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NUMERICAL ANALYSIS OF A SECOND-ORDER PURE
LAGRANGE-GALERKIN METHOD FOR
CONVECTION-DIFFUSION PROBLEMS. PART I: TIME
DISCRETIZATION*

MARTA BENITEZ' AND ALFREDO BERMUDEZt

Abstract. We propose and analyze a second order pure Lagrangian method for variable co-
efficient convection-(possibly degenerate) diffusion equations with mixed Dirichlet-Robin boundary
conditions. First, the method is rigorously introduced for exact and approximate characteristics.
Next, [°°(H?) stability is proved and [ (H') error estimates of order O(At?) are obtained. More-
over, 1°°(L?) stability and [*°(L?) error estimates of order O(At?) with constants bounded in the
hyperbolic limit are shown. For the particular case of Dirichlet boundary conditions, diffusion tensor
A = el and right-hand side f = 0, the [°°(H?') stability estimate is independent of e. Moreover, for
incompressible flows the constants in the stability inequalities are independent of the final time. In a
second part of this work, the pure Lagrangian scheme will be combined with Galerkin discretization
using finite elements spaces and numerical examples will be presented.

Key words. convection-diffusion equation, pure Lagrangian method, characteristics method,
stability, error estimates, second order schemes

AMS subject classifications. 656M12, 656M15, 65M25, 656M60

1. Introduction. The main goal of the present paper is to introduce and ana-
lyze a second order pure Lagrangian method for the numerical solution of convection-
diffusion problems with possibly degenerate diffusion. Computing the solutions of
these problems, especially in the convection dominated case, is an important and
challenging problem that requires development of reliable and accurate numerical
methods.

Linear convection-diffusion equations model a variety of important problems from
different fields of engineering and applied sciences, such as thermodynamics, fluid me-
chanics, and finance (see for instance [21]). In many cases the diffusive term is much
smaller than the convective one, giving rise to the so-called convection dominated
problems (see [18]). Furthermore, in some cases the diffusive term becomes degener-
ate, as in some financial models (see, for instance, [27]).

This paper concerns the numerical solution of convection-diffusion problems with
degenerate diffusion. For this kind of problems, methods of characteristics for time
discretization are extensively used (see the review paper [18]). These methods are
based on time discretization of the material time derivative and were introduced in
the beginning of the eighties of the last century combined with finite-differences or
finite elements for space discretization. When these methods are applied to the formu-
lation of the problem in Lagrangian coordinates (respectively, Eulerian coordinates)
they are called pure Lagrangian methods (respectively, semi-Lagrangian methods).
The characteristics method has been mathematically analyzed and applied to differ-
ent problems by several authors, primarily the semi-Lagrangian methods. In par-
ticular, the (classical) semi-Lagrangian method is first order accurate in time. It
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has been applied to time dependent convection-diffusion equations combined with fi-
nite elements ([17], [22]), finite differences ([17]), etc. Its adaptation to steady state
convection-diffusion equations has been developed in [9] and, more recently, the com-
bination of the classical first order scheme with discontinuous Galerkin methods has
been used to solve first-order hyperbolic equations in [3], [2] and [4]. Higher or-
der characteristics methods can be obtained by using higher order schemes for the
discretization of the material time derivative. In [23] multistep Lagrange-Galerkin
methods for convection-diffusion problems are analyzed. In [8] these kind of meth-
ods are applied to solve natural convection problems. In [12] and [13] multistep
methods for approximating the material time derivative, combined with either mixed
finite element or spectral methods, are studied to solve incompressible Navier-Stokes
equations. Stability is proved and optimal error estimates for the fully discretized
problem are obtained. In [26] a second order characteristics method for solving con-
stant coefficient convection-diffusion equations with Dirichlet boundary conditions is
studied. The Crank-Nicholson discretization has been used to approximate the ma-
terial time derivative. For a divergence-free velocity field vanishing on the boundary
and a smooth enough solution, stability and error estimates are stated (see also [10]
and [11] for further analysis). In [16] semi-Lagrangian and pure Lagrangian meth-
ods are proposed and analyzed for convection-diffusion equation. Error estimates for
a Galerkin discretization of a pure Lagrangian formulation and for a discontinuous
Galerkin discretization of a semi-Lagrangian formulation are obtained. The estimates
are written in terms of the projections constructed in [14] and [15].

In the present paper, a pure Lagrangian formulation is used for a more general prob-
lem. Specifically, we consider a (possibly degenerate) variable coefficient diffusive term
instead of the simpler Laplacian, general mixed Dirichlet-Robin boundary conditions
and a time dependent domain. Moreover, we analyze a scheme with approximate
characteristic curves.

The mathematical formalism of continuum mechanics (see for instance [19]) is
used to introduce the schemes and to analyze the error. In most cases the exact
characteristics curves cannot be determined analytically, so our analysis include, as a
novelty with respect to [16], the case where the characteristics curves are approximated
using a second order Runge-Kutta scheme. A proof of [°°(L?) stability inequality is
developed which can be appropriately used to obtain {°°(L?) error estimates of order
O(At?) between the solutions of the time semi-discretized problem and the continuous
one; these estimates are uniform in the hyperbolic limit. Moreover, for the particular
case of Dirichlet boundary conditions, diffusion tensor A = el and right-hand side
f =0, the [°°(H?!) stability estimate is independent of € (see Remark 4.6). Similar
stability and error estimates of order O(At?) are proved in the [°°(H?!) norm. In gen-
eral, the constants involved in the stability inequalities depend on the size of the time
interval. However, if the flow is incompressible we get constants that are independent
of this size.

