
ω ⊂ R2

x = (x1, x2)
τ

Ω = {(x, z) : x ∈ ω, h(x) < z < δ}
δ

h(x) x δ

xz x

U = (U1, U2, U3) P

∂U

∂τ
+ U ·∇xzU − 1

Re
∆xzU + ∇xzP =

λ

Re
Te3,

T Re λ
λT e3 = (0, 0, 1)

∇xz · U = 0.



∂Ω =
S ∪ A ∪ L S = {(x, z) : x ∈ ω, z = h(x)} A = {(x, z) : x ∈
ω, z = δ} L = {(x, z) : x ∈ ∂ω, h(x) < z < δ}

U · N = 0,
∂U

∂N

∣∣∣
tan

= ζU, S,

U3 = 0, ∂zU1 = ∂zU2 = 0, A,

U
∣∣
L

= (vm, 0), L,

ζ N ∂Ω

tan vm

z

∂zvm = 0,

∫

∂ω

(δ − h) vm · ν ds = 0,

ν = (ν1, ν2) ∂ω

U |τ=0 = U0,

U0

(U, P )

W = U3 V =
(U1, U2) x ∈ ω τ

V (τ , x) =

∫ δ

h(x)

V (τ , x, z) dz.

S A U ·N = 0

∇x · V = 0.

δ
δ2Re � 1

P

−∂2
zzV + ∇xP = 0,

∂zP = λT,

∇x · V + ∂zW = 0.



(V, W ) · N = 0, ∂zV = ζV, S,

W = 0, ∂zV = 0, A,

V · ν = (δ − h)vm · ν, ∂ω.

vm T
(V, W, P ) P

T (τ , x, z) = tS(τ , x)
δ − z

δ − h(x)
,

tS = tS(τ , x)
p = p(τ , x)

P (τ , x, z) = p(τ , x) + t(τ , x)
(
δz − 1

2
z2

)
,

t

t(τ , x) =
λtS(τ , x)

δ − h(x)
.

p
x = (x1, x2) τ

∂zV (τ , x, δ) = 0 ∂zV (τ , x, h(x)) =
ζV (τ , x, h(x))

V (x, z) = m(x, z)∇xp(τ , x) + n(x, z)∇xt(τ , x),

m(x, z) =
(1

2
z2 − δz − 1

2
h2(x) + (δ + ξ)h(x) − ξδ

)
,

n(x, z) =
(
− 1

24
z4 +

1

6
δz3 − 1

3
δ3z +

1

24
h4(x) − 1

6
(δ + ξ)h3(x)

+
1

2
ξδh2(x) +

1

3
δ3h(x) − 1

3
ξδ3

)
,

ξ = 1/ζ ζ



p = p(τ , x)

−∇x · (a∇xp) = ∇x · (b∇xt) ω,

a
∂p

∂ν
= −b

∂t

∂ν
+ v ∂ω,

a = a(x) =
1

3
(δ − h(x))2(3ξ + δ − h(x)),

b = b(x) =
1

30
(δ − h(x))2

(
2δ2(2δ + 5ξ) − 2δ(δ − 5ξ)h(x) − (3δ + 5ξ)h2(x) + h3(x)

)
,

v = v(τ , x) = (δ − h(x))vm(τ , x) · ν(x)

∂ω
∫

∂ω

v = 0.

t v p

∫

ω

p = 0.

L2
0(∂ω) =

{
v ∈ L2(∂ω) :

∫

∂ω

v = 0
}

,

V =
{

ϕ ∈ H1(ω) :

∫

ω

ϕ = 0
}

.

t ∈ H1(ω) v ∈ L2
0(∂ω) p ∈ V

∫

ω

a∇p ·∇ϕ =

∫

∂ω

vϕ −
∫

ω

b∇t ·∇ϕ, ∀ϕ ∈ V .

φ ∈ D(ω) ϕ = φ + c
V c ∈ R

∫
ω

a∇p · ∇φ = −
∫

ω
b∇t · ∇φ

∫
∂ω

v(φ + c) =
c
∫

∂ω
v = 0∫
ω
(∇ · (a∇p + b∇t))ϕ =

∫
∂ω

vϕ
ϕ H1(ω) ∂ω

τ t(τ) ∈ H1(ω)
v(τ) ∈ L2

0(∂ω) p(τ) ∈ V



τ

x

v u N
Vi (xi, zi) i = 1 N

v ∈ L2
0(∂ω) V (xi, zi)

Vi

• v ∈ L2
0(∂ω)

•

•

J(v) =
1

2

N∑

i=1

‖V (xi, zi) − Vi‖2 +
α

2

∫

∂ω

v2.

