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)−1,

cε c� = −
∫ 1

0

F

L∞ L2 ε

(uε)′ −
(
1 + w′(

·
ε
)
)

(u�)′ = O(ε)

√
ε
−1

[
(uε)′ −

(
1 + w′(

·
ε
)
)

(u�)′
]

.



a(x, ω) a(y, ω) x �= y

uε − u� = OL2(ε),

√
ε
−1

[uε − u�] .

cε − c� =

∫ 1

0

F −
∫ 1

0
a( ·

ε
)−1F

∫ 1

0
a( ·

ε
)−1

,

b( ·
ε
) = a( ·

ε
)−1

b b(
·
ε
)− < b > O(ε)

b
√

ε
−1

[
b(
·
ε
, ω) − E(b)

]



α β 1/2

Rd

wp,η

− [A (y, ω) (p + ∇wp,η(y, ω))] + η wp,η = 0,

η > 0

− [A (p + Wp,η)] + η Wp,η = 0,

Wp,η wp,η wp,η(x, ω) =

Wp,η(τxω)

Wp,η L2

Wp,η
√

ηWp,η η

∇wp,η(y, ω)

∇wp(y, ω)

η η wp,η

√
η E (∇wp(y, ·)) = 0



E (∇wp,η(y, ·)) = 0

wp,η wp

A� A�

[A�
N ]ij (ω) =

1

|QN |

∫

QN

(
ei + ∇wN

ei
(y, ω)

)T
A(y, ω)

(
ej + ∇wN

ej
(y, ω)

)
dy

QN ⊂ Rd (2N + 1)d

{
−

(
A(·, ω)

(
p + ∇wN

p (·, ω)
))

= 0 Rd,

wN
p (·, ω) QN .

A� A�
N
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•

•

•



D ϕ

D R3

u(x) = ϕ(x)−x ∇ϕ : D −→ M3

M3 3 × 3

f g

− T = f D,

T · n = g ∂D T



n

∂D
T

ϕ u F

T ϕ

T = T (x, ϕ(x), ...),

ϕ x

t

T (ϕ) =
∂W

∂(∇ϕ)
(∇ϕ),

W

W ∇ϕ

∇ϕT∇ϕ

inf
ϕ∈A

∫

D
W (∇ϕ(x)) dx −

∫

D
f ϕ −

∫

∂D
g ϕ,

A ϕ

W W

W =
1

2
ε : A : ε ε =

1

2
(∇u + ∇uT ) u(x) = ϕ(x) − x.

W W



ϕ

ϕ W



D
D ∩L L (xi, xj) D ∩L

V (xi − xj)

ε V

ϕ

ϕ

1

2

1

N3

∑

xi∈(ND)∩Z3

∑

xj �=xi∈(ND)∩Z3

V




ϕ
(

xi

N

)
− ϕ

(
xj

N

)

1
N



 .

N = ε−1

1
N

= ε

r r −→ V (r)

ε N −→ ∞



ϕ

ϕ
(

xi

N

)
− ϕ

(
xj

N

)

1
N

= N

(
ϕ
(xi

N

)
− ϕ

(
xj

N

))
≈ ∇ϕ

(
xj

N

)
· (xi − xj).

V

lim
N−→+∞

1

N3

1

2

∑

xj∈(ND)∩Z3

∑

xk �=0∈Z3

V

(
∇ϕ

(
xj

N

)
· xk

)
.

Ψ(x) =
1

2

∑

xk �=0∈Z3

V (∇ϕ(x) · xk) ,

Ψ N −→ +∞

1

|D|

∫

D
Ψ(x) dx =

1

2|D|

∫

D

∑

xk �=0∈Z3

V
(
∇ϕ(x) · xk

)
dx

|D| D

W (∇ϕ(x)) =
1

2

∑

xk �=0∈Z3

V
(
∇ϕ(x) · xk

)
.

∇ϕ(x) x

V ∝ |r−req|2 req



W (∇ϕ(x)) = x ∇ϕ(x).

xi(ω) = i + Xi(ω)

i Z3

Xi(ω)

W (∇ϕ(x)) = E



 1

2

∑

k �=0∈Z3

V (∇ϕ(x) · (k + Xk(ω) − X0(ω)))
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ϕ

ϕ

Emicro(ϕ) =
1

N3

∑

xi∈(ND)∩Z3

Ei(ϕ),



µ

Ei(ϕ) =
1

2

∑

xj∈(ND)∩Z3, xj �=xi

V




ϕ
(
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N

)
− ϕ

(
xj

N

)

