
c (x, t)
D ⊂ Rd Γ






∂c

∂t
+ u · ∇c − ν∆c = f, D × (0, T )

c|Γ = 0
c (0) = c0

u ν

Pe Pe =
UL

ν
U L

Pe

ν∆c
∂c

∂t
+ u · ∇c c (x, t)



∂c

∂t
+ u · ∇c

c
∂

∂t
+ u · ∇

c (x, t) Γ × (0, T )
∂c

∂t
+

u · ∇c c (x, t)

O(Pe−α) 0 < α < 1

∆t

∆t

T

∆t max
D×(0,T )

|u|

hmin

≤ K1, 0 < K1 < 1,

|u| hmin

Pe ∆t
Pe

∆t hmin

Re Re
Pe



c tn

Ch2
KRK hK RK

Dc

Dt
=

∂c

∂t
+ u · ∇c

X (x, tn+1; t)
∂

∂t
+u ·∇ tn−l ≤ t < tn+1 l

0 1 t = tn+1 X (x, tn+1; tn+1) = x ∈ D
D

c (X (x, tn+1; t) , t) L2



c (X (x, tn+1; t) , t)

C

ν
C

CG ∼ ν−1 exp(tmaxD×(0,T ) |u| ν−1)

ν−1 CG

ν � 1 CG

ν








∂c

∂t
+ u·∇c = 0, x ∈ Rd, t > 0,

c(X, 0) = c0(x),

c : Rd × [0, T ] → R u : Rd × [0, T ] → Rd c0(x)
D0 ⊂⊂ Rd

∂

∂t
+ u·∇,






dX(x,s; t)

dt
= u(X(x, s; t), t),

X(x, s; s) = x.

X(x, s; t)
(x, s) c(X(x, s; t), t) c

t X(x, s; t) c

Dc(X(x, s; t), t)

Dt
=

∂c(X(x, s; t), t)

∂t
+

dX(x,s; t)

dt
· ∇c(X(x, s; t), t) =

∂c(X(x, s; t), t)

∂t
+ u(X(x, s; t), t) · ∇c(X(x, s; t), t).

X(x,s; t)





Dc

Dt
= 0 X(x,s; t) ∈ Rd t > 0,

c(X(x,0; 0), 0) = c0(x)

u ∈ C([0, T ], W 1,∞(Rd)d) c0(x)

c(X(·,t; t + τ), t + τ) = c(·, t).



c(x, t)

Dh D ⊂ Rd

D0 ⊂ D D t
Vh Dh

D := D ∪ ∂D Dh

∂D

D NE > 1

Dh :=

{
Tj ⊂ D : D ∪ ∂D =

Ne⋃

j=1

Tj

}
,

σ > 0 ν > 0, j

h

hj

< ν
hj

ρj

< σ,

hj := (Tj) ρj := sup{ (S) S Tj} h := (Tj)
Dh Dh

Wh :=
{
vh ∈ C0(D) : vh |Tj

∈ P (Tj), ∀Tj ∈ Dh

}
,

Vh = H1
0 (D) ∩ Wh,

P (Tj) =
{

p(x) : x ∈ Tj p(x) = p̂ ◦ F−1
j (x) p̂ ∈ Pm(T̂ ),

}

Pm(T̂ ) ≤ m

T̂ , Fj : T̂ → Tj Cm,1 Tj

m

Fj(x̂) = Bjx̂ + bj, Bj ∈ L(Rd) bj ∈ Rd.

[0, T ] In := [tn, tn+1]
∆t = tn+1 − tn n, 0 = t0 < t1 < ... < tN = T cn

h(x) ∈ Vh

tn

cn
h(x) =

M∑

i=1

Cn
i φi(x),



Cn
i := cn

h(xi) xi i Dh M
Dh {φi}M

i=1 Vh

Xn,n+1
h (x) : = Xh(x, tn+1; tn) tn

X(x, tn+1; t)
cn+1
h (x) ∈ Vh

∫

D

cn+1
h (x)φi(x)dx =

∫

D

cn
h(Xn,n+1

h (x))φi(x)dx

∫

D

cn+1
h (x)φj(x)dx =

∫

D

cn
h(Xn,n+1

h (x))φi(x)dXn,n+1
h (x).

cn+1
h (x)






M[Cn+1] = R

M[Cn+1] = R̃

M mij mij =∫
D

φi(x)φj(x)dx i, j = 1, 2, ..., M M R := (r1, ...., rM)T

R̃ := (r̃1, ...., r̃M)T , ri r̃i

φi(X),

∫
D

cn
h(Xn,n+1

h (x))φi(x)dx

∫

D

cn
h(Xn,n+1

h (x))φi(x)dx =
NE∑

j=1

∫

Tj

cn
h(Xn,n+1

h (x))φi(x)dx j

cn
h ∈ Vh

cn
h(x) =

M∑

k=1

Cn
k φk(x),

cn
h(x) Tj

cn
h(x) |Tj

=
ne∑

l=1

Cn
l(j)ϕ

(j)
l (x),



l(j) Dh l

Tj {ϕ(j)
l }ne

l=1 Tj ne
Tj Tj

∫

Tj

cn
h(Xn,n+1

h (x))φi(x)dx

ne∑

l=1

Cn
l(j)

∫

Tj

ϕ
(i)
l (Xn,n+1

h (x))ϕ(j)
p (x)dx (1 ≤ p ≤ ne),

ϕ
(i)
l l Ti Xn,n+1

h (x)

T̂ , Fj : T̂ → Tj,

∫

Tj

ϕ
(i)
l (Xn,n+1

h (x))ϕ(j)
p (x)dx =

∫

bT
ϕ̂

(i)
l (x̂)ϕ̂p(x̂)

∣∣∣∣
∂Fk

∂x̂

∣∣∣∣ dx̂,

ϕ̂
(i)
l (x̂) := ϕ

(i)
l (Xn,n+1

h ◦ Fj(x̂)) {ϕ̂p}ne
p=1 T̂∣∣∣∣

∂Fk

∂x̂

∣∣∣∣ > 0 Fj ϕ̂
(i)
l (x̂)

z := Xn,n+1
h ◦Fj(x̂) ∈ Ti

F−1
i : Ti → T̂ ϕ

(i)
l (Xn,n+1

h (x)) = ϕ
(i)
l (Xn,n+1

h ◦Fj(x̂)) = ϕ̂l ◦F−1
i (z)

ϕ̂
(i)
l (x̂) = ϕ̂l ◦F−1

i (z)

T̂

∫

bT
ϕ̂

(l)
l (x̂)ϕ̂p(x̂)

∣∣∣∣
∂Fk

∂x̂

∣∣∣∣ dx̂ � meas(Tk)

nqp∑

g=1

�gϕ̂
(l)
l (x̂g)ϕ̂p(x̂g),

{�g} {x̂g}
xg ∈ Tj = Fj(x̂g) ẑg ∈ T̂ = F−1

i ◦ Xn,n+1(xg)

cn
h(Xn,n+1

h (xg)) =
ne∑

l=1

Cn
l(i)ϕ

(i)
l (Xn,n+1

h (xg)) =
ne∑

l=1

Cn
l(i)ϕ̂

(i)
l (x̂g) =

ne∑

l=1

Cn
l(i)ϕ̂l(ẑg).

tn cn+1
h

un cn
h x̂g �g

T̂



M
j = 1, 2 . . . NE
g = 1, 2 . . . nqp

xg = Fj(x̂g).

Xn,n+1
h (xg) xg

Ti Xn,n+1
h (xg)

ẑg = F−1
i ◦ Xn,n+1

h (xg) .

cn
h(Xn,n+1

h (xg)) =
ne∑

l=1

Cn
l(i)ϕ̂l(ẑg).

p = 1, . . . ne

meas(Tj)

ngp∑

g=1

�gc
n
h(Xn,n+1

h (xg))ϕ̂p(x̂g).

Rn := (rn
1 , . . . , rn

M)T

[Cn+1]
cn+1
h ∈ Vh

cn+1
h (x) =

M∑

i=1

Cn+1
i φi(x)

Xn,n+1
h (xg) cn

h(Xn,n+1
h (xg))

≥ 2 Xn,n+1
h (xg)

nqp

Dh



Xn,n+1
h (xg)

≥

Xn,n+1
h (xg)

tn+1 un+1 xg 1 ≤ g ≤
nqp 





K1 = u(xg, tn+1),
K2 = u(xg − ∆tK1, tn+1 − ∆t),

K3 = u

(
xg −

∆tK1

4
− ∆tK2

4
, tn+1 −

∆t

2

)
,

Xn,n+1
h (xg) = xg − ∆t

(
K1

6
+

K2

6
+

4K3

6

)
.