The paper is organized as follows. In Section 2 the convection-diffusion Cauchy
problem is stated in a time dependent bounded domain and some assumptions and
notations concerning motions and functional spaces are introduced. In Section 3,
the strong formulation of the convection-diffusion Cauchy problem is written in La-
grangian coordinates and the standard associated weak problem is obtained. In Sec-
tion 4, a second order time discretization scheme is proposed for both exact and second
order approximate characteristics. Next, under suitable hypotheses on the data, the
[°°(L?) and [°°(H") stability results are proved for small enough time step. Finally,
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assuming higher regularity on the data, (°°(L?) and [°°(H') error estimates of order
O(A#?) for the solution of the time discretized problem are derived. In order to make
reading the article easier, some technical results have been included in appendix and
the main notations have been summarized in a table.

In a second part of this work (see [7]), a fully discretized pure Lagrange-Galerkin
scheme by using finite elements in space will be analyzed and numerical results will
be presented.

2. Statement of the problem. General assumptions and notations. Let
Q be a bounded domain in R? (d = 2,3) with Lipschitz boundary I' divided into
two parts: I' = I'P UTE, with TP NT'® = (). Let T be a positive constant and
X, : Q% [0,T] — R< be a motion in the sense of Gurtin [19]. In particular, X, €
C3(Q2 x [0,T]) and for each fixed t € [0, T], X.(,t) is a one-to-one function satisfying

(2.1) det F(p,t) >0 VpeQ,

being F(-,t) the Jacobian tensor of the deformation X.(-,t). We call Q; = X (Q,1),
Iy = X ([,t), TP = X, (I'P,t) y T = X (TF t), for t € [0,T]. We assume that
Qo = Q. Let us introduce the trajectory of the motion

(2.2) T :={(z,t):z € Q, te (0,7},
and the set
(2.3) 0= J

t€(0,T]

For each ¢, X, (-,t) is a one-to-one mapping from Q onto €);; hence it has an inverse
(2.4) P(,t): Q — Q,

such that

(2.5) X .(P(z,t),t) ==, P(X.(p,t),t)=p V(x,t) € T V(p,t) € 2 x [0,T].

The mapping P : T — €, so defined is called the reference map of motion X, and
P € C3(T) (see [19] pp. 65 — 66). Let us recall that the spatial description of the
velocity v : T — R? is defined by

(2.6) v(z,t) = Xo(P(,),t) V(z,t) € T.

We denote by L the gradient of v with respect to the space variables.

In expressions involving gradients and time derivatives we use the notations given
in [19]. Moreover, fields defined in 7 are called spatial fields. If U is a spatial field
we define its material description ¥,, by

(2.7) U (p,t) = T(Xe(p, 1), 1).

Similar definition is used for functions, ¥, defined in a subset of T or of O.
The objective of this paper is the numerical solution of the following initial-
boundary value problem.

(SP) STRONG PROBLEM. Find a function ¢:T — R such that

(2.8) p(fﬂ)%f(%t) +p(@)v(z,t) - grad ¢(z,t) — div (A(z) grad ¢(z, 1)) = f(2,1),
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for x € Q; and t € (0,T), subject to the boundary conditions

(2.9) 6(,t) = 6p(-,1) on T2,
(2.10) ad(-,t) + A() grad ¢(-,1) - (- 1) = g(-#) on 1,

for t € (0,T), and the initial condition
(2.11) #(z,0) = ¢°(x) in Q.

In the above equations, A : O — Sym denotes the diffusion tensor field, where
Sym is the space of symmetric tensors in the d-dimensional space, p : O — R,
f:T—R ¢:Q—R, é¢p(,t): TP — R and g(-,t) : T — R, t € (0,T), are
given scalar functions, and n(-,t) is the outward unit normal vector to I'.

In the following A denotes a bounded domain in R%. Let us introduce the Lebesgue
spaces L"(A) and the Sobolev spaces W™ (A) with the usual norms || - ||, 4 and
[| - |lm,r 4, respectively, for r = 1,2,...,00 and m an integer. For the particular case
r = 2, we endow space L%(A) with the usual inner product (-,-) 4, which induces a
norm to be denoted by || - ||4 (see [1] for details).

Moreover, we denote by Hip(A) the closed subspace of H*(A) defined by

(2.12) Hip(A) = {p e H'(A), ¢|rp =0},

where I'p is a part of the boundary of A of non-null measure.
For a Banach function space X and an integer m, space C"([0,7],X) will be
abbreviated as C™(X) and endowed with norm

llellem ) tgfgg]{j_rgégmllw ()le}

In the above definitions, ¢) denotes the j-th derivative of ¢ with respect to time.
Finally, vector-valued function spaces will be distinguished by bold fonts, namely
L"(A), W™ (A) and H™(A), and tensor-valued function spaces will be denoted by
L"(A), W™ (A) and H™(A). For the particular case m = 1 and r = oo, we consider
the vector-valued space W1>°(A) equipped with the following equivalent norm to the
usual one

(2.13) [1Wl[1,00,4 := max {[|W][c,a, [| div W||oo,a, [[VWI[oc,a}

being

(2.14) [VWlloc,a = ess :ggIIVW(x)Hm

where || - || denotes the tensor norm subordinate to the Euclidean norm in R

Corresponding to the semidiscretized scheme, we have to deal with sequences of
functions v = {¢"}_,. Thus, we will consider the spaces of sequences [°°(L?(A))
and [?(L?(A)) equipped with their respective usual norms:

(2.15) Hlew(W» = max [|"[|. &

12(L*(A) :

N
ALY |[wn -
n=0
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Similar definitions are considered for functional spaces [*°(L?(I'%?)) and (?(L?(T'F))
associated with the Robin boundary condition and for vector-valued function spaces
[°°(L2(A)) and I?(L%(A)).
Moreover, let us introduce the notations
o {¢n+1wn}N_1
n=0 .

