the bridge worsens as the flutter speed plunges, showing an inadequate
aeroelastic performance for values of the deck corner angle larger than β = 80◦

Furthermore, the flutter and reduced velocities obtained by means of the experimen-
tal flutter derivatives for those geometries with available experimental data are also
reported in Figure 6.24 in order to validate the curve obtained with the numerical FD.
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The exact values and a summary of the absolute and relative errors are also reported
in Table 6.17.

Table 6.17: Comparison between the flutter velocities of the optimal structural
designs obtained for the three cross-sections with experimental data available using

both the experimental and numerical flutter derivatives.

Section Experimental Numerical Errors

Uf [m/s] U∗ Uf [m/s] U∗ δUf [%] ∆Uf δU∗ [%] ∆U∗

β = 40◦ 189.94 6.27 182.69 5.44 3.82 7.25 13.24 0.83
β = 60◦ 175.15 4.81 514.50 55.78 193.75 339.35 1059.67 50.97
β = 90◦ 32.02 2.88 8.44 0.41 73.64 23.58 85.76 2.47

It can be seen that the flutter velocity obtained for the geometry β = 40◦ can be
assumed to be accurate enough. However, this is not the case for geometries β = 60◦

and β = 90◦, as it was anticipated in Section 6.6.1 when the flutter derivatives obtained
for those sections were discussed. In particular, it is very relevant the inaccurate
representation of the response of the flutter velocity in the range β = [50◦, 65◦], where
large absolute errors are reported, reaching values of ∆Uf = 339.35 m/s, as shown in
Table 6.17 for β = 60◦. This can be explained by the differences shown in Figure 6.18
among the flutter derivatives for the case β = 60◦. Particularly, the bluff nature of this
geometry is shown in the experimental flutter derivative A∗2, since around U∗ = 4.5
this flutter derivative changes its sign, which indicates that this section is prone to
torsional instability. However, the numerical counterpart of this derivative does not
show this change, reflecting the limitations of the proposed approach when studying
bluff bodies. In the case of β = 90◦, the flutter velocities obtained numerically and
experimentally are not so far, since the reduced velocity at which flutter occurs is very
low, and for those values the differences in the flutter derivatives are not as noticeable
as for higher values, as shown in Figure 6.18. This serves to illustrate the conclusions
extracted from the discussion in Section 6.6.1.

Consequently, it has been shown that for this application case the fully numerical
evaluation of the aeroelastic response of the bridge can not be considered very reliable,
since the experimental results show that the aeroelastic performance of the bridge has
been inaccurately evaluated in the range β = [40◦, 60◦]. However, in order to effectively
solve this circumstance and correctly approximate the flutter behavior of the bridge
a very high number of geometries should have been tested in the wind tunnel given
the amplitude and aerodynamic sensitivity of the shape design space. This would
imply very high costs in terms of time and funding and it would be incompatible with
conducting the deck shape optimization of the bridge.
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6.8.2.3 Considerations on structural optima and their aeroelastic response

Although in the previous sections some comments have been made concerning the
accuracy of the fully numerical aeroelastic analysis, in this one the study of the re-
sponses in terms of β will be discussed. Hence, in Figure 6.25 the objective function
and the flutter velocity are reported, in order to anticipate the combined structural
and aeroelastic optimization performance.
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Figure 6.25: Representation of the objective function (Equation (6.1)) and the
flutter velocity with numerical FD as a function of β. The values of the flutter

velocity obtained with experimental FD are also represented.

It can be noticed that for structural optimization the algorithm will propose designs
with values of β as high as possible, since they will provide the design with the lowest
amount of material. However, aeroelastic considerations will limit the possible values
of β, as for high values, the aeroelastic response can be inappropriate. Therefore,
depending on the required flutter velocity in the combined structural and aeroelastic
optimization process, the optimum shape design will be defined in the line of the flutter
velocity response, as it will be seen in the following section.
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6.9 Combined structural and aeroelastic optimizacion

6.9.1 Problem formulation

The formulation of the combined structural and aeroelastic optimization was intro-
duced in Section 5.3.3, and following the simplified formulation presented in Sec-
tion 6.8.1, it can be summarized as

minF (β, t,A,N) = Ax (β, t)LD + 2
40∑
i=1

AiLs,i, (6.4)

subject to
xmin ≤ x ≤ xmax, (6.5)

gStrr (x) =
Rr

Rr,max

− 1 ≤ 0, r = 1, ..., 1104. (6.6)

gUf (x) =
Uf,min

Uf
− 1 ≤ 0, (6.7)

where xmin and xmax are the lower and upper bounds of the design variables x, respec-
tively, gStrr indicates the structural constraints, Rr represents the structural response
of the structural constraint r, Rr,max the maximum value allowed for the structural
response, gUf is the flutter constraint reported in Equation (5.11), Uf is the flutter ve-
locity response and Uf,min is the minimum accepted flutter velocity. It must be noted
that in this formulation the objective function F is written as in Equation (5.1), and
consequently the shape design variable of the deck cross-section β is included. The
limits of the structural constraints are the same as those employed in the structural
optimization conducted in Section 6.8, and can be found in Table 6.16. The values
of the initial design and the lower and upper bounds of the design variables are those
defined for the structural optimization and are reported in Table 6.14.

6.9.2 Optimization results

The results obtained for the combined structural and aeroelastic optimization con-
sidering for the required flutter velocity two possible values Uf,min = [100, 200] m/s
are summarized in Table 6.18. The optimum designs of the stay-related variables are
summarized by means of the backstay average area AB∗, the mean area of the other 38
stays of the bridge Ās∗, and the average value of the 40 prestressing forces N̄∗. Note
that the symbol ∗ denotes the result of the optimization process. Furthermore, the
value of the aeroelastic constraint gUf ∗ at the optimum design is provided, as well as
the flutter velocity.

The convergence of the objective function for the cases Uf,min = 100 m/s and Uf,min =
200 m/s are reported in Figure 6.26(a) and Figure 6.26(c), respectively. Furthermore,
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Table 6.18: Optimum values of the design variables and the flutter constraint
obtained for the combined structural and aeroelastic optimization considering as

minimum flutter velocities the values Uf,min = [100, 200] m/s.

Final design

Uf,min Iter. F ∗ [m3] β∗ [◦] t∗ [cm] AB∗ [m2] Ās∗ [m2] N̄∗ [MPa] gUf
∗

U∗
f [m/s]

100 101 1351.36 75.280 0.701 0.330 0.0176 407.6 0.000 20 99.98
200 74 1355.31 66.190 0.720 0.348 0.0165 399.2 −0.003 69 200.74
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(a) Convergence of the objective function in the
case Uf,min = 100 m/s.
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(b) Convergence of β and the aeroelastic con-
straint gUf

∗ in the case Uf,min = 100 m/s.
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(c) Convergence of the objective function in the
case Uf,min = 200 m/s.
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(d) Convergence of β and the aeroelastic con-
straint gUf

∗ in the case Uf,min = 200 m/s.

Figure 6.26: Convergence of the objetive function, the shape design variable
β and the aeroelastic constraint gUf ∗ in the combined structural and aeroelastic

optimization for the two cases considered Uf,min = [100, 200].

the convergence of the shape design variable β is represented along with the conver-
gence of the normaliced aeroelastic contraint given by Equation (6.7) in Figure 6.26(b)
and Figure 6.26(d) for both cases.
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It can be appreciated that the value of β is modified along the optimization process to
fulfill the aeroelastic constraint, since this variable is the one with the biggest influence
on the aeroelastic response of the bridge. The optimum design obtained is similar to
the structural optimum design obtained previously in Section 6.8 for the value of β
closest to the result of the combined structural and aeroelastic optimization.

These results can be interpreted with help from the information provided in Fig-
ure 6.27. In this figure, the flutter response of the structural optima for a set of values
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Figure 6.27: Flutter speed of the structural optimum design for each value of β in
the design domain and the optima points obtained with the combined structural and

aeroelastic optimization (see Table 6.18).

of β previously reported in Figure 6.24 is represented along with the flutter velocity
values Uf,min considered in the two optimization problems reported in Table 6.18. The
values of Uf,min are two horizontal dashed lines that indicate the feasible design region
in terms of the aeroelastic constraint, since when the flutter velocity is lower than these
values, the bridge design must be rejected and modified. Hence, and assuming that
the optimization process pursues the design with the lowest amount of material (the
highest possible value of β, see Figure 6.22), the intersecction of the flutter velocity
response and the horizontal lines would anticipate the location of the optimum design
obtained by the combined structural and aeroelastic optimization problem. The stars
on Figure 6.27 indicates the pair (β∗ and U∗f ) obtained for both combined optimiza-
tions, which is coincident with the intersection of the flutter constraint and the flutter
velocity of the optimum design.

It can be observed that for Uf,min = 200 m/s the line representing the flutter constraint
intersect the curve of the flutter speed of the structural optimum at two points, but
the combined optimum is the point indicated by the red star as this design needs less
material than the other intersection point. The objective function as a function of β
presented in Figure 6.25 confirms this assertion. For the case of Uf,min = 100 m/s there
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is only a common point of the curve of the flutter speed of structural optima and the
straight line of flutter constraint.

It must be borne in mind that these results and the discussions in this chapter have
been done knowing that the aeroelastic response can not be estimated accurately in
some parts of the design space. Nevertheless, the goal of this section is to understand
the performance of the optimization process, to highlight the role of the shape design
variables, and to show the limitations of the approach and the origin of its possible
inaccuracies. This will be further discussed in Chapter 7, where a successful application
of this methodology is studied and discussed.

6.10 Conclusions

Circular segments are being increasingly used as deck cross-sections for bridges and
footbridges of moderate span. However, the exiting literature on this type of geometry
is scarce. Only the so-called "D-section" (semi-circular cylinder) has attracted the
attention of some researchers, mainly due to its equivalence to ice-accreted conduc-
tors. Experimentally based research has focused on galloping related studies, and the
available force coefficients present to some extend a non negligible scattering.

In this application case several circular segments have been studied, considering changes
in the geometry from the semi-circular shape to circular segments whose behavior can
be assumed to be close to streamlined deck cross-sections. The numerical simulations
have been conducted using 2D URANS and several turbulence models. A number of
meshes have been made for the different geometries under study, combining structured
mesh regions with a non-structured buffer zone. The used CFD solvers were Fluent
ANSYS and the open source OpenFOAM.

Numerical simulations for obtaining the force coefficients of circular segments by means
of CFD present important challenges. For validation purposes, wind tunnel tests have
been conducted for obtaining the Strouhal numbers and the force coefficients and their
slopes for corner angle cases β = [40◦, 60◦, 90◦]. Menter’s k−ω SST turbulence model
has provided accurate results in the range of corner angles β = [70◦, 90◦]. However,
for corner angles β = 60◦ and β = 40◦, low Reynolds and curvature corrections were
required in order to obtain results providing a close match with experimental data. For
β = 50◦, the application of the four-equation Transition SST turbulence model was
needed in order to obtain values for the force coefficients in agreement with available
experimental data for β = 60◦ and β = 40◦ cases.

The studies conducted in this work allow to define a response function of the aero-
dynamic force coefficients and their slopes in terms of the shape parameter β. These
studies provided information about the aerodynamic forces acting on the considered
geometries, along with some insights on their aeroelastic stability. From the aerody-
namics point of view, the force coefficients grow as β is increased. From β ≈ 50◦,
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these values are higher than the usual ones in streamlined bridge deck cross-sections.
Regarding the aeroelastic stability, for high values of β the slopes of the lift and mo-
ment coefficients are negative and consequently the section would be flutter prone
(galloping response is not considered in this work). The information provided by these
response functions might be very useful for those involved in wind-resistant design of
footbridges and bridges with deck cross-sections of circular segment like geometries at
an early design stage.

The application of the numerical formulation proposed in Section 5.2 for obtaining the
flutter derivatives in the design domain of this study case is illustrative of the limi-
tations in its applicability, due to mainly three reasons: First, the hypotheses of the
quasi-steady formulation have to be fulfilled in order to apply accurately the formu-
lations reported in Section 3.2.1.5. Second, the CFD simulations have to be accurate
in order to reproduce adequately the phenomena considered. In this respect, the dra-
matic impact that the choice of the turbulence model can have in the accuracy of the
simulations has been highlighted in this example. Third, the approximation technique,
namely the surrogate model or the approximation curves used in this application case,
must by in accordance with the CFD results avoiding a new source of inaccuracies.
All these limitations have been shown in this Chapter, providing a clear idea of the re-
quirements and limitations of the proposed methodology. All these circumstances will
be taken into consideration in the application example reported in the next chapter.

The flutter derivatives obtained in this application case cannot be considered accept-
able for the whole range of considered deck geometries, mainly for the first reason of
those listed in the above paragraph. However, the whole process is conducted in this
chapter in order to evaluate how the inaccuracies and errors in the flutter derivatives
affect to the flutter velocities obtained for this bridge design problem.

The structural optimization of the bridge dismissing the shape design variable β as
design variable shows the relevance of the value of this variable in the optimum result.
From the structural point of view, the value of β has two main consequences. First,
the objective function decreases as the value of β grows, given the increments in the
stiffness properties associated with high values of β. Second, the stiffness of the deck,
mainly controlled by the value of β, governs the optimum cross-section areas of the
stays, modifying the distribution of the stays areas along the deck. From the aeroelastic
point of view, the flutter velocity as a function of β for all the optimum designs has
been represented, providing an idea of the tendency in this response. Furthermore,
the flutter velocity of the values of β whose geometry has experimental data available
has been obtained for validating the numerical results. The validation shows the
limitations of the method, which for non-streamlined geometries presents non negligible
discrepancies.

Nevertheless, the combined structural and aeroelastic optimization was satisfactorily
conducted from the numerical point of view, showing the good performance of the
proposed approach, although it is known that the results obtained for this application
case are not applicable beyond the academic field. However, the discussion presented
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about the performance of the method is considered of interest for understanding the
successful application that will be presented in Chapter 7.



Chapter 7

Application example #2: Streamlined
single-box deck cross-section

7.1 Introduction

In the previous chapters of this PhD thesis it was remarked the convenience of incorpo-
rating optimization techniques in the project of long-span bridges since the heuristic-
based design, which is the standard approach nowadays, prevents the introduction
of innovative designs and it is an inefficient approach in terms of the assignment of
resources.

In this second example, the core idea considered for setting the problem to be studied
was that the application case should be a bridge design problem in the forefront of the
discipline. Consequently a cable-stayed bridge with a streamlined box cross-section
was chosen.

The choice of a streamlined box as the bridge deck typology is aligned with the current
practice in bridge engineering. Taking into consideration the proposed methodology for
conducting shape optimization, two shape design variables are considered: the width
B and the depth H of the deck cross-section. The allowed range of variation of these
design variables is ±10%B and ±10%H. This gives place to an extense design space
for the deck geometry.

The fully numerical approach introduced in Chapter 5 for obtaining the flutter response
of the bridge is applied in the first place to a cable-stayed bridge with a main span of
658 m, as in the application case reported in Chapter 6. It has been found that the
aeroelastic response is correctly obtained in the range of considered design variables
avoiding the limitations discussed in Chapter 6 for the circular segment deck cross-
section. Later on, a more challenging cable-stayed bridge with a span of 1316 m, double
that the previous one, will be used to carry out a series of studies that conclude with
the combined structural and aeroelastic optimization.

187
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The CFD-based results obtained for a set of 15 variations of the box deck geometry
have allowed to propose some patterns in terms of deck lateral corner angle and aero-
dynamic response. Other researchers have studied the effects of shape variations in
the aerodynamics of bridge decks, mainly by means of experimental methods. This
is the case of the work by Nagao et al [293], where a lavish experimental study was
carried out analyzing the aerodynamics of two cross-sections subject to several shape
modifications. In addition, the effects of several edge fairing geometries on the aero-
dynamic response were analyzed in the aforementioned reference, as well as in another
work by de Miranda and Bartoli [280]. More recently, Larsen and Wall [236] studied
the changes in the Strouhal number and vortex-induced vibration response produced
by variations in the angle of the lower corner of a single-box cross-section by means
of wind tunnel tests. Fully computational approaches for the shape design problem
of decks, as the one proposed herein, can provide an efficient alternative to heuristic
procedures based on wind tunnel testing since, in this way, well known methods such
as sensitivity analyses, parameter variation studies and optimal design can be applied.

In this chapter, the approach developed in Section 5.2 is applied to the well known
G1 Scanlan’s section (Scanlan and Tomko [365]), considering the aforementioned vari-
ations in its width and depth, as it will be described in Section 7.2. The numerically
computed force coefficients and flutter derivatives provided in this work are validated
with experimental results obtained from a wind tunnel campaign comprising three sec-
tional models chosen among the candidate designs inside the allowed design domain.
A description of the experimental campaign is provided in Section 7.3. The numer-
ical modeling and verification is reported in Section 7.4, while the numerical results
and their validation with the experimental data are commented upon in Section 7.5.
Furthermore, in that last section, a discussion about the influence of the corner angle
in the results of the force coefficients and their slopes is presented. From the set of
numerical data obtained in Section 7.5, a surrogate model is built in Section 7.6, as
described in Section 5.2.2.1. It provides the values of the force coefficients and their
slopes for any shape variation in the design domain. Hence, the flutter derivatives
of each design can be obtained by using the quasi-steady formulation. This task is
conducted in Section 7.7, and the flutter derivatives obtained by means of numerical
methods are validated with those obtained experimentally and reported in Section 7.3.
Later, the flutter velocity of the bridge is assessed for a cable-stayed bridge with main
span of 658 m (case λ = 1) using the proposed methodology and it is compared with
the flutter response obtained using the experimental flutter derivatives in order to
validate the whole process. This is reported in Section 7.8.

The application of this approach for the combined structural and aeroelastic optimiza-
tion will be made considering a particularly challenging case in terms of span length.
Technological advances in the last two decades have allowed the design and construc-
tion of bridges like the Normandie Bridge (Virgoleux [430]), in France, and the Tatara
Bridge (Akiyama [7]), in Japan, reaching spans surpassing the 800 meters. Further-
more, in the last decade, the main span of this kind of bridges broke the limit of 1
km, as it is the case of the Stonecutters Bridge (Vejrum et al [427]) in Hong Kong,



7.2 Bridge deck cross-section: range of possible geometries 189

China, the Sutong Bridge (Chen et al [61]), also in China, and the Russky Bridge
(Mellier [272]), in Russia. In addition, several recent research works have reported
studies considering bridge models of even 1.5 km (Ge [136]), ensuring that the main
span of this bridge typology will continue growing.

Taking into account the span lengths of these latest bridges, the combined structural
and aeroelastic optimization is conducted considering a 1316 main span length cable-
stayed bridge (case λ = 2), which is described in Section 7.9. Next, a number of
parameter variation studies are reported in Section 7.10 aiming to clarify the response
of the reference design in terms of flutter speed, as different subsets of design variables
are modified. This information is of utmost importance for properly understanding
the optimization problem results that are latter presented. In Section 7.11 the results
obtained when only the structural optimization, disregarding the shape design vari-
ables, is carried out for several designs in the shape design space are reported. In
these structural optimizations the cross-section areas and prestressing forces of each
stay of the bridge are considered as design variables, as well as the thickness of the
deck plates. The critical flutter speed is evaluated for the set of structural optimum
designs and in this way a flutter velocity response surface (FVRS) is defined in the al-
lowed shape design space. This FVRS, when considering its intersection with the plane
representative of the flutter velocity constraint allows to understand the feasibility of
the shape optimum designs obtained and discussed in Section 7.13 by the combined
structural and aeroelastic optimization. In this process, the amount of material of the
deck and stays of the bridge is minimized by searching for the optimum combination
of the cross-section area and prestressing forces of each stay, the deck cross-section
shape and size, and the thickness of the deck plates, when kinematic, stress and flutter
constraints are imposed. Finally, the main findings and conclusions drawn from this
application case are summarized in Section 7.14.

7.2 Bridge deck cross-section: range of possible ge-
ometries

The methodology described in Chapter 5 is applied in this chapter to obtain the flutter
response of a cable-stayed bridge with a streamlined deck cross-section subject to shape
modifications. The reference section is the well-known Scanlan’s G1 section, defined by
Scanlan and Tomko [365] in 1971, and later widely studied by other researchers (see,
for instance, Larsen and Walther [238]). Its geometry is shown in Figure 7.1. This
cross-section is a good example of a streamlined bridge deck cross-section, and similar
geometries have been widely used in real long-span bridges, being the best example the
Great Belt Link East Bridge (Larsen [234]). Other cross-sections with similar shape
can be found, for instance, in the Tsing Ma Bridge (Liu et al [248]), the Höga Kusten
Bridge (Larose and Livesey [232]), and the Xiangshan Harbor Bridge (Zhu et al [475]).
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Figure 7.1: Baseline geometry of the Scanlan’s G1 section.

The shape modifications considered herein are relative variations in the total width B
and depth H of the deck cross-section up to a maximum of ±10%, keeping constant the
dimensions of the upper and lower plates of the cross-section, which are the segments
a-f and c-d in Figure 7.1, respectively. The depth of the deck is modified by displacing
the points c and d in Figure 7.1 vertically, while the positions of a, b, e and f were
maintained. The width of the deck varies by moving the points b and e symmetrically,
either inward or outward, while the rest of the points are fixed. The limit cases of
possible deck geometries are shown in Figure 7.2. These variations give place to a wide

G1 +10%B +10%H −10%B −10%H −10%B +10%H +10%B −10%H

34.0 m

22.8 m

0.9B

B

1.1B

0.1B0.1B

1.6 m

0.9HH1.1H

Figure 7.2: Possible designs for the variations considered on the G1 section.

range of designs with different geometrical properties, as shown in Table 7.1, where
the features of the specific cases that will be analyzed by means of CFD techniques are
provided. The baseline value of the width of the upper plate is set to 34 m, which leads
to a total width of the G1 section of 40 m, a width of the lower plate of 22.8 m, and a
vertical distance from the upper plate to the lateral corner of 1.6 m. Consequently, the
proposed range of shape design variables involves changes of 1.12 meters in the depth
H and 8 meters in the width B. This means that the width-depth ratio B/H can vary
from 5.84 to 8.73, while this ratio for the baseline G1 section is 7.14. These ratios are
commonly found in real bridges. For instance, the B/H ratio of the Great Belt Bridge
is 6.85, which is very close to the G1 section. The Xiangshan Harbor Bridge presents
a ratio of 9.71, close to the ratio of section +10%B −10%H, while the cross-section of
the Tsing Ma Bridge has a B/H ratio of 5.36, similar to the section −10%B +10%H.
The identification of the deck cross-section geometries are shown in Table 7.1, and
in most of the charts that will be provided in this chapter is done using the relative
variation of the shape design variables with respect to the values of the reference G1
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Table 7.1: Summary of geometrical properties of some relevant sections found in
the domain under study.

