


Ω̃ R

L

Ω̃ Ω ΩS := Ω1 ∪ · · ·∪Ωm Ωk

k = 1, · · · , m Ωt

t Ωt ∩ΩS = ∅ t ΩA
t := Ω \ (ΩS ∪Ωt)

Γ0 ∂Ω

(r = 0) ΓD := ∂Ω \ Γ0
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0 < σ ≤ σ ≤ σ,

σ = 0,

curlH = J ,
∂B

∂t
+ curlE = 0,

div B = 0.

B = µH ,

J =






σE,
JS,
0,

J

Ωt. σ Ωt,

J = σE + JS.

θ

J(t, r, θ, z) = J(t, r, z)eθ.

H(t, r, θ, z) = Hr(t, r, z)er + Hz(t, r, z)ez,

B(t, r, θ, z) = Br(t, r, z)er + Bz(t, r, z)ez,

E(t, r, θ, z) = E(t, r, z)eθ,



A B,

B = curlA,

A(t, r, θ, z) = A(t, r, z)eθ

−E =
∂A

∂t
.

A

curl

(
1

µ
curlA

)
= J = Jeθ,

J =






0 ΩA
t

−σ(t)
∂A

∂t
Ωt

JS ΩS






σ(t)
∂A

∂t
eθ + curl

(
1

µ
curl (Aeθ)

)
= 0 Ωt

curl

(
1

µ
curl (Aeθ)

)
= JSeθ ΩS,

curl

(
1

µ
curl (Aeθ)

)
= 0 ΩA

t .

L2
r(Ω) A Ω

‖A‖2
L2

r(Ω) :=

∫

Ω

|A|2r dr dz < ∞.

Hk
r (Ω) L2

r(Ω)

k L2
r(Ω).

|A|2H1
r (Ω) :=

∫

Ω

(
|∂rA|2 + |∂zA|2

)
r dr dz.



L2
1/r(Ω) A Ω

‖A‖2
L2

1/r
(Ω) :=

∫

Ω

|A|2
r

dr dz < ∞.

H̃1
r (Ω)

H̃1
r (Ω) :=

{
A ∈ H1

r (Ω) : A ∈ L2
1/r(Ω)

}

‖A‖ eH1
r (Ω) :=

(
‖A‖2

H1
r (Ω) + ‖A‖2

L2
1/r

(Ω)

)1/2

.

V := {A ∈ H̃1
r (Ω) : A = 0 ΓD}.

Ω Ω̂

Xt : Ω̂ −→ Ωt,

x̂ �−→ Xt(x̂),

Ω̂ Ωt Xt

Xt

Ω̂ Ωt

Xt v

v



Ω̂ := Ωt=0, t �→ Xt

∂Xt

∂t
(x̂) = v(t, Xt(x̂)),

X0(x̂) = x̂.

σ

σ(t, x) = σ̂(x̂),

x = Xt(x̂) σ̂ Ω̂,

0 < σ ≤ σ̂(x̂) ≤ σ, x̂ ∈ Ω̂.

σ t x

Ω × (0, T )

Q := {(x, t) : x ∈ Ωt, t ∈ (0, T )}.

Q :

Lp
r(Q) := {ϕ : Q → R

∫ T

0

∫

Ωt

|ϕ|pr dr dz dt < ∞},

‖ϕ‖Lp
r(Q) :=

(∫ T

0

∫

Ωt

|ϕ|pr dr dz dt

)1/p

,

W 1,p
r (Q) := {ϕ ∈ Lp

r(Q) :
∂ϕ

∂t
∈ Lp

r(Q),
∂ϕ

∂r
∈ Lp

r(Q),
∂ϕ

∂z
∈ Lp

r(Q)},

‖ϕ‖W 1,p
r (Q) :=

(
‖ϕ‖p

Lp
r(Q)

+ ‖∂ϕ

∂t
‖p

Lp
r(Q)

+ ‖∂ϕ

∂r
‖p

Lp
r(Q)

+ ‖∂ϕ

∂z
‖p

Lp
r(Q)

)1/p

.

H1
r (Q) := W 1,2

r (Q).