S[Y] = {4+ INL Ragfd] = N

Throughout this article some of the following assumptions will be made on the data
of the problem:

Hypothesis 1. There exists a parameter § > 0, such that the velocity field v is
defined in T° and v € C'(T?), where

(2.16) To = |J 9 x {t}, being @ := | J B(x.9).

te[0,T] z€Q,

Moreover, some properties can be improved if we consider a motion satisfying the
following assumption (see, for instance, Appendix A):
Hypothesis 2. The motion X, satisfies

2=0 X.pt)=p VpelVtel0,T]

In order to introduce approximations to the characteristic curves and gradient tensors
some additional assumptions are required.
Firstly, we introduce the following set

(2.17) o= |J o

te[0,T)

Moreover, we define

(2.18) Toe= |J @ x {t}, being G = | J B(a,d).

te[0,T] zel'f

Hypothesis 3. Function p is defined in O° and belongs to WH>°(09), being O°
the set defined in (2.17). Moreover,

0<v<p(@) ae xe0.

Let us denote p1,00 = |[p||1,00,00-

Hypothesis 4. The diffusion tensor, A, is defined in O° and belongs to WH>°(0?).
Moreover, A is symmetric and has the following form:

(2.19) A= ( Aé“ 8 )

with A,, being a positive definite symmetric n1 X ny tensor (ny > 1) and © an
appropriate zero tensor. Besides, there exists a strictly positive constant, A, which is
a uniform lower bound for the eigenvalues of Ay, .

Remark 2.1. Notice that the diffusion tensor can be degenerate in some applica-
tions. This is the case, for instance, in some financial models where, nevertheless, the
diffusion tensor satisfies Hypothesis 4.

Hypothesis 5. Function f is defined in T° and it is continuous with respect to the
time variable, in space L?.
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Hypothesis 6. Function g is defined in ’TF‘SR and it is continuous with respect to
the time variable, in space H'. Besides, coefficient o in boundary condition (2.10) is
strictly positive.

Let us denote by B the d x d tensor,

(2.20) B = ( Ig 8 >

where I,,, is the n; x ny identity matrix. Clearly, under Hypothesis 4 we have
(2.21) A||Bw|3 < (Aw,w)q Vw € R%

As far as the velocity field is defined in 7° (see Hypothesis 1), we can introduce
the following assumption:
Hypothesis 7. The velocity field satisfies,

(2.22) (I = B)L(z,t)B=0 VY(z,t) € T°.

Remark 2.2. Hypothesis 7 is equivalent to having a velocity field v whose d — n;
last components depend only on the last d — n; variables.

Remark 2.3. For any d x d tensor E of the form given in (2.19) it is easy to
check that

(EH"w1,ws) = (EH" Bwy, Bw,),
for any d x d tensor H satisfying (I — B)HB = 0, and vectors w;, wo € R%. This
equality will be used below without explicitly stated.

3. Weak formulation. We are going to develop some formal computations in
order to write a weak formulation of the above problem (SP) in Lagrangian coordinates
p. First, by using the chain rule, we have

(3.1) Om(p,1) = ¢'(Xe(p, 1), t) + grad ¢(Xe(p, 1), 1) - v(Xe(p, ), 1)

Next, by evaluating equation (2.8) at point z = X.(p,t) and then using (3.1), we
obtain

(3.2) P (D, )b (p, 1) — [div (Agrad @), (p,t) = fim(p, 1),

for (p,t) € Q x (0,T). Note that in (3.2) there are derivatives with respect to the
Eulerian variable z. In order to obtain a strong formulation of problem (SP) in
Lagrangian coordinates we introduce the change of variable z = X.(p,t). By using
the chain rule we get (see [6])

. ] - - 1
[div (Agrad ¢)],, = Div [F'A,, F~TV¢,, det F| T

Then, ¢,, satisfies
(3.3) Pmémdet F — Div [F7' A, F~ V¢, det F| = f,, det F.
Throughout this article, we use the notation

Ap(p,t) = F~ Y (p, ) A (p, ) F~ T (p, t) det F(p,t) V(p,t) € Q x [0, T,
m(p,t) := |[F~"(p,t)m(p)|det F(p,t) V(p,t) € T x [0,T],
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where m is the outward unit normal vector to I'. By using the chain rule and noting
that

p,t)m(p)

n(Xe(p,t),t) = |F=T(p,t)m(p)|

(p,t) €T x (0,7),

we get

_ m(p)
|[F=T(p,t)m(p)|’

for (p,t) € T' x (0,T) and = = X(p,t). Thus, from (2.9)-(2.11) and (3.3), we deduce
the following pure Lagrangian formulation of the initial-boundary value problem (SP):

A(z) grad ¢(z,t) - n(z,t) = F~ (p,t) A (p, ) F T (p, ) Vo (p, 1)

(LSP) LAGRANGIAN STRONG PROBLEM. Find a function ¢, : Q x
[0,T] — R such that

(34)  pim(p,t) b (p,t) det F(p,t) — Div | Ap(p, )V (p, t)} = fm(p,t) det F(p, 1),
for (p,t) € Q x (0,T), subject to the boundary conditions

(3.5) Om(pt) = dp(Xe(p,t),t) on TP x (0,T),
aii(p, ) pum (9, 1) + A (p, 1) Vo (p, 1) - m(p) = (p, )g(Xe(p,t),t) on TR x (0,T),
(3.6)

and the initial condition

(3.7) $m (p,0) = ¢°(p) in Q.

We consider the standard weak formulation associated with this pure Lagrangian
strong problem:

/S (D100 (p.10(0) det Plp.0)dp + [ A0 9000 Vo) dp
(39 v [ 06,0000 a4, = [ Fulp )0l det F(put) do
+/FR m(p, t)gm(p, t)(p) dAp,

V¢ € Hip(Q) and t € (0,7). These are formal computations, i.e., we have assumed
appropriate regularity on the involved data and solution.