Section Dimensions Angles [◦]

δB [%] δH [%] B [m] H [m] B/H θ1 θ2 θT

0 0 40.00 5.60 7.14 28.07 24.94 53.01
10 10 44.00 6.16 7.14 17.74 23.28 41.02
-10 10 36.00 6.16 5.84 57.99 34.64 92.63
10 -10 44.00 5.04 8.73 17.74 17.98 35.72
-10 -10 36.00 5.04 7.14 57.99 27.53 85.52
10 0 44.00 5.60 7.86 17.74 20.67 38.41
-10 0 36.00 5.60 6.43 57.99 31.22 89.21
0 10 40.00 6.16 6.49 28.07 27.93 56.00
0 -10 40.00 5.04 7.94 28.07 21.80 49.87
5 0 42.00 5.60 7.50 21.80 22.62 44.42
-5 0 38.00 5.60 6.79 38.66 26.08 64.74
5 5 42.00 5.88 7.14 28.07 24.94 53.01
-5 5 38.00 5.88 6.46 38.66 29.39 68.05
5 -5 42.00 5.32 7.89 21.80 22.62 44.42
-5 -5 38.00 5.32 7.14 38.66 28.23 66.89

section, being δB the relative variation of the width B and δH the relative variation
of the depth H. The angles of the side corners (points b and e in Figure 7.1) are also
reported in Table 7.1. The top θ1 and bottom θ2 angles refer to the angles between the
inclined sides of the deck and the horizontal axis, as indicated in Figure 7.1, while the
total angle θT is the total angle of the corner, θT = θ1 + θ2. It can be seen that large
variations can be found in that parameters. In particular, the corner angle θT ranges
from 35.72◦ to 92.63◦, which affect to the aerodynamics of the deck cross-sections, as
studied in the work by Haque et al [148] for a similar cross-section geometry. The
maximum and minimum values, and the range of variation of each property are also
reported in Table 7.2.

Table 7.2: Lower and upper values of the properties in the allowed domain.

Property G1 Minimum Maximum Domain

Value Section Value Secction Range Var. [%]

Total angle [◦] 53.01 35.72 +10%B -10%H 92.63 -10%B +10%H 56.91 159.32
Angle top [◦] 28.07 17.74 +10%B 57.99 -10%B 40.25 226.89
Angle bottom [◦] 24.94 17.98 +10%B -10%H 34.64 -10%B +10%H 16.66 92.66
Width [m] 40.00 36.00 -10%B 44.00 +10%B 8.00 22.22
Height [m] 5.60 5.04 -10%H 6.16 +10%H 1.12 22.22
B/H ratio 7.14 5.84 -10%B +10%H 8.73 +10%B -10%H 2.89 49.49
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7.3 Experimental campaign

7.3.1 Characteristics of wind tunnel tests and sectional models

The experimental campaign was carried out in the aerodynamic wind tunnel of the
University of La Coruña, which was described in Section 2.4.1.4.

With the aim of extensively validate the force coefficients that will be provided by CFD
analyses, three sectional models were built and tested. The geometries selected were
chosen prior to obtaining the numerical results, and correspond to the baseline design
of the G1 section and the shape variations +10%B +10%H and −10%B +10%H.
The models are 0.97 m long, to fit in the dimensions of the test chamber of 2x1x1 m3.
The scale of the models is 1:133.33, which gives place to a length-width ratio of the
sectional models between 3.6 and 2.94. The models are made using a central rigid rod,
which carries the wind forces to the load cells, located at both sides of the wind tunnel.
The bodies of the sectional models were built by means of a 3D printer in order to
guarantee the precise representation of the outside geometry and its correspondence
with the geometry considered in the CFD models (see Figure 7.3). This circumstance is
crucial to obtain accurate responses, as studied by Fransos and Bruno [133], where the
influence of the edge degree-of-sharpness in the results was extensively analyzed. The
3D printer has a printing area of 0.4x0.4 m2, the models were printed by extrusion, and
the material employed was PLA thermoplastic. The skin of the model has a thickness
of 2 mm. In order to avoid the dependency of the results on the surface roughness,
as described by Achenbach and Heinecke [2], the surfaces were caulked, sanded and
painted. The use of 3D printers for improving the accuracy in the representation of
geometric details of sectional models is a widespread technique, and an application can
be found in the research work by Górski et al [142].

Figure 7.3: Sectional models: a) 3D printer with the G1 section; b) Details of the
−10%B +10%H model; c) Wind tunnel test of the G1 section.

Two kinds of tests have been carried out for the three geometries considered in the
frame of this research. Firstly, the force coefficients have been obtained by means
of aerodynamic sectional tests (see Section 3.3.2). Secondly, aeroelastic tests (see
Section 3.3.3) were conducted in order to obtain the eighteen flutter derivatives, as
described in Jakobsen and Hjorth-Hansen [189] and in Chowdhury and Sarkar [65].
The numerical methods used for obtaining the flutter derivatives were the Modified
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Ibrahim Time Domain (MITD) proposed by Sarkar et al [354], which is based on the
method proposed by Ibrahim and Mikulcik [175], and the Iterative Least Squares (ILS)
proposed by Chowdhury and Sarkar [65].

7.3.2 Reynolds number sensitivity

The cross-sections of the designs considered in this work are sharp edged bodies and
it is commonly assumed in wind engineering that this kind of sections are not very
dependent on Reynolds-number effects. However, there are well-known cases in bridge
engineering where Reynolds number discrepancies have been found, giving place to
relevant variations in the behavior. This has been described by Mannini and co-workers
in Mannini et al [256] for the force coefficients of a deck cross-section characterized by
a trapezoidal single-box girder with lateral cantilevers. Other example can be found
in the research works reported by Schewe and Larsen [369] and Schewe [368], where
the Strouhal number and force coefficients of the trapezoidal deck cross-section of
the approach spans of the Great Belt East Bridge present a strong Reynolds number
dependency. Consequently, in this research, Reynolds-number sensitivity studies have
been conducted for the three models tested herein in order to ascertain the dependency
of the results with the Reynolds number.
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Figure 7.4: Effect of Reynolds number for the G1 +10%B +10%H cross-section.

The studies have been carried out in a range of Reynolds numbers of Re = [0.22, 4.4] ·
105, which corresponds to a range of wind velocities in the wind tunnel of U =
[1, 20]m/s, considering two angles of attack under study α = [0◦, 2◦]. No Reynolds-
number dependency has been detected for cross-sections G1 and +10%B −10%H,
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given that the force coefficients as a function of the wind speed presented stable val-
ues in the studied range of Reynolds numbers. However, the cross-section +10%B
+10%H showed a strong dependency in the lift coefficient for both angles of attack
in the Reynolds number range Re = [0.22, 1.7] · 105, as shown in Figure 7.4. And
afterwards, Re > 1.7 · 105, the lift coefficient becomes stable. This dependency is not
present for the CD and CM, which present a very stable curve in the whole range of
Reynolds numbers studied.

7.3.3 Force coefficients

The force coefficients as a function of the angle of attack for the three cross-section
tested in the wind tunnel are presented in Figure 7.5. As no sensitivity with Reynolds-
number effects was observed in the values of the force coefficients of section G1 and
+10%H −10%B, the highest Reynolds number tests were selected for latter validation
of the CFD data (U = 20m/s, which corresponds to a Reynolds number about Re =
4 ·105, depending on the cross-section width). For section +10%B +10%H, due to the
strong dependence of the lift coefficient with Reynolds number, the force coefficients
at Re = 1 · 105 are reported here, which is the same Reynolds number at which all the
CFD simulations were conducted.

It must be borne in mind that although G1 and +10%B +10%H sections have the
same width-depth ratio B/H = 7.14, the angles of the side corners are different, as
described in Figure 7.2 and reported in Table 7.1, and consequently the aerodynamic
behavior is expected to be different. In the case of the CL and CD some differences
are found, but the CM curves present different patterns. Larger discrepancies can be
found in the aerodynamic response of the −10%B +10%H. This geometry presents
the worst aerodynamic performance, showing a higher value of CD and presenting a
decay in the slope of the lift coefficient at about α = 6◦ and in the moment coefficient
at about α = 4◦.

The force coefficients of the G1 section presented in this work are in accordance with
other research works found in the literature, where curves of the force coefficients as
a function of the angle of attack are also reported. The results are also comparable
with those given for the section H1.4 of the East Great Belt in Reinhold et al [334],
Poulsen et al [327] and Brusiani et al [46].

7.3.4 Flutter derivatives

Aeroelastic tests were also conducted in this research in order to use the experimental
flutter derivatives for validation of the QS approach based on the force coefficients ob-
tained from CFD simulations. Figure 7.6 shows the results of the eighteen experimental
flutter derivatives of the three sectional models. The A∗i , H∗i and P ∗i derivatives can
be found in the first, second and third column, respectively. The rows are the number
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7.4 CFD modeling and verification 197

of these functions, indicated in the figure as X∗i , where i is the number of the flutter
derivative and X∗i represents A∗i , H∗i or P ∗i , depending of the column.

Although the results seem to be very similar, as expected for three streamlined cross-
sections, some differences can be found in the main flutter derivatives (A∗1−3 and H∗1−3).
Particularly, relevant differences can be found for H∗2 and A∗2, where it can be appre-
ciated the worse aeroelastic performance of the −10%B +10%H model. The flutter
derivatives dependent on the horizontal displacements and lateral loads, such as the
P ∗i and the X∗5 and X∗6 , present small values and consequently a notable scattering in
the results, since all the tested sections are more-or-less streamlined.

The flutter derivatives for the G1 section present fair agreement with the FD reported
in other research works, even though some differences may be expected (see Sarkar
et al [355] and Caracoglia et al [48]). Experimental results of this section can be found
in Scanlan and Tomko [365], while numerical data are provided by Larsen and Walther
[238], Wei et al [439] and Nieto et al [306].

7.4 CFD modeling and verification

It has already been mentioned that the baseline geometry of this study is the stream-
lined box girder of the G1 section described in Figure 7.1. The layout of the flow
domain, as well as the boundary conditions used for all the CFD models, are shown
in Figure 7.7. The flow domain measures 37B x 27B, and the distance from the inlet
to the center of the deck is 13.5B, being B the deck width.

The simulations were performed at a Reynolds number of Re = 1 · 105, imposing a
uniform velocity at the upwind boundary of the computational domain (the left side
in Figure 7.7). Turbulent intensity of 1% is considered for the incoming flow with
0.1B turbulence length scale, as in Ribeiro [335]. An atmospheric pressure outlet was
imposed at the right side of the flow domain. The upper and lower boundaries are
defined as slip wall boundaries while the boundary around the G1 section was set as a
non-slip wall.

The numerical schemes adopted in the simulations are the same as is the application
case in Chapter 6, choosing again the PIMPLE algorithm as transient solver. The
interpolation of values from cell centers to face centers is carried out by a linear scheme.
The gradient terms are discretized using the Gauss scheme with a linear interpolation.
For the divergence terms, the Gauss scheme is employed adopting linear upwind and
limited linear interpolation schemes. For the Laplacian terms, the Gaussian with a
linear interpolation scheme and a limited normal surface gradient was used. The first-
order Euler implicit scheme was set for the time derivative terms.

2D block structured meshes were utilized for all geometries, which were generated
by the in-house software FLUSINI (Nieto et al [304]). In order to verify the spatial
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Figure 7.7: Definition of the flow domain and boundary conditions for the G1 deck
cross-section (not to scale).

discretization, three different grids, with different mesh densities, for the baseline ge-
ometry, Scanlan’s G1 section, were studied at α = 0◦. These meshes are named as
coarse, medium and fine depending on the mesh densities. A boundary layer mesh has
been defined around the deck cross-section providing a maximum y+ value, which is a
non-dimensional measure of the first element height, below 4. In this manner, model
equations are integrated up to the viscous sublayer, and no wall functions are required.
The characteristics of the meshes are similar to those in a similar study reported in
Nieto et al [306].

Table 7.3: Results of the grid refinement study for the G1 section, part 1.

Grid Total cells Deck cells δ1/B y+
max y+

mean

Coarse 138 390 656 2.33 · 10−4 3.937 1.159
Medium 265 980 770 2.03 · 10−4 3.554 1.019
Fine 370 860 770 2.03 · 10−4 3.542 1.044

The characteristics of the meshes employed in the verification study are reported in
Table 7.3, which shows the total number of cells, the number of cells around the deck,
the non-dimensional first element heights δ1/Band the y+ maximum and mean values.
The force coefficients and their standard deviations (C ′i) obtained for the three different
meshes are reported in Table 7.4. The boundary layer of the coarse mesh consists of
30 rows of structured quadrilateral cells with a non-dimensional first element height
around the deck of δ1/B = 2.33·10−4, with the expansion ratio of the first cell to the last
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Table 7.4: Results of the grid refinement study for the G1 section, part 2.

Grid St CL CD CM CL’ CD’ CM ’

Coarse 0.200−0.024 0.057 0.035 0.013 0.000 0.003
Medium 0.190−0.031 0.058 0.035 0.022 0.001 0.005
Fine 0.190−0.033 0.058 0.035 0.023 0.001 0.005

one of 20. The medium and fine mesh models have 50 rows of structured quadrilateral
cells in the boundary layer region with a first cell height of δ1/B = 2.03 · 10−4 and an
expansion ratio of 10. At Reynolds number of Re = 1 · 105, the mean values of y+

around the deck are close to 1, with a limited number of cells with y+ > 2. For the
coarse mesh, the number of cells with y+ greater than 2 are about 6.7% while for the
fine and medium meshes, about 5% of cells show y+ larger than 2. Regarding the time
step of the solutions, the maximum Courant number was set to 1. In the previous
work (Nieto et al [306]), no significant difference in results were found in the case
with the maximum Courant number of 1 and another with 0.5. Regarding the force
coefficients, it was found that the coarse-mesh model overestimated the lift coefficient
while its standard deviation value was smaller compared to the medium or fine-mesh
models. The rest of the coefficients, as well as Strouhal numbers, were similar among
these three cases. Consequently, the coarse mesh is discarded and the medium mesh
is retained hereafter due to its lower computational cost when compared with the fine
mesh.
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Figure 7.8: Sampling plan adopted.
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For the definition of the surrogate model, a sampling plan considering 15 different
geometries is defined by modifying either only the width or the depth of the deck section
in some cases, or both width and depth simultaneously in other cases (see Figure 7.2
and Table 7.1). The combinations of these dimensions for the 15 simulations included
in the sampling plan are shown in Figure 7.8. When the deck depth is the original
value of the G1 section, four cases considering different deck widths of δB = ±5%
and δB = ±10% are studied while two cases of modified depths of δH = ±10% are
considered with the reference value of the deck width. Also different combinations of
δH = ±10% and δB = ±10% as well as δH = ±5% and δB = ±5% are examined. The
dimensions of each configuration are summarized in Table 7.1.

Table 7.5: Mesh characteristics of the meshes used in the CFD simulations.

δB [%] δH [%] Total cells Deck cells δ1/B y+
max y+

mean

0 0 265 980 770 2.03 · 10−4 3.519 1.014
10 10 276 520 808 1.85 · 10−4 3.206 0.999
-10 10 310 430 738 2.26 · 10−4 4.074 0.898
10 -10 265 670 788 1.85 · 10−4 2.995 1.036
-10 -10 287 760 744 2.26 · 10−4 4.070 0.957
10 0 281 160 782 1.85 · 10−4 3.124 1.021
-10 0 291 060 714 2.26 · 10−4 4.060 0.921
0 10 266 600 774 2.03 · 10−4 3.481 0.979
0 -10 264 740 762 2.03 · 10−4 3.535 1.037
5 0 288 420 808 1.93 · 10−4 3.311 1.025
-5 0 293 300 736 2.14 · 10−4 3.802 0.981
5 5 286 440 776 1.93 · 10−4 3.377 1.016
-5 5 282 800 736 2.14 · 10−4 3.796 0.983
5 -5 285 120 808 1.93 · 10−4 3.321 1.035
-5 -5 282 800 736 2.14 · 10−4 3.824 1.000

Table 7.5 summarizes the mesh characteristics of the 15 geometries whose aerodynamic
response is going to be modeled by means of CFD simulations. Based on the verifica-
tion study conducted for the G1 section, 50 rows of structured quadrilateral cells are
defined around the deck for all models with the non-dimensional first element heights
of approximately δ1/B = 2 · 10−4. The total number of cells ranges from 260000 to
310000 and the cells around the deck are between 736 and 808. The mean y+ values
are close to 1.0 and the max y+ values are about 4.0. Details of the finite volume
meshes of some of the simulation models are shown in Figure 7.9.
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Figure 7.9: Mesh description of the three sections that were also analyzed experi-
mentally.

7.5 Force coefficients and slopes: numerical results,
experimental validation and corner angle effects

7.5.1 Numerical results and experimental validation

A summary of the force coefficients and slopes obtained for the 15 geometries analyzed
is presented in Table 7.6. Moreover, these force coefficients are plotted as a function
of the shape design variables expressed as δB and δH for α = 0◦ and α = 2◦ in
Figure 7.10, where the experimental results (Table 7.7) are also included for comparison
purposes. The vertical axis of the force coefficients are the same for both angles
of attack in order to appreciate the differences in the values of the slopes. On the
right side, the projections on the δB,CL,M,D and δH ,CL,M,D planes are presented to
facilitate comparison between the results. The 3D representation of the CFD results
is complemented with a fitted surface, whose points have been obtained by means of
a linear interpolation from the adjacent values for which CFD data were available.

It can be seen that the CFD results are able to identify the trends in the aerody-
namic behavior of the geometries inside the domain. In addition, these trends are in
agreement with the experimental results, particularly for the lift coefficient surfaces.
Due to the streamlined nature of these geometries, the absence of curved surfaces, and
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Figure 7.10: Comparison of the experimental and numerical force coefficients for
α = 0◦ and α = 2◦. The data included in this figure are provided in Table 7.7 and

Table 7.6.
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Table 7.6: Summary of the force coefficients obtained numerically by CFD.

Section CL CD CM

δB [%] δH [%] α = 0◦ α = 2◦ ∂/∂α|α=2◦

α=0◦ α = 0◦ α = 2◦ ∂/∂α|α=2◦

α=0◦ α = 0◦ α = 2◦ ∂/∂α|α=2◦

α=0◦

0 0 −0.031 0.159 5.452 0.058 0.058 0.005 0.035 0.082 1.360
10 10 0.063 0.220 4.497 0.048 0.052 0.136 0.038 0.086 1.381
−10 10 0.019 0.339 9.159 0.100 0.097 −0.077 0.061 0.087 0.745
10 −10 −0.055 0.110 4.711 0.042 0.042 −0.004 0.025 0.082 1.621
−10 −10 −0.013 0.226 6.855 0.061 0.069 0.218 0.039 0.071 0.915
10 0 0.029 0.209 5.140 0.049 0.051 0.045 0.037 0.095 1.666
−10 0 0.000 0.254 7.288 0.072 0.079 0.205 0.044 0.071 0.770

0 10 −0.016 0.186 5.775 0.067 0.065 −0.057 0.041 0.089 1.383
0 −10 −0.060 0.123 5.260 0.049 0.050 0.045 0.028 0.076 1.371
5 0 −0.006 0.163 4.843 0.047 0.047 −0.002 0.032 0.080 1.371
−5 0 −0.034 0.189 6.390 0.067 0.066 −0.013 0.037 0.081 1.251
5 5 0.012 0.184 4.934 0.050 0.050 0.011 0.036 0.084 1.378
−5 5 −0.031 0.193 6.421 0.071 0.071 −0.006 0.040 0.083 1.231
5 −5 −0.007 0.163 4.892 0.045 0.045 0.006 0.028 0.076 1.385
−5 −5 −0.048 0.179 6.494 0.062 0.062 −0.007 0.034 0.078 1.275

Table 7.7: Validation of the CFD results with the force coefficients obtained ex-
perimentally.

Sec. + Data CL CD CM

α = 0◦ α = 2◦ ∂/∂α|α=2◦

α=0◦ α = 0◦ α = 2◦ ∂/∂α|α=2◦

α=0◦ α = 0◦ α = 2◦ ∂/∂α|α=2◦

α=0◦

G1 Exp. −0.014 0.136 4.293 0.057 0.059 0.063 0.040 0.079 1.128
Num. −0.031 0.159 5.452 0.058 0.058 0.005 0.035 0.082 1.360

++ Exp. 0.058 0.187 3.676 0.075 0.081 0.181 0.008 0.037 0.834
Num. 0.063 0.220 4.497 0.048 0.052 0.136 0.038 0.086 1.381

-+ Exp. 0.042 0.259 6.207 0.110 0.124 0.392 0.054 0.083 0.836
Num. 0.019 0.339 9.159 0.100 0.097 −0.077 0.061 0.087 0.745

+ The simbol "++" stands for section +10%B +10%H, while "-+" stands for section −10%B +10%H.

the limitations in the amplitude of the allowed changes in the shape design variables,
the CFD simulations represent the aerodynamic response more faithfully than in the
application case of Chapter 6. This will be further discussed in the following section.

The discrepancies in the values of the force coefficients that can be identified in Fig-
ure 7.10 should not be overemphasized. The results obtained by means of CFD for
the three sections with available experimental data are compared in Table 7.7 with
the wind tunnel results provided in Section 7.3. The results for the three geometries
present a satisfactory agreement, showing in all cases small values in the absolute er-
rors between the numerical and experimental force coefficients and their slopes. It
must be borne in mind that the focus should be mainly placed on the slopes of the
lift and moment coefficients, given that these are the values that have a more decisive
influence on the flutter derivatives (see Section 3.2.1.5).
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7.5.2 Interpretation of the results from the perspective of the
corner angle

The influence of the corner angle (or edge fairing) in the aerodynamics of deck cross-
sections has been studied in several works, for instance, in Nagao et al [293], de Miranda
and Bartoli [280] or Haque et al [148]. In addition, the geometry of the bottom side
of the section seems also to be relevant, as noticed by Larsen and Wall [236]. In
the present work, the sections analyzed by means of CFD techniques present total
corner angles in the range θT = [35.72◦, 92.63◦], while the bottom angle is in the range
θ2 = [17.98◦, 34.64◦]. Hence, the samples studied represent a valuable set of data to
analyze, at least qualitatively, the role of the corner angles in the deck aerodynamics.
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Figure 7.11: Subset of the numerical force coefficients and their slopes as a function
of the total corner angle θT and bottom angle θ2.

