
M
du

dt
+ A(u) = f

u(0) = u0

u d− M A
Rd Rd Rd

(Mu, v) u, v ∈ Rd

||u|| = (Mu, u)1/2

F (τ) : Rd → Rd, τ > 0



lim
τ→0

M
F (τ)u − u

τ
= −Au for every u ∈ Rd .

F (τ)u = u + τM−1(−A(u) + f) + O(τ 2)

||F (τ)u − F (τ)v|| ≤ ||u − v|| for every u, v ∈ Rd, τ > 0 .

F (τ)

||F (τ)u|| ≤ ||u|| for every u ∈ Rd .

M
un+1 − un

τ
+ Aun+1 = fn+1

u0 = u0 ;

F (τ)u = (M + τA)−1u

n + 1 un

un+1 = (M + τA)−1un + τ(M + τA)−1fn+1 .

M
un+1 − un

τ
+

1

2
(Aun+1 + Aun) =

1

2
(fn+1 + fn)

u0 = u0 ;

F (τ)u = (M +
1

2
τA)−1(M − 1

2
τA)u



A
f

A = ΣN
i Ai, f = ΣN

i=1fi .

A f
Fi, i = 1, ..., N M Ai

F (τ) = FN(τ)FN−1(τ)...F1(τ) = ΠN
i=1Fi(τ) .

F (τ)
Fi(τ)

M A

Fi(τ)

Fi(τ)u = u + τM−1(−Ai(u) + fi) + O(τ 2), i = 1, ..., N.

F1(τ) F2(τ)

F2(τ)F1(τ)u = F2(τ)(F1(τ)u)

= F1(τ)u − τM−1A2(F1(τ)u) + τM−1f2 + O(τ 2)

= u − τM−1(A1 + A2)(u) + τM−1(f1 + f2) + O(τ 2) .

F (τ)u = (ΠN
i=1Fi(τ))u = u − τM−1(ΣN

i=1Ai)u + τM−1(ΣN
i=1fi) + O(τ 2)

= u − τM−1A(u) + τM−1f + O(τ 2) .

�

u, v ∈ Rd τ > 0

||F (τ)u − F (τ)v|| = ||(ΠN
i=1Fi(τ))u − (ΠN

i=1Fi(τ))v||
= ||FN(τ)(ΠN−1

i=1 Fi(τ))u − FN(τ)(ΠN−1
i=1 Fi(τ))v||

≤ ||(ΠN−1
i=1 Fi(τ))u − (ΠN−1

i=1 Fi(τ))v|| .



||F (τ)u − F (τ)v|| ≤ ||u − v|| .

�
Fi(τ)

F (τ)u = (Π1
i=NFi(

1

2
τ))(ΠN

i=1Fi(
1

2
τ))u .

ω ⊂ R2

x = (x1, x2)
τ

Ω = {(x, z) : x ∈ ω, h(x) < z < δ}
δ Ω

h(x) x δ

xy z

U = (U1, U2, U3)
W = U3 V = (U1, U2)

∂u

∂t
+ V.∇xyu + W

∂u

∂z
−∇(kxy∇xyu) − ∂

∂z
(kz

∂u

∂z
) = f .



u = 0 t = 0

−kxy∇u.ν = [V.ν]+u .

τ = t

ξ = x

η = y

ζ = z − h(x, y) .

φ = φ(t, x, y, z)

∂φ

∂t
=

∂φ

∂τ
∂φ

∂x
=

∂φ

∂ξ
− ∂h

∂x

∂φ

∂ζ
∂φ

∂y
=

∂φ

∂η
− ∂h

∂y

∂φ

∂ζ
∂φ

∂z
=

∂φ

∂ζ
.

U∇u = V ∇ξηu + (W − V1
∂h

∂x
− V2

∂h

∂y
)
∂u

∂ς
,

−∇(k∇u) = − ∇ξη(kξη∇ξηu)

− ∂

∂ζ

((
kζ + kξη(

∂h

∂x
)2 + kξη(

∂h

∂y
)2

)∂u

∂ζ

)

+
∂

∂ξ
(kξη

∂h

∂x

∂u

∂ζ
) +

∂

∂ζ
(kξη

∂h

∂x

∂u

∂ξ
)

+
∂

∂η
(kξη

∂h

∂y

∂u

∂ζ
) +

∂

∂ζ
(kξη

∂h

∂y

∂u

∂η
) .