4. Time discretization. In this section we introduce a second order scheme for

time semi-discretization of (3.8). We consider the general case where the diffusion
tensor depends on the space variable and can degenerate, and the velocity field is
not divergence-free. Moreover, mixed Dirichlet-Robin boundary conditions are also
allowed instead of merely Dirichlet ones.
In the first part, we propose a time semi-discretization of (3.8) assuming that the char-
acteristic curves are exactly computed. Next, we propose a second-order Runge-Kutta
scheme to approximate them. Finally, stability and error estimates are rigorously
stated.
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4.1. Second order semidiscretized scheme with exact characteristic curves.

We introduce the number of time steps, N, the time step At = T/N, and the mesh-
points ¢, = nAt for n =0,1/2,1,..., N. Throughout this work, we use the notation

Y™ (y) = Y(y, t,) for a function w(y, t).

The semi-discretization scheme we are going to study is a Crank-Nicholson-like scheme:

n+1 _n
%/ (P (p) det F**(p) + pry,(p) det F™(p)) %,m(P)At%,m(p) ¥(p) dp

/Q (A 0) + A7) (Vor7Aup) + V6l 00(p)) - Vep) dp
[ @)+ ) (544 0) + 6 p)) (o) dA,
| (et P g o) + det )15 0) (o) dp

Q

[, G g )+ (0 () 010 dA

(4.1) 4

R

[

1
4
1
2
1

"1
@
T3

Remark 4.1. In Section 4.4 we will prove that the approximations involved in
scheme (4.1) are O(At?) at point (p, tny1). Moreover, this order does not change
if we replace the exact characteristic curves and gradients F' by accurate enough
approximations.

4.2. Second order semidiscretized scheme with approximate charac-
teristic curves. In most cases, the analytical expression for motion X, is unknown;
instead, we know the velocity field v. Let us assume that X.(p,0) = p Vp € Q. Then,
the motion X., assuming it exists, is the solution to the initial-value problem

(42) Xe(p> t) = Vm(pat) Xe(p> 0) =D-

Since the characteristics X, (p,t,) cannot be exactly tracked in general, we propose
the following second order Runge-Kutta scheme to approximate X', n € {0,...,N}.
For n = 0:

(4.3) Xpk(p)i=p Vpeq,

and for 0 < n < N — 1 we define by recurrence,

(4.4) X (p) == X (p) + AW"TE(Y"(p)) Vpeq,
being

Nt
(4.5) Y'(p) = Xjre(p) + 5 V" (Ko (9))-

A similar notation to the one in Section 2 is used for the Jacobian tensor of X%,
namely,

(4.6) Fag(p) =1,
and for 0 <n < N —1,

(A7) EpEp) = Fl(p) + AL (V") (I + 2 D Ko ))) Flixe ().
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In appendix, we state some lemmas concerning properties of the approximate charac-
teristics Xpp-
Let us define the following sequences of functions of p.

Al = (Fpg) " Ao Xpx (Fig) ™" det Fipe, My = |(Fig) ™ m|det Fi,

for 0 < n < N. Since usually the characteristic curves cannot be exactly computed,
we replace in (4.1) the exact characteristic curves and gradient tensors by accurate
enough approximations,

¢n+i _ 4 A
At AL
uwdp

(po Xy det Fpft + po Xpiye det Fiy) N

+ N =
S~

)

(Z’é}l + ZT;{K) (V%ﬁt + V%,m) Vo dp

—
.
(09

~—

-+

(i + i) (1nrAe + G ar ) WA,

R

(det FRil /" o Xkt + det Fipe f™ o Xfye) ¢ dp

+

[, (g™ 0 XRk 4 g™ o Xy) A,
T

For these computations we have made the assumptions of Lemma A.3, and Hypoth-
esis 3, 4, 5 and 6.

Notice that we have used a lowest order characteristics approximation formula pre-
serving second order in time accuracy.

Let us introduce EZJ{% [¢] € (HY())" and ]-'Z:_% € (HY(Q))' defined by

L Xn+1 det Fn+1 4 X7 det F n+l _ n
<£A—:2[¢}7¢> ::<(P° RK RK T P°ARK i) ¢ ¢ W
Q

2 At

N < (;{%}1 ZK%K) (V¢n+12+ v¢n)’vw>
Q

(i + ) (671 + 67)

(Fartv) = < det Frjc' /" o Xpic + det Fiyye [ o Xjuye w>
At . 2 ) 0

~ntl ol - yndl | o~
My 9" o Xpre + Mprg™ o Xy
+ ’IZZ) b
FR

2

for ¢ € C°(H'(Q2)) and v € H*(Q).
1 il
Remark 4.2. Regarding the definitions of EZJZZ [¢] and F Ajz, only the values of
function ¢ at discrete time steps {t,}Y_, are required. Thus, the above definitions

can also be stated for a sequence of functions ¢ = {omI NV, e [HH Q)N+
Then the semidiscretized time scheme can be written as follows:

(4.9) Given ¢) A, find (b/m; ={on ANy € [H%D(Q)]N such that
(L7 Bmadsv) = (FAT 0) Vo€ HLo(Q) forn=0,...,N 1.
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Remark 4.3. The stability and convergence properties to be studied in the next
sections still remain valid if we replace the approximation of characteristics appearing
in scheme (4.9) by higher order ones or by the exact value.

4.3. Stability of the semidiscretized scheme. Firstly, we notice that, as a
consequence of Hypothesis 4, there exists a unique positive definite symmetric nqy x nq
tensor field, Cy,,, such that A,, = (C,,)%. Let us denote by C the symmetric and
positive semidefinite d X d tensor defined by

(4.10) C- ( o 2 )

Notice that A = C? and C € WH>(0%). Let us denote by G the matrix with
coefficients G;; = | grad Cyj|, 1 < ¢,j < d. At this point, let us introduce the constant

(4.11) ca=max{[|GI]*_ 5. |ICI

067 05}

and the sequence of tensor fields

CRK —OOXRK FRK \/detFRK VnE{O }

Let us introduce the sequence of tensor fields

By = B(Fpg) T\/det Fpe VYne{0,...,N},

where tensor B has been defined in (2.20).