Figure 7.11 shows some of the force coefficients and their slopes as a function of the
total angle θT and also of the lower angle θ2. It can be seen that some patterns can be
identified for the streamlined cross-section, particularly for the slopes of the lift and
moment coefficients, and consequently interpolation polynomials are provided. Iden-
tifying trends as a function of the corner angle is a relevant goal, as these coefficients
give valuable information about the aeroelastic behavior of the section (see Larose
and Livesey [232] and Diana et al [102]), and it is clear that the corner angle plays a
relevant role on the streamlined box cross-sections under study. It can be seen that
the C ′M presents a relatively linear response, particularly when plotted as a function
of the total angle. In the case of the slope of the lift as a function of θT , the response
can be linearly interpolated, except for the response of section −10%B +10%H, which
is the bluffest geometry considered among the studied cross-sections. The same be-
havior is found when representing C ′L as a function of θ2. In addition, the trends of
the moment and drag coefficients can also be linearly approximated when the −10%B
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+10%H section is not included, particularly when they are plotted as a function of
the bottom angle.

In the results reported in the present work, all coefficients show a relatively linear
response trend except for the response of section −10%B +10%H. The aerodynamic
coefficients and slopes that are not included in Figure 7.11 do not show any clear
tendency. Moreover, the results of the force coefficients and their slopes as a function
of the top angle θ1 are mainly scattered data. Hence, it can be inferred from the
results that the contribution of the corner angle θT to the section aerodynamics is
mainly driven by the lower angle θ2, which is the most influential in the aerodynamic
response.

7.6 The surrogate model

From the numerical force coefficients and slopes reported in Table 7.6 for the samples
shown in Figure 7.8, a Kriging surrogate model was built. This technique was described
in Section 4.4.1.2, and because of the requirements outlined in Section 5.2.2, it consists
of a surrogate model with two inputs, which are the variations in the width and depth
of the G1 baseline section, δB and δH , respectively, and six outputs, which are the force
coefficients and slopes for α = 0◦. These outputs are the data required to apply the QS
formulation introduced in Section 3.2.1. The response surfaces of the outputs of the
model are presented in Figure 7.12, while three-dimensional representations are shown
in Figure 7.13 to facilitate the visualization in the trends of the force coefficients and
their slopes. Moreover, contour lines representations are also provided to facilitate the
interpretation of the values for any possible design. The locations of the geometries
of the sampling plan are also indicated in the figure by black squares in the contour
representations and by red triangles in the three-dimensional surfaces. It must be
remembered that the values of the force coefficients and their slopes given by the
surrogate model in the location of those points are the exact values obtained from the
CFD analyses, since the Kriging model reproduced all the samples used in the training
process by means of the stationary Gaussian process error model ε (x), as described
in Section 4.4.1.2. This choice has been a consequence of the studies reported in the
previous chapter for the circular segment geometry.

The shape of the response surfaces of the surrogate model can provide some ideas about
the aeroelastic performance of the sections, which is one of the targets of this research.
For instance, according to Larose and Livesey [232] and Diana et al [102] the signs
and values of the slopes of CL and CM are related with the risk of instability against
flutter. Hence, the response surfaces of the surrogate model shown in Figure 7.12 are
a valuable source of information.

It can be seen that no large variations in the lift coefficients are found in the domain,
whose values are in the interval CL = [−0.06, 0.06]. This coefficient increases with the
longer depth H of the section, while the variation with respect to the width B is not
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Figure 7.12: Response surfaces for the force coefficients and slopes obtained by the
Kriging surrogate model trained with the CFD results. Contour representation.
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Figure 7.13: Response surfaces for the force coefficients and slopes obtained by the
Kriging surrogate model trained with the CFD results. 3-D representation.
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so regular along the considered domain. Conversely, the lift coefficient slope presents
a strong variation with respect to B, while the variation with H is almost negligi-
ble, with the only exception of δB = −10%, where C ′L grows for the deck geometry
−10%B +10%H. The moment coefficient shows a slight decrease for greater B and
smaller H values, that is, for more streamlined geometries. Only in the vicinity of the
−10%B +10%H section the intensity of this trend is increased. The slopes are almost
non-sensitive to H, however variations in B can cause variations in the C ′M . These
variations are more noticeable for δB ≤ −5%, where a strong drop in the slope values
is found, and for δB ≥ 5%, where a slight increase on the slopes can be appreciated.
In the intermediate region −5% ≤ δB ≤ 5%, the moment coefficient slope response
closely resembles a flat surface.

Finally, the drag coefficient and its slope, which play a non-relevant role in the aeroelas-
tic behavior when dealing with almost streamlined cross-sections, present a monotonic
decreasing surface with the variations of B for CD and a surface with very low absolute
variations for the drag coefficient slope C ′D. In fact, the slope of the drag coefficient is
one order of magnitude smaller than those of the lift and moment coefficients.

It can be anticipated from the response surfaces of the slopes of the lift and moment
that the aeroelastic performance of the section will be driven by the width of the
section, as B is the design variable showing the strongest sensitivity to the force coef-
ficients and their slopes. As stable sections are expected to present low and positive
values of the lift and moment slopes (Diana et al [102]), it can be seen that the lift
slope indicates that for sections with smaller B the aeroelastic response will be worse.
However, the slope of the moment coefficients for δB ≤ −5% is low, which provides a
good performance in terms of flutter stability. In this way, the full picture of the aeroe-
lastic behavior in the range of considered geometries can be obtained. The amount of
data provided by wind tunnel test that allowed to create an equivalent response surface
would require a substantial amount of resources, rarely afforded in real life process of
bridge design.

7.7 Flutter derivatives

Once that for a given geometry the values of the force coefficients CL, CM and CD
along with their slopes C ′L, C ′M and C ′D are know from the surrogate model, the flutter
derivatives can be evaluated by using the formulation reported in Section 3.2.1.5.

7.7.1 Validation of the numerical flutter derivatives with the
experimental results

The validation of the flutter derivatives obtained numerically for the three geometries
tested in the wind tunnel is reported in Figure 7.14. In this figure, the numerical flutter
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Figure 7.14: Comparison of the experimental flutter derivatives with the FD ob-
tained numerically by means of the surrogate model and the QS theory (QS Num.)
and the FD obtained by means of the QS theory using the experimental force coef-

ficients (QS Exp.).
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derivatives A∗i and H∗i (i = 1, 2, 3) (QS Num. in the legend of the figure) of the three
sections for which experimental data are available are compared with the experimental
FD and the FD obtained by the QS formulation considering the experimental force
coefficients and their slopes (QS Exp. in the legend of the figure).

The differences between these FD could came from two sources: inaccuracies on the
CFD results and limitations on the capabilities of the quasi-steady formulation. On
the one hand, if the experimental FD show good agreement with the QS Exp. re-
sults, it means that the quasi-steady formulation is able to accurately approximate the
aeroelastic behavior of the cross-section. On the other hand, the agreement between
the QS Exp. and QS Num. would be a direct consequence of the agreement of the
CFD-based force coefficients and their slopes with the experimental ones.

The experimental and QS Exp. FD of the G1, +10%B +10%H and −10%B +10%H
section geometries present very good agreement in all cases, showing the good perfor-
mance of the quasi-steady theory for streamlined box decks in the studied range. In
fact, the level of accuracy slightly decreases for the −10%B +10%H case because of
the increment of bluffness of this geometry. The QS Num. approximation of the FD
provide an acceptable agreement with the experimental FD and consequently the fully
numerically-based approach proposed herein can be considered adequate for stream-
lined box deck sections.

This assertion is based on the small absolute errors of the coefficients and slopes pre-
sented in Section 7.5. In particular, the numerical FD obtained for the G1 section are
in accordance with the experimental results as expected from the agreement between
the experimental and numerical C ′L and C ′M for this section reported in Table 7.7. Sim-
ilar response is obtained for the +10%B +10%H section, although some differences
may be appreciated in the A∗2. In the case of the −10%B +10%H section, the FD
obtained for the A∗i are very similar to the experimental ones while some differences
appear at higher reduced velocities for the H∗i derivatives. Besides, it can be observed
that the source of the discrepancies may be both the quasi-steady formulation, and
the values in the slopes of the coefficients, particularly the slope of the lift C ′L, bearing
in mind that this is the least streamlined cross-section. The very limited relevance of
these differences in the values between the experimental FD and the fully numerical
FD will be further studied in Section 7.8, comparing the results obtained for the flutter
speed. Furthermore, it is clear that the degree of agreement is remarkably higher than
in the application case in Chapter 6.

7.7.2 Computation of the flutter derivatives in the complete
design domain

The flutter derivatives obtained using the formulation described in Section 3.2.1.5 and
the surrogate model introduced in Section 7.6 are depicted in Figure 7.15. In these
figures, the values of the numerical FD for the whole range of geometries considered
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at a given reduced velocity U∗ = 6 are plotted. It must be remarked that the values
of µA and µH (Equation (3.37)) presented in the quasi-steady theory are required for
obtaining these FD. They can be estimated as described by Equation (3.39), or can be
assumed to be 0.25B (see Febo and D’Asdia [115]). However, this assumption could
give place to inaccuracies when estimating A∗2, as analyzed in Larose and Livesey
[232], and consequently in this work, the values of µA and µH are computed using
Equation (3.39) along the considered design region. The values obtained for these
parameters are plotted in Figure 7.16, where it can be seen that the range of values
obtained is in the interval [−0.1,−0.35], which is similar to the values reported in the
work by Febo and D’Asdia [115] for some well-known bridge sections.
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Figure 7.15: Representation of the values of the flutter derivatives for a given
reduced velocity (U∗ = 6) in the domain under study. The surfaces were obtained

from 81 points, defined by 9 equidistant points for each shape variable.

It must be noted the relationship between the surrogate model representing the force
coefficients’ slopes and the response surface of the flutter derivatives reported in Fig-
ure 7.15. H∗1 and H∗3 are scaled surfaces of the C ′L response surface (see Figure 7.12),
while H∗2 presents a different shape since it has been multiplied by the µH parameter
(Equation (3.37)). A similar relationship can be found for the A∗1 and A∗3 with the
C ′M response surface, and with A∗2 and the µA parameter. In fact, given the similitude
between µH and µA, the shapes of the response surface of A∗2 and H∗2 show comparable
trends.
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Figure 7.16: Values obtained numerically for µA and µH .

Moreover, the response surface of the flutter derivatives also gives information about
the stability of the deck cross-sections. Some insights about the influence of each
flutter derivative can be found in Matsumoto et al [266]. For instance, the stability of
the 2-DOF flutter onset is mainly driven by three flutter derivatives: H∗3 , A∗1 and A∗2.
Furthermore, the work by Nakamura [294] establishes some relationships among the
force coefficients and their slopes and some flutter properties, which can be expressed in
terms of the flutter derivatives, as reported by Sato et al [358]. Following this last work,
the index given by H∗3 · A∗1/A∗2 allows to establish which deck cross-section geometry
shows, in relative terms, better aeroelastic behavior, with low values representing more
stable sections. Identifying the former index as

Υ = H∗3 · A∗1/A∗2, (7.1)

the value of the ratio Υs/ΥG1 for each deck geometry s, gives an idea of the relative
aeroelastic performance with regards to the G1 baseline cross-section. In this manner,
Υs/ΥG1 > 1 is indicative of a section that would show worse aeroelastic response than
the G1 section, while geometries whose relationship is Υs/ΥG1 < 1 are expected to
give place to higher values of flutter velocity. Figure 7.17 shows the value of the ratio
Υs/ΥG1 for the geometries in the domain under study, and it can be seen that the less
stable section is the −10%B +10%H, as expected from its less streamlined geometry.
Besides, it can be seen that reducing the width of the section, which increases the
value of the angle of the side corners θT , as well as θ1 and θ2, as described in Table 7.1,
worsens the aeroelastic performance of the deck cross-sections.
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Figure 7.17: Representation of the Υs/ΥG1 ratio in the domain under study. The
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variable.

7.8 Application of the fully numerical approach to
obtain the flutter velocity response

The numerical approach developed in this work was used to prove its feasibility and
accuracy for obtaining the critical flutter velocity of a cable-stayed bridge. As the FD
of any design included in the domain under study can be estimated from the surrogate
model, the response surface of the bridge’s flutter velocity can be obtained as a function
of the shape variables δB and δH , which may be a very useful tool in the bridge design
process. Moreover, the ability of the proposed fully numerical approach to accurately
anticipate the flutter response can be evaluated by comparing the computed results
with those obtained from experimental FD for the designs for which experimental FD
are available.

7.8.1 Bridge model

A cable-stayed bridge model is used as the reference sample structure to assess the
performance of the method. This bridge model is the Miradoiros bridge project, which
was also described in Chapter 6. This project consists of a cable-stayed bridge designed
over La Coruña estuary, in Spain, to link the city center with the residential area of
Oleiros. The geometry of the bridge model is sketched in Figure 7.18, and some relevant
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geometrical and mechanical characteristics of the bridge are listed in Table 7.8. This
model will be identified in the following as λ = 1 model for comparative purposes with
a second model that will be used and described in Section 7.9. Further information
about the bridge project is provided in Baldomir et al [23]. The structural damping of
the bridge model is set to ξλ=1 = 0.015, which according to Bartoli and Mannini [26]
is in the range of usually adopted values.

B H tAi Ni

Abutment 1 Abutment 2Tower 1 Tower 2

270.0 658.0 270.0

1198.0

125.7

33.0

Z

Y X

Figure 7.18: Description of the model of the Miradoiros Bridge with the Scanlan’s
G1 deck cross-section. Dimensions in m.

Table 7.8: Summary of the main characteristics of the bridge model. Note that
the deck cross-section is the G1 section.

Bridge Characteristics Values

Main span length [m] 658
Side spans length [m] 270
Tower height [m] 158.7
Deck clearance gauge [m] 33
Deck width [m] 40
Structural damping 0.015
Backstays cross-section area [m2] 0.4
Stays cross-section area [m2] 0.025
Deck plate uniform thickness [m] 0.015
Deck cross-secctional area [m2] 1.238
Deck vertical moment of inertia [m4] 7.509
Deck horizontal moment of inertia [m4] 170.82
Deck torsional moment of inertia [m4] 24.816
Deck non-structural mass [T/m] 8
Deck non-structural mass moment [Tm/m] 2300

7.8.2 Eigenvalue analysis of the bridge model

The natural frequencies and mode shapes of the bridge, considering the geometrical
and mechanical data provided in Table 7.8, can be found in Table 7.9.



7.8 Application of the numerical approach to obtain the flutter velocity response 215

Table 7.9: First 22 modes of the bridge model.

Mode # f [Hz] Shape a Mode # f [Hz] Shape a

1 0.253 L1s 12 1.081 V4a
2 0.268 Towers 13 1.085 Towers
3 0.284 Tow. & L1s 14 1.085 Towers
4 0.349 Long. 15 1.160 V5s
5 0.392 V1s 16 1.184 Towers
6 0.535 V2a 17 1.194 Tow. & T2a
7 0.739 V3s 18 1.233 T2a
8 0.751 L2a 19 1.387 L3s
9 0.758 T1s 20 1.388 V5s
10 0.831 V4al 21 1.390 V6al
11 0.897 V3sl 22 1.436 T3sl

a L = lateral, V = vertical, T = torsional, # = number of half-
waves in the mode shape of the main span, s = symmetric shape,
a = asymmetric shape, & = combination of shapes, l = strong
vertical displacement in the side spans

The natural frequencies can be compared with those of the Third Nanjing Yangtze
Bridge, which are reported in Zhu et al [473]. The first lateral, vertical and torsional
frequencies of that bridge are 0.238 Hz, 0.2453 Hz and 0.662 Hz, respectively, while
those frequencies in the λ = 1 model are 0.252 Hz, 0.391 Hz and 0.758 Hz. The
difference in the first vertical frequency may be attributed to differences in the bridge
geometry, for instance, in the towers height. The frequency ratio, which plays an
important role in the flutter phenomenon (Matsumoto et al [266]), is about γω5−9 = 1.93
(modes 5 and 9) for the λ = 1 case. This value is in accordance with the frequency
ratios found in Bartoli and Mannini [26], and the values studied in Qin et al [330].

The most relevant mode shapes of the bridge model are plotted in Figure 7.19, where
the vertical shapes are presented on the left column, and the lateral and torsional ones
are shown on the right one. Mode 3 is not plotted, as its shape is similar to mode 1.

7.8.3 Flutter analysis

The multi-modal flutter analysis formulation was described in Section 3.2.2 and it is
applied using the implementation developed in Jurado et al [199], which was widely
tested in several works, for instance, by Jurado and Hernández [196], Kusano et al
[222] and Nieto et al [301]. The modes considered in the multi-modal analysis were
the first 22 modes. Previous analyses showed the insensitivity of the results when
including more mode shapes. It must be noted that the pure tower modes, as well as
the deck longitudinal modes, have been removed from the set of considered modes in
the flutter analysis.
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Figure 7.19: Normalized vibration modes of the deck of the bridge model con-
sidering the G1 cross-section. Natural frequencies can be found in Table 7.9. The
location of the towers is indicated by gray lines and the center of the main span can

be identified by a discontinuous gray line.

Table 7.10 shows the contribution of each mode when analyzing the flutter instability
adopting the experimental or numerical FD of the G1 cross-section. The first vertical
and torsional modes are the modes with more contribution to flutter, followed by
vertical symmetrical shapes. This information is also plotted in Figure 7.20, where
it can be seen that the participation of the modes does not significantly depend on
the experimental or numerical origin of the FD being used. This fact emphasizes the
adequacy of the methodology reported herein.

The influence of the modal participation in the flutter response can be verified by
carrying out the multi-mode flutter analysis considering a reduced number of shapes, as
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Table 7.10: Contributions of each mode considered in the flutter analysis to the
instability mode. The model is analyzed considering the FD of the G1 section,
comparing the contribution of the modes when the FD obtained experimentally and
numerically are considered. The modes with higher participation are indicated in

bolt letters, and the two main modes are underlined.

Modal shape Contribution [%]

Mode # Shape a Exp. QS

1 L1s 0.907 0.857
3 Tow. & L1s 1.045 0.991
5 V1s 42.710 46.301
6 V2a 0 0
7 V3s 1.906 3.344
8 L2a 0 0
9 T1s 43.974 37.508
10 V4al 0 0
11 V3sl 4.763 6.212
12 V4a 0 0
15 V5s 2.664 2.708
17 Tow. & T2a 0 0
18 T2a 0 0
19 L3s 0.161 0.144
20 V5s 1.143 1.231
21 V6al 0 0
22 T3sl 0.726 0.704

a L = lateral, V = vertical, T = torsional, # =
number of falf-waves in the mode shape of the
main span, s = symmetric shape, a = asym-
metric shape, & = combination of shapes, l =
strong vertical displacement in the side spans.

analyzed in Salvatori and Spinelli [352] or in Øiseth et al [478]. Table 7.11 presents the
analyses conducted for several combinations of bridge modes considering the geometry
of the G1 section. For this bridge it is clear that the flutter phenomenon is driven by
modes 5 and 9, with a very slight contribution of mode 11, as described above. This
is the typical combination of modes in flutter (Chen et al [60]), where the first vertical
symmetric mode is combined with the first torsional symmetric mode, with influence
from the next symmetrical vertical mode.

7.8.4 Flutter velocity response

The flutter velocity response in the design domain is provided in this section. In
order to set the focus on the aerodynamic response of each bridge deck geometry
studied, the structural properties of the deck girder are the same for all the deck



218 Chapter 7

0 5 10 15 20

Mode #

0

10

20

30

40

50

M
od

al
co

nt
ri

bu
ti

on
s

[%
]

V1s T1s

V3sl

Experimental
Numerical

Figure 7.20: Contributions of structural modes to flutter instability obtained by
means of experimental and numerical FD. Data taken from Table 7.10.

Table 7.11: Flutter velocity, reduced velocities and frequencies for some selections
of mode combinations of the bridge model.

Modal combination Experimental FD Numerical FD

Num. Modes Uf [m/s] U∗ K [rad/s] Uf [m/s] U∗ K [rad/s]

17 17 modes 171.55 6.68 0.941 172.34 6.81 0.923
10 1, 3, 5, 7, 9, 11, 15, 19, 20 & 22 171.55 6.68 0.941 172.34 6.81 0.923
5 5, 7, 9, 11 & 15 171.34 6.67 0.942 172.21 6.80 0.924
3 5, 9 & 11 170.70 6.63 0.947 171.59 6.77 0.929
2 5 & 9 169.46 6.57 0.957 169.21 6.65 0.945

geometries considered (Table 7.8), which are those of the G1 baseline section, and only
the aerodynamic properties are modified. Similar analyses were carried out by Salvatori
and Spinelli [352]. In addition, the width of the cross-sections is set to B = 40m,
independently of the cross-section considered. Consequently, the geometry of the decks
are scaled to make the width constant. In this manner, the dynamic properties of the
bridge are kept constant in the whole design domain and the only difference between
the cross-sections considered over the design domain is the aeroelastic behavior of each
geometry represented only by the flutter derivatives.

The results of the flutter analysis using both experimental and CFD-based FD for the
sections for which both data set are available are summarized in Table 7.12, where the
absolute and relative errors in the flutter and reduced velocities are analyzed. It can
be seen that there is a fair agreement for the G1 and +10%B +10%H, for both flutter
and reduced velocities. In the case of the −10%B +10%H section, the differences
are higher in both the flutter velocity and the reduced velocity. This is mainly due
to the differences between the numerical and experimental force coefficients and their
slopes, as shown in Table 7.7 and in Figure 7.10. Furthermore, as this section is the
extreme case in terms of bluffness in the domain, the performance of the quasi-steady
theory for this particular case is expected to deteriorate. The general performance
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of the method is very satisfactory, and similar errors can be found in other research
works that compare the flutter velocity of a bridge using the experimental flutter
derivatives and the quasi-steady theory. For instance, in Salvatori and Borri [351],
the flutter derivatives obtained experimentally and by the quasi-steady theory based
on experimental force coefficients are compared, showing relative errors in the flutter
velocity between the experimental and the quasi-steady results of 13 %, which is similar
to the biggest difference in these application cases. It is clear that the limitations
discussed in Chapter 6 do not hold in this example.

Table 7.12: Comparison between the flutter velocities obtained for the three cross-
section using the experimental and numerical flutter derivatives. The relative δ and
absolute ∆ errors of the flutter velocity Uf and reduced velocity U∗ are also compared.

Section + Experimental FD Numerical FD Errors

Uf [m/s] U∗ Uf [m/s] U∗ δUf [%] ∆Uf [m/s] δU∗ [%] ∆U∗ [m/s]

G1 171.55 6.68 172.34 6.81 0.46 0.79 1.91 0.13
++ 181.91 7.44 189.50 7.86 4.01 7.59 5.34 0.42
-+ 154.79 6.02 135.31 4.72 14.40 19.48 27.54 1.30

+ The simbol "++" stands for section +10%B +10%H, while "-+" stands for section
−10%B +10%H.