W W − V1
∂h
∂x

− V2
∂h
∂y

kz

(
kζ + kξη(

∂h
∂x

)2 + kξη(
∂h
∂y

)2
)

x y z
ξ η ς



An
l −∇(kxy∇) l

tn un
l

ω̄ Bl Cl

(Bl)ij =

∫

ω̄

kxy(
∂h

∂x

∂ϕj

∂x
+

∂h

∂y

∂ϕj

∂y
)ϕi) ,

(Cl)ij =

∫

ω̄

kxy(
∂h

∂x

∂ϕi

∂x
+

∂h

∂y

∂ϕi

∂y
)ϕj) .

∆t ∆z
l = 1, ..., L

un+1
l − ūn

l

∆t
+

W+
l

∆z
(un+1

l − un+1
l−1 ) − W−

l

∆z
(un+1

l+1 − un+1
l )

+ Alu
n+1
l + kz

−un+1
l−1 + 2un+1

l − un+1
l+1

(∆z)2

+
1

2∆z
Bl(u

n+1
l+1 − un+1

l−1 ) +
1

2∆z
Cl(u

n+1
l+1 − un+1

l−1 )

{if(l == 1) + λun+1} = fn+1

W+
l = max{0, Wl} W−

l = max{0,−Wl} ūn
l ūn

l = un
l ◦Xn

Xn(x) = X(x; tn) tn

dX

dt
= V

X(x, tn+1) = x .



l = 1, ...., L

u
n+1/4
l − ūn

l

∆t/2
= 0

u
n+1/2
l − u

n+1/4
l

∆t
+

W+
l

∆z
(u

n+1/2
l − u

n+1/2
l−1 )

+
1

2
Alu

n+1/2
l + kz

−u
n+1/2
l−1 + u

n+1/2
l

(∆z)2

+
1

2∆z
(−Blu

n+1/2
l−1 ) +

1

2∆z
(−Clu

n+1/2
l−1 )

{if (l == 1) + λun+1/2} =
1

2
fn+1/2 .

l = L, ...., 1

u
n+3/4
l − u

n+1/2
l

∆t
− W−

l

∆z
(u

n+3/4
l − u

n+3/4
l−1 )

+
1

2
Alu

n+3/4
l + kz

u
n+3/4
l − u

n+3/4
l+1

(∆z)2

+
1

2∆z
(Blu

n+3/4
l+1 ) +

1

2∆z
(Clu

n+3/4
l+1 )

{if(l == 1) + λun+3/4} =
1

2
fn+3/4

un+1
l − ū

n+3/4
l

∆t/2
= 0 .

(l == 1)λun+1

l = 1

du

dt
+ Au + Tu = f ,



u =





u1

...
ul

...
uL





A =





A1 ... 0
...

0 Al 0
...

0 ... AL





T =
1

(∆z)2





2 −1 0 . . . 0

−1 2 −1 . . .

−1
0 0 . . . −1 2




.

T T = U + L

L =
1

(∆z)2





1 0 0 . . . 0

−1 1 0 . . .

0
0 0 . . . −1 1





U =
1

(∆z)2





1 −1 0 . . . 0

0 1 −1 . . .

−1
0 0 . . . 0 1




.

un+1/2 − un

∆t
+

1

2
Aun+1/2 + Lun+1/2 =

1

2
fn+1/2

un+1 − un+1/2

∆t
+

1

2
Aun+1 + Uun+1 =

1

2
fn+1 .



f(t, x) = ae−(
log(2)

c
t)e−((X[0]−x[0])2+(X[1]−x[1])2)/(2b2)) ,

• t

• a = 100

• b = 100

• c = 300

• X = [500, 4500]t

• kxy = 10−1

• kz = 10−3



• λ = 0.001