K1 K2 K3

u
{xi} tn, n

u(·, tn+1−
∆t

2
) u(xg, tn+1) u(xg−∆tK1, tn+1−∆t)

xg xg−∆tK1 u(·, tn+1−
∆t

2
)

u(·, tn+1 −
∆t

2
) =

6u(·, tn+1) + 6u(·, tn) − u(·,tn−1)

8

u(xg, tn+1) u(xg − ∆tK1, tn+1 − ∆t) u

(
xg −

∆tK1

4
− ∆tK2

4
, tn+1 −

∆t

2

)

u(·, tn+1) u(·, tn+1 − ∆t)

u

(
·, tn+1 −

∆t

2

)
, xg

xg−∆tK1 xg−
∆tK1

4
−∆tK2

4



xg, xg−∆tK1 xg−
∆tK1

4
−∆tK2

4

n = 0 Xn,n+1
h (xg)

X0,1
h (xg) = xg − ∆t

(
K1

2
+

K2

2

)

t−1

xg Xn,n+1
h (xg)

u = 0 u · n = 0
n

∆t xg − ∆tK1

xg − ∆tK1

4
− ∆tK2

4
xg

D

xg xg − ∆tK1 xg − ∆tK1

4
− ∆tK2

4
Xn,n+1

h (xg)

u(·, tn +
∆t

2k
), k = 0, 1, 2, . . . kmax

u tn+1

u(·, tn+1)

u(·, tn+1) =3u(·, tn) − 3u(·, tn−1) + u(·, tn−2),

tn, tn−1 tn−2



x = xg

X(xg, tn+1; tn) = xg −
∫ tn+1

tn

u(X(xg, tn+1; t), t)dt,

αg = xg − X(xg, tn+1; tn)

αg O(∆t3)

αg = ∆tu(X(xg, tn+1; tn +
∆t

2
), tn +

∆t

2
).

X(xg, tn+1; tn +
∆t

2
) =

1

2
(xg + X(xg, tn+1; tn) = xg −

1

2
αg

u(·,tn +
∆t

2
) =

3

2
u(·,tn) − 1

2
u(·,tn−1),

αg = ∆t

(
3

2
u(xg −

1

2
αg, tn) − 1

2
u(xg −

1

2
αg, tn−1)

)
.

∆t kmax ε un

un−1 xg 1 ≤ g ≤ nqp

α(0)
g = ∆t

(
3

2
u(xg, tn) − 1

2
u(xg, tn−1)

)
.

k = 0, 1, . . . ,

α(k+1)
g = ∆t

(
3

2
u(xg −

1

2
α(k)

g , tn) − 1

2
u(xg −

1

2
α(k)

g , tn−1)

)
.

k = kmax

∣∣∣α(k+1)
g − α

(k)
g

∣∣∣
∣∣∣α(k)

g

∣∣∣
≤ ε



Xn,n+1
h (xg) = xg − α(k+1)

g .

∆t max
(x,tn)∈Bj×(0,T )

|∇un(x)| < 2,

Bj xg Xn,n+1
h (xg) ∈ Bj

xg − 1
2
α

(k)
g

∆t
m ∆t

∆t kmax ε un

xg 1 ≤ g ≤ nqp

α(0)
g = 2−m+1∆tu(xg, tn).

xg −
1

2
α

(0)
g m = m+1

k = 0, 1, . . . , kmax

α(k+1) = 2−m+1∆tu(xg −
1

2
α(k)

g , tn+1 −
∆t

2m
).

xg −
1

2
α

(0)
g m =

m + 1
k = kmzx ∣∣∣α(k+1)

g − α
(k)
g

∣∣∣
∣∣∣α(k)

g

∣∣∣
> ε,

m = m + 1

∣∣∣α(k+1)
g − α

(k)
g

∣∣∣
∣∣∣α(k)

g

∣∣∣
≤ ε



Xh(xg, tn+1; tn+1 −
2∆t

2m
) = xg − α(k+1)

g

(
tn+1 −

∆t

2m

)
.

l = m − 1, .., 1

Xh

(
xg, tn+1; tn+1 −

2∆t

2l

)

= xg − 2−m+1∆tu

(
Xh

(
xg, tn+1; tn+1 −

∆t

2l

)
, tn+1 −

∆t

2l

)
.

l = 1, Xn,n+1
h (xg) = Xh

(
xg, tn+1; tn+1 −

2∆t

2l

)

u(·, tn+1 −
∆t

2k
) = (2 − 2−k)u(·, tn) − (1 − 2−k)u(·, tn−1), 1 ≤ k ≤ m.

∆t max
(x,tn)∈Bj×(0,T )

|∇un(x)| < 2m.

P1 P2

tn
T n,n+1

j ⊂ D Tj

Dh T n,n+1
j := {y = Xn,n+1

h (x), x ∈ Tj} T n,n+1
j = Xn,n+1

h (Tj)

D =
⋃

j T n,n+1
j

Ck−1,1 F n,n+1
j : T̂ → T n,n+1

j x̂ ∈ T̂

y = F n,n+1
j (x̂) = Xn,n+1

h ◦ Fj(x̂) = Xn,n+1
h (x)

F n,n+1
j Fj (F n,n+1

j )−1

T n,n+1
j T̃ n,n+1

j

{Xn,n+1
h (aj1), . . . , X

n,n+1
h (ajd+1)} Tj {aj1, . . . , ajd+1}



Tn,n+1
j

Tj

̂T

˜Tn,n+1
j

Fj

Xn,n+1
h

F̃ n,n+1
j

X̃n,n+1
h := F̃n,n+1

j ◦ F−1
j

F̃ n,n+1
j : T̂ → T̃ n,n+1

j x̂ ∈ T̂

ỹ = F̃ n,n+1
j (x̂) = B̃n,n+1

j x̂ + b̃n,n+1, B̃n,n+1
j ∈ L(Rd) b̃n,n+1

j ∈ Rd.

T̃ n,n+1
j T ∗n,n+1

j

F̃ n,n+1
j = ÎF n,n+1

j ,

Î T̂
tn x̂ ∈ T̂ x ∈ Tj x = Fj(x̂)

y = F n,n+1
j (x̂) = Xn,n+1

h (x) ∈ T n,n+1
j

ỹ = F̃ n,n+1
j (x̂) = F̃ n,n+1

j ◦ F−1
j (x) ∈ T̃ n,n+1

j X̃n,n+1
h (x) :=

F̃ n,n+1
j ◦F−1

j (x) ỹ cn+1
n ∈ Vh

∫

D

cn+1
h (x)φi(x)dx =

∫

D

cn
h(X̃n,n+1

h (x))φi(x)dx.

∂D
d = 2 T n,n+1

j



T̃ n,n+1
j ∩ ∂D �= T n,n+1

j ∩ ∂D

D D T̃ n,n+1
j ∩ D D.

∫

Tj

ϕ
(i)
l (X̃n,n+1

h (x))ϕ(j)
p (x)dx =

∫

bT
ϕ̂l(

̂̃z)ϕ̂p(x̂)

∣∣∣∣
∂Fj

∂x̂

∣∣∣∣ dx̂,

̂̃z := F−1
i ◦ F̃ n.n+1

j (x̂) Ti F̃ n.n+1
j (x̂)

T̂

∫

bT
ϕ̂l(

̂̃z)ϕ̂p(x̂)

∣∣∣∣
∂Fj

∂x̂

∣∣∣∣ dx̂ � meas(Tj)

nqp∑

k=1

�kϕ̂l(
̂̃zk)ϕ̂p(x̂k),

̂̃zk = F−1
i ◦ F̃ n.n+1

j (x̂)

cn
h(X̃n,n+1

h (xg)) =
ne∑

l=1

Cn
l(i)ϕ

(i)
l (X̃n,n+1

h (xg)) =
ne∑

l=1

Cn
l(i)ϕ̂l(

̂̃zk)

cn
h(Xn,n+1(xg)) tn

un cn
h x̂g �g

T̂
M

j = 1, 2 . . . NE

T̃ n,n+1
j

{aij}d+1
i=1 Tj.

k = 1, 2 . . . nqp

X̃n,n+1(xk) = B̃n,n+1
j x̂k + b̃n,n+1

j .