As the process described in this work is fully computational, the flutter response of
any design can be obtained in acceptable computational time. Figure 7.21 shows
the flutter and reduced velocity response surfaces obtained using the force coefficients
and their slopes provided by the surrogate model for 81 deck geometries uniformly
distributed along the range of allowed designs. The results for the deck cross-sections
with experimental flutter derivatives shown in Table 7.12 are also included. Note
that the axes are rotated compared with other figures in this chapter, to facilitate the
visualization. The obtained flutter velocities vary from 135 m/s to almost 190 m/s.
These values are inside the range of results presented in Jurado et al [198] for similar
cable-stayed bridges, due to the high stiffness of these structures.

Regarding the trends in the flutter velocity in the domain, it can be appreciated the
strong dependency of the aeroelastic response of the section with the deck width, or
equivalently, with the side corner geometry. Sections with higher corner angle, thus
relatively less-streamlined geometries, present worse aeroelastic performance, as could
be intuitively expected. This was also predicted by the H∗3 · A∗1/A∗2 index reported in
Figure 7.17. The strategy proposed in this work provides the full surface response for
the whole design domain, hence it allows the quantitative assessment of the expected
aeroelastic performance in terms of flutter speed. In addition, some similitudes with
the shapes of the flutter derivatives surfaces presented in Figure 7.15 can be extracted,
particularly for the H∗1 and H∗3 derivatives, as the flutter response surface can be



220 Chapter 7

δ
B [%]

10
5

0
5

10

δ H
[%

]

10

5

0

5

10

U
f
[m
/s

]

140

150

160

170

180

190

δ
B [%]

10
5

0
5

10

δ H
[%

]

10

5

0

5

10

U
∗

5.0

5.5

6.0

6.5

7.0

7.5

8.0

Figure 7.21: Flutter velocity and reduced velocity response surfaces considering all
the cross-sections included in the design domain.

compared with any of those response surfaces. Moreover, the change in the values of
the H∗i for δB = [−10,−7.5] % can be slightly appreciated in the change in the trend
of the flutter response surface in Figure 7.21 for these values of δB.

This shows that, along with the fact that the experimental validation reported in Ta-
ble 7.12 is satisfactory, the proposed method is very efficient and reliable. Furthermore,
the capability of obtaining the flutter response by means of numerical methods opens
the door to implementing the most advanced design methodologies in wind-resistant
bridge design field, such as design optimizacion or reliability analysis considering struc-
tural and aeroelastic responses.

7.9 Reference bridge model for the application of the
optimum design approach

The example adopted for carrying out the combined optimization approach described
in this work is based on a bridge model that consists of scaling the dimensions of the
original bridge layout (λ = 1 model in Section 7.8) by a length scale factor of λ = 2,
but keeping the width of the bride and the deck constant. The resulting bridge model
is a 1316 m main span cable-stayed bridge whose total length is 2396 m, in the same
range of magnitude as the Sutong or the Russky Bridges, or the cable-stayed bridges
studied in Ge [136] and in Zhu et al [474]. The main characteristics of the λ = 2
bridge model will be provided in Section 7.9.1. The deck cross-section used hereafter
is defined in Section 7.2 and the flutter derivatives of that domain were obtained in
Section 7.7.2.
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7.9.1 Description of the reference bridge model

The layout of the model is depicted in Figure 7.22, and a summary of the main struc-
tural and geometrical properties adopted for the reference design that will be used as
initial design in the optimization problem is given in Table 7.13. The properties re-
lated with the deck, provided in Table 7.13, were obtained considering the G1 baseline
cross-section geometry.

It must be borne in mind that these properties are subject to changes along the shape
design space depending on the values of B and H, as well as the value t of the thickness
of the deck plates, which is considered uniform for the whole perimeter of the cross-
section. If the design variables t and A are kept constant imposing the values in
Table 7.13, the mechanical and dynamic properties of the bridge can be represented in
terms of B and H. Figure 7.23 shows the surfaces representative of the most relevant
mechanical properties of the deck in the reference shape design space S0, considering
a constant thickness t0 = 0.025 m and the set of values provided in Table 7.13. A
detailed summary of these values can be found in Table 7.14. It can be seen that
the deck area changes in the range Ax = [1.89, 2.26] m2, the torsional stiffness can
take values in the range Jx = [32.72, 51.01] m4 and the inertia with respect to the
vertical and lateral bending are inside the intervals Iz = [218.48, 381.56] m4 and Iy =
[9.75, 15.82] m4, respectively. The response surfaces Ax and Iz are driven by the width
of the section B, while the properties Jx and Iy are controlled by the depth H. In the
case of the mass-related properties, the structural mass varies in the interval M s

x =
[14.71, 17.62] T/m while the structural mass moment of inertia changes in the range
IsMx

= [1780.18, 3099.57] Tm/m. The variations of both mass properties are mainly
driven by the width of the section, being the effect of the depth almost negligible.
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Figure 7.22: Layout of the bridge model. Dimensions in m.

Regarding the stays, the initial design of the bridge considers a uniform distribution of
the cross-section area of the stays As0 = 0.05m2, except for the area of the backstays,
which is set to AB0 = 0.5m2. This distribution of stays’ areas was chosen to be simple,
bearing in mind that the optimization approach will be able to produce an optimum
design for the area of each of the stays and backstays since, they are considered as
design variables. The Young’s modulus of the stays steel is Esteel = 2.1·108MPa. How-
ever, aiming to consider the non-linearities produced by the cable-sag effect (Walther
et al [434]), this value is set to Estays = 1.9 · 108MPa. The effect of this assumption in
the optimization process is almost irrelevant (Hassan et al [151]).
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Table 7.13: Summary of the main characteristics of the reference bridge model.

Bridge Characteristics Values

Main span length [m] 1316
Side spans length [m] 540
Tower height [m] 317.4
Deck vertical clearance [m] 66
Structural damping ξ [%] 1.0
Backstays cross-section area AB [m2] 0.5
Stays cross-section area As [m2] 0.05
Deck plate uniform thickness t [m] 0.025
Deck non-structural mass MNS

x [T/m] 8
Deck non-structural mass moment INS

Mx
[Tm/m] 2300
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Figure 7.23: Mechanical and mass structural properties of the deck cross section of
the deck that can be found in the initial shape design space S0 assuming an uniform

thickness of the deck plates of t = 0.025 m.

The damping ratio adopted for the bridge model λ = 2 is ξλ=2 = 0.01, since the
structural damping usually shows an inverse relationship with the main span length
(Yamaguchi and Ito [464]). According to Bartoli and Mannini [26], this value is in the
range of usually values.
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Table 7.14: Summary of the main mechanical characteristics of the deck cross-
sections in the initial deck shape design space S0 assuming a uniform thickness of

the deck plates of t = t0 = 0.025 m.

B [m] H [m] Ax [m2] Jx [m4] Iy [m4] Iz [m4] M s
x [T] IsMx

[Tm]

G1 section 40.00 5.60 2.06 41.36 12.52 288.18 16.10 2345.40
Maximum 44.00 6.16 2.26 51.01 15.82 381.56 17.62 3099.57
Minimum 36.00 5.04 1.89 32.72 9.75 218.48 14.71 1780.18
Range 8.00 1.12 0.37 18.28 6.07 163.08 2.91 1319.39

7.9.2 Static load cases

The set of load cases considered in the static analyses conducted on the bridge model
consists of the self-weight load case (SW ) and four live load cases (Ll, l = 0, ..., 3)
to model the traffic on the deck. These loads are the same as those considered in
Chapter 6. Hence, for the reference model considered herein, nl = 4 must be considered
in the formulation reported in Section 5.3.3. The four load cases consist of a distributed
load along the deck of 136 kN/m acting on different parts of the deck girder, along with
the self-weight. In the first one, identified as L0, the load is applied along the whole
deck length, while in the other three load cases the live load is applied on the left
side span, the center span, and the right side span, respectively, as it can be seen in
Figure 7.24.

Self weight (SW)

Live load 0 (L0)

Live load 1 (L1)

Live load 2 (L2)

Live load 3 (L3)

Figure 7.24: Definition of the static load cases included in the optimization process.
The self-weight is also included in the live load cases.
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7.9.3 Eigenvalue analysis of the reference bridge

The natural frequencies and the modal shapes of the first 22 modes of the reference
bridge design when the geometry of the G1 section is considered are provided in Ta-
ble 7.15. The natural frequencies are in accordance with the values given by Chen et al
[61] for the Sutong Bridge, which has a main span length of 1088 meters. The first
vertical, torsional and lateral frequencies of the structural model used in this work are
0.203 Hz, 0.461 Hz and 0.082 Hz, while the respective frequencies in the case of the
Sutong Bridge are 0.1712 Hz, 0.5213 Hz and 0.095 Hz, respectively. The long-span
cable-stayed bridges studied by Ge [136] also present similar responses. The shapes of
the most relevant modes in the flutter response are plotted in Figure 7.25, which are
the first seven vertical modes, the first lateral mode, the first pure torsional mode and
the three combined lateral and torsional modes, reported in Table 7.15. It must be
noted that Figure 7.25 represents the torsional component of the modes that combine
lateral and torsional displacements. The frequency ratio γω, which is the ratio between
the natural frequencies of the torsional (# 12) and bending (# 5) modes prone to cou-
ple in flutter, takes a value of γω = 2.27, which is in the range of other cable-stayed
bridges, as reported by Bartoli and Mannini [26].
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Figure 7.25: Normalized structural modes of the decks considering the G1 cross-
section. Natural frequencies can be found in Table 7.15. The location of the towers
is indicated by a gray line and the center of the main span can be identified by a

dashed gray line.
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Table 7.15: Natural frequencies, modal shapes and participations of the modes in
flutter.

Mode # Modes Contribution [%]

f [Hz] Shape a Exp. QS

1 0.082 L1s 0.596 0.554
2 0.154 Towers 0 0
3 0.155 Towers 0 0
4 0.194 Long. 0 0
5 0.203 V1s 32.481 33.545
6 0.231 L2a 0 0
7 0.255 V2a 0 0
8 0.351 V3s 10.051 8.060
9 0.411 V4al 0 0
10 0.419 L3s & T1s 13.140 12.762
11 0.438 V5s 9.918 11.620
12 0.461 T1s 22.838 21.880
13 0.489 L4al 0 0
14 0.496 V4a 0 0
15 0.518 V5s 5.831 6.238
16 0.533 L3s & T1s 1.609 1.530
17 0.622 V5s 3.115 3.358
18 0.631 V6a 0 0
19 0.682 V7sl 0.422 0.452
20 0.700 L4s & T2a 0 0
21 0.705 V6al 0 0
22 0.726 Towers 0 0

a L = lateral, V = vertical, T = torsional, # =
number of falf-waves in the mode shape of the
main span, s = symmetric shape, a = asymmetric
shape, & = combination of shapes, l = strong ver-
tical displacement in the side spans. The modes
with higher participation are indicated in bolt,
and the two main modes are underlined.

7.9.4 Flutter analysis of the reference bridge

The flutter speed was obtained by two methods: by using the numerical FD obtained
in Section 7.7.2, and by using the experimental ones available for the G1 geometry,
that are used for the validation of the CFD-based results. The participation of each
mode considering the numerical and experimental FD is reported in Table 7.15, where
it can be seen that the modes with higher influence are modes 5 and 12 (first vertical
and torsional symmetrical modes), followed by modes 10, 8, 11 and 15. Adopting the
experimental FD, the flutter velocity obtained for the reference design of the bridge
with the baseline G1 cross-section when 22 modes are considered in the multi-mode
flutter analysis is Uf = 131.58m/s, and the reduced velocity is U∗ = 9.25. When the
numerical FD are considered, the values are Uf = 126.60m/s and U∗ = 8.89, which
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are in accordance with the results obtained from the experimental FD. Table 7.16
reports the flutter and reduced velocities obtained when conducting the multi-mode
flutter analyses for several combinations of modes, in order to compare the influence
of each mode. It can be seen that a minimum of 10 modes must be considered in
order to obtain the same flutter response as with the set of 18 modes. However, when
some modes among these 10 ones are not considered, the flutter velocity presents
some variations. In particular, when modes 5, 8, 10, 11, 12 or 15 are not included,
non-negligible variations in the flutter and reduced velocities are found, which are
independent of the experimental or numerical origin of the FD. Similar multi-modal
behavior has been described by Tanaka et al [405]. It is important to mention that two
torsional mode shapes are involved in the phenomenon, given their similar shape (Chen
and Kareem [59]). The flutter response of the bridge considering different cross-section
geometries within the shape design space is studied next.

Table 7.16: Flutter and reduced velocities and frequencies for different sets of mode
shapes for the reference design of the bridge. The results obtained by using both the

numerical and experimental flutter derivatives are provided.

Modal combination Experimental FD Numerical FD

Num. Modes Uf [m/s] U∗ K [rad/s] Uf [m/s] U∗ K [rad/s]

18 18 modes 131.58 9.25 0.680 126.60 8.89 0.707
10 1, 5, 8, 10-12, 15-17 & 19 131.58 9.25 0.680 126.60 8.89 0.707
7 5, 8, 10, 11, 12, 15 & 17 131.91 9.27 0.678 126.99 8.92 0.705
6 5, 8, 10, 11, 12 & 15 130.86 9.13 0.688 126.08 8.81 0.713
5 5, 8, 10, 11 & 12 128.72 8.86 0.709 124.62 8.63 0.728
4 5, 10, 11 & 12 127.83 8.77 0.716 124.03 8.56 0.734
4 5, 8, 11 & 12 135.24 9.09 0.691 130.82 8.81 0.713
4 5, 8, 10 & 12 124.05 8.37 0.751 119.18 8.11 0.775
3 5, 11 & 12 134.43 9.01 0.697 130.15 8.75 0.718
3 5, 10 & 12 123.36 8.31 0.757 118.65 8.06 0.779
2 5 & 12 128.87 8.45 0.744 123.68 8.17 0.769
2 5 & 10 196.95 12.42 0.506 185.39 11.61 0.541

7.10 Parameter variation studies of the bridge aeroe-
lastic response in S0

In this section, the aeroelastic response of the bridge when the deck cross-section
is subject to shape variations is analyzed by means of parameter variation studies
conducted over the reference shape design space S0. A parameter variations study is
a numerical technique that consist of computing responses data sets at a number of
points in the parameter space in order to explore the effects of parametric changes
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in simulation models. The application of this technique in this work is very useful to
understand the relationship between some relevant properties of the bridge, such as
the shape design variables and target responses, as it is the case of the flutter velocity.
For the parameter variation studies that are going to be presented and discussed next,
the design variables non-related to the deck shape are fixed. The deck thickness is
set to t = t0 = 0.025 m and the areas of the stays A adopt the values reported in
Table 7.13, while B and H are allowed to change. This defines the reference shape
design space S0. To conduct these parameter variation studies, the flutter velocity of
the bridge is computed for 81 pairs of values of B and H uniformly distributed along
this shape design space S0.

In Section 7.8 the surface response of the flutter velocity for different deck geometries
of a cable-stayed bridge was obtained, nevertheless the mechanical properties of the
deck and its width were kept constant. In this way, the resulting surface is represen-
tative of the aeroelastic performance of the bridge in terms of only the bridge deck
section flutter derivatives, that is, without considering modifications in the structural
properties of the bridge deck or its width dimension. However, these factors might
show relevant influence on the aeroelastic responses. In the case under study, these
aspects are present and consequently they must be considered to fully understand the
bridge aeroelastic response subject to deck shape variations.

The analysis of the influence of these factors is conducted by obtaining the flutter
velocity response surfaces (FVRS) considering the variations of each factor (shape,
size, stiffness and mass) independently and comparing the trends in these surfaces.
This gives place to five FVRS.

In the first one (FVRS1) only changes in the shape of the deck cross-section are con-
sidered. In this manner, for each realization (pair B and H) in S0, different FD are
considered, which are the ones reported in Section 7.7.2. However, the mechanical
properties (mass and stiffness) of the deck are those of the G1 section (Table 7.14) and
they are kept constant. Furthermore, the deck chord is also assumed to be constant,
hence even though changes in the shape of the cross-section are considered, the total
width of the deck is not modified when assessing the aeroelastic forces fa in Equa-
tion (3.42). In Figure 7.26, the design variables in the shape design space are denoted
as δB̃ and δH̃ to remark that changes in the cross-section are limited to its shape but
they do not affect to the total deck chord length. This FVRS1 is equivalent to the one
in Figure 7.21, but in this case the bridge properties are different.

The goal of FVRS2 is to point out the effect of modifying the size of the deck in the
flutter response over S0. In this study the parameters that are free to change are the
dimensions of the deck B and H, while the stiffness and mass properties and the FD
considered for the whole shape design space are the ones of the G1 section, that are
therefore, kept constant.

The third surface (FVRS3) analyzes the combination of both effects, keeping constant
the mechanical properties and varying the FD and width B.
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The fourth parameter variation study (FVRS4) aims to show the effect produced by
changes in the mechanical properties of the deck alone on the flutter response. Con-
sequently, for each realization (pair of B and H in S0) the mechanical properties are
evaluated assuming a constant plate thickness of t0 = 0.025 m (Table 7.13), while the
aeroelastic forces fa, which are defined by the geometry related FD and the deck cross-
section size (B), are kept constant, adopting the values of the reference G1 section.

Finally, in FVRS5 the three aspects (shape, size, and stiffness and mass) are allowed
to change, which is the complete response surface of the model in the shape design
space S0.

The parameters that are kept constant or are allowed to change in the different FVRS
are summarized in Table 7.17. The results obtained for the five different FVRS con-
sidered herein are discussed next.

Table 7.17: Summary of the fixed and variable parameters in the flutter velocity
response surfaces (FVRS) analyzed.

FVRS fa K &M
FD B

1 variable fixed fixed
2 fixed variable fixed
3 variable variable fixed
4 fixed fixed variable
5 variable variable variable

7.10.1 Influence of the aerodynamic characteristics of the deck
on the bridge aeroelastic response

The aerodynamic contribution of the deck to the aeroelastic response of the bridge is
mainly driven by two key aspects: the flutter derivatives and the width of the deck
cross-section. Both aspects are modified over the design domain, and they are design
variables commonly considered during the design of the bridge cross-section in real
bridge projects. The FVRS 1, 2 and 3, which analyze these two aspects separately and
combined, are presented in Figure 7.26. In this figure, the flutter velocity is shown in
the first row, and the reduced velocity is plotted in the second row. The three FVRS
are presented in columns.

The FVRS1 shows the dependency of the flutter response in terms of the flutter deriva-
tives with the width of the section δB̃, showing lower flutter speed for the lower values
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Figure 7.26: Flutter and reduced velocities response surfaces 1, 2 and 3. The values
obtained by means of experimental FD are plotted as blue squares for validation
purposes. K, M and fa according to Equations (3.42) and (3.44). When any of
these variables is "fixed", it takes the corresponding value of the baseline G1 cross-

section considering t0 = 0.025 m. Dimensions in m.
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of δB̃, given that these sections are less streamlined. The influence of the depth δH̃
does not show a clear trend and is very small in all cases.

On the other hand, the flutter response in terms of the width B presents the opposite
trend as shown for FVRS2. It can be seen that the flutter velocity is lower for higher
values of B, given that the aeroelastic forces acting on the deck depend on B (see
Equation (3.31)), and consequently are higher with the increase in the width of the
section. The influence of H in this surface is null, as no dependency of the aeroelastic
force with H is considered in Equation (3.31).

The FVRS3 shows the combined effect of both aspects. In fact, it can be seen
that FVRS3 seems to be a superposition of both surfaces, showing a similar shape
to FVRS1, but rotated by the influence of FVRS2. This surface represents the full
aerodynamic component in the flutter response.

In addition, the flutter and reduced velocities obtained by means of experimental FD
are also included in the figure as blue squares for the sections G1, +10%B +10%H
and −10%B +10%H, aiming to validate the numerical responses. A summary of the
numerical and experimental values obtained for the geometries with available exper-
imental data is reported in Table 7.18. It can be seen that the relative errors are
acceptable in all cases, and the validation can be considered satisfactory.

Table 7.18: Comparison of the flutter and reduced velocities obtained by means
of experimental and numerical FD for the FVRS1, FVRS2 and FVRS3 reported in

Figure 7.26.

FVRS Section + Experimental Numerical Errors

Uf [m/s] U∗ Uf [m/s] U∗ δUf [%] ∆Uf [m/s] δU∗ [%] ∆U∗ [m/s]

1
G1 131.58 9.25 126.60 8.89 3.78 4.98 3.89 0.36
++ 134.26 10.13 135.65 10.06 1.04 1.39 0.69 0.07
-+ 108.98 7.28 111.49 6.82 2.30 2.51 6.32 0.46

2
G1 131.58 9.25 126.60 8.89 3.78 4.98 3.89 0.36
++ 123.71 7.92 120.86 7.89 2.30 2.85 0.38 0.03
-+ 140.22 10.85 133.79 10.22 4.59 6.43 5.81 0.63

3
G1 131.58 9.25 126.60 8.89 3.78 4.98 3.89 0.36
++ 125.87 8.70 129.47 8.96 2.86 3.60 2.99 0.26
-+ 110.66 7.97 121.72 8.26 9.99 11.06 3.64 0.29

+ The simbol "++" stands for section +10%B +10%H, while "-+" stands for section −10%B +10%H.

7.10.2 Influence of the combined effect of aerodynamics and
structural stiffness and mass

The other important contributions to the flutter response of a bridge are the stiffness
and mass properties of the deck cross-section. The influence of these parameters is
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ascertained through the FVRS4 in Figure 7.27. This study considers the variations
in the mass and stiffness properties of the deck as the deck geometry is modified but
keeping constant the aeroelastic forces fa by adopting the FD and width of the G1 sec-
tion for conducting the flutter analyses. Information about the allowable variations in
the mechanical properties of the deck can be found in Figure 7.23 and Table 7.14. Fig-
ure 7.27 shows a comparison between FVRS3 and FVRS4. It can be seen that FVRS4
shows dependency on both B and H with similar magnitude. This is reasonable, given
that the mechanical properties are dependent on both dimensions. In particular, the
mass and mass moment of inertia are mainly dependent on B, while H controls the
torsional inertia Jx and the bending inertia Iy, although this last one property seems
to be not very influent (Wang et al [435]). Moreover, it must be noticed that FVRS4
shows a clear opposite tendency with regards to B when compared to FVRS1. It also
shows different behavior with B when compared with FVRS3. Furthermore the surface
response trend as a function of H is again different.

It is important to remark that it is not clear beforehand which modifications should
be made in the shape design variables B and H aiming to improve the aeroelastic
response. The surfaces FVRS3 and FVRS4 show that variations of any of these vari-
ables, B or H in the reference shape design space S0, could improve the response from
the structural point of view, but conversely could give the opposite response from the
aerodynamics perspective. Consequently, both aspects have to be considered simulta-
neously, which highlights the need for the approach presented in this work, namely,
combined structural and aeroelastic optimization.