Now, it is convenient to notice that Hypothesis 4 also covers the nondegenerate
case. This hypothesis is usual in ultraparabolic equations (see, for instance, [25]),
which represent a wide class of degenerate diffusion equations arising from many
applications (see, for instance, [5]). Furthermore, as stated in [20], ultraparabolic
problems either have C°° solutions or can be reduced to nondegenerate problems
posed in a lower spatial dimension. This is an important point, as the stability and
error estimates will be obtained under regularity assumptions on the solution.

In what follows, ¢, denotes the positive constant

4.12 =
(112) o= g VDl
where || - |[ o os is the norm given in (2.13). Moreover, C, (respectively, J and D)

will denote a generic positive constant, related to the norm of the velocity field v
(respectively, to the rest of the data of the problem), not necessarily the same at each
occurrence.

LEMMA 4.1. Let us assume Hypotheses 1, 3 and 4. Let {qﬁﬁl)m}ﬁ;l be the solution
of (4.9) . Then, there exist a positive constant c(v,T,d) such that, for At < ¢, we
have

2

n—&-l 1
< At 2 [Om,ad)s Q%J,rm + ¢Z,At>
>

’ ’\/ po Xyt det Fif o7 A,

~ ’ ’\/p o Xihpe et Fiiuedy o

At

w13+ H[6n (onrhe + vona) [+ 1[G (Sohs + vonnl)|[

o Q
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2
H \ Mt + M (% At T O At) .
T
2
& (H\/ d ot || + | v/aet Fsmzz,m(\Q) ,
Q

where € = p1,00(cy + CyuAt)/y and n € {0,...,N — 1}.

1l
Proof. First, we decompose <£Z¢2 [Dm.atl, (bﬁ;rit + ¢?n,m> =11 + Iy + I3, with

n n +1 n
I — (po Xpt! detFRIng—&—POXngetFﬁK) o At — Pt ol 4 gn
e 2 At » ¥m, At m,At )
Q
1 " . .
I = 5 (A5 + Ajic) (VOUA + Vo ar)  VOLA, + Vlar) -
O /iy N B .
I3 = 1 <<m K +mRK) (¢ +1t + o At) ’(bm-t_it + ¢m’At>FR

Let K be the constant appearing in Corollary A.4. If At < K, we first have

n n n n n+1 n
I = (po Xk det FRft + po Xpiy det Fpiy) ¢m+,At ~ PmAt a1
1 2 At ) ¢m,At + gbm At
Q

1 n 2
~ AL H\/PO X det Frpdn A o

1 n n n
= 9A H\/POXR}1 det FR“%*L .

2

)

Q

H\/poXnﬂd t Friie Om.at

2
MY H\/p © Xhuc et FRiconai] |~ 57

(4.14)

where we have used Hypothesis 3. Next, we introduce the function Y7, (p,-) :
tnstns1] — QF , defined by Vi (p,s) = Xpp(p) — (ta — $)v" T2 (Y™ (p)), which
satisfies Y (0, tn) = X% () and Yk (p tns1) = Xpkt (p). If At is small enough,

it is easy to prove that Y}, (p,-) C an. By hypothesis, p is a differentiable function,
then by Barrow’s rule and the chain rule, the following identity holds:

(4.15) p(Xik(p) = p(XEK (1) = ¢"(p) for ae. peQ,

where

tn+1 N
(4.16) (¢"(p) := / grad p(Yix (p,s)) - v 2(Y"(p))ds for a.e. p € Q,
¢

n

verifies [("(p)| < p1,00CoAt. Then, by using (A.6), (A.7) and (4.15) in (4.14), we get

2
1 2
L > — H\/poX”'Hd tF"+1¢:Ln+it A7 H\/pOXEKdetFEKqS%’AtHQ
(4.17) “

2 2
~ prse (e + CyAL) {H\/ det FEonL, || + H./det FqubZLAtHQ} .
Q
For I, we use the fact that A = C? being C' a symmetric tensor field. We obtain,

™ R ) (o 0) )

Q

= 2l (verthe + vana)|[ + 2 H@%K (Ve s+ Ve[
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For I3 we have

(419) H ~7l+1 + mRK ((bm At + ¢m At)

TR

Then, by summing up (4.17), (4.18) and (4.19) we get inequality (4.13). 0
LEMMA 4.2. Let us assume Hypotheses 1, 3, 4 and 7. Let {qﬁ%)m}ﬁ:l be the

solution of (4.9) and o > 0 be the constant appearing in the Robin boundary condition

(2.10). Then, there exist a positive constant c(v,T, ) such that, for At < ¢, we have

nt+dil ——— 1
<£At : [¢m7AtL ¢Zz+At - :Ln,At>

2

> ot V0o Xai dor P o Xt ) (98— o)

Q

)

9 2
(120)+5 || Catvondl||. -

~n+1 n+1
HQ HCRKV(Z)mAt H mAt

'R
2
(e ~
Sl | N
2 H RKYm,At DR

|| BV
2
re |’

nt+i —— .
Proof. First, we decompose <£A—;2 NI qb;fit — ¢Zz,At> =11 + Iy + I3, with

— EAtA (‘ BtV ot |’

2
-~ ~n+1 n+1 ~n n
—CcAto (H MpK P At "’ H M g P At

where ¢ = max{caC,/\,C,} andn € {0,...,N —1}.

n 7 n n n+1 n
I = (poXR}r(l detFRngl +poXix detFRK) qj)m,At — ¢m,At ¢n+1
! 2 At » Y'm, At m,At )
Q
1 - N . . .
I = 5 (A + Aprc) (VoiAs+ Vlae) s VoA = Ve ar),

I3 = 4 <(ﬁln+l + M) ((bn":it T qb?”vm) ’qb;jit - ¢fﬁ7At>FR .