1
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D

D = Dreg ∪Dsing,

Dreg

Dreg

Dsing

ϕ

Emicro(ϕ) =
1

N3

∑

xi∈(NDreg)∩Z3

Ei(ϕ) +
1

N3

∑

xi∈(NDsing)∩Z3

Ei(ϕ)

≈ 1

N3

∑

xi∈(NDreg)∩Z3

Ψ

(
xi

N

)
+

1

N3

∑

xi∈(NDsing)∩Z3

Ei(ϕ),

Ψ

Ec(ϕ,Dreg) =
1

|D|

∫

Dreg

Ψ(x) dx +
1

N3

∑

xi∈(NDsing)∩Z3

Ei(ϕ)

=
1

|D|

∫

Dreg

W (∇ϕ(x)) dx +
1

N3

∑

xi∈(NDsing)∩Z3
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ϕeq

Dirreg Dreg
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sing

Dnew
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sing = Dsing ∪Dirreg,

Dirreg

D

•

• ϕeq

• ϕeq
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ne Dreg
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Emicro(ϕ) =
N∑

i=1

Ei(ϕ),

Ei(ϕ) i

ϕ

inf {Emicro(ϕ); ϕ ∈ A} ,

A =
{
ϕ ∈ RdN , ϕ

}
,

d

N

ϕ

N Nr

Nr � N iα

1 ≤ α ≤ Nr {ϕiα}Nr

α=1

N −Nr



ϕi
0 i Sα(x)

α

Sα(x) =






x − ϕ
iα−1

0

ϕiα
0 − ϕ

iα−1

0

ϕ
iα−1
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0 ,

x − ϕ
iα+1

0

ϕiα
0 − ϕ
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0

ϕiα
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0 .

i

ϕi =
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Sα(ϕi
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i
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1

2

∑
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V rcut
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i i j

Sα
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(
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α · (ϕj
0 − ϕi
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)
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g�
α Sα �

ϕj − ϕi ϕj
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0 �
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{
ϕiα
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.

Ei(ϕ)
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0 − ϕi

0
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1

2

∑

j �=i

F̃
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0 − ϕi
0; �,

{
ϕiα

}Nr
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.
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E�
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)

E�

(
{ϕiα}Nr
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)
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∑

�
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)
,
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{
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}

,
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∇ϕ T�

1

|D|

∫

Dreg

W (∇ϕ(x)) dx =
∑

�;T�⊂Dreg

|T�|
|D|W (∇ϕ|T�
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∪�T� Dreg |T�|/|D| n�/N

n� T� N
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)
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E�
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1
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ρ

u f T

∂ρ

∂t
+ (ρu) = 0,

∂(ρu)

∂t
+ (ρu ⊗ u) − T = ρf .

T = −p + τ p

τ

τ

u

τ = τ (u, ρ, . . .).

τ u ρ

τ u

τ u

τ = λ ( u) + 2η d λ η d

d =
1

2
(∇u + ∇uT )

(∇u)ij =
∂ui

∂xj

u = 0

ρ = ρ0





ρ0

(
∂u

∂t
+ (u ·∇) u

)
− η∆u + ∇p = ρ0f ,

u = 0.



τ τ = τ n + τ p τ n

τ p

τ p

d ∇u






Re

(
∂u

∂t
+ u ·∇u

)
= (1 − ε)∆u −∇p + div τ p,

div u = 0,

∂τ p

∂t
+ u ·∇τ p − (∇u)τ p − τ p(∇u)T =

ε

We

(
∇u + (∇u)T

)
− 1

We
τ p.

Re > 0

We > 0

ε ∈ (0, 1)





X

n

X

ψ(t, x, r) r

x t ψ

∇u(t, x) r

ζ∇u(t, x) r ζ

F

ψ

∂ψ(t, x, r)

∂t
+ u(t, x) ·∇xψ(t, x, r)
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∇x u(t, x) r − 2

ζ
F (r)
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)
+

2kT

ζ
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ψ r

u ·∇x
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u
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ψ
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+ (u ·∇) u
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ε
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∂t
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2We
F (r)

)
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)
+

1

2We
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ζ
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ζ
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Xt(x)

x t

τ p(t, x) = np

(
E(Xt(x) ⊗ F (Xt(x))) − kT
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Re

(
∂u

∂t
+ u ·∇u

)
− (1 − ε)∆u + ∇p = div τ p + f ,

div u = 0,

τ p =
ε

We

(
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)
,
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2We
F (Xt) dt +
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2
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∂u
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∂2u
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∂τ
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ε
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ψ

ψ∞

ψ∞
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∂u
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