Ti X̃n,n+1(xk)

̂̃zk = F−1
i (X̃n,n+1(xk)) .

cn
h(X̃n,n+1(xk)) =

ne∑

l=1

Cn
l(i)ϕ̂l(

̂̃zk).

p = 1, . . . ne



meas(Tj)

ngp∑

k=1

�kc
n
h(X̃n,n+1(xk))ϕ̂p(x̂k).

[Cn+1]
cn+1
h ∈ Vh

cn+1
h (x) =

M∑

i=1

Cn+1
i φi(x).

L2

X(x, tn+1; t)

u ∈ L∞ (0, T ; W k,∞(D)d), k ≥ 1 n 0 ≤ n ≤ N−1
t → X(x, tn+1; t) (t ∈ [tn−1, tn+1[⊂ [0, T ])

X(x, tn+1; t) ∈ W 1,∞(0, T ; W k,∞(D)d) α ∈ Nd

α, 1 ≤| α |≤ k, ∂α
x Xi(x, tn+1, t) ∈ C0([0, T ]; L∞(D × [0, T ])) 1 ≤ i ≤ d

u |∂D= 0 |s − t|
x → X(x, s; t) Ck−1,1 D

D J(x, s; t) ∈ C0([0, T ]; L∞(D × [0, T ]))

exp(−Cu |s − t|) ≤ J(x, s; t) ≤ exp(Cu |s − t|),
Cu = ‖divu‖L∞(D×(0,T ))

K−1
u | x − y |≤| X(x, s; t) − X(y, s; t) |≤ Ku | x − y |,

Ku = exp(| s − t || ∇u |L∞(0;T,(W 1,∞(D))d)) | a − b |
a, b ∈ R

∆t h

h0 ∆t0 < 1 0 < h < h0 0 <
∆t < ∆t0



L2 cn+1
h

cn
h(Xn,n+1

h (x)) ∈ W 1,∞(D)
h

C
∆t h tn

∥∥cn+1
h

∥∥
L2(D)

≤ (1 + C∆t) ‖cn
h‖L2(D) .

Cn+1
i i

∫

D

(
cn+1
h (x)

)2
dx =

∫

D

cn
h(Xn,n+1(x))cn+1

h (x)dx.

∫

D

(
cn+1
h (x)

)2
dx ≤

∫

D

(
cn
h(Xn,n+1(x))

)2
dx.

y = Xn,n+1(x) ∆t

∫

D

(
cn
h(Xn,n+1(x))

)2
dx ≤ (1 + C1∆t)

∫

D

(cn
h(y))2dy.

C1 = C1(Cu) Cu

divu �

L2 Ph : L2(D) → Vh v ∈ Hm+1(D)
K h

‖v − Phv‖Hs(D) ≤ Khm+1−s ‖v‖Hm+1(D) , s = 0, 1,

H0(D) = L2(D) vh ∈ Vh Phvh = vh

‖Phv‖L2(D) ≤ ‖v‖L2(D)



c ∈ C([0, T ]; Hm+1(D))
C ∆t h

maxn ‖c(tn) − cn
h‖L2(D) ≤ Khm+1 ‖c‖L∞(0,T ;Hm+1(D)) +

C
tn
∆t

min

(
1,

∆t ‖u‖L∞([0,T ]×D)d

h

)
hm+1 ‖c‖L∞(0,T ;Hm+1(D))

an(x), an

a(x, tn) a D × [0, T ] n
en(x) = cn(x) − cn

h(x)

en = (cn − Phc
n) + (Phc

n − cn
h) ≡ ρn(x) + θn

h(x),

θn
h(x) ∈ Vh ρn(x)

‖ρn‖Hs(D) ≤ Khm+1−s ‖cn‖Hm+1(D) .

θn
h vh ∈ Vh Phvh = vh

θn
h(x) = Ph (cn(x) − cn

h(x)) = Ph

(
cn−1 ◦ Xn−1,n(x) − cn−1

h ◦ Xn−1,n(x)
)

‖θn
h(x)‖L2(D) ≤

∥∥(
cn−1 − cn−1

h

)
◦ Xn−1,n(x)

∥∥
L2(D)

,

‖θn
h(x)‖L2(D) ≤ (1 + C1∆t)

(∥∥ρn−1(x)
∥∥

L2(D)
+

∥∥θn−1
h (x)

∥∥
L2(D)

)
.

‖ρn−1(x)‖L2(D) s = 0

‖θn
h(x)‖L2(D) −

∥∥θ0
h(x)

∥∥
L2(D)

≤

(1 + C1∆t)K
tnh

m+1

∆t
‖c‖l∞(Hm+1(D) + C1∆t

∑n−1
i=1

∥∥θi
h(x)

∥∥
L2(D)

.

θ0
h(x) = 0

‖θn
h(x)‖L2(D) ≤ C

tnh
m+1

∆t
‖c‖l∞(Hm+1(D) ,

C = (1 + C1∆t)K exp(C1tn) ∆t → 0
h n Phρ

n = 0
θn

h(x) = θn−1
h (Xn−1,n(x))

θn
h(x) = θn−1

h (Xn−1,n(x)) + Ph

(
ρn−1 ◦ Xn−1,n(x) − ρn−1(x)

)



‖θn
h(x)‖L2(D) ≤

∥∥θn−1
h (Xn−1,n(x))

∥∥
L2(D)

+
∥∥ρn−1 ◦ Xn−1,n(x) − ρn−1(x)

∥∥
L2(D)

.

∥∥θn−1
h (Xn−1,n(x))

∥∥
L2(D)

≤ (1 + C1∆t)
∥∥θn−1

h (x)
∥∥

L2(D)
.

ρn−1(x) − ρn−1 ◦ Xn−1,n(x) =

∫ tn

tn−1

dρ(X(x, tn; t), tn−1)

dt
dt,

∣∣ρn−1 − ρn−1 ◦ Xn−1,n
∣∣2 ≤ ∆t

∫ tn

tn−1

|u(X(x, tn; t), t) · ∇ρ(X(x, tn; t), tn−1)|2 dt,

‖ρn−1 − ρn−1 ◦ Xn−1,n‖2
L2(D) ≤ ∆t

∫

D

∫ tn

tn−1

|u(X(x, tn; t), t) · ∇ρ(X(x, tn; t), tn−1)|2 dtdx ≤

∆t ‖u‖2
L∞(0,T ;D)d

∫ tn

tn−1

∫

D

|∇ρ(X(x, tn; t), tn−1)|2 dxdt ≤ y = X(x, tn; t)

∆t ‖u‖2
L∞((0,T )×D)d

∫ tn

tn−1

∫

D

|∇ρ(y, tn−1)|2
(
J t,n

)−1
dydt ≤

(1 + C1∆t)∆t2 ‖u‖2
L∞((0,T )×D)d ‖∇ρn−1‖2

L2(D) ,

J t,n x → X(x, tn; t)
s = 1 ‖∇ρn−1‖2

L2(D)

‖θn
h‖L2(D) −

∥∥θ0
h

∥∥
L2(D)

≤ C1∆t
∑n−1

i=1

∥∥θi
h

∥∥
L2(D)

+

(1 + C1∆t)K

(
∆t ‖u‖L∞((0,T )×D)d

h

)
hm+1 ‖cn−1‖Hm+1(D) .

θ0
h = 0

‖θn
h‖L2(D) ≤ C

tn
∆t

(
∆t ‖u‖L∞((0,T )×D)d

h

)
hm+1 ‖c‖L∞(0,T ;Hm+1(D)) .



‖θn
h‖L2(D) ≤ C

tn
∆t

min

(
1,

∆t ‖u‖L∞((0,T )×D)d

h

)
hm+1 ‖c‖L∞(0,T ;Hm+1(D)) .

�

∆t ‖u‖L∞((0,T )×D)d

h
O(hm)

∆t h ∆t

h O(
hm+1

∆t
)

X̃n,n+1(x) j 1 ≤ j ≤ NE tn
F̃ n,n+1

j F n,n+1
j

q ≥ 1 u ∈ L∞(0, T ; W q+1,∞(D)d) F n,n+1
j ∈

Cq,1(T̂ )d C1 ∆t h n
∥∥∥Xn,n+1(x) − X̃n,n+1(x)

∥∥∥
L∞(D)d

≤ C1h
2∆t ‖u‖L∞(0,T ;W 2,∞(D)d)

Xn,n+1(x) X̃n,n+1(x)

F n,n+1
j F̃ n,n+1

j Tj

∥∥∥Xn,n+1(x) − X̃n,n+1(x)
∥∥∥

L∞(Tj)d
=

∥∥∥F n,n+1
j (x̂) − F̃ n,n+1

j (x̂)
∥∥∥

L∞( bT )d
.