For I, we use Hypothesis 3 to get

2

)

(421) I = ww (po Xpk! det PR + po Xy det Fite) (007, = 6 a)

where we have assumed that At < K, being K the constant appearing in Corollary
A.4. For I, we first have

'C'«g-i—l ¢n+1

m,At ’ ’ORK ¢m At ’ ’

=] [
27y Q

(4.22)
 glieRvenal, -

Cg}r{l V¢m At

ill
Then we use Corollary A.5, Hypotheses 4 and 7, and equality (4.7) to get

1
> 7 ’ ‘c o Xpx (Fpi ) IVenta/ det Fif!

2
—eaCulst||Biitvenisl |

Q

1~ L2 2
L |IChavaial|,

(4.23) &
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Moreover, since A,,, is symmetric and positive definite, C,,, = 1/ A,, is a differentiable
tensor field . Then by Barrow’s rule and the chain rule, the following identity holds,

(4.24) COXRit (1) = C(Xpk(p) + D™(p)  for ae. peQ

where we have denoted by D™ the d x d symmetric tensor field defined by

tn+1 1
(4.25) Dj(p) = /f grad Cij (Yik (p,5)) - v 2 (Y™ (p)) ds,
being Y7 the mapping defined in the proof of Lemma 4.1. Notice that D is of the
form given in (4.10) and verifies ||D"||co,0 < cyy/CalAt. Then, from the previous
properties, we have

1 ~n n-+1 2 } ~n+1 n+1 2 o Hn+1 n+1
(4.26) 1 CreVom At o > 1 Cri VO At o caACu At ||BE Vo

m,At Q

Similarly, we obtain the estimate

1 ~n n 1 ~n n Hn n
(4.27) _ZHCR}lV(bm,AtH?Z 2 _ZHCRKVQSm,AtHSQ) — cAC,A| B Vo, adlt

Thus, by introducing (4.26) and (4.27) in equality (4.22) we obtain the following
inequality:

ch+1 n+1

|G |

Pm At‘ ‘Q
(4.28) 2
— caC At ‘ ’B”H ¢"m+it 0 caCyAt HBﬁKvﬁb?n,At o

For I3 we first have

2 2
a ~n+1 n+1 ¢ ~n n
I3 = — ¢m At - mRK¢m,At
4 re 4 'R
(4.29) X ,
n+1 ~n+1
+ - H mRK(bm,At m,At
4 TR TR

Next, by applying Corollaries A.4, A.5, Lemma A.3 and equality (4.7) we obtain

2
mr n « ~n n
I3 > — H +1¢m+it -3 H Mp g Om. At
TR re
(4.30)
2
_ Crane (H\/%;lasmt ||y et ) -

Then, by summing up (4.21), (4.28) and (4.30), inequality (4.20) follows. O

Now, in order to get error estimates we need to prove stability inequalities for more
general right-hand sides; more precisely, for

(4.31) Q={Q"15 € [PV and G = {G"})L, € [L2TT)]Y

Let us consider the problem:

13 Given ¢) A, find d)m ar={dm by € [H%D(Q)]N such that
(432) <,c”*2[¢mm] 1/)> - < "*2,¢> Vi € Hip(Q) for n=0,...,N — 1,
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with < n+2,1/)> = <Qn+17,¢}>g2 + <G7L+17,(/)>FR'

THEOREM 4.3. Let us assume Hypotheses 1, 3 and 4. Let (b/m; be the solution of
(4.82) subject to the initial value ¢, A, € H{p(2) and a > 0 be the constant appearing
in the Robin boundary condition (2.10). Then there exist two positive constants J and
D, which are independent of the diffusion tensor, such that if At < D then

— A
WH\/ det Fri¢m, At +1/ = ’
era) V4

S [MrK]

BriS[Vm.atl

12 (L2(9))

< J (VAllom.adlle

P(L*(TR))

QI 220y + ||GHI2(L2(FR))> :

(4.33)

Proof. Sequence ¢ At = {¢%7At}ﬁ:0 satisfies <£Zt 2 [P, Atl, (Z)Z:’rit + ¢7}n7m> =

< "+2,¢”m+it + ¢’7;L’At>. We can use Lemma 4.1 to obtain a lower bound of this
n+1

expression, and Lemma A.8 for ¢ = ¢ ", and ¢ = ¢}, A, to obtain an upper bound.
By jointly considering both estimates, we get

2

2
sl -
Q

|| Voo X Aot P

~n—+1
H\/ MpK +mRK(mAt mAt)

4e
< c||QMG + FQHG"HH%R

2
) + ||/ det F§K¢%7At|];> ,

Q

2
TR

i NG (Vonik, + vona0)

+ey (H det Fiitonty,

where ¢ = max {1/7,2p1 00 (cy + CpAt)/7v}. Let us introduce the notation
‘2

Q )

2
0h = ||V At Pl ad] |-

n—1

_a [ 5 s+1

8ZAtH j%KJFmRK(mAt mAt)
s=0

Now, for a fixed integer ¢ > 1, let us sum (4.34) multiplied by At from n = 0 to
n = q — 1. Then, with the above notation we have

n—1
_ % Z At ] ]E;;K (w;;ﬁgt + V¢fn,m)

