
T
T∞
Tf

E
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Ds
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Ω Γ

∂te + w.∇e − κ∆u + αu = R(u, y)

e ∈ G(u)

∂ty = −g(u)y .

u(x, t) = 0 , x ∈ Γ, t > 0

u(x, 0) = u0(x) , x ∈ Ω

y(x, 0) = y0(x) , x ∈ Ω .

e = E
MCT∞

u = T−T∞
T∞

y
ye

w = DgCg

DC
v g

g(u) = s+(u, y)β s+

s+(u, y) =

{
1 u ≥ up y > ye

0

e G

G(u) =






u u < uv

[uv , uv + λv] u = uv

u + λv uv < u < up

[up + λv , up + λv + λp] u = up

u + λv + λp u > up ,

uv up

λv

λp

λv =
MvΛv

CT∞

λp =
Λp

CT∞
.

w.∇e



R(x) = δ

∫

Ωf (u,y)

f(x − x̃) dx̃

δ =
aσT 4

f

πDCT∞
[t][l] [t] [l]

Ωf (u, y) = {x ∈ Ω; u(x) > up y(x) >
ye}

κ∆u αu
κ α

κ = k[t]
DC[l]2

α = h[t]
DC

λv = 0 λp = 0

∆t = tn+1 − tn yn en un

tn y e u

∂te + w.∇e ≈ 1

∆t
(en+1 − ēn)

ēn = en ◦ Xn Xn(x) = X(x, tn+1, tn) ≈ x − w∆t tn

x tn+1

yn+1 − yn

∆t
= −yn+1g(un+1)

en+1 − ēn

∆t
− κ∆un+1 + αun+1 = Rn

en+1 ∈ G(un+1) .

tn



G

ω > 0

Gω = G − ωI

I

zn+1 = en+1 − ωun+1 ∈ Gω(un+1) .

λ ω λω < 1

Jω
λ = (I + λGω)−1 = ((1 − λω)I + λG)−1

Gω

Gω
λ =

I − Jω
λ

λ
.

zn+1 = Gω
λ(un+1 + λzn+1) .

un yn zn

un+1,0 = un zn+1,0 = zn

yn+1,i+1 =
yn

1 + ∆tg(un+1,i)
.

un+1,i+1

(α∆t + ω)un+1,i+1 − ∆tκ∆un+1,i+1 = ēn − zn+1,i + ∆tRn .

zn+1,i+1 = Gω
λ(un+1,i+1 + λzn+1,i) .

‖zn+1,i+1 − zn+1,i‖ > Tol i ← i + 1

λω ≤ 1/2 Gω
λ 1/λ



u

G (u)

upuv

p

v

Gω

zn+1,i+1

λω = 1/2 ū = un+1,i+1 + λzn+1,i

Gω
λ(ū) =

1

λ
ū − 1

λ
Jω

λ (ū) .

z̄ = Jω
λ (ū) ,

λω = 1
2

(ωI + G)z̄ � 2ωū .

s

2ωū < (1 + ω)uv z̄ = 2ωū
1+ω

(1 + ω)uv < 2ωū < (1 + ω)uv + λv z̄ = uv

(1 + ω)uv + λv < 2ωū < (1 + ω)up + λv z̄ = 2ωū−λ
1+ω

(1 + ω)up + λv < 2ωū < (1 + ω)up + λv + λp z̄ = up

(1 + ω)up + λv + λp < 2ωū z̄ = 2ωū−λv−λp

1+ω
.

Mv



3 × 3 2

1 2

K = 0.1JK−1s−1, C = 1300Jkg−1, h = 15Jm−2K−1s−1

T∞ = 300K, Tv = 373K, Tp = 500K

Mv = 0.10, 0.15, 0.20, Λv = 2.25 × 106Jkg−1, Λp = 0., 3.0 × 104Jkg−1

H = 0.2m, β = 0.2s−1 .

[t] = 1 [l] = 1

κ = 1.3 × 10−4, α = 0.02, λv = 0.6, 0.9, 1.2, λp = 0., 0.09 .