F n,n+1
j Cq,1(T̂ )d F n,n+1

j (x̂) = Xn,n+1 ◦ Fj(x̂)

F n,n+1
j (x̂) = Bjx̂ + bj −

∫ tn+1

tn

u(X(Fj(x̂), tn+1; t), t)dt.

u ∈ L∞(0, T ; W q+1,∞(D)d), F n,n+1
j

Cq,1(T̂ )d Î(Bjx̂ + bj) = Bjx̂ + bj

∥∥∥F n,n+1
j (x̂) − F̃ n,n+1

j (x̂)
∥∥∥

L∞( bT )d
≤ Ĉ

∣∣F n,n+1
j

∣∣
W 2,∞( bT )d =

Ĉ

∣∣∣∣
∫ tn+1

tn

u(X(Fj(x̂), tn+1; t), t)dt

∣∣∣∣
W 2,∞( bT )d

,



|◦|W 2,∞( bT )d Ĉ = C(Î T̂ ) [tn, tn+1]

j t ∈ [tn, tn+1] X(·, tn+1; t) ◦ Fj : T̂ → T t,n+1
j ∈ D

∣∣∣∣
∫ tn+1

tn

u(X(Fj(x̂), tn+1; t), t)dt

∣∣∣∣
W 2,∞( bT )d

≤ C∆th2
j ‖u‖L∞(tn,tn+1;W 2,,∞(T ∗t,n+1

j )d) ≤

C1∆th2 ‖u‖L∞(0,T ;W 2,∞(D)d) .

�

v ∈ L∞(0, T ;
H1(D)) tn C2 ∆t h

‖u‖L∞(0,T ;W 2,∞(D)d)

∥∥∥vn(Xn,n+1(x)) − vn(X̃n,n+1(x))
∥∥∥

L2(D)
≤ C2h

2∆t ‖∇vn‖(L2(D))d .

Hα(x) = αXn,n+1 + (1 − α)X̃n,n+1(x), 0 ≤ α ≤ 1,

∣∣∣vn(Xn,n+1(x)) − vn(X̃n,n+1(x))
∣∣∣
2

≤

∣∣∣Xn,n+1(x) − X̃n,n+1(x)
∣∣∣
2
∫ 1

0

|∇vn(Hα(x))|2 dα.

∫

Tj

∣∣∣v(Xn,n+1(x)) − vn(X̃n,n+1(x))
∣∣∣
2

dy ≤

d1/2
∥∥∥Xn,n+1(x) − X̃n,n+1(x)

∥∥∥
L∞(D)d

∫ 1

0

(∫

Tj

|∇vn(Hα(x))|2 dx

)
dα.

∫

Tj

∣∣∣vn(Xn,n+1(x)) − vn(X̃n,n+1(x))
∣∣∣
2

dx ≤

Ch4∆t2 ‖u‖2
L∞(0,T ;W 2,∞(D)d) ‖∇vn‖2

(L2(Tj))d .

j �



L2 cn
h(X̃n,n+1(x))

‖∇vh‖L2(D) ≤ Ch−1 ‖vh‖L2(D) vh ∈ Wh.

Dh

C3 C4 ∆t h n =
1, 2, . . . , N

(1 − C3∆t) ‖cn
h‖L2(D) ≤

∥∥∥cn
h(X̃n,n+1(x))

∥∥∥
L2(D)

≤ (1 + C4∆t) ‖cn
h‖L2(D) .

y = Xn,n+1(x)
∫

D

∣∣cn
h(Xn,n+1(x))

∣∣2 dx =

∫

D

|cn
h(y)|2

∣∣(Jn,n+1)−1
∣∣ dy.

K1 = K1(Cu) K2 = K2(Cu)

(1 − K1∆t) ‖cn
h‖L2(D) ≤

∥∥cn
h(Xn,n+1(x))

∥∥
L2(D)

≤ (1 + K2∆t) ‖cn
h‖L2(D) .

cn
h(X̃n,n+1(x)) = cn

h(Xn,n+1(x)) −
(
cn
h(Xn,n+1(x)) − cn

h(X̃n,n+1(x))
)

,

∥∥∥cn
h(X̃n,n+1(x))

∥∥∥
L2(D)

≤ (1 + K2∆t) ‖cn
h‖L2(D) + C2h

2∆t ‖∇cn
h‖(L2(D))d .

C2h
2∆t ‖∇cn

h‖(L2(D))d ≤ Ch∆t ‖cn
h‖L2(D)

C4 = K2 + hC divu ‖u‖L∞(0,T ;W 2,∞(D)d)

∥∥∥cn
h(X̃n,n+1(x))

∥∥∥
L2(D)

≤ (1 + C4∆t) ‖cn
h‖L2(D) .

cn
h(Xn,n+1(x)) = cn

h(X̃n,n+1(x)) −
(
cn
h(X̃n,n+1(x)) − cn

h(Xn,n+1(x))
)

,

∥∥∥cn
h(X̃n,n+1(x))

∥∥∥
L2(D)

≥
∥∥cn

h(Xn,n+1(x))
∥∥

L2(D)
−

∥∥∥cn
h(Xn,n+1(x)) − cn

h(X̃n,n+1(x))
∥∥∥ .

C3 = K1 + hC

(1 − C3∆t) ‖cn
h‖L2(D) ≤

∥∥∥cn
h(X̃n,n+1(x))

∥∥∥
L2(D)

.

�



L2

n = 0, 1, 2...,

∥∥cn+1
h

∥∥
L2(D)

≤ (1 + C4∆t) ‖cn
h‖L2(D) .

Cn+1
i i

∥∥cn+1
h

∥∥
L2(D)

≤
∥∥∥cn

h(X̃n,n+1(x))
∥∥∥

L2(D)
,

�

c ∈ C([0, T ]; Hm+1(D))
C ∆t h

maxn ‖c(tn) − cn
h‖L2(D) ≤ Khm+1 ‖c‖L∞(0,T ;Hm+1(D)) +

C
tn
∆t

min

(
1,

∆t ‖u‖L∞([0,T ]×D)d

h

)
hm+1 ‖c‖L∞(0,T ;Hm+1(D)) + Ctnh

2 ‖∇c‖L∞(0,T ;L2(D)) .

n en(x) =
cn(x) − cn

h(x)

en(x) = (cn(x) − Phc
n(x)) + Phc

n(x) − cn
h(x) = ρn(x) + θn

h(x).

cn(x) = cn−1(Xn−1,n(x) cn
h(x) = Phc

n−1
h (X̃n−1,n(x))

Phc
n(x) − Phc

n
h(x)

θn
h(x) = Ph

(
cn−1(Xn−1,n(x)) − cn−1(X̃n−1,n(x))

)
+

Ph

(
cn−1(X̃n−1,n(x)) − cn−1

h (X̃n−1,n(x))
)

.

L2 Ph

‖θn
h‖L2(D) ≤ (1 + C4∆t)

(
‖ρn−1‖L2(D) +

∥∥θn−1
h

∥∥
L2(D)

)
+

C2h
2∆t ‖∇cn−1‖(L2(D))d .



θn
h

‖θn
h‖L2(D) ≤ Ctn

hm+1

∆t
‖c‖L∞(0,T ;Hm+1(D)) +

Ctnh
2 ‖∇c‖L∞(0,T ;Hm+1(D)) ,

C = max
(
(1 + C4∆t)KeC4tn , C2e

C4tn
)

∆t → 0 h ∆t
h

θn
h(x) = Ph

(
cn−1(Xn−1,n(x)) − cn−1(X̃n−1,n(x))

)
+

θn−1
h (X̃n−1,n(x)) + Ph (ρn−1 ◦ Xn−1,n(x) − ρn−1(x)) .

L2

‖θn
h‖L2(D) ≤ (1 + C4∆t)

∥∥θn−1
h

∥∥
L2(D)

+ C2h
2∆t ‖∇cn−1‖(L2(D))d +

‖ρn−1 ◦ Xn−1,n(x) − ρn−1(x)‖L2(D) .