J(v) =
1

2

N∑

i=1

‖m(xi, zi)∇p(xi) + n(xi, zi)∇t(xi) − Vi‖2 +
α

2

∫

∂ω

v2.

J(v) =
1

2

N∑

i=1

∫

ω

ρε,i(x)‖m(x, zi)∇p(x) + n(x, zi)∇t(x) − Vi‖2 dx +
α

2

∫

∂ω

v2

ρε,i B(xi, ε)∫
ρε,i(x) dx = 1

ρε,i(x) =
1

ε2
ρ
(x − xi

ε

)
,

ρ(x) = c exp(−1/(1 − ||x||2)) ||x|| < 1 ρ(x) = 0 ||x|| ≥ 1
u ∈ L2

0(∂ω)

J(u) = inf
v∈L2

0(∂ω)
J(v).

α
2

∫
∂ω

v2dσ



u L2
0 α

v ≈ u∗

J(v) =
1

2

N∑

i=1

∫

ω

ρε,i(x)‖m(x, zi)∇p(x) + n(x, zi)∇t(x) − Vi‖2 dx +
α

2

∫

∂ω

(v − u∗)2dσ

α

v

α

α α = 0.001

Bv ∈ V
∫

ω

a∇Bv ·∇ϕ =

∫

∂ω

vϕ, ∀ϕ ∈ V ,

r ∈ V
∫

ω

a∇r ·∇ϕ = −
∫

ω

b∇t ·∇ϕ, ∀ϕ ∈ V .

B L2
0(∂ω) V r v

p = Bv + r

J(v) =
1

2
π(v, v) − λ(v) + µ

π L2
0(∂ω) × L2

0(∂ω)

π(u, v) =
N∑

i=1

∫

ω

ρε,i(m∇Bu) · (m∇Bv) + α

∫

∂ω

uv,

λ L2
0(∂ω)

λ(v) =
N∑

i=1

∫

ω

ρε,i(m∇r + n∇t − Vi) · m∇Bv,

µ

µ =
1

2

N∑

i=1

∫

ω

ρε,iVi · Vi.



π(v, v) ≥ α||v||2L2
0(∂ω).

u
J ′(u) = 0 J ′(u) J u

L2
0(∂ω)

J ′(u) · v = 0, ∀v ∈ L2
0(∂ω).

J ′(u) · v =
N∑

i=1

∫

ω

ρε,i(m∇p + n∇t − Vi) · m∇Bv + α

∫

∂ω

uv

u ∈ V

p u p ∈ V
∫

ω

a∇p ·∇ϕ =

∫

∂ω

uϕ −
∫

ω

b∇t ·∇ϕ, ∀ϕ ∈ V .

W =
{

ψ ∈ H1(ω) :

∫

∂ω

ψ = 0
}

.

q ∈ W
∫

ω

a∇q ·∇ψ =
N∑

i=1

∫

ω

ρε,i(m∇p + n∇t − Vi) · m∇ψ, ∀ψ ∈ W .

J ′(u) = 0 J ′

N∑

i=1

∫

ω

ρε,i(m∇p + n∇t − Vi) · m∇Bv = −α

∫

∂ω

uv.

ψ = Bv + c c = −
∫

∂ω
Bv/|ω| ψ ∈ W

∫

ω

a∇q ·∇Bv = −α

∫

∂ω

uv.

ϕ = q + c′ Bv c′ = −
∫

ω
q/|ω|

ϕ ∈ V
∫

∂ω
v = 0

∫

ω

a∇Bv ·∇q =

∫

∂ω

vq + c′
∫

∂ω

v =

∫

∂ω

vq.



v ∈ L2
0(∂ω)

∫

∂ω

qv = −α

∫

∂ω

uv.

u ∈ L2
0(∂ω) q|∂ω ∈ L2

0(∂ω)
∫

∂ω
q = 0 q ∈ W

u = − 1

α
q.

p

∫

ω

a∇p ·∇ϕ +
1

α

∫

∂ω

qϕ = −
∫

ω

b∇t ·∇ϕ, ∀ϕ ∈ V .