2
'R

q—1
(1—2AH)0) + 02 +0, < QEAtZ 6L + 3 (93 + 11QII 2y + \|G||?2(L2(FR))) :
n=0

where we have used Hypotheses 3 and 4. In the above equation 8 denotes a positive
constant and ¢ = max{1/v,2p1 oo(cy + C,At)/~v}. For At small enough, we can
apply the discrete Gronwall inequality (see, for instance, [24]) and take the maximun
inge{l,...,N}. Then, estimate (4.33) follows. 0
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THEOREM 4.4. Let us assume Hypotheses 1, 3, 4, 7 and (4.31), and let ¢/m\,At
be the solution of (4.32) subject to the initial value ¢y, A, € Hlp(Q). Let o> 0 be
the constant appearing in the Robin boundary condition (2.10). Then, there exist two
positive constants J(v,ca/N,T) and D(§,v,T,ca/N) such that if At < D then

— A~ ——
\/ZH\/ S[det FRK]RAt[¢m,At] + 5 HBRKvﬁbm,At
12(L2(Q)) 1> (L2(2))
« — A
(135) /5 ||V < <\/ 1BV, sl
1>=(L?(I'R))

[0 ~ ~
7 |[B9,a6]|pr + 11QI2z2(2)) + Gl (2 (0my) + HRAt[G}

z?(LZ(FR))) '

— . ‘3
Proof. Sequence ¢, At = {¢>;;)At},1¥:0 satisfies <£Zt 2 [¢m,At]a¢Z:_it - ?n,m> =
< n+2,¢?n+it — %)At>. Then, we use Lemma 4.2 and Lemma A.9 for ¢ = gbz:'it
and ¢ = ¢y, A, to obtain, respectively, a lower and an upper bound for this expression.
By jointly considering both estimates, we get

2

H\/ (po X5t det FRt! + po Xpy det i) (%Tiﬁ )

2At Q

2
n+1 n+1
HC m At

s |Cravona| +

~n+1 n+1
m JAL
R

e
)
2 2c, At 1o
) 2080 oy

n+1 n+1 n
+ <G 7¢m,At - m,At>FR

Q

(6% ~ 2 ~ n n
D) H mTIL%K(bZI,AtHFR < CAtA <HB HV(beritH + HBRKV¢m At

2

+cAta (H ~n+1¢21+ét +H m%K¢?n,At‘

2

H\/ det FRit + det Fy (o0, — & ar)

16At

Q
(4.36)
with ¢ = max {caC,/A,C,}. For n =0,..., N, let us introduce the notations
. 2
0h = - At \/ det Fitd -+ det Fiye (9374, — 0had)||
Q
2 R 2 0 o~ ?
02 =5 HB}%KW&NHQ =T |kt

Now, for a fixed ¢ > 1, let us sum (4.36) from n = 0 to n = ¢ — 1. With the above
notation and by using Lemma A.10 for ¢ = ¢, A¢, We get

01 + (1 — 26A1)02 + (1 — 46At)0, < 4eAt Z 0% + 10¢At Z 0,

(4.37) +8 <93 + 60 + HQ||122(L2(Q)) + ||G||12°°(L2(FR)) + HRAt[G]

2
12<L2(FR>>> ’

where we have used Hypotheses 3 and 4. In the above equation ¢ = max {cAaC, /A, C,}
and (8 denotes a positive constant. For At small enough, we can apply the discrete
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Gronwall inequality (see, for instance, [24]) and take the maximun in g € {1,..., N}.
0

Remark 4.4. Stability results for the semidiscretized time scheme (4.9) are ob-
tained by replacing

Q™ with 1/2 (det Fpt' " o Xkl + det Ry f™ o X i)

and G with 1/2 (mpt g™+ o Xpil + Ml g™ o X2y) in (4.33) and by replacing
Q™ with 1/2 (det FR' " o Xpk! + det FRip f™ o Xpixc)

and G"*1 with 1/2 (mpt g o Xpk! +mp g o X2y ) in (4.35).

Remark 4.5. Notice that, constants J and D appearing in Theorem 4.4 depend
on the diffusion tensor, more precisely, on fraction CXA. In most cases this fraction is
bounded in the hyperbolic limit.

Remark 4.6. In the particular case of Dirichlet boundary conditions (I'P = T),
diffusion tensor of the form A = eB and f = 0, a [*°(H!) stability result with
constants independent of the diffusion constant € can be obtained. Specifically, by

using analogous procedures to the ones in the Theorem 4.4 we can obtain the following
[>°(H*) stability result with constants (J and D) independent of e. For At < D,

—_— 1 —~ —_—
\/ZH\/S[det Fric|Rat|dm,At] + \/; BreVom, at
) 12(L2(Q)) o= (L2(2))

(4.38
<J(1+ ﬁ)\/gHBw?n,Atllm

Remark 4.7. Notice that, constants appearing in the above stability inequalities
depend on T. However, in some particular cases, we can get stability inequalities
with constants independent of T as the theorem below shows. Moreover, a possible
alternative to obtain a scheme with constants independent of T in stability and error
estimates is re-initializing the transformation to the identity after a fixed number of
time steps. In this case, by using analogous procedures to the ones in this paper, we
could prove the same results but with constants independent of final time.

Let us suppose that motion X, is incompressible (divv = 0) and that exact charac-
teristics can be used. Let us assume further that density p is constant (we take p =1
for simplicity), that diffusion tensor is nondegenerate and that boundary conditions
of the problem are Dirichlet everywhere on the boundary, i.e. I'p = I'. Then we can
prove a stability result with constants independent of T'. For this purpose, let us first
introduce the following notation:

(@) = ¢ A (XD 7H2)) Yoz eQ, 0<nl<N.

THEOREM 4.5. For At < D we have,

—_—
H(bm,At

1= (L2(2))

D)

12<L2<Q>>> ’

N-1

A s 5,8 2 s S,8

+ <8 E At (‘ ‘ grad (;S‘Atl’sﬂ + grad qb‘A"tHHQ + ngad ¢At17s + grad ¢\,
s=0

<J <||¢>9n,m||sz + an

(4.39)
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being J and D independent of T .
Proof. For this particular case it is easy to prove that

n+dl ——— 1
<£At : [¢m,At]a ¢Z:_At + ¢Z,At>

ntl H2

1
(4.40) m.At | T A7 ||¢$L,At||?)