‖θn
h‖L2(D) ≤ C tn

∆t

(
∆t ‖u‖L∞((0,T )×D)d

h

)
hm+1 ‖c‖L∞(0,T ;Hm+1(D)) +

Ctnh
2 ‖∇c‖L∞(0,T ;Hm+1(D)) ,

C = max
(
(1 + C4∆t)KeC4tn , C2e

C4tn
)

�

P2 P1

P2 P1



1

4
D a = 1.5 b = 1.0






∂c

∂t
+ u · ∇c = 0 D × (0, T ],

c0(x) =






1 , x ∈ (x1 − 0.75)2 + x2
2 ≤ 1

16
,

0 , ,

u = (−2x2, x1)

c(x, t) = c0(x0)






x1(t) = x0
1 cos(

√
2t) + x0

2

√
2

2
sin(

√
2t),

x2(t) = −x0
1

√
2 sin(

√
2t) + x0

2 cos(
√

2t).

√
2t = nπ n = 0, 1, 2, ..

√
2t =

π

2
+ nπ n = 0, 1, ...

P2

L2
∫

cn
hdx

∫
(cn

h)2dx
L2 x2 = 0 5

L2 h
∆t =

√
2π

80
, L2

∆t



0 1 2 3 4 5

0.194

0.195

0.196

SL Interpolation

LG method  &  SLG method

nº of revolutions

∫ c
h

dΩ

0 1 2 3 4 5
0.16

0.17

0.18

0.19

0.20

SL Interpolation

LG method  &  SLG method

nº of revolutions

∫ c2
h

dΩ

0 1 2 3 4 5
0.04

0.06

0.08

0.1

0.12

0.14

0.16

SL Interpolation

LG method  &  SLG method

nº of revolutions

(∫(c−c
h
)2 dΩ)1/2

−1.5 −1 −0.5 0 0.5 1 1.5
−0.2

0

0.2

0.4

0.6

0.8

1

SL Interpolation

LG method  &  SLG method

y=0

P2

[∫
(c − ch)

2 dx
]1/2

SL Interpolation LG method SLG method
N elements = 1.606 0.184 0.132 0.132
N elements = 6.424 0.128 0.091 0.091
N elements = 25.696 0.090 0.064 0.064

L2 h ∆t =
√

2π
80

{tn}



[∫
(c − ch)2 dx

]1/2
SL Interpolation LG method SLG method

∆t =
√

2π/40 0.082 0.059 0.059

∆t =
√

2π/80 0.090 0.064 0.064

∆t =
√

2π/160 0.101 0.068 0.068

L2 ∆t

[∫
(c − ch)2 dx

]1/2
SL Interpolation LG method SLG method

∆t =
√

2π/40 0.155 0.170 0.170

∆t =
√

2π/80 0.095 0.076 0.076

∆t =
√

2π/160 0.101 0.068 0.068

L2 ∆t

∆t ∆t =
√

2π
80

CPU time 5 rev SL Interpolation LG method SLG method
20.3 71.2 58.1

376.6 681.7 206.3

∆t =
√

2π
80



5 6424
∆t =

√
2π

80

tn tn−1

tn

D u = (−2x2, x1)

c0(x) = exp

(
−25

[(
x1 −

3

4

)2

+ x2
2

])

(0.75, 0)
P2

P2 P1 ∫
cn
hdx

∫
(cn

h)2dx L2

x2 = 0 5



0 1 2 3 4 5
0.1255

0.1256

0.1257

0.1258

0.1259

0.1260

SL Interpolation

LG method  &  SLG method

nº of revolutions

∫ c
h

dΩ

0 1 2 3 4 5
0.0620

0.0622

0.0624

0.0626

0.0628

0.0630

0.0620

0.0622

0.0624

0.0626

0.0628

SL Interpolation

LG method  &  SLG method

nº of revolutions

∫ c2
h

dΩ

0 1 2 3 4 5
0

1

2

3

4

5

6
x 10

−3

SL Interpolation

LG method  &  SLG method

nº of revolutions

(∫(c−c
h
)2 dΩ)1/2

−1.5 −1 −0.5 0 0.5 1 1.5
−0.2

0

0.2

0.4

0.6

0.8

1
SL Interpolation

LG method  &  SLG method

y=0

P2

[∫
(c − ch)2 dx

]1/2
SL Interpolation LG method SLG method

N elements = 1.606 4.53 · 10−2 3.71 · 10−3 3.71 · 10−3

N elements = 6.424 4.63 · 10−3 4.43 · 10−4 4.43 · 10−4

N elements = 25.696 3.24 · 10−4 4.71 · 10−5 4.71 · 10−5

L2 h ∆t =
√

2π
80

L2 h ∆t =
√

2π
80

,
L2 ∆t

T n,n+1
j F n

j (x̂) = F̃ n
j (x̂)∥∥∥Xn,n+1(x) − X̃n,n+1(x))

∥∥∥
L∞(R2)2

= 0 h2



h1 h2 = h1/2 h3 = h1/4
e2 < (h2/h1)

3e1 e3 < (h3/h2)
3e2 ei

h1 = 0.1284 h2 = 0.0640 h3 = 0.032
∆t =

√
2π

80
= 0.0555,

∆t
∆t

h

[∫
(c − ch)2 dx

]1/2
SL Interpolation LG method SLG method

∆t =
√

2π/40 1.44 · 10−4 4.75 · 10−5 4.75 · 10−5

∆t =
√

2π/80 3.24 · 10−4 4.71 · 10−5 4.71 · 10−5

∆t =
√

2π/160 9.25 · 10−4 1.05 · 10−4 1.05 · 10−4

L2 ∆t








∂c

∂t
+ u · ∇c = ∇ · (ν(x, t)∇c) + f(x, t) D × (0, T ),

c(x, t) = 0, (x, t) ∈ ∂D × (0, T ),
c(x, 0) = c0(x), x ∈ D,

D Rd (d = 2 3)
∂D c : D × [0, T ) → R u : D × (0, T ) → Rd

ν(x, t)

t κ =
λmax

λmin

λmax λmin

ν(x, t) u(x, t) ∈ L∞(D × (0, T ])
|u(x, t)| � λmin u(x, t) = 0 (x, t) ∈ ∂D ×
(0, T ] νij(x, t) ν(x, t)
L∞(D × (0, T ]) f ∈ L2(D × (0, T ]) c0 ∈ L2(D)

c ∈ L2(0, T ; H1
0 (D)) ∩ C([0, T ]; L2(D)),

∂c

∂t
∈ L2(0, T ; H−1(D))

v ∈ H1
0 (D) 0 ≤ t ≤ T,

〈
Dc

Dt
, v

〉
+ a (t; c, v) = (f, v),

c(x, 0) = c0(x),

a (t; ·, ·) : H1
0 (D) × H1

0 (D) → R

a (t; c, v) =

∫

D

ν(x, t)∇c · ∇vdx,

〈·, ·〉 H1
0 H−1 (·, ·)

L2(D)
[0, T ] [tn−1, tn] n = 1, 2, · · · , N ∆tn = tn − tn−1

0 = t0 < t1 < · · · < tN = T
Dc

Dt
X(x, tn+1; t)

[tn, tn+1] x ∈ D
t ∈ [tn, tn+1] x → X(x, tn+1, t) X(x, tn+1, t)



X(x, tn+1; t) ∈ D u Γ
y = X(x, tn+1, t) X y → Y (y, t; tn+1) = x

Y (y, tn; tn+1) = y
dY (y, t; tn+1)

dt
= u(x, t) F (x, tn+1; t) =

(
∂X

∂x

)

J F (x, tn+1; tn+1) = I J = 1
c(x, t) = c(Y (y, t; tn+1), t) = c(y, t)

∂c(y, t)

∂t
=

∂c

∂t
+ u · ∇xc, ∇xc = F−T∇yc,

divx(ν(x, t)∇xc) =
1

J
divy (JF−1ν(y, t) F−T∇yc),

∂c(y, t)

∂t
− 1

J
divy

(
JF−1ν(y, t

)
F−T∇yc) f(y, t) D × (tn, tn+1] ,

∂c(y, t)

∂t
= G(y, t) D × (tn, tn+1]; G(y, t) =

1

J
divy

(
JF−1ν(y, t

)
F−T∇yc) f(y, t).

c(y, tn+1) − c(y, tn)

∆t
= G(y, tn+1);

t = tn+1 c(y, tn+1) = c(Y (y, tn+1; tn+1), tn+1) = c(x, tn+1) J = 1
F = I, f(y, tn+1) = f(x, tn+1) t = tn c(y, tn) = c(Y (y, tn; tn+1), tn) =
c(X(x, tn+1; tn), tn)

c(x, tn+1) − c(X(x, tn+1; tn), tn)

∆t
= divx(ν(x, tn+1)∇xc(x, tn+1) + f(x, tn+1) .