FVRS5 shows the joint effect of the aerodynamic and structural contributions, since
this surface response over the reference shape design space S0 is obtained considering all
types of changes in the mechanical properties and flutter derivatives associated with the
modifications in design variables B and H. Again, this new surface is a combination
of the response surfaces obtained when the structural or aerodynamic aspects are
considered independently, which are represented by FVRS3 and FVRS4, shedding
light on the dependency of the flutter response with H. The most remarkable change
in the response can be found in the region δB = [−5%,−10%] and δH = [0%, 5%],
where it can be seen the presence of a small peak that is not found in FVRS3 or
FVRS4. This change in the response surface, which ranges about 5 m/s, is motivated
by a slight change in the participations of the modes that take part in the flutter
phenomenon. This peak has been identified because the design domain is large enough
to present relevant variations in the mechanical properties of the deck and its dynamic
responses, and consequently the combination of modes in the flutter analysis differs
along the domain.

The flutter response surfaces are again validated computing the flutter speed with
the experimental FD, and the results are reported in Table 7.19, where the relative
and absolute differences can also be found. The consistency among the values of the
critical flutter velocity evaluated based on the experimental FD and the fully numerical
approach applied for the definition of the surface response is remarkably high.
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Figure 7.27: Flutter and reduced velocities response surfaces 3, 4 and 5. The values
obtained by means of experimental FD are plotted as blue squares for validation
purposes. K, M and fa according to Equations (3.42) and (3.44). When any of
these variables is "fixed", it takes the corresponding value of the baseline G1 cross-

section considering t0 = 0.025 m. Dimensions in m.
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Table 7.19: Comparison of the flutter and reduced velocities obtained by means
of experimental and numerical FD for the FVRS3, FVRS4 and FVRS5 reported in

Figure 7.27.

FVRS Section + Experimental Numerical Errors

Uf [m/s] U∗ Uf [m/s] U∗ δUf [%] ∆Uf [m/s] δU∗ [%] ∆U∗ [m/s]

3
G1 131.58 9.25 126.60 8.89 3.78 4.98 3.89 0.36
++ 125.87 8.70 129.47 8.96 2.86 3.60 2.99 0.26
-+ 110.66 7.97 121.72 8.26 9.99 11.06 3.64 0.29

4
G1 131.58 9.25 126.60 8.89 3.78 4.98 3.89 0.36
++ 128.48 8.23 125.18 8.14 2.57 3.30 1.09 0.09
-+ 150.09 11.26 143.95 10.69 4.09 6.14 5.06 0.57

5
G1 131.58 9.25 126.60 8.89 3.78 4.98 3.89 0.36
++ 130.85 9.05 134.18 9.25 2.54 3.33 2.21 0.20
-+ 123.63 8.28 125.15 7.68 1.23 1.52 7.25 0.60

+ The simbol "++" stands for section +10%B +10%H, while "-+" stands for section −10%B +10%H.

7.11 Structural optimization without shape design vari-
ables

Prior to deal with the combined structural and aeroelastic optimization, a set of struc-
tural optimizations of the bridge will be conducted without considering the shape
design variables (B and H) and prescribing a set of values for these variables. The
goal is to define a FVRS of the optimum structural designs (instead of the initial de-
sign, as studied before) for each pair of prescribed values of B and H considered in
the design domain. In this manner, the role of the shape design variables in the com-
bined structural and aeroelastic optimization process can be understood. This section
develops the standalone structural optimization of the cable-stayed bridge without
considering shape design variables and without including the aeroelastic constraint.
The formulation is presented next.

7.11.1 Formulation of the structural optimization problem

The formulation of the problem of structural optimization is the same outlined in
Section 5.3.3, without considering the flutter constraint formulated in Equation (5.11).
Moreover, for each point (B, H) in the shape design space S the geometry of the deck
is unequivocally defined, and consequently the formulation of the objective function
can be written as

minF (t,A,N) = Ax (t)LD + 2
40∑
i=1

AiLs,i, (7.2)
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subject to
xmin ≤ x ≤ xmax, (7.3)

gStrr (x) =
Rr

Rr,max

− 1 ≤ 0, r = 1, ..., 1104. (7.4)

where xmin and xmax are the lower and upper bounds of the design variables x, re-
spectively, gStrr represents the structural design constraints included in Equations (5.3)
to (5.10), being r the number of each structural constraint, Rr the structural response
and Rr,max the maximum value allowed, as formulated in Section 6.8.1. It must be
noticed that the shape related design variables are absent in Equations (7.2) to (7.4).

The values required for these constraints can be obtained from the bridge FEM, and
consequently the evaluations carried out during the optimization process consist of
evaluating the bridge FEM and obtaining the normalized values of these constraints
as formulated above, as well as calculating the value of the objective function. The
limit values assumed for these constraints (Rr,max), as well as the load cases for which
they have been established, are summarized in Table 7.20.

Table 7.20: Summary of structural design constrains considered in the structural
optimization process.

Type Location Limit constraint value # RP P Load cases L # constraints

uSW Deck nodes wmax = 0.05m 38 SW (1) 38
Tower top nodes umax = 0.05m 2 SW (1) 2

uL
Lateral spans wmax = 540m / 500 = 1.08m 18 L (4) 72
Main span wmax = 1316m / 500 = 2.632m 20 L (4) 80
Tower top nodes T umax = 314.4m / 600 = 0.524m 2 L (4) 8

σSW &L
Deck top fiber σmax = 200MPa 88 L (4) 352
Deck bottom fiber σmax = 200MPa 88 L (4) 352
Stays σmax = 800MPa 40 SW & L (5) 200

Total number of design constraints SW & L (5) 1104
L SW = self weight, L = live loads, (#) = total number of load cases
P # RP = Number of response points where the responses of the structure are meassured
T It must be noticed that the height of the tower used in this constraint is related to the location of
the backstay anchorage, which is 3 m below the top of the tower.

The initial values of the design variables are the ones reported in Section 7.9 for the
reference bridge model, and the lower and upper bounds (lateral constraints reported
in Equation (4.2)) of theses design variables are summarized also in Table 7.21.
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Table 7.21: Initial values (x0), lower bounds (xmin), and upper bounds (xmax) of
the design variables (x) considered for the structural optimization, which are the
deck thickness t, the area of the stays A (this includes the backstays area AB and

the area of the other stays As) and the prestressing forces of the stays N.

x x0 xmin xmax

t [cm] 2.5 1.0 3.0
AB [m2] 0.5 0.0033 1.0
As [m2] 0.05 0.0033 1.0
N [MPa] 200 0.0 800 *

* This value is directly con-
strained by Equations (5.9)
and (5.10).

7.11.2 Results of structural optimization for the baseline de-
sign

This section reports the results obtained when applying the structural optimization
approach formulated above to one particular geometry of the bridge deck in the shape
design space, that corresponds to the reference bridge design reported in Section 7.9,
and consequently the deck geometry is the baseline G1 cross-section.

The changes in the main properties of the bridge once the optimum design has been
obtained are outlined in Table 7.22. The volume of deck and stays is reduced 7.656%,
mainly motivated by the decrease of the deck thickness from t0 = 2.5 cm to t∗ =
2.277 cm, which causes a decrement in the deck volume of 442 m3. Note that the
symbol ∗ denotes the result of the optimization process hereafter. The total volume
of saved steel with the optimization process is 583.34 m3. The convergence of the
objective function along the optimization process is shown in Figure 7.28(a). The
percentage of deck and stays volume in the objective function is approximately the
same in the initial and the optimum designs, around 65% for the deck and 35% for the
stays, and this rate is kept nearly constant along the optimization process, as it can
be seen in Figure 7.28(a).

The variation in the mechanical properties of the deck depends only on the variation
of the thickness, and consequently the relative change in the mechanical properties is
similar to δt = 8.92%.

The area of the cross-section of the stays is in average reduced by 10%. The distribution
of the stays areas along the deck is plotted in Figure 7.28(b), showing the values of
the initial and the optimum designs. It must be noticed that although the design
is symmetric, this condition is not enforced in the formulation so that each stay is
associated to its own design variables, which are the area Ai and the prestressing force
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Table 7.22: Summary of the initial and the optimum designs obtained by the
structural optimization of the bridge reference design.

Property Design Variation

Initial Optimum ∆ δ [%]

General Objective function F [m3] 7619.200 7035.860 583.340 7.656
Volumen of stays V s [m3] 2673.290 2531.955 141.335 5.287
Percentage of stays in F [%] 35.086 35.990 0.904 2.576
Volume of deck V D [m3] 4945.910 4503.905 442.005 8.937
Percentage of deck in F [%] 64.914 64.010 0.904 1.392

Stays Backstays mean area ĀB [m2] 0.500 0.543 0.043 8.600
Stays mean area Ās [m2] 0.050 0.040 0.010 20.000
Backstay/Stay area ratio 10.000 13.600 3.600 36.000
Mean area of all stays [m2] 0.073 0.065 0.007 10.138
Mean presstressing force N̄ [MPa] 500.000 482.700 17.300 3.460

Deck d Plate thickness t [cm] 2.500 2.277 0.223 8.920
Ax [m2] 2.064 1.880 0.184 8.915
Jx [m4] 41.360 37.664 3.696 8.936
Iy [m4] 12.516 11.398 1.118 8.933
Iz [m4] 288.176 262.422 25.754 8.937
Structural weight MS

x [T/m] 16.101 14.665 1.436 8.920
Total weigth Mx [T/m] 24.101 22.665 1.436 5.959
Live load/Weight ratio 0.576 0.612 0.036 6.337
Str. mass mom. ISMx

[Tm/m] 2345.398 2135.796 209.602 8.937

Total mass mom. IMx [Tm/m] 4645.398 4435.796 209.602 4.512

Dynamics f f5 (V1s) [Hz] 0.203 0.213 0.010 4.940
f8 (V3s) [Hz] 0.351 0.349 0.001 0.396
f10 (L3s & T1s) [Hz] 0.419 0.414 0.006 1.340
f11 (V5s) [Hz] 0.438 0.367 0.071 16.233
f12 (T1s) [Hz] 0.461 0.449 0.012 2.603
f15 (V5s) [Hz] 0.518 0.490 0.028 5.373
f17 (V5s) [Hz] 0.622 0.578 0.044 7.003
γω 2.269 2.106 0.163 7.188

Flutter q5 (V1s) [%] 33.545 29.179 4.367 13.018
q8 (V3s) [%] 8.060 11.637 3.577 44.375
q10 (L3s & T1s) [%] 12.762 12.735 0.028 0.218
q11 (V5s) [%] 11.620 13.780 2.160 18.592
q12 (T1s) [%] 21.880 18.522 3.358 15.348
q15 (V5s) [%] 6.238 7.050 0.812 13.014
q17 (V5s) [%] 3.358 3.077 0.281 8.381
Flutter velocity Uf [m/s] 126.600 120.600 6.000 4.739
Reduced flutter velocity U∗ 8.890 8.520 0.370 4.162

f The identificative number of the frequencies shown in this table correspond to Table 7.15.
d The properties given for the deck are per unit of length (meter).
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Figure 7.28: Subset of the most representative results of the optimum design
obtained for the optimization of the bridge considering the geometry of the G1 cross-

section.

Ni, aiming to propose in this way a problem formulation as general as possible. It
can be appreciated how the structural optimization is able to produce a symmetric
distribution of the stays cross-section and prestressing forces along the deck girder.

The initial and final values of some of the most relevant constraints considered in the
optimization process are shown in Figure 7.28 and Figure 7.29. The deck displacements
constraint (Equation (5.5)) for the load case L2, which is the most demanding load case
for the kinematic constraints, is shown in Figure 7.28(c). It can be seen that the initial
design violates this constraint at the center of the main span, but the optimization
algorithm improves the design to strictly satisfy this design requirement.

Other important set of constraints are related with the displacement at the top of
the towers reported in Equation (5.4). Figure 7.28(d) reports the responses of these
constraints for the five load cases considered. The effect of this constraint for the self-
weigth load case is to provide the values of the prestressing forces of the backstays.
For the other load cases, this constraint controls the longitudinal bending of the tower
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and sets the requirements of the backstay stiffness that are fulfilled by means of its
area.

The maximum normal stresses allowed for the stays (Equations (5.9) and (5.10)) are
reported in Figure 7.29(a) and Figure 7.29(b) for load cases L2 and L3, respectively. It
can be seen that both load cases activate the tensile constraints of stays. That stress
constraints for load cases L1 and L0 are also active in the optimum design.
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(a) Normalized constraint of the stress on the
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Figure 7.29: Subset of the most representative results of the optimum design
obtained for the optimization of the bridge considering the geometry of the G1 cross-

section.

The values of the normalized stress constraint for the top and bottom fibers of the deck
cross-section formulated in Equations (5.7) and (5.8), are reported in Figure 7.29(c)
and Figure 7.29(d) for the load case L0. This load case is the most challenging for this
kind of constraint as it generates the highest axial force in the deck nearby the towers
because of the horizontal component of the forces of the stays. The top fiber stress
constraint is non active in the 88 control points of the deck, while the bottom fiber
stress constraint is active in the neighborhoods of the tower, as expected. Moreover,
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it can be seen that the constraints in the neighborhoods of the towers are active
alternatively. The reason is that the control points are located at the points where the
stays are anchored to the deck and between them, aiming to have the stress values at
locations where the bending moment distribution is prone to change.

It must be noticed that the optimization process, apart from reducing the weight or
any chosen objective function, is very useful for improving the initial structural design
entailing the fulfillment of the imposed constraints.

7.11.3 Aeroelastic response of the optimum structural design
obtained for the baseline design cross-section

As a consequence of the structural improvements achieved by means of the structural
optimization process, the dynamic properties of the baseline bridge design are also
modified, and consequently the aeroelastic response is different from the one reported
in Section 7.9.4. The FD considered for the evaluation of the flutter response are the
ones of the G1 cross-section, since no changes in the shape of the baseline design are
considered in this section.

Table 7.23 reports the natural frequencies of the first 22 modes of the optimum struc-
tural bridge design, as analyzed in Section 7.9.3 for the reference design, as well as
the modal participations in the flutter multi-mode analysis. The shape of the modes
is similar to the shapes reported in Figure 7.25 for the reference design. However, it
must be noticed that the order of the modes in the list has changed as indicated in Ta-
ble 7.23. For instance, the position of mode 10 and 11 are switched. The participation
of the modes in the flutter response of the optimum structural design is also reported
in Table 7.23 for the experimental and numerical FD. Moreover, the changes of the
natural frequencies and modal participations from the initial design to the optimum
design using numerical FD are reported in Table 7.22. It can be seen that the optimum
structural design presents a lower value of participation of the most relevant modes (5
and 12), decreasing their participation 13% and 15.2%, respectively. As a consequence,
the participation of the other modes is higher than in the initial (or reference) bridge
design.

The consistency of the flutter analysis is studied for the optimum structural design
in Table 7.24. The response for the analyzed combination of modes is similar to the
response of the initial design, reported in Table 7.16.

A comparison of the natural frequencies and the participation of the most relevant
modes in the multi-mode flutter analysis between the initial and optimum designs is
provided in Table 7.22. In general all natural frequencies decrease since the optimum
design requires a lower amount of material, which reduces more drastically the stiffness
than the mass. However, the first vertical mode shape increases the value of the
frequency a 5%. In the same manner, the participations of these modes in the flutter
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Table 7.23: Natural frequencies, modal shapes and contributions to flutter mode
of the optimum structural design considering the baseline G1 cross-section.

Mode # Modes Contribution [%]

f [Hz] Shape a Exp. QS

1 0.080 L1s 0.422 0.387
2 0.155 Towers 0 0
3 0.155 Towers 0 0
4 0.198 Long. 0 0
5 0.213 V1s 28.569 29.179
6 0.232 L2a 0 0
7 0.242 V2a 0 0
8 0.349 V3sl l 13.652 11.637
9 0.354 V4al 1.978 1.739
10 0.367 V5s c 13.881 13.780
11 0.414 L3s & T1s c12.211 12.735
12 0.449 T1s 18.350 18.522
13 0.474 V4a c 0 0
14 0.490 L4al c 0 0
15 0.490 V5s 6.349 7.050
16 0.530 L3s & T1s 0.846 0.833
17 0.569 V6a c 0 0
18 0.578 V5s c 2.769 3.077
19 0.597 V7sl 0.974 1.063
20 0.637 V6al c 0 0
21 0.696 L4s & T2a c 0 0
22 0.724 Towers 0 0

a L = lateral, V = vertical, T = torsional, # =
number of falf-waves in the mode shape of the
main span, s = symmetric shape, a = asymmetric
shape, & = combination of shapes, l = strong ver-
tical displacement in the side spans. The modes
with higher participation are indicated in bolt,
and the two main modes are underlined.

c This mode has a different position on the fre-
quency list in Table 7.15.

l This mode has a higher component on the shape
on the lateral span that in Table 7.15.
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Table 7.24: Comparison of the flutter velocity obtained for the optimum structural
design with the G1 section considering several combinations of modes in the multi-

mode flutter analysis.

Modal combination Experimental FD Numerical FD

Num. Modes Uf [m/s] U∗ K [rad/s] Uf [m/s] U∗ K [rad/s]

18 18 modes 127.36 9.08 0.692 120.60 8.52 0.738
11 1, 5, 8-12, 15, 16, 18 & 19 127.36 9.08 0.692 120.60 8.52 0.738
8 5, 8, 9, 10, 11, 12, 15 & 18 127.39 9.07 0.693 120.71 8.52 0.737
7 5, 8, 10, 11, 12, 15 & 18 127.32 9.06 0.693 120.69 8.52 0.738
6 5, 8, 10, 11, 12 & 15 126.14 8.91 0.705 119.58 8.39 0.749
5 5, 8, 10, 11 & 12 122.18 8.44 0.744 116.37 8.04 0.781
4 5, 10, 11 & 12 121.51 8.43 0.745 116.28 8.08 0.777
4 5, 8, 11 & 12 117.37 8.01 0.785 113.30 7.81 0.804
4 5, 8, 10 & 12 125.70 8.27 0.760 120.93 8.01 0.784
3 5, 11 & 12 117.07 8.02 0.783 113.07 7.84 0.802
3 5, 10 & 12 127.51 8.49 0.740 121.77 8.13 0.773
2 5 & 12 124.46 8.26 0.761 119.86 8.02 0.783

phenomenon are modified, as the natural frequencies and the shapes of the modes
change. Consequently, the flutter velocity is slightly different, reducing its value in
6 m/s, from 126.6 m/s to 120.6 m/s. Note that there is no control over the aeroelastic
response in the results reported in this section. The aeroelastic data provided are a
consequence of the structural properties obtained in the structural optimization process
in combination with the FD of the G1 deck geometry.

7.12 Dependency of the optimum structural design
with the shape design variables B and H and
evaluation of the FVRS in S∗

In Section 7.11, it has been shown how structural optimization could be carried out for
a given deck geometry, that is without including shape design variables in the optimum
design problem. That procedure can be conducted for any predefined deck geometry,
hence structural optimum designs can be obtained for a series of deck geometries chosen
beforehand over the shape design space. In this section 81 uniformly distributed pairs
of values (B,H) are chosen beforehand. For these 81 candidates of deck geometries
the structural optima are obtained. Then the flutter velocity of these 81 designs is
computed and consequently the FVRS over the shape design space can be defined. In
this manner, a new shape design space composed by the optimum values of the design
variables t∗, A∗, and N∗, for each pair of B andH can be defined: the structural optima
shape design space S∗. Note that the symbol ∗ denotes the result of the optimization
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process. This FVRS (FVRS6) will be instrumental for the sound interpretation of
the combined structural and aeroelastic optimization that is going to be introduced in
Section 7.13.

7.12.1 Dependence of the structural behavior with the shape
design variables

The influence of the deck shape in the optimum structural design has been considered
by analyzing the mechanical properties and material volume surfaces obtained for S∗.
The relationship between the deck shape and the mechanical properties is straightfor-
ward, which motivates to conduct deck shape variations during the design process of
a bridge. In this case, a subset of some of the most relevant mechanical properties are
depicted in Figure 7.30 along with the material volume of stays and deck (objective
function). Furthermore, the ranges of the main mechanical and mass properties are
also reported in Table 7.25. It can be seen that the objective function F has a range of
variation of 202.85 m3. The cross-section that produces the lowest value of the objec-
tive function is −10%B +10%H, which is the cross-section with the highest flexural
and torsional inertias as well as the lowest amount of material due to its high depth.
This result is analogous to the one obtained when the structural optimum were dis-
cussed in the application case reported in Chapter 6. On the other hand, the highest
value of F is given by the cross-section defined as +10%B −10%H. This is because the
variable H contributes by increasing Iz and Jx, and the variable B increases also the
weight. The relationship between B and H and the response surface of the optimum
values of F (first chart in Figure 7.30) gives an idea about how the combined structural
and aeroelastic optimization will use these variables. The variation of the objective
function in the shape design space S∗ is mainly caused by the variations of the deck
volume along the domain, as reported in Table 7.25. The volume of the stays barely
varies among the optimum structural designs. The values of the deck plate thickness
t for each optimum design is also reported in Figure 7.30. It can be appreciated that
the highest values of t are found for the cross-section with lower values of mechanical
properties (−10%B −10%H), while the stiffest section (+10%B +10%H) requires a
lower value of t in the optimum design. The mechanical properties of the cross-sections
present in general similar shapes to those reported in Figure 7.23 for the initial de-
sign with the values summarized in Table 7.25, except the cross-section area Ax. The
reason is that the tendency of the area for the initial design has the opposite trend
when compared with the thickness of the optimum designs space, giving place to an
optimum Ax surface with lower slope and different shape.

Other important fact is the change in the stays distribution when the deck shape is
modified (see Figure 7.28(b) for the optimum design for G1 section). The optimum
design of the backstays cross-section area is relatively insensitive to deck shape varia-
tions, and its mean value varies in the range ĀB∗ ∈ [0.535, 0.547]. In the same manner,
the mean value of the area of stays only varies Ās∗ ∈ [0.0383, 0.04088].
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Figure 7.30: Subset of surface responses of relevant properties of the optimum
structural designs in S∗.

Table 7.25: Range of variations of a subset of the main properties of the bridge
optimum structural designs in S∗.

S∗ F [m3] V D [m3] V s [m3] t [cm] Ax [m2] Jx [m4] Iy [m4] Iz [m4] Ms
x [T] IsMx

[Tm]

G1 7035.9 4503.9 2532.0 2.28 1.88 37.66 11.40 262.4 14.66 2135.8
Max. 7144.9 4641.5 2544.3 2.52 1.94 45.39 14.05 328.3 15.11 2631.8
Min. 6942.0 4406.8 2487.3 2.07 1.84 30.35 9.11 215.2 14.35 1778.2
Range 202.8 234.7 56.9 0.44 0.10 15.04 4.94 113.1 0.76 853.6
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It can be appreciated that the surfaces reported in Figure 7.30 present some level of
scattering. The reason is that these responses are obtained from optimum designs
computed from independent numerical processes.