Zeθ Z ∈ V Ω

∫

Ωt

σ
∂A

∂t
Zr dr dz + a(A, Z) =

∫

ΩS

JSZr dr dz,

a(A, Z) :=

∫

Ω

1

µ
curlAeθ · curlZeθr dr dz.

a V α > 0

a(Z, Z) ≥ α‖Z‖2
eH1

r (Ω)
∀Z ∈ V .

A Ωt.

JS ∈ H1(0, T ; L2
r(ΩS)) A0 ∈ H̃1

r (Ω0).

A ∈ L2(0, T ;V), ∂A
∂t

∈ L2
r(Q),

∫

Ωt

σ∂tAZr dr dz + a(A, Z) =

∫

ΩS

JSZr dr dz ∀Z ∈ V , t ∈ [0, T ]

A(0) = A0 Ω0.

‖∂tA‖L2
r(Q) + ‖A‖L∞(0,T ;V)

≤ C

{
‖A0‖2

eH1
r (Ω0)

+

∫ T

0

‖JS(t)‖2
L2

r(ΩS) dt +

∫ T

0

‖∂tJS(t)‖2
L2

r(ΩS)dt

}
.

A ∈ L2(0, T ;V) ∂A
∂t

∈ L2
r(Q) A ∈ H1

r (Q)

A|Ω0×{0} ∈ L2
r(Ω0 × {0}) � L2

r(Ω0)

A
√

t ∂tA ∈ L2(0, T ;V)

�



{Th}h>0 Ω h

Vh := {Ah ∈ V : Ah|T ∈ P1 ∀T ∈ Th} .

Ω0.

Ah ∈ L2(0, T ;Vh) ∂tAh ∈
L2(Q)

∫

Ωt

σ∂tAhZhr dr dz + a(Ah, Zh) =

∫

ΩS

JSZhr dr dz ∀Zh ∈ Vh,

Ah(0)|Ω0 = A0
h|Ω0

A0
h

A0
h|Ω0

→ A0 L2
r(Ω0),

‖A0
h‖ eH1

r (Ω) ≤ C‖A0‖ eH1
r (Ω0).

A0
h Â0 ∈ V

A0
h Vh Â0

‖A0
h‖ eH1

r (Ω) ≤ C‖Â0‖ eH1
r (Ω)

‖A0
h − Â0‖L2

r(Ω) −→ 0, h → 0 .

A0 ∈ H̃1
r (Ω0) JS ∈ H1(0, T ; L2

r(ΩS))

sup ess
t∈[0,T ]

∫

Ωt

σ(Ah(t))
2r dr dz +

∫ T

0

‖Ah(s)‖2
eH1

r (Ω)
ds ≤ C

{∫

Ω0

σ(A0)2r dr dz

+

∫ T

0

‖JS(s)‖2
L2

r(ΩS) ds

}
.



Ah

Bh Jh B J

Bh := curl(Aheθ).

J J = σ(−∂A
∂t

)eθ.

Jh := −σ

(
∂Ah

∂t

)
eθ Ωt

A Ah

B J Bh Jh

A ∈ H1(0, T ; H2
r (Ω)), C h

‖A − Ah‖L∞(0,T ;L2
r(Ωt)) ≤ C

{
‖A(0) − Ah(0)‖L2

r(Ω0) + h2‖A‖H1(0,T ;H2
r (Ω))

}
,

‖B − Bh‖L2(0,T ;L2
r(Ω)) ≤ C

{
‖A(0) − Ah(0)‖L2

r(Ω0) + h‖A‖H1(0,T ;H2
r (Ω))

}
,

‖A − Ah‖L∞(0,T ;L2
r(Ω)) ≤ C

{
‖A(0) − Ah(0)‖ eH1

r (Ω) + h‖A‖H1(0,T ;H2
r (Ω))

}
,

‖J − Jh‖L2(0,T ;L2
r(Ωt)) ≤ C

{
‖A(0) − Ah(0)‖ eH1

r (Ω) + h‖A‖H1(0,T ;H2
r (Ω))

}
.

[0, T ] {tk := k∆t, k = 1, . . . , N}
∆t := T

N
.