3c(y, tn+1) − 4c(y, tn) + c(y, tn−1)

2∆t
= G(y, tn+1),

3c(x, tn+1) − 4c(X(x, tn+1; tn), tn) + c(X(x, tn+1; tn−1), tn−1)

2∆t
=

divx(ν(x, tn+1)∇xc(x, tn+1) + f(x, tn+1).



c(y, tn+1) − c(y, tn)

∆t
=

1

2
(G(y, tn+1) + G(y, tn)) ,

c(x, tn+1) − c(X(x, tn+1; tn), tn)

∆t
=

1

2
divx(ν(x, tn+1)∇xc(x, tn+1)+

1

J

1

2
divy (JF−1ν(y, tn) F−T∇yc(y, tn) +

1

2
(f(x, tn+1) + f(X(x, tn+1; tn), tn)

X(x, tn+1; tn)

Ih : C(D) → Wh

Rh : H1
0 (D) → Vh

C
h h0 0 < h ≤ h0 < 1

C u ∈ Hs+1(D) ∩ H1
0 (D), 1 ≤ s ≤ m

inf
vh∈Vh

{
‖u − vh‖L2(D) + h ‖∇ (u − vh)‖L2(D)

}
≤ Chs+1 ‖u‖Hs+1(D) .

Ih : C(D) → Wh u ∈
Hs+1(D), s > 1,

‖u − Ihu‖L2(D) + h ‖∇ (u − Ihu)‖L2(D) ≤ Chs+1 ‖u‖Hs+1(D) .

Rh : H1
0 → Vh

a(t; u, v) u ∈ L∞(0, T ; H1
0 (D) ∩ Hs+1(D))

u(0) ∈ H1
0 (D) ∩ Hs+1(D) Rhu

a(t; Rhu, vh) = a(t, u, vh), vh ∈ Vh.

ρ := u − Rhu

‖ρ‖L2(D) + h ‖∇ρ‖L2(D) ≤ Chs+1 ‖u‖Hs+1(D)



‖ρt‖L2(D) + h ‖∇ρt‖L2(D) ≤ Chs+1
[
‖u‖Hs+1(D) + ‖ut‖Hs+1(D)

]
,

ρt

∂ρ

∂t
C C =

‖ν‖L∞(D×(0,T ))

ν0

× CD CD

n = 1, . . . , N − 1 cn
h cn−1

h cn+1
h ∈ Vh vh ∈ Vh

1

2

(
3cn+1

h − 4cn
h(Xn,n+1(x)) + cn−1

h (Xn−1,n+1(x)), vh

)
+

∆tan+1(cn+1
h , vh) = ∆t(fn+1, vh),

n = 1 c0
h = Rhc

0(x) ∈ Vh c1
h ∈ Vh vh ∈ Vh

(
c1
h − c0

h(X
0,1(x)), vh

)
+ ∆ta1(c1

h, vh) = (f 1, vh).

an+1(cn+1
h , vh) a1(c1

h, vh) a(tn+1;
cn+1
h , vh) a(t1; c

1
h, vh)

Xn−1,n+1(x) X(x, tn+1; tn−1)
tn−1 y = Xn,n+1(x)

Xn−1,n+1(x) = Xn−1,n ◦ Xn,n+1(x) = Xn−1,n(y)

cn+1
h

cn+1
h

(cn
h(Xn,n+1(x), vh) cn

h(Xn−1,n+1(x), vh)

an+1(cn+1
h , vh) S ν

t

(3M+2∆tS)
[
Cn+1

]
= Rn.



(cn
h(Xn,n+1(x)), vh)

(
cn−1
h (Xn−1,n+1(x)), vh

)

n = 1, . . . , N − 1 cn
h cn−1

h ∈ Vh

1

2

(
3cn+1

h − 4cn
h(X̃n,n+1(x)) + 2cn−1

h (X̃n−1,n+1(x)), vh

)
+

∆tan+1(cn+1
h , vh) = ∆t(fn+1, vh),

n = 1, c0
h = Rhc

0 c1
h ∈ Vh vh ∈ Vh

(
c1
h − c0

h(X̃
0(x)), vh

)
+ ∆ta1(c1

h, vh) = (f 1, vh).

L2

u ∈ L∞(0, T ; W 2,∞(D)d)
K ∆t h n = 1, 2, . . . , N cn+1

h

∥∥cN
h

∥∥
L2(D)

≤ K

(
∥∥c0

h

∥∥
L2(D)

+ 2∆t
N∑

n=1

‖fn‖L2(D)

)
.



bn(·) tn

bn = bn(x) b̃∗n = bn(X̃n,n+1(x)) b∗n = bn(Xn,n+1(x)),

b̃∗∗n−1 = bn−1(X̃n−1,n+1(x)) b∗∗n−1 = bn−1(Xn−1,n+1(x)),

∆1b
n+1 = bn+1 − b∗n ∆2b

n+1 = bn+1 − b∗∗n−1.

1

2

(
3cn+1

h − 4c̃∗nh + c̃∗∗n−1
h , vh

)
=

1

2

(
3cn+1

h − 4c∗nh + c∗∗n−1
h , vh

)
−

2(c̃∗nh − c∗nh , vh) +
1

2
(c̃∗∗n−1

h − c∗∗n−1
h , vh) =

(
2∆1c

n+1
h − 1

2
∆2c

n+1
h , vh

)
−

2(c̃∗nh − c∗nh , vh) +
1

2
(c̃∗∗n−1

h − c∗∗n−1
h , vh),

2(∆lc
n+1
h , cn+1

h ) = ∆l

∥∥cn+1
h

∥∥2

L2(D)
+

∥∥∆lc
n+1
h

∥∥2

L2(D)
l = 1 2

vh = cn+1
h

∆1

∥∥cn+1
h

∥∥2

L2(D)
+

∥∥∆1c
n+1
h

∥∥2

L2(D)
− 1

4
∆2

∥∥cn+1
h

∥∥2

L2(D)
−

1
4

∥∥∆2c
n+1
h

∥∥2

L2(D)
+ ∆tan+1(∇cn+1

h ,∇cn+1
h ) =

∆t(fn+1
h , cn+1

h ) + 2(c̃∗nh − c∗nh , cn+1
h ) − 1

2
(c̃∗∗n−1

h − c∗∗n−1
h , cn+1

h ).

∆1

∥∥cn+1
h

∥∥2

L2(D)
∆2

∥∥cn+1
h

∥∥2

L2(D)

∥∥∆2c
n+1
h

∥∥2

L2(D)

∆1

∥∥cn+1
h

∥∥2

L2(D)
≥ ∆1

∥∥cn+1
h

∥∥2

L2(D)
− K2∆t ‖cn

h‖
2
L2(D) ;

∆2

∥∥cn+1
h

∥∥2

L2(D)
≤ ∆2

∥∥cn+1
h

∥∥2

L2(D)
+ 2K1∆t

∥∥cn−1
h

∥∥2

L2(D)
,



∆1

∥∥cn+1
h

∥∥2

L2(D)
− 1

4
∆2

∥∥cn+1
h

∥∥2

L2(D)
+

∥∥∆1c
n+1
h

∥∥2

L2(D)
− 1

4

∥∥∆2c
n+1
h

∥∥2

L2(D)
+

∆tan+1(∇cn+1
h ,∇cn+1

h ) ≤ ∆t(fn+1
h , cn+1

h ) + K12∆t
(
‖cn

h‖
2
L2(D) +

∥∥cn−1
h

∥∥2

L2(D)

)
+

2(c̃∗nh − c∗nh , cn+1
h ) − 1

2
(c̃∗∗n−1

h − c∗∗n−1
h , cn+1

h ),

K12 = max(2K1, K2)
∥∥∆2c

n+1
h

∥∥2

L2(D)

∥∥∆2c
n+1
h

∥∥2

L2(D)
≤ 2

∥∥∆1c
n+1
h

∥∥2

L2(D)
+ 2

∥∥c∗nh − c∗∗n−1
h

∥∥2

L2(D)
,

y = Xn,n+1(x)

∥∥c∗nh − c∗∗n−1
h

∥∥2

L2(D)
=

∫

D

∣∣cn
h(Xn,n+1(x)) − cn−1

h (Xn−1,n+1(x))
∣∣2 dx =

∫

D

∣∣cn
h(y) − cn−1

h (Xn−1,n(y)
∣∣2 ∣∣Jn,n+1

∣∣−1
dy ≤

(1 + K2∆t)
∥∥cn

h − c∗n−1
h

∥∥2

L2(D)
≤

∥∥∆1c
n
h

∥∥2

L2(D)
+ K2∆t

(
‖cn

h‖
2
L2(D) +

∥∥cn−1
h

∥∥2

L2(D)

)
,

K2 = K2(1 + K2∆t)

∥∥∆2c
n+1
h

∥∥2

L2(D)
≤ 2

(∥∥∆1c
n+1
h

∥∥2

L2(D)
+

∥∥∆1c
n
h

∥∥2
)

+ 2K2∆t
(
‖cn

h‖
2
L2(D) +

∥∥cn−1
h

∥∥2

L2(D)

)
.

