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ABSTRACT 

This note analyzes the equilibrium dynamics in the neoclassical growth model with habit-forming preferences and elas- 
tic labor supply. Habits enter into utility in a multiplicative way. The specification of the habit formation process com- 
prises the particular cases of internal and external habits. Existence, uniqueness and saddle-path stability of the steady 
state are proved analytically. 
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1. Introduction 

This note analyzes the equilibrium dynamics in the neo- 
classical growth model with habit formation and elastic 
labor supply. In our model utility is additively separable 
and CRRA in adjusted consumption and leisure, and 
habits enter utility in a multiplicative way. These are 
specifications commonly used in the literature. Specifi- 
cally, we demonstrate analytically that the steady state is 
unique and (locally) saddle-path stable, so that the equi- 
librium is (locally) uniquely determined. 

Habit-forming preferences have been widely incorpo- 
rated to dynamic macroeconomic models. The reason is 
that they help to explain some empirical facts difficult to 
accommodate with standard time-separable preferences 
as, e.g., the equity premium puzzle (e.g., [1,2]), the sav- 
ings-growth nexus (e.g., [3]) or the effects of monetary 
policy (e.g., [4]). In habit-formation models individual’s 
utility depends on her current consumption and also on 
how it compares to a reference level of consumption— 
the habits stock. The literature distinguishes between 
internal habits (IH), which are formed from individual’s 
own past consumption (e.g., [2,4]), and external habits 
(EH), which are formed from average economy-wide 
past consumption (e.g. [1,5]). Hence, we consider a spe- 
cification of the habit formation process which com-
prises the particular cases of internal and external hab-
its. 

Previous work has analyzed the equilibrium dynamics 
of growth models with habit formation, mainly in AK- 
type growth models (e.g. [6-10]). However, in all these 
works labor supply is assumed to be inelastically pro- 
vided. A notable exception is [11], which considers a 

growth model with elastic labor supply. Given the com- 
plexity of the system that drives the dynamics of the 
economy, saddle-point stability of the steady state in this 
kind of models is often taken as guaranteed and some- 
times supported by numerical simulations (e.g. [9,11])1. 
The present paper demonstrates that economies, as de-
scribed above, do in fact generally have saddlepoint sta-
ble steady states. Therefore, this paper is also related to 
previous works that study analytically the stability prop-
erties of equilibrium in growth models (e.g. [12,13]), or 
that intend to provide solid mathematical foundations to 
growth models with habit formation (e.g., [8,14,15]). 

The remaining of the paper is organized as follows. 
Section 2 presents the model. Section 3 analyzes the equi- 
librium dynamics. Section 4 concludes. 

2. Setup of the Model 

Consider an economy populated by N identical infi- 
nitely-lived representative agents that grows at the ex- 
ogenous rate N N n . The intertemporal utility de- 
rived by the agent is 
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(1) 

1Actually, Alvarez-Cuadrado, Turnovsky and Monteiro [9, p. 57] state 
that “To ensure that we do in fact have two opposite roots requires 
extra conditions, which unfortunately turn out to be intractable. In all 
of our simulations, however, we find that [the steady state]… exhibits 
saddle point behavior”. 
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where Ci and Hi are agent’s i consumption and reference 
consumption level (habits stock), respectively, Li is 
agent’s i work time,  reflects the importance of habits in 
utility,  is the rate of time preference,  denotes the in- 
verse of the labor supply elasticity, and 1/ is the in- 
tertemporal elasticity of substitution of consumption in 
the time-separable case  0  . The assumption that 

1   is taken from [8,14], which show that otherwise 
the optimization problem might not be well-defined in a 
similar model with inelastic labor supply. 

Following [9], the reference consumption level is 
formed as an exponentially declining average of past 
consumption according to 

       1e d ,0
t s t

i iH t C s C s s
  


  1, 0,     (2) 

where 
0 ii

 denotes the economy-wide av- 
erage consumption. Setting  = 1 corresponds to the in- 
ternal habit formation case, in which the reference stock 
is formed as an exponentially declining average of own 
past consumption. Setting  = 0 corresponds to the ex- 
ternal habit formation case, in which the reference stock 
is formed as an exponentially declining average of 
economy-wide average past consumption. The case 0 <  < 
1 corresponds to an intermediate case, in which the ref-
erence stock is formed as an exponentially declining av-
erage of own and average past consumption. The rate of 
adjustment of the reference stock is then 

N
C C N 

 1
i i iH C C H               (3) 

Individual output, Yi, is determined by the Cobb- 
Douglas technology 

1 , 0,0i i iY BK L B     1

i

,         (4) 

where Ki is the individual’s capital stock. The agent’s 
budget constraint is 

 1
i i i iK BK L C n K               (5) 

where  is the rate of depreciation of capital. 

3. The Equilibrium 

The agent chooses Ci, Li, Ki, and Hi to maximize indi- 
vidual’s intertemporal utility (1) subject to her budget 
constraint (5) and the constraint on the accumulation of 
the habits stock (3). Let J be the current value Hamilto- 
nian of the agent’s optimization problem, 
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The first-order conditions for an interior optimum are 
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plus the transversality condition 

lim lim 0t t
i i i i
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         (6e) 

We focus on a symmetric equilibrium in which, with 
all agents being identical,  

, , , , andi i i i i iC C C K K H H L L           .  
Hence, (6a) yields 

 1 0C H         .           (7) 

Defining q    , from (7) we get 

   1 1C H q    



,          (8a) 

  1 1C H q q               (8b) 

From (6b) and (8a), we find the following expression 
of the work time L as a function of K, C, H and q: 
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Differentiating (7) with respect to time, we get 

     1 1 11 1 0C H C C H H                      . 