δ
Tf

a

x2 = x1

Mv = 0.1
150

Mv 0.1 0.15 0.2
1.07 0.76 0.49

Mv = 0.22

Mv = 0.05 Λp = 0 Λp = 30
150

z = x2 tan(ϕ)
ϕ

3×3 m2 x1

δ β

ϕ = π/6
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IsoValue
0.0877524
0.263257
0.438762
0.614267
0.789771
0.965276
1.14078
1.31629
1.49179
1.6673
1.8428
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IsoValue
0.0924565
0.27737
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Q = [0, lx] × [0, ly] ⊂ R2 S

S : Q �−→ R3

x, y �−→ (x, y, h(x, y))

M
2 Mv / M Mv

Q
H

S

D = {(x, y, z) ∈ R3 (x, y) ∈ Q, h(x, y) < z < h(x, y) + H} .

S D
∂

∂te + αu = r in S , t ∈ (0, tmax)

e ∈ G(u) in S , t ∈ (0, tmax) .



u(x, 0) = u0(x) x ∈ S .

e = E
MCT∞

u = T−T∞
T∞

e
G

G(u) =






u u < uv

[uv , uv + λv] u = uv

u + λv uv < u < up

[up + λv , up + λv + λp] u = up

u + λv + λp u > up .

uv up

λv

λp

λv =
MvΛv

CT∞

λp =
Λp

CT∞

λv = 0 λp = 0
αu

α α = h[t]
MC

y

∂ty = −g(u)y in S t ∈ (0, tmax)

y(x, 0) = y0(x) x ∈ S .

g g(u) = (u > up)(y >
ye)βexp(−γ/(1 + u)) ye

γ
Ea γ = Ea

RT∞
R



S

Ω

Ω.∇i + a∗i = δ(1 + ug)
4 in D

i = 0 on ∂D ∩ {x; Ω.n < 0}

i = I[t]
MCT∞

a∗ = [l]a δ = [l][t]aσ[T ]3

MCπ
ug = Tg−T∞

T∞

a(x)
x = (x, y, z) ∈ D σ = 5, 6699×10−8 Wm−2K−4

x(x, y, h(x, y)) S

Ω

r(x) =

∫ 2π

ω=0

i(x,Ω)Ω.n dω ,

∆t = tn+1 − tn yn en un

tn y e u

en+1 − en

∆t
+ αun+1 = rn

en+1 ∈ G(un+1)

yn+1 − yn

∆t
= −yn+1g(un+1) .

r u y
tn



rn

G

Jλ = (Id+λG)−1

λ > 0
G Gλ = Id−Jλ

λ
λ > 0

en+1 = Gλ(u
n+1 + λen+1),

un+1 = Jλ(u
n+1 + λen+1).

un+1 +
1

α∆t
en+1 =

1

α∆t
en +

1

α
rn.

λ = 1/(α∆t)

un+1 = J1/α∆t(
1

α∆t
en +

1

α
rn).

un+1 en+1 yn+1

en+1 = en − α∆tun+1 + ∆trn,

yn+1 =
yn

1 + ∆tg(un+1)
.

J1/α∆t(
1

α∆te
n + 1

αrn)

un+1 b = 1
α∆t

en + 1
α
rn

s = J1/α∆t(b)

(α∆t Id + G)s � b̄ = α∆t b

s

b̄ < (1 + α∆t)uv s = b̄
1+α∆t

(1 + α∆t)uv < b̄ < (1 + α∆t)uv + λv s = uv

(1 + α∆t)uv + λv < b̄ < (1 + α∆t)up + λv s = b̄−λv

1+α∆t

(1 + α∆t)up + λv < b̄ < (1 + α∆t)up + λv + λp s = up

(1 + α∆t)up + λv + λp < b̄ s = b̄−λv−λp

1+α∆t
.
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G

u
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z

s

α∆t Id + G

r
(x, y, h(x, y)) S

τ x =
(1, 0, ∂h

∂x
)t

√
1 + (∂h

∂x
)2

, τ y =
(0, 1, ∂h

∂y
)t

√
1 + (∂h

∂y
)2

,

n =
(−∂h

∂x
,−∂h

∂y
, 1)t

√
1 + (∂h

∂x
)2 + (∂h

∂y
)2

.