H1(ω) V W
(p, q) ∈ H1(ω) × H1(ω)

∫

ω

a∇p ·∇ϕ +
1

α

∫

∂ω

qϕ = −
∫

ω

b∇t ·∇ϕ, ∀ϕ ∈ H1(ω),

∫

ω

a∇q ·∇ψ =
N∑

i=1

∫

ω

ρε,i(m∇p + n∇t − Vi) · m∇ψ, ∀ψ ∈ H1(ω).

ϕ
∫

∂ω
q = 0 ϕ′ + c

ϕ′ ∈ V c ∈ R ϕ ∈ H1(ω) ψ
ψ′ + c ψ′ ∈ W ψ ∈ H1(ω)

p (p, q)
t = 0 Vi = 0 ϕ = q ψ = −p

1

α

∫

∂ω

q2 +
N∑

i=1

∫

ω

ρε,i‖m∇p‖2 = 0

q|∂ω = 0 ϕ = p
∫

ω
a‖∇p‖2 = 0 ∇p = 0

p ψ = q
∫

ω
a‖∇q‖2 = 0 q|∂ω = 0

q = 0 (∇p, q) (p, q)
p



(∇p, q)
u ∈ L2

0(∂ω) p ∈ V q ∈ W
(∇p, q)

V (x, z) ∇p(x) (x, z)

p
(p, q) ∈ H1(ω) × H1(ω)

∫

ω

a∇p ·∇ϕ + η

∫

∂ω

pϕ +
1

α

∫

∂ω

qϕ = −
∫

ω

b∇t ·∇ϕ, ∀ϕ ∈ H1(ω),

∫

ω

a∇q ·∇ψ + η

∫

∂ω

qψ =
N∑

i=1

∫

ω

ρε,i(m∇p + n∇t − Vi) · m∇ψ, ∀ψ ∈ H1(ω),

η η = 0.001
V (x, z) (x, z) ∇p(x)

ω
∂ω η

∫
∂ω

qψ
∫

∂ω
q = 0

ψ = 1 u ∈ L2
0(∂ω)

ϕ = 1
η

∫
∂ω

pϕ

η → 0 q ϕ = q ψ = −p

1

α

∫

∂ω

q2 +
N∑

i=1

∫

ω

ρε,i‖m∇p‖2 = −
∫

ω

b∇t ·∇q −
N∑

i=1

∫

ω

ρε,i(n∇t − Vi) · m∇p.

1

α

∫

∂ω

q2 +
1

2

N∑

i=1

∫

ω

ρε,i‖m∇p‖2 ≤ c1 −
∫

ω

b∇t ·∇q.



ci η p q
ψ = q m ≤ c2a

1

2

∫

ω

a‖∇q‖2 + η

∫

∂ω

q2 ≤ c3

N∑

i=1

∫

ω

ρε,i‖m∇p‖2 + c4.

2c3 b ≤ c5a

1

α

∫

∂ω

q2 + c6

∫

ω

a‖∇q‖2 ≤ c7.

q H1(ω)
p ϕ = p b ≤ c5a

1

2

∫

ω

a‖∇p||2 + η

∫

∂ω

p2 ≤ c8 −
1

α

∫

∂ω

pq ≤ c8 + c9

(∫

∂ω

p2
)1/2

.

ψ = 1
∫

∂ω
q = 0 ϕ = 1

∫

∂ω

p = − 1

αη

∫

∂ω

q = 0.

(
∫

∂ω
p2)1/2 ≤ c10(

∫
ω
‖∇p‖2)1/2

(
∫

ω
‖∇p‖2)1/2 ≤ c11 p H1(ω)

ηn → 0
(pn, qn) (p, q) H1(ω) × H1(ω)

L2(ω) × L2(ω) L2(∂ω) × L2(∂ω)
(p, q)

(pn, qn) (p, q)

(p, q)
η

V (x, z) (x, z) ∇p(x)

TH

ω H VH P1

P2 P2

P1 V
p



{φi} VH

G =

{∫

ω

a∇φr ·∇φk + η

∫

∂ω

φrφk

}

r,k

,

C1 =

{
1

α

∫

∂ω

φrφk

}

r,k

, C2 =

{ N∑

i=1

∫

ω

ρε,i m
2 ∇φr ·∇φk

}

r,k

fp =

{
−

∫

ω

b∇t ·∇φr

}

r

, fq =

{
−

N∑

i=1

∫

ω

ρε,i(n∇t − Vi)m ·∇φr

}

r

.