The variations in the natural frequencies of the most important modes in flutter are
summarized in Table 7.26. The response surface of the natural frequencies of the
vertical modes are inclined planes dependent on H with negligible variation on B, and
the variations along the domain are in general reduced. The natural frequencies of pure
torsional modes, or modes with a torsional component, present more complex shapes,
as it can be seen in Figure 7.30 for f11 and f12. In these cases, the response depends
on both shape design variables. Other important property to analyze is the frequency
ratio γω, as this parameter plays an important role in flutter. In the structural optimum
shape design space under study S∗, the response of γω is mainly driven by mode 12,
as mode 5 is an inclined plane with smooth variation (f5 ∈ [0.2103, 0.2146]).

Table 7.26: Range of variations of a subset of the main natural frequencies of
the structural optima in the shape design domain. The number of each frequency

correspond with those reported in Table 7.23.

S∗ f5 (V1s) f8 (V3sl) f10 (V5s) f11 (T1s) f12 (T1s) f15 (V5s) f18 (V5s) γω

G1 0.2131 0.3495 0.3670 0.4139 0.4487 0.4902 0.5780 2.1060
Max. 0.2146 0.3580 0.3788 0.4325 0.4745 0.4957 0.6122 2.2115
Min. 0.2103 0.3410 0.3566 0.3869 0.4344 0.4796 0.5484 2.0587
Range 0.0043 0.0170 0.0222 0.0456 0.0401 0.0161 0.0639 0.1528

7.12.2 Dependence of the aeroelastic behavior with the shape
design variables

The effect of the deck geometry on the aeroelastic response is analyzed by means of the
FVRS obtained for the optimum designs of the 81 pairs of the deck shape variables.
Figure 7.31 shows the flutter and reduced velocities along the structural optimum shape
design space S∗ (FVRS6) obtained numerically, as well as the results obtained from the
experimental FD for validation. The flutter velocity response surface in Figure 7.31
can anticipate how the aeroelastic constraint will drive the optimization process in the
combined structural and aeroelastic optimization problem. It can be seen that this
surface has a strong dependence with the deck width B. Furthermore, the values of the
flutter and reduced velocities of the cross-sections with experimental data available are
also compared in Table 7.27. The validation can be considered satisfactory. It must
be remarked that the cross-section −10%B +10%H shows a very similar response for
both numerical and experimental approaches, even though this section present a higher
level of bluffness.
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Figure 7.31: Flutter and reduced velocities response surfaces for the optimum
designs in S∗ (FVRS6).

Table 7.27: Comparison between the flutter velocities of the optimum structural
designs obtained for the three cross-section using the experimental and numerical
flutter derivatives. The relative and absolute errors of the flutter velocity and reduced

velocity are also compared.

FVRS Section + Experimental Numerical Errors

Uf [m/s] U∗ Uf [m/s] U∗ δUf [%] ∆Uf [m/s] δU∗ [%] ∆U∗ [m/s]

6
G1 127.36 9.08 120.60 8.52 5.61 6.76 6.57 0.56
++ 124.38 8.81 128.34 9.00 3.09 3.96 2.11 0.19
-+ 115.86 7.83 118.87 7.50 2.53 3.01 4.40 0.33

+ The simbol "++" stands for section +10%B +10%H, while "-+" stands for section −10%B +10%H.

The shape of the flutter velocity response surface for the structural optimum shape
design space (S∗) shown in Figure 7.31 is similar to the surface obtained for the initial
shape design space (S0), the FVRS5 reported in Figure 7.27. As indicated in Sec-
tion 7.10.2, in the region δB = [−5%,−10%] and δH = [0%, 5%] the surface presents
a small peak. This behavior can be understood analyzing the evolution of the modes
participation in the flutter analysis along S∗, which is reported in Figure 7.32. It can
be seen in this figure that the changes in the modes’ participations are very high. In
particular, the most influential mode, mode 5, varies its participation from 45% to
20% along the range of values of B. This is balanced with mode 12, which presents
the opposite trend. Participation of mode 11 presents a similar shape as mode 5, but
in δB = −5% modes 5 and 12 depart from the general trend in the surface, being
responsible for the location of the peak in the FVRS6.

An important conclusion of this analysis is that, as the participations of the modes in
the flutter phenomenon show large changes along the shape design space, it is expected
that during an optimization process these variations in the participations of the modes
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Figure 7.32: Subset of surface responses of contributions to flutter of relevant mode
shapes to flutter response.

will also take place. Therefore, it is important to consider a large number of modes
in the multi-mode flutter analyses in the combined structural and aeroelastic shape
optimization.

7.13 Combined structural and aeroelastic optimiza-
tion of long-span bridges

7.13.1 Formulation

The formulation of the combined structural and aeroelastic optimization was intro-
duced in Section 5.3.3, and it can be summarized as

minF (B,H, t,A,N) = Ax (B,H, t)LD + 2
40∑
i=1

AiLs,i, (7.5)

subject to
xmin ≤ x ≤ xmax, (7.6)

gStrr (x) =
Rr

Rr,max

− 1 ≤ 0, r = 1, ..., 1104. (7.7)

gUf (x) =
Uf,min

Uf
− 1 ≤ 0, (7.8)

where xmin and xmax are the lower and upper bounds of the design variables x, respec-
tively, gStrr represent structural constraints, as explained in Section 7.11.1, Rr stands
for structural response of the constraint r, Rr,max its maximum allowed value, gUf is
the flutter constraint (Equation (5.11)), Uf is the flutter velocity and Uf,min is the
minimum accepted flutter velocity. The limits of the structural constraints are the
same as those mentioned in the structural optimization described in Section 7.11, and
can be found in Table 7.20. The values of the initial design variables and the lower and
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upper bounds of the design variables are those considered for the structural optimiza-
tion and are reported in Table 7.21. Furthermore, the initial design values of the shape
design variables of the deck are B0 = 40 m and H0 = 5.6 m, which correspond to the
definition of the baseline G1 cross-section. The lower and upper bounds of these vari-
ables allow a relative variation of ±10%, and consequently the shape variables range
is B ∈ [36, 44] m and H ∈ [5.04, 6.16] m.

It must be noted that the objective function F is formulated according to Equa-
tion (5.1), and consequently the shape design variables of the deck cross-section (B
andH) are included. The design constraints contains those considered in the structural
optimization with the addition of the aeroelastic constraint. Therefore the optimiza-
tion process requires the full use of the set of disciplines, methods and analyses depicted
in Figure 5.5.

7.13.2 Optimization results

The results obtained for the combined structural and aeroelastic optimization consider-
ing as minimum required flutter velocity the set of values Uf,min = [110, 115, 120, 125, 130]
are summarized in Table 7.28. The optimum values obtained for the stay-related de-
sign variables are summarized by means of the backstay average area ĀB∗, the mean
area of the other 38 stays of the bridge Ās∗, and the average value of the 40 prestress-
ing forces N̄∗. Note that the symbol ∗ denotes the result of the optimization process.
Furthermore, the value of the aeroelastic constraint gUf ∗ at the optimum design is
provided, as well as the flutter velocity. Other structural constraints present similar
behavior as the results provided in Figure 7.28.

Table 7.28: Subset of the optimum values of the design variables and the flut-
ter design constraint obtained for the combined structural and aeroelastic opti-
mization considering as minimum critical flutter velocities the values Uf,min =

[110, 115, 120, 125, 130].

Final design

Uf,min Iter. F ∗ [m3] B∗ [m] H∗ [m] t∗ [cm] ĀB
∗
[m2] Ās

∗ [m2] N̄∗ [MPa] gUf
∗

U∗
f [m/s]

110 57 6940.26 36.000 6.160 2.408 0.545 0.0393 475.1 −0.066 69 117.86
115 63 6939.05 36.000 6.160 2.404 0.546 0.0393 472.8 −0.023 44 117.76
120 44 6976.22 39.525 6.160 2.237 0.546 0.0415 458.2 0.000 42 119.95
125 25 6989.77 40.646 6.160 2.204 0.546 0.0403 468.9 −0.000 24 125.03
130 33 7019.04 42.290 6.160 2.140 0.539 0.0407 470.0 −0.000 15 130.02

Depending on the values of B∗ and H∗ of each optimum design, the trend of the
results obtained for F and t∗ are in accordance with the ones reported in Figure 7.30
for the optimum structural designs in S∗. For instance, the optimum value of the
thickness reported in Table 7.28 decreases as the value of B is increased, as described
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Figure 7.33: Subset of the most representative results of the optimum design
obtained for the combined structural and aeroelastic optimization of the bridge.

in Figure 7.30. Similar behavior is found for other responses, as it is the case of the
objective function F ∗, that increases its value with the growth of B, reproducing the
results provided in Figure 7.30 for the values of the optimum width B∗.

The evolution of a subset of the most relevant design variables and responses of the
cable-stayed bridge model during the combined optimization process is represented in
Figures 7.33 and 7.34 when the minimum allowable flutter speed is Uf,min = 120 m/s.
Figure 7.33(a) shows the evolution along the optimization process of the objective
function F and the deck volume, as well as the evolution of the thickness t of the deck
plates, as these variables play a relevant role in the deck volume and consequently
in the objective function. Moreover, the influence of the thickness in the flutter con-
straint can be seen in Figure 7.33(b), where the evolution of the deck shape variables,
expressed in terms of relative variation (δB and δH), are illustrated with the evolu-
tion of the aeroelastic constraint gUf . It can be seen that the evolution of gUf can be
explained analyzing the evolution of δB and δH , as well as t. The shape variable H
changes its value to the upper bound at the beginning of the optimization process, as
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Figure 7.34: Subset of the most representative results of the optimum design
obtained for the combined structural and aeroelastic optimization of the bridge.

could be expected given its high influence in the deck mechanical properties and the
small impact in the aerodynamic responses. On the other hand, the shape variable
B is modified during the process until finding the value that minimizes the objective
function without violating the flutter constraint. The influence of t is also remarkable,
as it has a close relationship with the mechanical properties of the deck. For instance,
it can be seen at iteration number 17 that when the thickness is drastically modified
(Figure 7.33(a)), the flutter constraints is affected, as shown in Figure 7.33(b).

7.13.3 Considerations on the deck geometries obtained with
the combined optimization formulation

The geometries resulting from the optimization process considering different required
values of the flutter velocity are shown in Figure 7.35, where the baseline G1 cross-
section (initial design) is indicated in gray color for comparative purposes. As observed
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in Table 7.28 the geometry of the optimum design (namely the values of B∗ and H∗)
is the same for Uf,min = 110 m/s and Uf,min = 115 m/s, and consequently only the last
one is shown in Figure 7.35 and in Table 7.29.

Table 7.29: Geometrical characteristics of the initial deck shape design (x0) and
several optima deck shapes (x∗). The geometrical definition of the corner angles θ1,

θ2 and θT is provided in Figure 7.1.

Design B [m] H [m] H/B θ1 θ2 θT

x0 40.00 5.60 7.14 28.07 24.94 53.01

x∗ (Uf,min = 115 m/s) 36.00 6.16 5.84 58.00 34.64 92.64
x∗ (Uf,min = 120 m/s) 39.53 6.16 6.42 30.08 28.60 58.68
x∗ (Uf,min = 125 m/s) 40.65 6.16 6.60 25.71 27.07 52.78
x∗ (Uf,min = 130 m/s) 42.29 6.16 6.87 21.10 25.08 46.18

It can be appreciated that all optimum designs have increased the depthH of the cross-
section with regards to the initial design (the baseline G1 cross-section). This is caused
by the structural requirements included in the combined structural and aeroelastic
optimization process. This change in H modifies the fairing angles, increasing the
values of θT and θ2. Since they control the aerodynamic quality of the section, as
studied in Section 7.5.2, it can be said that the modification caused by the structural
requirements conflicts with the aerodynamic performance of the deck cross-section.
Therefore, the more demanding the aeroelastic constraint is, the higher the value of B
provided by the optimization process. Consequently, the value of θT decreases giving
place to more streamlined cross-sections, as shown in Figure 7.35. This highlights
the already known concept that the aeroelastic response of a deck cross-section is
a combination of its stiffness and aerodynamics, and optimization algorithms are a
powerful tool to find the precise value of the best combination of the design variables
for each case.

7.13.4 Interpretation of the optimum designs from the infor-
mation provided by S∗

The optimum designs reported in Section 7.13.2 obtained applying the combined struc-
tural and aeroelastic optimization process can be analyzed using the information pro-
vided by the parametric studies conducted over S∗ and reported in Section 7.12. They
have offered a general idea about the behavior of the objective function F and the
flutter velocity Uf in the design domain, when the algorithm is close to converge. This
is because the results reported in Section 7.12 are obtained for the structural optimum
designs of a set of pairs (B,H). Therefore, they can be used for the sound interpre-
tation of the optimum design obtained from the combined structural and aeroelastic
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Figure 7.35: Geometry of the deck cross-sections obtained in the optimization
processes for a set of flutter velocity Uf,min = [115, 120, 125, 130].

optimization reported in Section 7.13.2 and particularly concerning to the behavior of
F and Uf with regards to B and H.

The behavior of the aeroelastic constraint formulated in Equation (7.8) can be checked
by analyzing the FVRS6 reported in Figure 7.31 for the values of the design variables
that fulfill the structural constraints with the minimum amount of material. Equa-
tion (7.8) consists of setting a lower limit to the response surface of Figure 7.31.
Hence, intersecting this surface by a horizontal plane at the vertical coordinate of
value Uf,min, the feasible design region established by this constraint can be obtained
for S∗. This is depicted in Figure 7.36, where the minimum flutter velocity is set to
Uf,min = 120 m/s. Note that this figure has been rotated around the vertical axis to
facilitate its visualization. It can be seen that the intersection between both surfaces
gives place to a boundary line where the constraint is active, in terms of Equation (7.8),
gUf (x) = 0. This defines the exact limit-state of the flutter velocity constraint, which
represents a boundary between the feasible design region (gUf (x) < 0), and the un-
feasible design region (gUf (x) > 0). Note that the value of minimum flutter velocity
(Uf,min = 120 m/s) is set for this problem in order to analyze the performance of the
optimization algorithm in this particular case for a demanding flutter constraint that
entails simultaneous structural and aerodynamic feasible designs.

On the other hand, the analysis of the values of the objective function F over S∗,
reported in Figure 7.30, explains the behavior of the objective function with regards
to the deck shape design variables B and H. This surface indicates that the struc-
tural optimum design with the lowest value in the objective function is the one that
belongs to the deck geometry −10%B +10%H. However, the aforementioned aeroe-
lastic constraint set limits concerning the feasibility of the designs in terms of flutter
velocity. Hence, both responses have to be analyzed together in order to have an idea
about how the combined optimization works. Figure 7.37 shows the contour represen-
tation of the FVRS6 obtained in Section 7.12.2, and four limit states are described
by red lines corresponding to the values Uf = [110, 115, 120, 125]. Representing these
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red contour lines over the contour representation of the objective function response
surface, the position of the combined structural and aeroelastic optimum design in S∗
can be verified for this specific case. Thus, for limits lower than Uf,min = 115 m/s,
it can be appreciated that the optimization algorithm converges to the shape design
whose optimum presents the lowest value of the objective function, which is −10%B
+10%H, and the flutter velocity constraint is non-active. In fact, this is the result
obtained by the combined structural and aeroelastic optimization method, as reported
in Table 7.28, where it can be seen that the flutter velocity obtained is 117.8 m/s, as
it can be appreciated in Figure 7.31 and Figure 7.36.

However, when higher values are adopted for the flutter constraint, particularly those
higher than 117.8 m/s, the deck cross-section design −10%B +10%H would be inside
the unfeasible design region (gUf > 0) and the optimum deck shape will be different,
as it happened for the combined structural and aeroelastic optimization considering
Uf,min = [120, 125, 130], reported in Table 7.28. Thus, in the case of Uf,min = 120 m/s,
most of the shape design space is an unfeasible design region, as it is graphically
explained in Figure 7.36 and detailed in Figure 7.38. In this case the optimization
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flutter velocity Uf response contour surface and the objective function F contour

surface.
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Figure 7.38: Optimum deck shape designs obtained for the minimum critical flutter
velocities Uf,min = 120 m/s and Uf,min = 125 m/s represented in S∗.

algorithm has modified the shape design variables to accomplish the aeroelastic con-
straint obtaining an objective function value as low as possible. Given the trend in the
FVRS6, the most effective shape design variable to be modified by the optimization
algorithm is the deck width B, and consequently the numerical algorithm acts keeping
the maximum value of H and searching for a value of B that provides the minimum
value of F while gUf ≤ 0, as can be also seen in Figure 7.33(b). Therefore, the value of
B∗ is set based on the prescribed value of Uf,min. Hence, for the combined optimization
considering Uf,min = 120 m/s, the optimum width is B∗ = 39.525 m.

When the requested flutter velocity considered is Uf,min = 125 m/s, the feasible design
region is modified as indicated in Figure 7.38, since this change in the value Uf,min is
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equivalent to a vertical displacement of 5 m/s of the limit state surface represented in
Figure 7.36. Consequently, the optimum deck shape presents a higher width, reaching
a value of B∗ = 40.646 m, as depicted in Figure 7.38 and reported in Table 7.28.

7.14 Conclusions

This chapter presents the results obtained when the combined structural and are-
oelastic optimization approach is applied to a super long-span cable-stayed bridge
considering a streamlined single-box deck.

The shape design space of the deck geometry consist of variations of±10% on the width
B and depthH of the baseline Scanlan’s G1 section. The aerodynamic characterization
of this shape design space was conducted by a Kriging surrogate model trained from a
set of CFD simulations related to a sample of 15 designs, for which the force coefficients
and theirs slopes were obtained. Additionally, wind tunnel tests of three cross-section
geometries within the allowed domain were conducted for validation purposes. The
numerical simulations have been conducted using 2D URANS and Menter’s k−ω SST
turbulence model, showing a satisfactory agreement with the wind tunnel data force
coefficients. It has been observed that the corner angle of the deck cross-section has a
dramatic impact on the aerodynamic response of each geometry.

The flutter derivatives obtained numerically also show a fair agreement with those
obtained from wind tunnel tests, which guarantees that most of the inaccuracies found
in Chapter 6 will be avoided when calculating the flutter velocity of the cable-stayed
bridge studied. The performance of the numerical method for obtaining the flutter
velocity in this application case was tested in a cable-stayed bridge with a main span
of 658 m, and the results were compared with those obtained from the experimental
flutter derivatives, showing a very good agreement.

Afterwards, and prior to solve the combined structural and areoelastic optimization,
some parameter variation studies were conducted in order to learn about the depen-
dence of the flutter response with several parameters of the model. Later, the combined
structural and aeroelastic optimization was carried out, and the results were analyzed
from the information obtained in the parametric studies. The main conclusions that
can be extracted from this application case are:

• The FVRSs have allowed to identify the influence of changes in the shape design
variables in the flutter speed of the structure. This helps to understand this
aeroelastic response when a dimension of the deck geometry is modified.

• The structural and aeroelastic responses of a streamlined box deck when subject
to shape variations are studied and compared. For the model studied, it was
found that the structural and aeroelastic responses demand opposite variations



7.14 Conclusions 255

in the width of the deck in order to improve its performance. On the other
hand, the depth can be increased for improving the structural responses without
worsening the aeroelastic behavior.

• The proper management of these two kinds of responses can be found by using
optimization algorithms.

• The structural optimization of a cable-stayed bridge considering as design vari-
ables the cross-section area and prestressing forces of the stays and the deck
plates thickness is an approach that allows to obtain efficient and affordable de-
signs of long-span bridges. In this application case, considering the fixed baseline
deck cross-section geometry, a reduction in the material of the bridge of 7.656%
has been achieved.

• When deck shape and size design variables are included into the optimization
process, the aeroelastic effects have to be considered. In this work, the flutter
speed is considered as an additional constraint in the structural optimization
problem. This approach is a novelty in the published research concerning long-
span bridges applications in wind engineering.

• A discussion on the aeroelastic performance of the optimum structural design
space S∗ of the bridge has been made and therefore the trend in the optimum
design when the flutter constraint is included could be, in some way, anticipated.
This has been done to make clearer the performance of the optimum design prob-
lem under study, but it is obvious that the combined structural and aeroelastic
optimization can be directly carried out without intermediate steps and this goal
has been also achieved in this work.

• The combined structural and aeroelastic optimization is able to minimize the
objective function without violating any of the more than one thousand structural
constraints and the flutter constraint considered in this work.

• The deck shape design is driven in this application case by the width of the
cross-section, as this geometric variable controls the fairing angle of the deck and
consequently influences the aeroelastic response of the bridge.

• As the value of the requested flutter speed increases so it does the width of the
optimum design.

• The optimization process is formulated aiming to apply parallelization tech-
niques, which allows to obtain optimum designs with computer times of around
two or three hours when full parallelization is applied.

Therefore, the methodology proposed in this thesis can be applied in real bridge
projects to obtain more economic and efficient solutions facilitating the design pro-
cess.





Chapter 8

Conclusions and future work

8.1 Conclusions

This chapter is dedicated to put an end to the research reported in this thesis by
summarizing the main conclusions, providing a list of the journal publications and
conference communications completed during this research, and proposing a list of
suggestions and recommendations for future works related with the topic of this inves-
tigation.

First, this section is dedicated to summarize the conclusions extracted from the dis-
cussions conducted along this research.

8.1.1 Conclusions related to the problem under study

The main conclusions related to the problem under study can be summarized as follows:

• Nowadays, a very challenging task in bridge engineering is the design and con-
struction of long-span bridges. The main span length of suspension long-span
bridges is continuously growing, as it is the number of bridges that are being built.
Also, the use of cable-stayed bridges for spans longer than 1 km has emerged in
the last decade, and it is expected that this trend will continue.

• The advances achieved in the analysis techniques in all engineering fields have
been extremely fostered by the arrival of powerful digital computers. In struc-
tural analysis, the use of computers in combination with finite element models has
become a common analysis tool with huge capabilities in both research and indus-
try. However, efforts devoted to improve the analysis techniques have not been
followed by a similar interest in improving the design methods in bridge engineer-
ing and those currently used in real projects come from the pre-computational
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era. Furthermore, the structural and aeroelastic aspects are not considered to-
gether during the bridge design, since they are analyzed independently: the first
one by computer codes, and the second one by wind tunnel tests.

• A very relevant aspect in the design of long-span bridges is the geometry of the
deck cross-section, since it controls the aerodynamic behavior of the bridge and
contributes to the global stiffness of the structure.