∥∥∆1c
n+1
h

∥∥2

L2(D)
− 1

4

∥∥∆2c
n+1
h

∥∥2

L2(D)
≥ 1

2

(∥∥∆1c
n+1
h

∥∥2

L2(D)
−

∥∥∆1c
n
h

∥∥2
)

−1

2
K2∆t

(
‖cn

h‖
2 +

∥∥cn−1
h

∥∥2
)

.

2(c̃∗nh − c∗nh , cn+1
h ) − 1

2
(c̃∗∗n−1

h − c∗∗n−1
h , cn+1

h )



∣∣∣∣2(c̃∗nh − c∗nh , cn+1
h ) − 1

2
(c̃∗∗n−1

h − c∗∗n−1
h , cn+1

h )

∣∣∣∣ ≤

(
2 ‖c̃∗nh − c∗nh ‖L2(D) +

1

2

∥∥c̃∗∗n−1
h − c∗∗n−1

h

∥∥
L2(D)

)∥∥cn+1
h

∥∥
L2(D)

≤

2C2h∆t(‖cn
h‖L2(D) +

∥∥cn−1
h

∥∥
L2(D)

)
∥∥cn+1

h

∥∥
L2(D)

≤

2C2h∆t
(
‖cn

h‖
2
L2(D) +

∥∥cn−1
h

∥∥2

L2(D)

)
+ C2h∆t

∥∥cn+1
h

∥∥2

L2(D)
.

n = 1 N − 1

∑N−1
n=1

(
∆1

∥∥cn+1
h

∥∥2

L2(D)
− 1

4
∆2

∥∥cn+1
h

∥∥2

L2(D)

)
=

3

4

∥∥cN
h

∥∥2

L2(D)
− 1

4

∥∥cN−1
h

∥∥2

L2(D)
−

3

4
‖c1

h‖
2
L2(D) +

1

4
‖c0

h‖
2
L2(D) ,

∑N−1
n=1

(∥∥∆1c
n+1
h

∥∥2

L2(D)
− 1

4

∥∥∆2c
n+1
h

∥∥2

L2(D)

)
≥

1

2

∑N−1
n=1

(∥∥∆1c
n+1
h

∥∥2

L2(D)
−

∥∥∆1c
n
h

∥∥2

L2(D)

)
− 1

2
K2∆t

∑N−1
n=1

(
‖cn

h‖
2
L2(D) +

∥∥cn−1
h

∥∥2

L2(D)

)
=

1

2

(∥∥∆1c
N
h

∥∥2

L2(D)
−

∥∥∆1c
1
h

∥∥2

L2(D)

)
− 1

2
K2∆t

∑N−1
n=1

(
‖cn

h‖
2
L2(D) +

∥∥cn−1
h

∥∥2

L2(D)

)
.

∥∥cN
h

∥∥2

L2(D)
+

2

3

∥∥∆1c
N
h

∥∥2

L2(D)
+

1

4
‖c0

h‖
2
L2(D) + ∆t

4ν
1/2
0

3

∑N−1
n=1

∥∥∇cn+1
h

∥∥2

L2(D)
≤ 1

3

∥∥cN−1
h

∥∥2
+

1

3
‖c1

h‖
2
L2(D) +

1

3
‖c0

h‖
2
L2(D) +

4∆t

3

∑N−1
n=1 ‖fn+1‖L2(D)

∥∥cn+1
h

∥∥
L2(D)

+ C∆t
∑N−1

n=0

∥∥cn+1
h

∥∥2

L2(D)
,

C = 8/3K12 +4/3K2 +7C2h m ‖cm
h ‖L2(D) = max0≤n≤N ‖cn

h‖L2(D)

‖cm
h ‖

2
L2(D) ≤

1

3

(
‖cm

h ‖
2
L2(D) + ‖c1

h‖
2
L2(D) + ‖c0

h‖
2
L2(D)

)
+

4∆t

3

∑N−1
n=1 ‖fn+1‖L2(D) ‖cm

h ‖L2(D) + C∆t
∑N−1

n=0

∥∥cn+1
h

∥∥
L2(D)

‖cm
h ‖L2(D) ,



∥∥cN
h

∥∥
L2(D)

≤ 1

2

(
‖c1

h‖L2(D) + ‖c0
h‖L2(D)

)
+

2∆t
∑N−1

n=1 ‖fn+1‖L2(D) + C∆t
∑N−1

n=0

∥∥cn+1
h

∥∥
L2(D)

,
∥∥cN

h

∥∥
L2(D)

≤ ‖cm
h ‖L2(D) .

K = exp(CT ) �

L2 n

cn+1 − cn+1
h =

(
cn+1 − Rhc

n+1
)

+ (Rhc
n+1 − cn+1

h ) := ρn+1 + θn+1
h .

ρn − ρn(Xn,n+1(x))

ρn − ρn(Xn,n+1(x))

∥∥ρn − ρn(Xn,n+1(x))
∥∥

H−1(D)
≤ K4∆t ‖ρn‖L2(D) ,

∥∥ρn − ρn(Xn,n+1(x))
∥∥

L2(D)
≤ K5∆t ‖∇ρn‖L2(D) ,

∥∥ρn − ρn(Xn,n+1(x))
∥∥

L2(D)
≤ K6 ‖ρn‖L2(D) ,






K4 = ‖u‖L∞(0,T ;L∞(D)d)) + CpK2(1 + K2∆t),

K5 = (1 + K2∆t) ‖u‖L∞(0,T ;L∞(D)d)) ,

K6 = 1 + (1 + K2∆t)

H−1(D) H1
0 (D)

y = Xn,n+1(x) X
n,n+1

(·)
Xn,n+1(·) X

n,n+1 ◦ Xn,n+1(x) = x,

∥∥ρn − ρn(Xn,n+1(x))
∥∥

H−1(D)
= sup

φ∈H1
0 (D)

(
‖φ‖−1

H1
0 (D)

∫

D

(
ρn(x) − ρn(Xn,n+1(x))

)
φ(x)dx

)
,

(Jn,n+1)
−1 ≤ 1 + K2∆t

∫
D

(ρn(x) − ρn(Xn,n+1(x))) φ(x)dx ≤
∫

D
ρn(x)φ(x)dx−

∫
D

ρn(y)φ(X
n,n+1

(y))dy − K2∆t
∫

D
ρn(y)φ(X

n,n+1
(y))dy ≤

∫
D

ρn(y)
(
φ(y) − φ(X

n,n+1
(y))

)
dy − K2∆t

∫
D

ρn(y)φ(X
n,n+1

(y))dy.



φ(y)− φ(X
n,n+1

(y))

0 < α < 1, y(α) = αy − (1 − α)X
n,n+1

(y)
D D

φ(y) − φ(X
n,n+1

(y)) = (y − X
n,n+1

(y)) ·
∫ 1

0

∇φ(y(α))dα,

Xn,n+1(x)

y − X
n,n+1

(y) = −
∫ tn+1

tn

u(X(x, tn+1; t), t)dt;

∥∥∥φ(y) − φ(X
n,n+1

(y)
∥∥∥

L2(D)
≤ ∆t ‖u‖L∞(0,T ;L∞(D)2) ‖∇φ‖L2(D) .

∣∣∣∣
∫

D

ρn(y)
(
φ(y) − φ(X

n,n+1
(y)

)
dy

∣∣∣∣ ≤ ∆t ‖u‖L∞(0,T ;L∞(D)2) ‖ρ
n‖L2(D) ‖φ‖H1

0 (D) .