Ω

Ω = c1τ x + c2τ y + c3n, c3 ≥ 0,

c1, c2, c3 (θ, φ) 0 ≤ θ ≤ π/2
Ω n 0 ≤ φ ≤ 2π Ω

τ x



µ = cos θ γ = cos φ ς = cos α = τ x · τ y

α Ω
{τ x, τ y,n}

Ω = (1 − µ2)1/2γ
√

1 − ς2 − ς
√

1 − γ2

√
1 − ς2

τ x + (1 − µ2)1/2

√
1 − γ2

√
1 − ς2

τ y + µn,

Ω = (Ω1, Ω2, Ω3)
t,

Ω1 =
−µ√

1 + (∂h
∂x

)2 + (∂h
∂y

)2

∂h

∂x
+

1√
1 + (∂h

∂x
)2

γ
√

1 − ς2 − ς
√

1 − γ2

√
1 − ς2

,

Ω2 =
−µ√

1 + (∂h
∂x

)2 + (∂h
∂y

)2

∂h

∂y
+

1√
1 + (∂h

∂y
)2

√
1 − µ2

√
1 − γ2

√
1 − ς2

,

Ω3 =
µ√

1 + (∂h
∂x

)2 + (∂h
∂y

)2
+

√
1 − µ2

√
1 + (∂h

∂x
)2

γ
√

1 − ς2 − ς
√

1 − γ2

√
1 − ς2

∂h

∂x
+ ...

... +
1√

1 + (∂h
∂y

)2

√
1 − µ2

√
1 − γ2

√
1 − ς2

∂h

∂y
.

r(x̄) =

∫ θ=π/2

θ=0

∫ φ=2π

φ=0

i(x̄, θ, φ) cos θ sin θ dθdφ =

∫ µ=1

µ=0

∫ γ=1

γ=−1

i+(x̄, µ, γ)µ√
1 − γ2

dµdγ +

∫ µ=1

µ=0

∫ γ=1

γ=−1

i−(x̄, µ, γ)µ√
1 − γ2

dµdγ



i+ i− i φ
0 ≤ φ < π π ≤ φ < 2π

µ
γ 1√

1−γ2

r(x̄) ≈
∑

k,l

Wkl i+(x̄, µk, γl)µk +
∑

k,l

Wkl i−(x̄, µk, γl)µk.

Ω S (x̄, ȳ, z̄)
z̄ = h(x̄, ȳ)

[0, ξ] �−→ R3

ξ −→ (x(ξ) = x̄ + ξΩ1, y(ξ) = ȳ + ξΩ2, z(ξ) = z̄ + ξΩ3) .

di

dξ
+ a∗i = δ(1 + ug)

4,

lim
τ→∞

i(ξ) = 0.

ug D

u S D

ũ ũ(x, y, z) = u(x, y, h(x, y)) (x, y, z) ∈ D h(x, y) < z <
h(x, y) + H

ũ(x, y, z) = u(x− (z−h(x, y))vx

vz
, y− (z−h(x, y))vy

vz
, h(x, y))

(vx, vy, vz)
(vx, vy) vz vz ∼√

10H



wind field solid fuel, initial time

solid fuel, after 50 time steps solid fuel, after 200 time steps
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• 8 × 2 = 16



R

i(µ) = i(0)e−µ +

∫ µ

0

ib(µ
∗)e−(µ−µ∗)dµ∗ ,

a µ(s) =
∫ s

0
a(s∗)ds∗

ib
i(0) = 0

ib(µ) =
σT 4

fl(µ)

π

i(µ(s)) =
σT 4

fl

π
(1 − e−a(s2−s1)) ≈

aσT 4
fl

π
(s2 − s1) ,

s2 − s1

q x, z

q =

∫ θ=2π

θ=0

∫ β=π/2

β=βH

i(β, θ) cos(β) sin(β)dβdθ .

αf γ
x



αs B

q(x) =
aσT 4

f

π

∫ 2π

0

∫ π/2

βH

B sin β(tan β − tan βH)

(
cos γ+tan αf tan αs

tan αf−cos γ tan αs
+ tan β)2 − ( B

2H
)2

dβdθ .

β dθ =
dÃ

B‖x − x̃‖

q(x) =
aσT 4

f

π

∫

Ωf

g(α, γ, αs, βH)

‖x − x̃‖ dÃ ,

g(αf , γ, αs, βH) =
2

3
(
π

2
− βH)

sin(
βH+π

2

2
)(tan(

βH+π
2

2
) − tan βH)

(
cos γ+tan αf tan αs

tan αf−cos γ tan αs
+ tan(

βH+π
2

2
))2

βH = arg tan(‖x−x̃‖
H

− cos γ+tan αf tan αs

tan αf−cos γ tan αs
)

R δ =
aσT 4

f

πDCT∞
[t][l] f(x − x̃) =

g(αf ,γ,αs,βH)

‖x−x̃‖

V

P

O
f

s

V

B
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H

f