8.1.2 Conclusions related to numerical optimization techniques

The use of optimization techniques in the studied problem reveals that:

• Numerical optimization techniques have proven to be very efficient in several
engineering fields and they are commonly applied in real projects. Therefore,
this approach has the potential to become a powerful tool in the design of long-
span bridges.

• This requires that all analyses must be conducted numerically, and therefore
wind tunnel test must be substituted by numerical approaches. Computational
Fluid Dynamics (CFD) techniques have the potential to progressively replace
wind tunnel tests and thereafter be used in the design of real projects.

• Numerical optimization techniques allow to carry out bridge design in a multi-
disciplinary context, including simultaneously structural and aeroelastic consid-
erations.

8.1.3 Conclusions related to the formulation of the optimiza-
tion process proposed in this research

Reviewing the methodology proposed in this work it can be said that:

• It has been formulated for first time a fully numerical approach for the design
optimization of long-span bridges with structural and aeroelastic constraints con-
sidering shape design variables that modify the deck geometry.

• The formulation also includes the optimization of the area and prestressing force
of each stay of the bridge aiming to minimize the total amount of material of
the bridge. The optimization of the deck plates thickness is also included in the
formulation.
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• A process based on the use of surrogate models allows to obtain the flutter
velocity response of any deck geometry included inside a design domain defined
beforehand. This would avoid the repetitive use of wind tunnel tests for each
candidate design considered during the optimization of a bridge.

• The methodology proposed makes possible to use parallelization techniques in
several levels of the process, which drastically reduce the computational time
required to obtain the optimum design.

8.1.4 Conclusions related to the application of the methodol-
ogy to the first application example: Circular segment
deck cross-section

The first application example considered in this work is presented in Chapter 6, con-
sisting of a cable-stayed bridge with a circular segment geometry deck cross-section.
For this example the following conclusions can be remarked:

• Circular segments are increasingly used in footbridges and short-span bridges,
and some slender streamlined deck geometries of long-span bridges resemble to
slender circular segments.

• Circular segment cross-sections are challenging geometries that may require the
use of advanced CFD techniques to characterize their aerodynamic behavior. In
this respect, it is critical the choice of a turbulence model capable of correctly
modeling the transition in the boundary layer.

• From the analysis of a set of geometries, the aerodynamic response of a cross-
section as a function of a shape parameter can be established. In this way
response curves can be defined which give valuable information to estimate the
force coefficients required to define the static wind loads acting on that section,
and the slopes of the coefficients used to estimate the aeroelastic quality of the
section.

• The relevance of the proper fulfillment of the hypothesis on which the quasi-
steady theory relies when estimating the flutter derivatives is crucial, if not,
unacceptable errors in the calculation of the flutter velocity of a bridge may
appear. In these cases, the methodology proposed must be limited to the region
in the shape design domain where the degree of bluffness of the geometry allows
the quasi-steady formulation to be applied.
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8.1.5 Conclusions related to the application of the method-
ology to the second application example: Streamlined
single-box deck

The second application example corresponds to a long-span cable-stayed bridge with a
single-box deck and a main span of 1316 m that has been successfully optimized. The
conclusions extracted are summarized next:

• The streamlined single-box deck is the most commonly used geometry in long-
span bridges due to its good aerodynamic performance.

• The aerodynamic response of this kind of sections, particularly streamlined cross-
sections such as the Scanlan’s G1 section, can be accurately assessed by using
CFD techniques. The k − ω SST model is an adequate turbulence model to
conduct this task, as shown in this example, based on the results of the validation
studies carried out using wind tunnel data coming from sectional tests.

• The quasi-steady formulation can be accurately applied to obtain the flutter
derivatives of this kind of sections, as shown by the validation studies reported.

• The strategy proposed in this research for obtaining the flutter velocity of a
bridge based on fully numerical techniques, is reliable and accurate, as demon-
strated when comparing the results with the flutter velocities obtained using
experimental data.

• The use of the combined structural and aeroelastic optimization for this kind
of sections is consequently reliable, and it was conducted on a super long-span
cable-stayed bridge considering more than a thousand structural constraints and
a flutter constraint.

• During the process, the optimization algorithm is able to make good design deci-
sions, modifying the initial design aiming to achieve the most economical design
while considering the aeroelastic and structural performances of the resulting
bridge.

• Depending on the value of the aeroelastic constraint, the resulting shape of the
bridge deck has different degree of streamlineness, finding the proper balance
between the structural and aeroelastic requirements.

• The proposed methodology is a promising approach that can be used in real
projects to substitute the traditional design techniques based on trial-error pro-
cedures and wind tunnel tests.
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8.3 Future work

The methodology proposed and applied in the frame of this research to conduct the
combined aeroelastic and structural optimization of long-span bridges consists of an
aggregation of techniques. All of them can be refined separately to improve the perfor-
mance of the methodology. In addition, the model used to test the proposed approach
aims to represent a long-span bridge in the forefront of the engineering practice. Nev-
ertheless, more complex models or deck sections can be considered, requiring higher
number of design variables. Following these ideas, the following tasks can be con-
ducted in order to further develop the formulation of the optimum design of a bridge
considering aeroelastic and structural constraints:

• Related to the deck cross-section: Application of the developed methodology to
different and more complex deck geometries would contribute to enhance bridge
designs in engineering practice. This may include multi-box deck cross-sections,
where the consideration of the shape of the deck and the distances among boxes
as design variables would result in more efficient designs. Furthermore, the def-
inition of non-uniform thicknesses for each deck plate could lead to even lighter
designs. Finally, the consideration of appendages on the deck cross-sections such
as handrails, several geometries of fairings or baffles, would benefit the final
design of the bridge.

• Related to the bridge model: The application of this methodology to suspension
bridges would demonstrate the capabilities of the proposed approach as a gen-
eral technique to improve the designs that are currently used in real projects.
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In addition, the increasing use of multi-span bridges, both cable-stayed and sus-
pension bridges, would motivate the use of the combined optimization approach
in the design of these bridges adopting the span lengths as design variables.

• Related to the aeroelastic phenomena studied: This work included the flutter
velocity as aeroelastic constraint because is one of the most limiting phenomena
in the design of long-span bridges. However, other wind-induced phenomena can
be crucial in the design of bridges, such as buffeting or wind induced vibrations of
the deck, among others. The analyses related with these phenomena are already
well developed and they can be included in the optimization process.

• Related to the aerodynamic surrogate model: Although in this work the surro-
gate model is built based on numerical validated data and it is not modified dur-
ing the optimization process, other approaches are possible. On the one hand,
multi-fidelity approaches could be considered using the available experimental
data. On the other hand, the surrogate model can be modified as the optimiza-
tion algorithm progresses, conducting intermediate CFD analyses to update the
response surface. However, this would introduce a very important computational
burden and would dramatically increase the required time to obtain the optimum
design.

• Related to the numerical methodology applied in the design: This work has fo-
cused on the use of deterministic optimization. However, given the uncertainty
associated to aeroelastic phenomena or mechanical properties of bridge mate-
rials the inclusion of reliability analysis or reliability-based design optimization
approaches can be added to the presented methodology.
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Extended summary in Spanish

According to the regulations of Universidade da Coruña, adopted on July 17, 2012, an
extended summary of the thesis in Spanish is included.

A.1 Introducción y objetivos

La construcción y ampliación de infraestructuras de transporte para la comunicación
entre las regiones del mundo es una de las principales bases para el crecimiento
económico. La comunicación de personas e intercambio de bienes y servicios es un
hecho en auge en un mundo cada vez más interconectado. Sin embargo, las construc-
ción de dichas infraestructuras se ve a veces limitada por la presencia de barreras
físicas, como ríos o valles, que limitan o encaren la viabilidad de los proyectos.

Los puentes han sido a lo largo de la historia un elemento de unión entre pueblos
que han facilitado la comunicación entre lugares que la naturaleza separó. Los efectos
económicos de la construcción de puentes no dejan lugar a ninguna duda, como fue el
caso del Golden Gate en San Francisco, EEUU, que ayudo a reactivar la economía de la
ciudad durante la crisis de los años 30. Su gran efectividad ha tenido como consecuencia
el incremento en el número de estas construcciones, así como su tamaño, alcanzando
actualmente vanos de casi 2 km, como es el caso del puente sobre el estrecho de Akashi,
en Japón. El crecimiento de los vanos principales ha sido liderado históricamente por
puentes colgantes. Sin embargo, en la última década, el crecimiento del vano principal
de puentes atirantados hace que se considere esta tipología como una alternativa muy
competente para puentes de gran vano.

Sin embargo, el crecimiento del vano principal de los puentes hace que los problemas
relacionados con las cargas producidas por el viento sea más y más importantes. La
presencia de fenómenos aeroelásticos en el diseño de puentes es conocido desde prin-
cipios del siglo XIX, a raíz del colapso del Brighton Chair Pier, en Reino Unido, o del
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Wheeling Bridge, en EEUU. Sin embargo, el colapso que más ha afectado al diseño
de puentes de gran vano fue el colapso del puente de Tacoma, que propició el estudio
riguroso de los fenómenos aeroelásticos adoptando técnicas experimentales típicamente
usadas hasta aquella fecha en la aviación. Desde entonces, las técnicas de análisis se
han ido adaptando y mejorando para estudiar más rigurosamente los problemas pro-
ducidos por el viento, dando lugar a diseños cada vez mas acordes con las limitaciones
de estas estructuras frente a cargas de viento. La relevancia del diseño del tablero se
muestra crucial en este aspecto, y es donde se pone el foco en los principales estudios
aerodinámicos y aeroelásticos de puentes.

En la actualidad, las técnicas de cálculo estructural por ordenador permiten el análisis
estructural de puentes de manera precisa y en tiempos muy reducidos. Sin embargo,
las técnicas de diseño empleadas siguen estando basadas en el método del fallo-error,
y no han sufrido la evolución que por ejemplo ha ocurrido en otros sectores de la
ingeniería, como la aeronáutica, donde el uso de algoritmos de optimización en el
diseño de aeronaves es habitual. Además, las técnicas de análisis de la respuesta
aerodinámica y aeroelástica requieren ensayos en túneles de viento, lo que conlleva a
desacoplar los análisis estructurales y aeroelásticos durante el proceso de diseño.

El objetivo de esta tesis es la formulación de un problema de optimización que considere
simultáneamente condiciones estructurales y aeroelásticas usando como variables de
diseño la forma y tamaño del tablero, así como las áreas y cargas de pretesado de
todos los cables del puente. Se trata de un problema que no ha sido acometido hasta
la fecha por la comunidad científica internacional.

A.2 Metodología

Para poder llevar a cabo la optimización de puentes de gran vano, es necesario que todas
las condiciones estructurales y aeroelásticas del mismo sean evaluadas numéricamente.
Las respuestas estructurales se obtienen hoy en día en proyectos reales mediante el uso
de modelos de elementos finitos, por lo que su obtención numérica no es problemática.
Sin embargo, la evaluación de las respuestas aerodinámicas y aeroelásticas requieren
la realización de ensayos en túneles de viento, lo cual no es viable en el ámbito de un
proceso de optimización numérica.

Existe una alternativa a los túneles de viento, que es la Dinámica de Fluidos Computa-
cional (Computational Fluid Dynamics) (CFD). Su aplicación en el ámbito experimen-
tal es bastante amplia, sin embargo no es usada aun en proyectos reales. La fiabilidad
de los resultados obtenidos mediante esta técnica ha sido estudiada por diferentes au-
tores, concluyendo que el estado actual de esta disciplina permite con las necesarias
cautelas su aplicación en la industria para ciertos tipos de problemas. Es importante
mencionar que la correcta aplicación de esta técnica requiere, entre muchos otros as-
pectos, la adecuada selección del modelo de turbulencia para cada caso, o la correcta
elaboración de la malla de volúmenes finitos.
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Por tanto, el primer paso para llevar a cabo la optimización de puentes de gran vano
será la implementación numérica de una metodología que permita obtener la velocidad
de flameo de cualquier diseño de puente propuesto por el algoritmo de optimización.
Las técnicas de CFD permiten obtener con buena precisión los coeficientes aerodinámi-
cos. Así, las funciones de flameo necesarias para evaluar el comportamiento aeroelástico
de secciones de puentes pueden ser aproximadas mediante la aplicación de la formu-
lación quasi-stacionaria, que necesita los coeficientes aerodinámicos obtenidos mediante
las simulaciones de CFD. Una vez obtenidas las funciones de flameo, la velocidad de
flameo del puente se puede calcular a partir de la respuesta dinámica del puente, dada
por modelos de elementos finitos, y mediante la aplicación del análisis multimodal de
flameo. Sin embargo, esta metodología es aplicable para una geometría de talero, y
debe ser repetida para cada diseño propuesto por el algoritmo de optimización. Las
simulaciones de CFD son muy costosas, con tiempos de cálculo de días o semanas, y
su repetición debe ser evitada. Consecuentemente, es necesaria una formulación que
evite la repetición de análisis de CFD y permita la obtención de la velocidad de flameo
para cualquier diseño de tablero de puente propuesto por el algoritmo de optimización.

En este trabajo se ha desarrollado dicha metodología, que consiste en la aplicación de
modelos subrogados para inferir los resultados de los análisis de CFD para cualquier
posible geometría del tablero en la región de diseño. Por tanto, una vez definido el
dominio de diseño, se realizan paralelamente una serie de análisis de CFD a lo largo
de todo el dominio, de manera que después se pueda construir un modelo subrogado
que emule la respuesta aerodinámica de la sección en diseños sin información obtenida
mediante CFD. De esta manera, cada vez que haya que obtener la velocidad de flameo
del puente, en vez de realizar análisis de CFD, se evaluará el modelo subrogado y
la respuesta aerodinámica estará disponible, reduciendo el cálculo de la velocidad de
flameo a un proceso con una duración de pocos minutos.

Una vez solucionado el problema de la obtención de la velocidad de flameo numéri-
camente y en tiempos de computación reducidos, la formulación del problema de op-
timización puede llevarse a cabo. El problema de optimización consiste en obtener
el diseño de puente con la menor cantidad de material posible que cumpla todas las
condiciones estructurales y aeroelásticas. Las condiciones estructurales consideradas
incluyen desplazamientos y tensiones máximas admisibles, estando las limitaciones de
desplazamientos relacionadas con los limites de servicio y las de tensiones con los lim-
ites últimos de diseño. Las cargas estáticas consideradas son el peso propio y cuatro
sobrecargas consistentes en cargas uniformes aplicadas en el vano lateral izquierdo, el
vano central, el vano lateral derecho, y los 3 vanos simultáneamente, respectivamente.
Estas condiciones son evaluadas en puntos de control distribuidos a lo largo del tablero
y en la parte alta de las torres para las limitaciones de desplazamientos, dando lugar
a 1104 condiciones estructurales en los ejemplos de aplicación evaluados en este tra-
bajo. La condición aeroelástica es la velocidad de flameo del puente, que será obtenida
mediante la metodología descrita en el párrafo anterior.

El problema de optimización será implementado de forma que permita la máxima
paralelización durante su ejecución. Se han logrado dos niveles de paralelización, uno
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en las evaluaciones realizadas por el algoritmo de optimización, y otro en el proceso
de obtención de la velocidad de flameo. De esta manera, los tiempos de cálculo del
proceso de optimización rondan las 2 o 3 horas en un HPC cluster con suficientes
procesadores disponibles.

El algoritmo de optimización empleado es el conocido como secuencia de problemas
cuadráticos (Sequential Quadratic Programming) (SQP), dadas sus altas prestaciones,
demostradas en aplicaciones en la industria en los último 30 años. Se ha descartado la
aplicación de algoritmos genéticos dado el alto coste computacional que supondría.

A.3 Resultados

Los resultados de esta investigación se muestran en los capítulos 6 y 7, donde la
metodología propuesta es aplicada a puentes atirantados de vanos de 658 y 1316 metros.
La sección del tablero considerada en el capítulo 6 es un segmento circular, mientras
que en el capítulo 7 se estudia una sección en cajón aerodinámico.

El capítulo 6 estudia un dominio de diseño de la sección del tablero consistente en
segmentos circulares que varían desde secciones circulares hasta la placa plana. Dicha
geometría está parametrizada por el ángulo de la esquina β, que toma valores desde
β = 20◦ hasta β = 90◦. El uso de secciones circulares es creciente en pasarelas y
puentes de vanos reducidos dada su alta componente estética. Algunas aplicaciones
prácticas se pueden encontrar en la Pasarela Igollo de Camargo en Santander, España,
en la Art Institute Footbridge, en Chicago, EEUU, o en la Pasarela sobre el Río Lérez
en Pontevedra, España. Además ciertas geometrías de secciones de puentes de gran
vano aerodinámicas pueden ser aproximadas a segmentos circulares con valores del
ángulo de la esquina bajos.

La caracterización aerodinámica de la sección considerada en el capítulo 6 es muy de-
pendiente del modelo de turbulencia utilizado en los análisis de CFD. Por ello, se han
empleado el modelo de turbulencia de Menter k−ω SST, se han aplicado correcciones
a este modelo de dos tipos, low-Reynolds-number y de curvatura, y también se han
empleado modelos de turbulencia de cuatro ecuaciones como el modelo de turbulencia
Transition SST. La correcta aplicación de cada modelo en cada uno de los casos ha
servido para la determinación de la respuesta aerodinámica de dicha sección en todo su
dominio. Además, se han realizado ensayos experimentales en el túnel de viento de la
Universidade da Coruña de tres modelos seccionales correspondientes a las secciones
β = 90◦, β = 60◦ y β = 40◦, para la correcta validación de los resultados numéri-
cos. A partir de estos resultados, se han realizado aproximaciones mediante funciones
para representar de forma analítica los resultados obtenidos a lo largo del dominio
geométrico considerado.

A partir de estas funciones de aproximación, las funciones de flameo se pueden obtener
para todo el dominio aplicando la formulación quasi-estacionaria. Dado que en este
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ejemplo de aplicación las hipótesis y condiciones de aplicabilidad de dicha formulación
no se cumplen para todos los diseños del dominio, esto ha permitido identificar el
alcance de las limitaciones en la aplicabilidad del método.

A continuación, las velocidades de flameo del puente de 658 metros de vano se obtiene
en base a las funcione de flameo numéricas, y se comparan con las velocidades de
flameo obtenidas usando las funciones de flameo experimentales. Las secciones que
no cumplen las hipótesis de la formulación quasi-estacionaria presentan resultados
erróneos, mientras que las que si las cumplen presentan resultados más adecuados.

La optimización combinada estructural y aeroelástica se lleva a cabo para poner de
manifiesto su rendimiento numérico, y ver como afectan las limitaciones en las hipóte-
sis de partida en los resultados, sirviendo las conclusiones obtenidas como punto de
partida para el caso de aplicación presentado en el capítulo 7, que sí que verifica dichas
hipótesis.

En el capítulo 7 la sección considerada es una sección aerodinámica en cajón, típi-
camente usada en puentes de gran vano. La sección es conocida como la sección G1
de Scanlan, por su famosa publicación de 1971 donde se definieron las funciones de
flameo. Esta sección es muy similar a la del tablero del puente del Great Belt, en Di-
namarca, actualmente el puente con el tercer mayor vano del mundo, con 1624 metros.
Las variaciones consideradas para esta sección consisten en variaciones de ±10% en su
ancho B y canto H, dando lugar a un amplio rango de geometrías. Secciones similares
a las incluidas en este dominio de diseño son las de los puentes de Tsing Ma, en China,
de Höga Kusten, en Suecia, o el de Xiangshan Harbor, también en China.

La caracterización aerodinámica de las secciones se llevo a cabo mediante 30 simula-
ciones de CFD considerando 15 geometrías distintas usando el modelo de turbulencia
de Menter k − ω SST. Los resultados fueron validados para tres secciones mediante
la construcción de tres maquetas mediante impresión 3D que posteriormente fueron
ensayadas en el túnel de viento de la Universidade da Coruña. Los resultados de la
validación fueron satisfactorios. A partir de los resultados obtenidos mediante CFD,
un modelo subrogado de tipo Kriging fue construido para definir las superficies de
respuesta de los tres coeficientes aerodinámicos y sus pendientes en el dominio de
diseño.

A partir de estas superficies de respuesta, las funciones de flameo fueron obtenidas para
todo el dominio de diseño, y las tres secciones con información experimental disponible
fueron empleadas para validar los resultados, siendo esta validación satisfactoria.

Posteriormente se obtuvo la velocidad de flameo en todo el dominio de diseño ge-
ométrico de un puente atirantado de 658 metros de vano como el empleado en el capí-
tulo 6, y los resultados fueron nuevamente validados usando las funciones de flameo
experimentales para calcular la velocidad de flameo, mostrando errores relativos entre
los resultados numéricos y experimentales muy reducidos.
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Dado que la metodología numérica es apropiada para obtener la velocidad de flameo
de forma numérica, de un puente sujeto a variaciones de forma en su tablero, es
interesante estudiar como afectan ciertas propiedades del puente a la velocidad de
flameo del mismo, como son sus propiedades de rigidez, masa, tamaño y otras. Por
tanto, se realizaron una serie de estudios de variación de parámetros para comprender
la influencia de cada una de estas propiedades sobre la velocidad de flameo del puente
en el dominio considerado. Esta vez se usó un puente atirantado de mayor vano,
concretamente 1316 metros, similar al actual récord del mundo, el puente Russky, en
Rusia.

El siguiente paso fue realizar la optimización estructural del puente para diferentes
geometrías del tablero, con la finalidad de poder ofrecer posteriormente una inter-
pretación de los resultados de la optimización combinada aeroelástica y estructural.
Los resultados de la optimización estructural sirvieron para obtener el espesor optimo
del tablero y las áreas de los cables del sistema de atirantamiento óptimas para cada
geometría del tablero, así como las fuerzas de pretensado óptimas. Se realizaron 81
optimizaciones a lo largo del dominio considerado.

Finalmente se realizo la optimización combinada, obteniendo resultados altamente
satisfactorios. Estos resultados fueron analizados en base a los estudios de variación
de parámetros realizados anteriormente, comparándolos con los resultados de la op-
timización estructural sin incluir la condición aeroelástica. Los resultados óptimos
obtenidos fueron interpretados teniendo en cuenta el ángulo de la esquina de las ge-
ometrías óptimas, obteniendo resultados concordantes con los principios generalmente
aceptados en la industria.

A.4 Conclusiones y líneas futuras de investigación

La principal contribución de este trabajo es la formulación de una metodología pu-
ramente computacional para la optimización de puentes de gran vano considerando
condiciones de tipo aeroelástico y estructural, incluyendo variables de diseño de forma
y tamaño del tablero, y de tamaño en el sistema de atirantamiento. Esta metodología
ha sido probada en dos casos de aplicación, dando lugar a las siguientes conclusiones.