∫

Ω
tk

σ(tk)
∂Ah

∂t
Zhr dr dz ≈ 1

∆t

∫

Ω
tk

σ(tk)
(
Ak

h − Ak−1
h

)
Zhr dr dz.

A0
h ∈ Vh k = 1, . . . , N, Ak

h ∈ Vh

1

∆t

∫

Ω
tk

σ(tk)
(
Ak

h − Ak−1
h

)
Zhr dr dz + a(Ak

h, Zh) =

∫

ΩS

JS(t
k)Zhr dr dz , ∀Zh ∈ Vh.



Ω0 Ωt1

A(0) Ω A0
h A(0)

JS ∈ H1(0, T ; L2
r(Ω)),

C

max
1≤k≤N

‖Ak
h‖ eH1

r (Ω) ≤ C
{
‖A0

h‖ eH1
r (Ω) + ‖JS‖H1(0,T ;L2

r(Ω))

}
.

A
∫

Ω
tk

σ(tk)Ak−1
h

JS

(φ0, . . . , φN) ∈ RN+1,

∂̄φk :=
φk − φk−1

∆t
, k = 1, . . . , N.

A Ak
h

A(tk) − Ak
h = δk

h + ρk
h,

δk
h := PhA(tk) − Ak

h, k = 1, . . . , N,

ρk
h := A(tk) − PhA(tk), k = 0, . . . , N.

δ0
h A0

h A(0)

δ0
h := PhA(0) − A0

h.

τ k := ∂̄A(tk) − ∂tA(tk), k = 1, . . . , N.



δk
h ρk

h τ k.

A ∈ C0([0, T ];V) ∩ C1([0, T ]; L2
r(Ω))

τ k := ∂̄A(tk) − ∂tA(tk).

∆t
N∑

k=1

∫

Ω
tk

σ(tk)(∂̄δk
h)

2r dr dz + max
1≤k≤N

‖δk
h‖2

eH1
r (Ω)

≤ C‖δ0
h‖2

eH1
r (Ω)

+ C∆t
N∑

k=1

{
‖∂̄ρk

h‖2
L2

r(Ω
tk

) + ‖τ k‖2
L2

r(Ω
tk

)

}

A C h

∆t A ∈ H1(0, T ; H2
r (Ω)),

(
∆t

N∑

k=1

‖∂̄ρk
h‖2

L2
r(Ω

tk
)

)1/2

≤ Ch2‖A‖H1(0,T ;H2
r (Ω))

A ∈ H2(0, T ; L2
r(Ω)),

(
∆t

N∑

k=1

‖τ k‖2
L2

r(Ω
tk

)

)1/2

≤ C∆t‖A‖H2(0,T ;L2
r(Ω)).

Ak
h

Bk
h Jk

h

B J ,

Bk
h := curl(Ak

heθ),

Jk
h := −σ(tk)∂̄Ak

heθ Ωtk

A0
h A(0)

A0
h δ0

h.

t = 0 A(0) ∈ H2
r (Ω) ∩ V

A0
h := IhA(0),

Ih



A Ak
h

B = curl(Aeθ), J = −σ (∂tA)|Ωt
eθ Bk

h Jk
h A ∈

H1(0, T ; H2
r (Ω)∩ V)∩H2(0, T ; L2

r(Ω)) A0
h := IhA(0) C

h, ∆t

max
1≤k≤N

‖B(tk) − Bk
h‖L2

r(Ω) ≤ C
{
h‖A‖H1(0,T ;H2

r (Ω)) + ∆t‖A‖H2(0,T ;L2
r(Ω))

}
,

{
∆t

N∑

k=1

‖J(tk) − Jk
h‖2

L2
r(Ω

tk
)

}1/2

≤ C
{
h‖A‖H1(0,T ;H2

r (Ω)) + ∆t‖A‖H2(0,T ;L2
r(Ω))

}
.

H

E

Coil
I

FB

A

C
KJ

Workpiece

R

JS

Ωt,

f = J × B. f ,

J B

Ω0,



σ −1

µ 4π10−7 −1

T 90µs
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