(10) 

From (7) and (6b), we obtain 

  C C

H H
                   (11) 

The system that drives the dynamics of the economy is 
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       (6a) 

where L is given by (9). Equation (12d) is obtained from 
(3), using that C C . Equation (12a) is obtained by 
substituting for H  from (12d),   from (6c) and   
from (11) into (10), and using (8). Equation (12b) is the 
budget constraint (5). Equation (12c) is obtained by sub- 
stituting for   from (6c) and   from (11) into 
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q q        . 
Now, we focus on an interior steady state. An overline 

will denote the steady-state value of a variable. The fol- 
lowing proposition states the existence and uniqueness of 
a steady state. 

Proposition 1. The economy has a unique steady state 
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and the steady-state value of the work time is 
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Proof. Let 1 1r BK L    . Imposing 
, the steady state of (12) is the solu- 

tion of the system 
0C K q H     
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Equation (17) entails that C H , which substituted 
into (14) yields 

    1r n q 1                  (18) 

From (16) and (18), we obtain (13c). Now, from (18) 
we get 

r n                    (19) 

From (19) and 1 1r BK L    , we have that 
 1 1BK L n K         , which substituted into 

(15) yields (13b). Substituting C  and H  for (13b) 
into (9) we get (13d). Substituting L  for (13d) into 

1 1r BK L    , using (19), we get (13a) after simplify- 
cation. The transversality condition (6e) can be easily 
shown to be equivalent to 0  . ■ 

The following Lemma will be used to study the stabil- 
ity of the steady state. 

Lemma 1. Let the characteristic equation for a matrix 
B of order 4  4 be 

  4 3 2
1 0π π 0p   3 2π π   

0

   . 

If 0 1 3 , the matrix B features two 
(stable) roots with negative real parts. 

π 0,π 0 and π 

Proof. The number of roots of the characteristic equa- 
tion with negative real parts (stable roots) is equal to the 
number of roots of the polynomial 
  4 3π πp    2 π 3 2 1 0π    

3 1

 with positive real 
parts. Using the Routh-Hurwitz theorem (e.g., [16]), the 
number of stable roots is then equal to the number of 
variations of sign in the scheme 

21 π π  0  

where  1 2 3 1 3ππ π π    and  
 2

2 1 3 0 2 3 1π 1 3 0 1π π π π π π π π       . If  

1 0   then 2 0  , and so, we have the scheme 

      

Hence, there are two variations in sign. If 1 0   we 
have the configuration 

?     

where a question mark represents an unknown sign, 
which could be even zero. Irrespective of the unknown 
sign (even if it is zero), there are two variations in sign. If 

1 0  , we substitute 1  for a positive constant  than 
tends to zero, and we obtain the following configuration 

0     

Since the sign of the entry to the left of the zero is dif- 
ferent to that to the right of it, this indicates a change of 
sign, and so, there are two variations in sign. Hence, in 
any case there are two variations in sign, and so, B has 
two (stable) roots with negative real parts. ■ 

The following proposition establishes the saddle-path 
stability of the steady state. 

Proposition 2. The steady state of the economy de- 
scribed by (13a)-(13c) is locally saddle-path stable. 

Proof. Linearizing (12) around its steady state (13) we 
obtain 
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with r n     ,   1n        , and  

 1      . 

The characteristic equation for the matrix B is 

  4 3 2
3 2 1 0π π π π 0p            

where 3 is the opposite of the trace of B,  3π tr B  ; 
2 is the sum of all the leading principal minors of order 
2 of B; 1 is the opposite of the sum of all the leading 
principal minors of order 3 of B, and 0 is the determi- 
nant of B,  0π det B . It can be proved by direct com- 
putation that 
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Using Lemma 1, the matrix B has two stable roots. 
Since the system (12) features two predetermined vari- 
ables, K and H, the number of stable roots is equal to the 
number of predetermined variables. Hence, the steady 
state  , , ,C K q H  is locally saddle-path stable. ■ 

In accordance with the results reported in [9] for a 
similar model with inelastic labor supply, numerical ex- 
perimentation shows that the stable roots may also be 
real or complex when labor supply is elastically supplied. 
For example, the parameterization B = 1,  = 0.4,  = 
0.04, n = 0.01,  = 0.04,  = 1.5,  = 0.3,  = 0.1, v = 4,  = 
0.8,  = 1 yields the (complex) stable roots –0.08597  
0.01709i. If the speed of adjustment is reduced from  = 
0.1 to  = 0.02, the (real) stable roots are –0.08942 and 
–0.01812. Hence, the equilibrium path could converge to 
the steady state through damped oscillations. 

4. Conclusions 

This paper has analyzed the equilibrium dynamics of the 
neoclassical growth model with multiplicative habits and 
elastic labor supply. The specification of habit formation 
comprises the particular cases of internal and external 
habits. Uniqueness and saddle-path stability of the steady 
state is proved analytically. The stability analysis shows 
that the transitional dynamics of the model is represented 
by a two-dimensional stable saddle-path. This provides a 
much richer dynamics for the transition paths relative to 
the standard neoclassical growth model without habits 
(e.g., [17]) or the AK endogenous growth model with 
habit formation (e.g., [6]) that feature a single stable root 
and a one-dimensional stable saddle-path. 

In this paper we have assumed that leisure and ad- 
justed consumption are additively separable in utility, 
and that habits enter utility in a multiplicative way. In- 
teresting extensions would be to analyze whether the 
saddle-point stability result is robust with respect to a 
non-separable specification of adjusted-consumption and 
leisure, and with respect to habits entering utility in an 
subtractive way (e.g., [2]) or even in a more general way 
(e.g., [18,19]). These issues will be the subject of future 
research. 
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