En el capítulo 6 se realizo la caracterización numérica de la respuesta aerodinámica de
una sección mediante el uso de varios modelos de turbulencia y los resultados fueron
validados experimentalmente. Esto pone de manifiesto las capacidades de los análisis
de CFD para caracterizar aerodinámicamente cualquier tipo de sección. Además, las
limitaciones en la aplicabilidad de la formulación quasi-estacionaria fueron mostradas
en este apartado, dando lugar a su evaluación y cuantificación.

En el capítulo 7 se adoptó un tipo de sección que satisface las limitaciones del método,
y su aplicación fue totalmente satisfactoria. La optimización combinada estructural y
aeroelástica fue realizada en un puente de gran vano atirantado obteniendo el diseño
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de tablero optimo para la velocidad de flameo mínima prescrita. Además se realizaron
varias optimizaciones variando el límite de la velocidad de flameo, y se descubrió que
la geometría optima de tablero depende de esta limitación. En este caso en particular,
la forma esta principalmente controlada por el ancho, que varia haciendo la sección
más aerodinámica cuanto más exigente es la condición aeroelástica.

Para terminar, se proponen una serie de líneas futura de investigación en base a la
metodología propuesta y a los resultados obtenidos.

La metodología propuesta puede ser aplicada considerando otras geometrías de tablero
distintas y más complejas. Especial interés tienen las secciones multi-cajón por su
buena respuesta aeroelástica. Además, la separación entre cajones es una variable de
diseño que puede tener una gran relevancia en el diseño óptimo obtenido, como ha sido
el caso del ancho en el caso de aplicación del capitulo 7 de la presente tesis. Además,
los espesores del tablero, que en este trabajo se han considerado uniformes, pueden
modelarse mediante varias variables de diseño, lo que ayudará a conseguir diseños
todavía más eficientes.

Por otro lado, los casos de aplicación en este trabajo han sido puentes atirantados,
debido a su pujante uso en la última década. Sin embargo, esta metodología puede
aplicarse también para puentes colgantes, lo que sin duda ayudara a alcanzar vanos
mayores en el futuro.

Otra posible futura linea de investigación esta relacionada con los fenómenos aeroelás-
ticos considerados en el problema de optimización. En este trabajo, se ha incluido el
flameo, ya que es el más condicionante en el diseño de puentes, puesto que puede causar
el colapso de la estructura. Sin embargo, existen otros fenómenos que pueden afectar
al diseño de los puentes, como puede ser el bataneo, el desprendimiento de torbellinos
o la vibración de cables, entre otros. La inclusión de condiciones de diseño relacionadas
con estos fenómenos en el proceso de optimización llevara a diseños mas fiables. En
la misma línea, se pueden añadir condiciones de otra naturaleza, como por ejemplo
relacionadas con respuestas estructurales más complejas o con otros fenómenos como
los terremotos.

Otra mejora que se podría realizar a la metodología propuesta esta relacionada con el
modelo subrogado. En el presente trabajo dicho modelo se realiza antes de realizar la
optimización, y se evalúa a lo largo de ella. Sin embargo existen muchos trabajos de
investigación que proponen la actualización del modelo subrogado según el proceso de
optimización avance. Esto implicaría la realización de análisis de CFD durante la op-
timización, lo cual implicaría la automatización de diversas tareas, como la generación
de malla, y llevaría aparejado un alto coste computacional.

En lo que se refiere a las metodologías numéricas aplicadas, que en el caso de este
trabajo es la optimización, la versatilidad de la metodología propuesta permite incluir
otro tipo de algoritmos numéricos, como podría ser el caso de optimización probabilista.
La inclusión de propiedades aleatorias en el análisis de flameo es muy adecuado, dada
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su naturaleza azarosa y las incertidumbres asociadas a las técnicas empleadas para su
análisis.
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Extended summary in Galician

According to the regulations of Universidade da Coruña, adopted on July 17, 2012, an
extended summary of the thesis in Galician is included.

B.1 Introdución e obxectivos

A construción e ampliación de infraestructuras de transporte para a comunicación
entre as rexións do mundo é unha das principais bases para o crecemento económico. A
comunicación de persoas e intercambio de bens e servizos é un feito en auxe nun mundo
cada vez máis interconectado. Con todo, as construción de ditas infraestructuras vese
ás veces limitada pola presenza de barreiras físicas, como ríos ou vales, que limitan ou
encaren a viabilidad dos proxectos.

As pontes foron ao longo da historia un elemento de unión entre pobos que facilitaron a
comunicación entre lugares que a natureza separou. Os efectos económicos da constru-
ción de pontes non deixan lugar a ningunha dúbida, como foi o caso do Golden Gate
en San Francisco, EEUU, que axudo a reactivar a economía da cidade durante a crise
dos anos 30. O seu gran efectividad ha ter como consecuencia o incremento no número
destas construcións, así como o seu tamaño, alcanzando actualmente vans de case 2
km, como é o caso da ponte sobre o estreito de Akashi, en Xapón. O crecemento dos
vans principais foi liderado históricamente por pontes colgantes. Con todo, na última
década, o crecemento do van principal de pontes atirantados fai que se considere esta
tipología como unha alternativa moi competente para pontes de gran van.

Con todo, o crecemento do van principal das pontes fai que os problemas relacionados
coas cargas producidas polo vento sexa máis e máis importantes. A presenza de fenó-
menos aeroelásticos no deseño de pontes é coñecido desde principios do século XIX, a
raíz do colapso do Brighton Chair Pier, en Reino Unido, ou do Wheeling Bridge, en
EEUU. Con todo, o colapso que máis afectou ao deseño de pontes de gran van foi o

275
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colapso da ponte de Tacoma, que propiciou o estudo rigoroso dos fenómenos aeroelásti-
cos adoptando técnicas experimentais típicamente usadas ata aquela data na aviación.
Desde entón, as técnicas de análises se han ir adaptando e mellorando para estudar
máis rigurosamente os problemas producidos polo vento, dando lugar a deseños cada
vez mais acordes coas limitacións destas estruturas fronte a cargas de vento. A rele-
vancia do deseño do taboleiro móstrase crucial neste aspecto, e é onde se pon o foco
nos principais estudos aerodinámicos e aeroelásticos de pontes.

Na actualidade, as técnicas de cálculo estructural por ordenador permiten a análise
estructural de pontes de xeito preciso e en tempos moi reducidos. Con todo, as téc-
nicas de deseño empregadas seguen estando baseadas no método do fallo-erro, e non
sufriron a evolución que por exemplo ocorreu noutros sectores da ingeniería, como a
aeronáutica, onde o uso de algoritmos de optimización no deseño de aeronaves é habit-
ual. Ademais, as técnicas de análises da resposta aerodinámica e aeroelástica requiren
ensaios en túneles de vento, o que conlleva a desacoplar as análises estructurales e
aeroelásticos durante o proceso de deseño.

O obxectivo desta tese é a formulación dun problema de optimización que considere
simultáneamente condicións estructurales e aeroelásticas usando como variables de
deseño a forma e tamaño do taboleiro, así como as áreas e cargas de pretesado de
todos os cables da ponte. Trátase dun problema que non foi acometido ata a data pola
comunidade científica internacional.

B.2 Metodoloxía

Para poder levar a cabo a optimización de pontes de gran van, é necesario que todas
as condicións estructurales e aeroelásticas do mesmo sexan evaluadas numéricamente.
As respostas estructurales obtéñense hoxe en día en proxectos reais mediante o uso de
modelos de elementos finitos, polo que o seu obtención numérica non é problemática.
Con todo, a avaliación das respostas aerodinámicas e aeroelásticas requiren a real-
ización de ensaios en túneles de vento, o cal non é viable no ámbito dun proceso de
optimización numérica.

Existe unha alternativa aos túneles de vento, que é a Dinámica de Fluídos Computa-
cional (Computational Fluíde Dynamics) (CFD). A súa aplicación no ámbito experi-
mental é bastante ampla, con todo non é usada aínda en proxectos reais. A fiabilidad
dos resultados obtidos mediante esta técnica foi estudada por diferentes autores, con-
cluíndo que o estado actual desta disciplina permite coas necesarias cautelas a súa
aplicación na industria para certos tipos de problemas. É importante mencionar que
a correcta aplicación desta técnica require, entre moitos outros aspectos, a adecuada
selección do modelo de turbulencia para cada caso, ou a correcta elaboración da malla
de volumes finitos.
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Xa que logo, o primeiro paso para levar a cabo a optimización de pontes de gran van
será a implementación numérica dunha metodoloxía que permita obter a velocidade de
flameo de calquera deseño de ponte proposta polo algoritmo de optimización. As téc-
nicas de CFD permiten obter con boa precisión os coeficientes aerodinámicos. Así, as
funcións de flameo necesarias para evaluar o comportamento aeroelástico de seccións de
pontes poden ser aproximadas mediante a aplicación da formulación quasi-stacionaria,
que necesita os coeficientes aerodinámicos obtidos mediante as simulaciones de CFD.
Unha vez obtidas as funcións de flameo, a velocidade de flameo da ponte pódese cal-
cular a partir da resposta dinámica da ponte, dada por modelos de elementos finitos,
e mediante a aplicación da análise multimodal de flameo. Con todo, esta metodoloxía
é aplicable para unha geometría de talero, e debe ser repetida para cada deseño pro-
posto polo algoritmo de optimización. As simulaciones de CFD son moi custosas, con
tempos de cálculo de días ou semanas, e a súa repetición debe ser evitada. Conse-
cuentemente, é necesaria unha formulación que evite a repetición de análise de CFD
e permita a obtención da velocidade de flameo para calquera deseño de taboleiro de
ponte proposta polo algoritmo de optimización.

Neste traballo desenvolveuse dita metodoloxía, que consiste na aplicación de modelos
subrogados para inferir os resultados das análises de CFD para calquera posible ge-
ometría do taboleiro na rexión de deseño. Xa que logo, unha vez definido o dominio
de deseño, realízanse paralelamente unha serie de análise de CFD ao longo de todo o
dominio, de maneira que despois póidase construír un modelo subrogado que emule a
resposta aerodinámica da sección en deseños sen información obtida mediante CFD.
Deste xeito, cada vez que haxa que obter a velocidade de flameo da ponte, no canto
de realizar análise de CFD, se evaluará o modelo subrogado e a resposta aerodinámica
estará dispoñible, reducindo o cálculo da velocidade de flameo a un proceso cunha
duración de poucos minutos.

Unha vez solucionado o problema da obtención da velocidade de flameo numéricamente
e en tempos de computación reducidos, a formulación do problema de optimización
pode levarse a cabo. O problema de optimización consiste en obter o deseño de ponte
coa menor cantidade de material posible que cumpra todas as condicións estructurales
e aeroelásticas. As condicións estructurales consideradas inclúen desprazamentos e
tensións máximas admisibles, estando as limitacións de desprazamentos relacionadas
con limítelos de servizo e as de tensións con limítelos últimos de deseño. As cargas
estáticas consideradas son o peso propio e catro sobrecargas consistentes en cargas
uniformes aplicadas no van lateral esquerdo, o van central, o van lateral dereito, e os 3
vans simultáneamente, respectivamente. Estas condicións son evaluadas en puntos de
control distribuídos ao longo do taboleiro e na parte alta das torres para as limitacións
de desprazamentos, dando lugar a 1104 condicións estructurales nos exemplos de apli-
cación evaluados neste traballo. A condición aeroelástica é a velocidade de flameo da
ponte, que será obtida mediante a metodoloxía descrita no párrafo anterior.

O problema de optimización será implementado de forma que permita a máxima par-
alelización durante a súa ejecución. Lográronse dous niveis de paralelización, un nas
avaliacións realizadas polo algoritmo de optimización, e outro no proceso de obtención
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da velocidade de flameo. Deste xeito, os tempos de cálculo do proceso de optimización
roldan as 2 ou 3 horas nun HPC cluster con suficientes procesadores dispoñibles.

O algoritmo de optimización empregado é o coñecido como secuencia de problemas
cuadráticos (Sequential Quadratic Programming) (SQP), dadas as súas altas presta-
ciones, demostradas en aplicacións na industria nos último 30 anos. Descartouse a
aplicación de algoritmos xenéticos dado o alto custo computacional que supoñería.

B.3 Resultados

Os resultados desta investigación móstranse nos capítulos 6 e 7, onde a metodoloxía
proposta é aplicada a pontes atirantados de vans de 658 e 1316 metros. A sección do
taboleiro considerada no capítulo 6 é un segmento circular, mentres que no capítulo 7
estúdase unha sección en caixón aerodinámico.

O capítulo 6 estuda un dominio de deseño da sección do taboleiro consistente en
segmentos circulares que varían desde seccións circulares ata a placa plana. Dita
geometría está parametrizada polo ángulo da esquina β, que toma valores desde β =
20◦ ata β = 90◦. O uso de seccións circulares é crecente en pasarelas e pontes de
vans reducidos dada a súa alta compoñente estética. Algunhas aplicacións prácticas
pódense atopar na Pasarela Igollo de Camargo en Santander, España, na Art Institute
Footbridge, en Chicago, EEUU, ou na Pasarela sobre o Río Lérez en Pontevedra,
España. Ademais certas geometrías de seccións de pontes de gran van aerodinámicas
poden ser aproximadas a segmentos circulares con valores do ángulo da esquina baixos.

A caracterización aerodinámica da sección considerada no capítulo 6 é moi depen-
dente do modelo de turbulencia utilizado nas análises de CFD. Por iso, empregáronse
o modelo de turbulencia de Menter k− ω SST, aplicáronse correcciones a este modelo
de dous tipos, low-Reynolds-number e de curvatura, e tamén se empregaron modelos
de turbulencia de catro ecuaciones como o modelo de turbulencia Transition SST. A
correcta aplicación de cada modelo en cada un dos casos serviu para a determinación
da resposta aerodinámica de devandita sección en todo o seu dominio. Ademais, real-
izáronse ensaios experimentais no túnel de vento da Universidade dá Coruña de tres
modelos seccionales correspondentes ás seccións β = 90◦, β = 60◦ e β = 40◦, para a
correcta validación dos resultados numéricos. A partir destes resultados, realizáronse
aproximaciones mediante funcións para representar de forma analítica os resultados
obtidos ao longo do dominio geométrico considerado.

A partir destas funcións de aproximación, as funcións de flameo pódense obter para
todo o dominio aplicando a formulación quasi-estacionaria. Dado que neste exemplo
de aplicación as hipóteses e condicións de aplicabilidad de dita formulación non se
cumpren para todos os deseños do dominio, isto permitiu identificar o alcance das
limitacións na aplicabilidad do método.
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A continuación, as velocidades de flameo da ponte de 658 metros de van obtense en base
a funcióneas de flameo numéricas, e compáranse coas velocidades de flameo obtidas
usando as funcións de flameo experimentais. As seccións que non cumpren as hipóteses
da formulación quasi-estacionaria presentan resultados erróneos, mentres que as que si
as cumpren presentan resultados máis adecuados.

A optimización combinada estructural e aeroelástica lévase a cabo para poñer de man-
ifesto o seu rendemento numérico, e ver como afectan as limitacións nas hipóteses de
partida nos resultados, servindo as conclusións obtidas como punto de partida para o
caso de aplicación presentado no capítulo 7, que si que verifica ditas hipótese.

No capítulo 7 a sección considerada é unha sección aerodinámica en caixón, típicamente
usada en pontes de gran van. A sección é coñecida como a sección G1 de Scanlan, pola
súa famosa publicación de 1971 onde se definiron as funcións de flameo. Esta sección
é moi similar á do taboleiro da ponte do Great Belt, en Dinamarca, actualmente a
ponte co terceiro maior van do mundo, con 1624 metros. As variacións consideradas
para esta sección consisten en variacións de ±10% no seu ancho B e canto H, dando
lugar a un amplo rango de geometrías. Seccións similares ás incluídas neste dominio
de deseño son as das pontes de Tsing Ma, en Chinesa, de Höga Kusten, en Suecia, ou
o de Xiangshan Harbor, tamén en Chinesa.

A caracterización aerodinámica das seccións levar a cabo mediante 30 simulaciones de
CFD considerando 15 geometrías distintas usando o modelo de turbulencia de Menter
k−ω SST. Os resultados foron validados para tres seccións mediante a construción de
tres maquetas mediante impresión 3D que posteriormente foron ensaiadas no túnel de
vento da Universidade dá Coruña. Os resultados da validación foron satisfactorios. A
partir dos resultados obtidos mediante CFD, un modelo subrogado de tipo Kriging foi
construído para definir as superficies de resposta dos tres coeficientes aerodinámicos e
os seus pendentes no dominio de deseño.

A partir destas superficies de resposta, as funcións de flameo foron obtidas para todo
o dominio de deseño, e as tres seccións con información experimental dispoñible foron
empregadas para validar os resultados, sendo esta validación satisfactoria.

Posteriormente obtívose a velocidade de flameo en todo o dominio de deseño geométrico
dunha ponte atirantado de 658 metros de van como o empregado no capítulo 6, e os
resultados foron nuevamente validados usando as funcións de flameo experimentais
para calcular a velocidade de flameo, mostrando erros relativos entre os resultados
numéricos e experimentais moi reducidos.

Dado que a metodoloxía numérica é apropiada para obter a velocidade de flameo de
forma numérica, dunha ponte suxeita a variacións de forma no seu taboleiro, é in-
teresante estudar como afectan certas propiedades da ponte á velocidade de flameo
do mesmo, como son as súas propiedades de rixidez, masa, tamaño e outras. Xa que
logo, realizáronse unha serie de estudos de variación de parámetros para comprender
a influencia de cada unha destas propiedades sobre a velocidade de flameo da ponte
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no dominio considerado. Esta vez usouse unha ponte atirantado de maior van, conc-
retamente 1316 metros, similar ao actual récord do mundo, a ponte Russky, en Rusia.

O seguinte paso foi realizar a optimización estructural da ponte para diferentes ge-
ometrías do taboleiro, coa finalidade de poder ofrecer posteriormente unha inter-
pretación dos resultados da optimización combinada aeroelástica e estructural. Os re-
sultados da optimización estructural serviron para obter o espesor optimo do taboleiro
e as áreas dos cables do sistema de atirantamiento óptimas para cada geometría do
taboleiro, así como as forzas de pretensado óptimas. Realizáronse 81 optimizaciones
ao longo do dominio considerado.

Finalmente realizar a optimización combinada, obtendo resultados altamente satisfac-
torios. Estes resultados foron analizados en base aos estudos de variación de parámet-
ros realizados anteriormente, comparándoos cos resultados da optimización estructural
sen incluír a condición aeroelástica. Os resultados óptimos obtidos foron interpreta-
dos tendo en conta o ángulo da esquina das geometrías óptimas, obtendo resultados
concordantes cos principios generalmente aceptados na industria.

B.4 Conclusións e liñas futuras de investigación

A principal contribución deste traballo é a formulación dunha metodoloxía puramente
computacional para a optimización de pontes de gran van considerando condicións de
tipo aeroelástico e estructural, incluíndo variables de deseño de forma e tamaño do
taboleiro, e de tamaño no sistema de atirantamiento. Esta metodoloxía foi probada
en dous casos de aplicación, dando lugar ás seguintes conclusións.

No capítulo 6 realizar a caracterización numérica da resposta aerodinámica dunha
sección mediante o uso de varios modelos de turbulencia e os resultados foron validados
experimentalmente. Isto pon de manifesto as capacidades das análises de CFD para
caracterizar aerodinámicamente calquera tipo de sección. Ademais, as limitacións na
aplicabilidad da formulación quasi-estacionaria foron mostradas neste apartado, dando
lugar á súa avaliación e cuantificación.

No capítulo 7 adoptouse un tipo de sección que satisfai as limitacións do método, e
a súa aplicación foi totalmente satisfactoria. A optimización combinada estructural
e aeroelástica foi realizada nunha ponte de gran van atirantado obtendo o deseño de
taboleiro optimo para a velocidade de flameo mínima prescrita. Ademais realizáronse
varias optimizaciones variando o límite da velocidade de flameo, e descubriuse que a
geometría optima de taboleiro depende desta limitación. Neste caso en particular, a
forma esta principalmente controlada polo ancho, que varia facendo a sección máis
aerodinámica canto máis esixente é a condición aeroelástica.

Para terminar, propóñense unha serie de liñas futura de investigación en base á
metodoloxía proposta e aos resultados obtidos.
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A metodoloxía proposta pode ser aplicada considerando outras geometrías de taboleiro
distintas e máis complexas. Especial interese teñen as seccións multi-caixón pola súa
boa resposta aeroelástica. Ademais, a separación entre caixóns é unha variable de
deseño que pode ter unha gran relevancia no deseño óptimo obtido, como foi o caso
do ancho no caso de aplicación do capitulo 7 da presente tese. Ademais, os espesores
do taboleiro, que neste traballo consideráronse uniformes, poden modelarse mediante
varias variables de deseño, o que axudará a conseguir deseños aínda máis eficientes.

Doutra banda, os casos de aplicación neste traballo foron pontes atirantados, debido á
súa pujante uso na última década. Con todo, esta metodoloxía pode aplicarse tamén
para pontes colgantes, o que sen dúbida axudase a alcanzar vans maiores no futuro.

Outra posible futura linea de investigación esta relacionada cos fenómenos aeroelásticos
considerados no problema de optimización. Neste traballo, incluír o flameo, xa que é o
máis condicionante no deseño de pontes, posto que pode causar o colapso da estrutura.
Con todo, existen outros fenómenos que poden afectar ao deseño das pontes, como pode
ser o bataneo, o desprendimiento de torbellinos ou a vibración de cables, entre outros.
A inclusión de condicións de deseño relacionadas con estes fenómenos no proceso de
optimización levase a deseños mais fiables. Na mesma liña, pódense engadir condicións
doutra natureza, por exemplo relacionadas con respostas estructurales máis complexas
ou con outros fenómenos como os terremotos.

Outra mellora que se podería realizar á metodoloxía proposta esta relacionada co
modelo subrogado. No presente traballo devandito modelo realízase antes de realizar
a optimización, e se evalúa ao longo dela. Con todo existen moitos traballos de in-
vestigación que propoñen a actualización do modelo subrogado segundo o proceso de
optimización avance. Isto implicaría a realización de análise de CFD durante a opti-
mización, o cal implicaría a automatización de diversas tarefas, como a xeración de
malla, e levaría aparejado un alto custo computacional.

No que se refire ás metodoloxías numéricas aplicadas, que no caso deste traballo é a
optimización, a versatilidad da metodoloxía proposta permite incluír outro tipo de al-
goritmos numéricos, como podería ser o caso de optimización probabilista. A inclusión
de propiedades aleatorias na análise de flameo é moi adecuado, dada a súa natureza
azarosa e as incertezas asociadas ás técnicas empregadas para a súa análise.
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