[
G C1

−C2 G

] [
p
q

]
=

[
fp

fq

]
.

η α p
∇p V

η
∇p

Ptr =

[
G −C2

0 G

]
.

MP−1
tr =

[
G −C2

C1 G

] [
G−1 G−1C2G

−1

0 G−1

]
=

[
In 0

C1G
−1 In + C1G

−1C2G
−1

]
,

n

[
In 0

C1G
−1 In + C1G

−1C2G
−1

] [
yq

yp

]
=

[
bq

bp

]
,



[
G −C2

0 G

] [
q
p

]
=

[
yq

yp

]
.

G
G

[bq;yp] yp

(In + C1G
−1C2G

−1)yp = bp − C1G
−1bq,

(G + C1G
−1C2)G

−1yp = d, where d = bp − C1G
−1bq.

S zp = d, yp = Gzp,

G
h G

Ptr

n 2n n
G

G−1

PS
tr

R = chol(G)

f = R\(RT\bq);

d = bp − C1 f

PS
tr : solve (G + C1G

−1C2)G
−1yp = d with

p = R\(RT\yp);

q = f + R\(RT\(C2 p))

x = A\b Ax = b
(G + C1G

−1C2)G
−1

G−1

R RT R = chol(G) G



IsoValue
0.00161723
0.00557826
0.00953929
0.0135003
0.0174614
0.0214224
0.0253834
0.0293445
0.0333055
0.0372665
0.0412276
0.0451886
0.0491496
0.0531107
0.0570717
0.0610327
0.0649938
0.0689548
0.0729158
0.0768769

SURFACE CONTOURS
IsoValue
0.0137912
0.0535143
0.0932374
0.13296
0.172684
0.212407
0.25213
0.291853
0.331576
0.371299
0.411022
0.450745
0.490468
0.530191
0.569914
0.609637
0.64936
0.689084
0.728807
0.76853

TEMPERATURE CONTOURS

x = (1., 1.) (5., 1.) (5., 5.) (1., 5.) z =
0.1 + h(x) V (x, z) = (2., 0.) α = 0.001

z = h(x)

Ω 43N
(609980 4799020)

(626000 4799020) (626000 4813040) (609980 4813040)
A Ω δ = 1080 m

20 × 20 m X
Y



IsoValue
-0.00252217
-0.00225971
-0.00199724
-0.00173478
-0.00147232
-0.00120986
-0.000947395
-0.000684932
-0.00042247
-0.000160008
0.000102455
0.000364917
0.00062738
0.000889842
0.0011523
0.00141477
0.00167723
0.00193969
0.00220215
0.00246462

ADJOINT STATE FUNCTION q
IsoValue
-0.589708
-0.527621
-0.465535
-0.403449
-0.341362
-0.279276
-0.21719
-0.155104
-0.0930173
-0.0309311
0.0311552
0.0932415
0.155328
0.217414
0.2795
0.341587
0.403673
0.465759
0.527845
0.589932

POTENTIAL STATE FUNCTION p

IsoValue
0.493417
0.552244
0.61107
0.669896
0.728723
0.787549
0.846375
0.905202
0.964028
1.02285
1.08168
1.14051
1.19933
1.25816
1.31699
1.37581
1.43464
1.49346
1.55229
1.61112

VELOCITY MODULE AT HEIGHT z=0.01+h
WIND FIELD AT HEIGHT z=0.01+h

16020 × 14020 m 420 m 1020 m

0.03 m 0.05 m 0.08 m 0.3 m 0.8 m



•

•

•



ζ = a0 + a1z0 + a2z
2
0

a0 , a1 a2

a0 [1, 10] a1

[0, 5] a2 [−0.05, 0.05] ai

a0 = 3 a1 = 0.5
a0 = −0.01

ai
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