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heating cooling

Ωc

Ωs

Ω = Ωs ∪ Ωc ∪ S0

[0, T ] [0, T ] = [0, Th) ∪ [Th, Tc] Tc > Th > 0

[0, Th)

b(θ)|At +∇φ|2

a m r

a + m + r = 1 0 ≤ a, m, r ≤ 1 Ωs × [0, T ]

r(0) = 1 Ωs m = 0

Ωs × [0, Th]

r

t = Th [Th, Tc]
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D

Γ

Ωs

Ωc

S0

D Ω = Ωs ∪ Ωc ∪ S0 Γ ⊂ Ωc Ωc

Ω = Ωc ∪ Ωs ∪ S0

Γ ⊂ Ωc Ωc

Ωs

φ

A = (A1, A2, A3) σ = (σij)1≤i,j≤3 σij = σji

1 ≤ i, j ≤ 3 u = (u1, u2, u3) a

θ A D

Ω

φ θ Ω

Ωc σ u a

Ωs

∇ · (b(θ)∇φ) = 0 ΩTh
= Ω × (0, Th),

∂φ

∂n
= 0 ∂Ω × (0, Th),

[
b(θ)

∂φ

∂n

]

Γ

= jS Γ × (0, Th),



b0(θ)At + ∇×
(

1

µ
∇× A

)
− δ∇(∇ · A) = −b0(θ)∇φ D × (0, Th),

A = 0 ∂D × (0, Th),

A(0) = A0 Ω,

−∇ · σ = F Ωs × (0, Th),

σ = K

(
ε(u) − A1(a, m, θ)I −

∫ t

0

γ(a, m, at, mt, θ)S dτ

)
,

u = 0 Γ0 × (0, Th),

σ n = 0 Γ1 × (0, Th),

at =
1

τa(θ)
(aeq(θ) − a)H(θ − As) Ωs × (0, Th),

a(0) = 0 Ωs,

α(θ, a, m, σ)θt −∇ · (κ(θ)∇θ) + 3κ̄q(a, m)θ (∇ · ut − 3A2(at, mt, θ)) =

= b(θ)|At + ∇φ|2 − ρLaat + A2(at, mt, θ) tr σ + γ(a, m, at, mt, θ)|S|2 ΩTh
,

∂θ

∂n
= 0 ∂Ω × (0, Th),

θ(0) = θ0 Ω.

b(θ) b(θ) (x, t) �→ b(x θ(x

t)) κ(θ) [ · ]Γ Γ jS

D

A ∂D

σ a Ωs Ω

Ωs −ρLaat b0(x, s) = b(x, s)

x ∈ Ω b0(x, s) = 0 µ = µ(x) δ > 0

F F = 0 K = Kijkl 1 ≤ i, j, k, l ≤ 3

Kijkl = λ̄δijδkl + µ̄(δikδjl + δilδjk), i, j, k, l ∈ {1, 2, 3}

λ̄ ≥ 0 µ̄ > 0 ε(u) = 1
2
(∇u+∇uT )

A1(a, m, θ)I I 3 × 3



A1(a, m, θ)

A1(a, m, θ) = qaa(θ − θa) + qmm(θ − θm) + qr(1 − a − m)(θ − θr),

qa qm qr a

m r θa θm θr

m = 0
∫ t

0
γ(a, m, at, mt, θ)S dτ γ

S = σ− 1
3
tr σI

σ Γ0 Γ1 ∂Ωs

n Γ1

τa(θ) aeq(θ)

H κ(θ)

α(θ, a, m, σ) = ρcε − 9κ̄q(a, m)2θ − q(a, m) tr σ,

ρ cε

κ̄ = 1
3
(3λ̄ + 2µ̄) q(a, m)

q(a, m) = qaa + qmm + (1 − a − m)qr;

A2(at, mt, θ) = qaat(θ − θa) + qmmt(θ − θm) − qr(at + mt)(θ − θr).