∥∥∥φ(X
n,n+1

(y)
∥∥∥

2

L2(D)
=

∫

D

∣∣∣φ(X
n,n+1

(y)
∣∣∣
2

dy =

∫

D

|φ(x)|2 Jn,n+1dx ≤

(1 + K2∆t)
∫

D
|φ(x)|2 dx = (1 + K2∆t) ‖φ‖2

L2(D) ,

Cp

K2∆t
∣∣∣
∫

D
ρn(y)φ(X

n,n+1
(y))dy

∣∣∣ ≤ K2∆t ‖ρn‖L2(D)

∥∥∥φ(X
n,n+1

(y)
∥∥∥

L2(D)
≤

∆tCpK2(1 + K2∆t) ‖ρn‖L2(D) ‖φ‖H1
0 (D) .

∥∥ρn − ρn(Xn,n+1(x))
∥∥

H−1(D)
≤ ∆tK4 ‖ρn‖L2(D) ,

K4 = ‖u‖L∞(0,T ;L∞(D)d) + CpK2(1 + K2∆t).

ρn − ρn(Xn,n+1(x))

ρn(x) − ρn(Xn,n+1(x)) =

∫ tn+1

tn

dρ(X(x, tn+1; t), tn)

dt
dt,



∣∣ρn − ρn(Xn,n+1(x))
∣∣2 ≤ ∆t

∫ tn+1

tn

|u(X(x, tn+1; t), t) · ∇ρ(X(x, tn+1; t), tn)|2 dt,

‖ρn − ρn(Xn,n+1(x))‖2
L2(D) ≤ ∆t

∫

D

∫ tn+1

tn

|u(X(x, tn+1; t), t) · ∇ρ(X(x, tn+1; t), tn)|2 dtdx ≤

∆t ‖u‖2
L∞(0,T ;D)d

∫ tn+1

tn

∫

D

|∇ρ(X(x, tn+1; t), tn)|2 dxdt ≤ y = X(x, tn+1; t)

∆t ‖u‖2
L∞((0,T )×D)d

∫ tn+1

tn

∫

D

|∇ρ(y, tn)|2
(
J t,n+1

)−1
dydt ≤

(1 + K2∆t)∆t2 ‖u‖2
L∞((0,T )×D)d ‖∇ρn‖2

L2(D) .

K5 = (1 + K2∆t) ‖u‖L∞(0,T ;L∞(D)d)

‖ρn − ρn(Xn,n+1(x))‖L2(D)

‖ρn − ρn(Xn,n+1(x))‖L2(D) ≤ ‖ρn‖L2(D) + ‖ρn(Xn,n+1(x))‖L2(D) ≤

( ) (2 + K2∆t) ‖ρn‖L2(D) = K6 ‖ρn‖L2(D) ,

K6 = 2 + K2∆t.

�

c(x, t) u ∈ (0, T ; W 2,∞(D)d)
cn
h

‖c − ch‖l∞(0,T ;L2(D)) ≤
(

C + F
T 1/2

∆t
min

(
D1, D2∆t, D3∆t

))
B1h

m+1+

F

(
B2h

m+1 + T 1/2h2B1 + ∆t2

(∥∥∥∥
D3c

Dt3

∥∥∥∥
L2(0,T ;L2(D))

+

∥∥∥∥
D2c

Dt2

∥∥∥∥
L2(0,t1;L2(D))

))
,



B1 = ‖c‖L∞(0,T ;Hm+1(D)) B2 = ‖c‖L2(0,T ;Hm+1(D)) + ‖ct‖L2(0,T ;Hm+1(D)) , F = 3(1 +

2K2∆t)εM exp(BT ) max(1.5C, 2
√

2(1 + Chm), 1) B = ε1 +
ν0

2L2
c

+ 10C2h + 2K2(1 +

K2∆t) + max(2K1.K2) ε1 ν0

εM = max .

(
ε
−1/2
1 ,

√
5

2

(
ε1 +

ν0

2L2
c

)−1/2
)

,

D1 =
5

3




1 +

5

3
K2∆t

1 + 2K2∆t



 , D2 =
‖u‖L∞(D×(0,T ))d

h

D3 = ε
1/2
1

√
1

ν0

‖u‖L∞(D×(0,T ))d

(1 + 2K2∆t)

(
1 +

CpK2(1 + K2∆t)

‖u‖L∞(D×(0,T ))d

)
.

ρn+1 θn+1
h

c(x, tn+1)
Vh

an+1(Rhc
n+1, vh) = an+1(cn+1, vh) =

(fn+1, vh) −
(

Dc

Dt
|tn+1 , vh

)
vh ∈ Vh

n = 1, 2, . . .

1

2

(
3θn+1

h − 4θ∗nh + θ∗∗n−1
h , vh

)
+ ∆tan+1(θn+1

h , vh) = (wn+1, vh),

wn+1 =
∑6

i=1 wn+1
i

wn+1
1 = ∆t

(
3cn+1 − 4c∗n + c∗∗n−1

2∆t
− Dc

Dt
|t=tn+1

)
,

wn+1
2 = −1

2

(
3ρn+1 − 4ρn + ρn−1

)
,

wn+1
3 = 2 (ρ̃∗n − ρ∗n) + 2 (c∗n − c̃∗n) ,

wn+1
4 = −1

2

(
ρ̃∗∗n−1 − ρ∗∗n−1

)
− 1

2

(
c∗∗n−1 − c̃∗∗n−1

)
,

wn+1
5 = −2 (ρn − ρ∗n) +

1

2

(
ρn−1 − ρ∗∗n−1

)
,



wn+1
6 = −2(θ∗nh − θ̃

∗n
h ) +

1

2
(θ∗∗n−1

h − θ̃
∗∗n−1

h ).

vh = θn+1
h∥∥θ0

h

∥∥
L2(D)

= 0

3

4

∥∥θN
h

∥∥2

L2(D)
+ ∆tν0

∑N−1
n=1

∥∥∇θn+1
h

∥∥2

L2(D)
≤ 1

4
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h

∥∥2
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+

3

4
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∥∥2

L2(D)
+

1

2

∥∥∆1θ
1
h

∥∥2

L2(D)
+
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n=1

∣∣(∑5
i=1(w
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∣∣∣
(
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h

)∣∣∣
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h
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.

∥∥wn+1
1

∥∥
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≤
√

2

5
∆t5/2

∥∥∥∥
D3c

Dt3

∥∥∥∥
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5ε

∥∥∥∥
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∥∥∥∥
2
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+
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∥∥∥∥3
ρn+1 − ρn

∆t
− ρn − ρn−1

∆t

∥∥∥∥
2
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2
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∥∥∥∥
ρn − ρn−1

∆t

∥∥∥∥
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2
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ε
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3 , θn+1

h )
∣∣ ∣∣(wn+1

4 , θn+1
h )

∣∣
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∥∥∥
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n = 0 N − 1 T = N∆t ε1 = ε
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∥∥∥∥
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T 1/2K4Chm+1 ‖c‖L∞(0,T ;Hm+1(D)) .

∥∥θN
h

∥∥
L2(D)

≤ A1 + A2 + A3 + A4 + exp(BT )T 1/2K7Chm ‖c‖L∞(0,T ;Hm+1(D)) .
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R3 t ≥ 0 f(x, t) = 0 ν(x, t) = ν0

u(x, t) = (−x2, x1, 0)

c(x, 0) = exp

{
−(x1 + 0.25)2 + x2

2 + x2
3

σ2
0

}
,

σ0 = 0.08
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{
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2(t) + x2
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0

}

x1(t) = x1 cos t + x2 sin t x2(t) = −x1 sin t + x2 cos t x3(t) = x3

D := [−0.9, 0.9]2 × [−0.3, 0.3] I := [0, 2π]
R3

(x, t) ∈ ∂D × [0, 2π]
(Dh)j P2 Vh
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(hj−1, ∆tk−1) j = 1, 2, . . . , k = 1, 2, . . .

ν0 = 10−2 10−3 10−4 10−5



h ν0 = 10−4 10−5

D3

D2

> 1 ν0 = 10−3

ν0 = 10−2

D3

D2

< 1

‖c(x, t) − ch(x, t)‖L2(D)

‖c(x, t)‖L2(D)

∆t h = 0.03

∆t ∆t > ∆tC O(max((
h3

∆t
+ h2), ∆t2))

∆t < ∆tC ∆t
∆t O(h2)

ν0 = 10−3 ν0 = 10−2

ν0
D3

D2

< 1

∆t
O(max((hm+1

∆t
+h2), ∆t2)) 0.1 ≤ ∆t

O(max((hm+1 + h2), ∆t2)) 0.1 ≤ ∆t ≤ h
O(∆t2) ∆t < h � 30

O(h2)
∆t � 1

CFL < 1∫
D

cn
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