La > 0

ρ cε La a m θ

∇ · A = 0

A
−δ∇(∇ · A)

r(0) = 1



γ(a, m, at, mt, θ)|S|2 ≥ 0

at ≥ 0 −ρLaat ≤ 0

aTh
= a(Th) aTh

Th θTh
= θ(Th)

−∇ · σ = F Ωs × (Th, Tc),

σ = K

(
ε(u) − A1(a, m, θ)I −

∫ t

0

γ(a, m, at, mt, θ)S dτ

)
,

u = 0 Γ0 × (Th, Tc),

σ n = 0 Γ1 × (Th, Tc),

at =
1

τa(θ)
(aeq(θ) − a)H(θ − As) Ωs × (Th, Tc),

a(Th) = aTh
Ωs,

mt = cm(1 − m)H(−θt)H(Ms − θ) Ωs × (Th, Tc),

m(Th) = 0 Ωs,

α(θ, a, m, σ)θt −∇ · (κ(θ)∇θ) + 3κ̄q(a, m)θ (∇ · ut − 3A2(at, mt, θ)) =

= −ρLaat + ρLmmt + A2(at, mt, θ) tr σ + γ(a, m, at, mt, θ)|S|2 Ω × (Th, Tc),

∂θ

θn
= β(x, t)(θ − θe) ∂Ω × (Th, Tc),

θ(Th) = θTh
Ω.



cm > 0 Lm > 0

β(x, t)

β(x, t) =

{
0 ∂Ω ∩ ∂Ωc,
β0(t) ∂Ω ∩ ∂Ωs.

β0(t) > 0 θe

Tc − Th

φ A
M(x, t) = Re [eiωtM(x)] M ω =

2πf f M

t 1/ω

ϕ A j

φ = Re[eiωtϕ(x, t)], A = Re[eiωtA(x, t)], jS = Re[eiωtj(x)].

ϕ A

ϕ A θ

f

ϕ A At

|At+∇φ|2

[t, t + ω]

1

ω

∫ t+ω

t

|At + ∇φ|2 � 1

2
|iωA + ∇ϕ|2.



1
2
b(θ)|iωA + ∇ϕ|2

A ϕ

[t, t + ω]

∇ · (b(θ)∇ϕ) = 0 ΩTh
= Ω × (0, Th),

∂ϕ

∂n
= 0 ∂Ω × (0, Th),

[
b(θ)

∂ϕ

∂n

]

Γ

= j Γ × (0, Th),

b0(θ)iωA + ∇×
(

1

µ
∇× A

)
− δ∇(∇ · A) = −b0(θ)∇ϕ D × (0, Th),

A = 0 ∂D × (0, Th),

−∇ · σ = F Ωs × (0, Th),

σ = K

(
ε(u) − A1(a, m, θ)I −

∫ t

0

γ(a, m, at, mt, θ)S dτ

)
,

u = 0 Γ0 × (0, Th),

σ n = 0 Γ1 × (0, Th),

at =
1

τa(θ)
(aeq(θ) − a)H(θ − As) Ωs × (0, Th),

a(0) = 0 Ωs,

α(θ, a, m, σ)θt −∇ · (κ(θ)∇θ) + 3κ̄q(a, m)θ (∇ · ut − 3A2(at, mt, θ)) =

=
1

2
b(θ)|iωA + ∇ϕ|2 − ρLaat + A2(at, mt, θ) tr σ + γ(a, m, at, mt, θ)|S|2 ΩTh

,

∂θ

∂n
= 0 ∂Ω × (0, Th),

θ(0) = θ0 Ω.

σ = 0 u = 0



σ = 0 u = 0

D Ω = Ωs ∪ Ωc ∪ S Γ

D \ Ω̄ µ

µ(x) =






µ0 x ∈ D \ Ω̄,
0.99995µ0 x ∈ Ωc,
2.24 × 103µ0 x ∈ Ωs,

µ0 = 4π × 10−7 2
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t = 1 t = 3 t = 5.5
t = 6 t = 7 t = 5.5

[1050, 1670] ◦



Th = 5.5

Tc = 11

D

P2 ϕ A θ

P1 a m

θ0 =

300◦ t = 5.5

[1050, 1670] (◦

T = 5.5

t = 11



Austenite: t = 5.5s (left), t = 6.5s (center) and t = 7s (right)

Martensite: t = 5.5s (left), t = 6.5s (center) and t = 7s (right)

Austenite: t = 8s (left), t = 9s (center) and t = 11s (right)

Martensite: t = 8s (left), t = 9s (center) and t = 11s (right)

t = 5.5

t = 11