= il
1 ~n n 2 1 ~n n 2

wgllem (vone+ venalll, + 316 (Vebiac+ v,

being C! := C o X (F')~T, 0 <1 < N. By using the change of variable z = X"*1(p)

and the chain rule, we obtain

2
dp.

| et 4 gmad i o = [ )T (VoA + Vo o)

(4.41)
Slmllarly, but by using the change of variable x = X(p), we have

(4.42)/

By applying the Cauchy-Schwarz inequality, the Young’s inequality and a change of

n+ n+1
: ’ (b'rn At + ¢:Ln,At>7 na‘mely

2 2
grad 657" + grad 07| da = /Q (P (VoA + Volhad) | dp.

variable we obtain an upper bound for <

n+ n n n
(s okt o) < oo (U 1A+ 17513)

+3llgrad " + grad gy T+ f||grad<z>”“ "+ grad o373,

(4.43)

where we have used that the H'-norm and the L2-norm of the gradient are equivalent
on HE(Q). Sequence ¢ ar = {(ZS%M}?]Y:O satisfies

‘3T +3
(At Bmadd O As + Onae) = (Fat F OtAL+ Brae) -

We use (4.40), Hypothesis 4, (4.41) and (4.42) to obtain a lower bound of this ex-
pression and (4.43) to get an upper bound. By jointly considering both estimates we
obtain an inequality which we sum up from n = 0 to n = ¢ — 1. Then, by taking the
maximum in ¢ € {1,..., N}, we get the result. d

Remark 4.8. Now, let us suppose that we use approximate characteristics. By
assuming Dirichlet boundary conditions, divv = 0, p = 1, nondegenerate diffusion
tensor and Hypothesis 2, and by using analogous procedures to the ones in the previous
theorem, we can prove a stability result with constants independent of T' for the
semidiscretized time scheme similar to (4.9) obtained by replacing det Frx with 1 in
the mass term. We notice that this replacement is plausible because for incompressible
motion det F' = 1.

Remark 4.9. Let us suppose f =0, divv = 0, p = 1 and Hypothesis 2. Then,
by using analogous procedures to the ones in the Theorem 4.3, one can also prove a

stability result with constants independent of T' for the semidiscretized time scheme
(4.9).
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4.4. Error estimate for the semidiscretized scheme. The aim of the present
section is to estimate the difference between the discrete solution of (4.9), ¢m ar :=

{om. art,, and the exact solution of the continuous problem, G = {pn 3N . Ac-
cording to (3.8) for bngds with 0 < n < N — 1, the latter solves the problem

(4.44) (b gl ) = (FH ) Vo e HEo(9),

where L3 [§,] € (HL(Q)) and F+3 € (HL(Q))' are defined by
1.7~ n+i 1/ nts
<£n+§[¢7n]a¢> 3=<P°Xe+2 det F" T2 (¢m> ﬂ/’>
Q

+ (A Vet ve) +amtionte)
Q rr

(Fred gy =(det b s o XU ) o (ntigrth o xITE g
Q r

Vi € HY(Q).

The error estimate in the 1°°(L2(£2))-norm, to be stated in Theorem 4.8, is proved
by means of Theorem 4.3 and the forthcoming Lemmas 4.6 and 4.7. On the other
hand, the error estimate for the gradient in the [*°(L?*(2))-norm, to be stated in
Theorem 4.9, is proved by means of Theorem 4.4 and the forthcoming Lemmas 4.6 and
4.7. Before doing this, we recall some properties satisfied by exact and approximate
characteristics. If v is smooth enough and At is small enough, it is easy to prove
that F, F~!, det F and their partial derivatives, as well as the ones of (FﬁK)_1 and
det F'§j can be bounded by constants depending only on v and T', moreover

1X8 = Xk llioon < OO, DA |(F") " = (Fig) ™ 0 < C(v, T)AF?
|| det F™ — det Fpp|l1.00.0 < C(v, T)A2.

The following lemmas can be easily proved by using Taylor expansions, the above
estimates and the ones obtained in Appendix A for Fi ., (Fi, )~ and det FR . (see
[6] for further details).

LEMMA 4.6. Assume Hypotheses 1, 8 and 4 hold. Moreover, suppose that X, €
C5(Q x [0, T]) and that the coefficients of problem (2.8)-(2.11) satisfy,

vECHT?), pm€C3(L>®(Q), AcW2®(0O%), A, cC*(Wh>(Q)).
Let the solution of (4.44) satisfy,
¢m € C3(L2(Q), Voém € C*HY(Q)),  ¢mlrn € C*H(L*(ITT)).
Finally, assume that At < min{n,1/(2||L||oc,75)}. Then, for each 0 < n < N —1,

there exist two functions fzz% Q2 — R and 52:% ;TR — R, such that
n+l n+i - n+i n+i
(4.45) <(£ 5o ) [¢m},w> = < o 2,w>Q + <££F 2,1/1>FR :

Vi € HEp (). Moreover, EZ;F% € L*(Q), 52:% € L%(I'®) and the following estimates
hold:

n+i
) e22?]], < At v, ) (Iomllos ey + Vomllcaan)
4.46 )
‘ foz o S APC(T, v, A) ([|Vém - ml|c2(r2rry) + alldmllc2(r2rry))
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where a > 0 appears in (2.10). B
LEMMA 4.7. Assume Hypothesis 1, v € C*(T°), X, € C*Q x [0,T]) and At <
min{n, 1/(2||L||c,7¢)}, being n the constant appearing in Lemma A.1. Let f,, €
C?(L3(Q)), f € CHTY), gm 6 C2(L*(T®)), g € CY(T2). Then, for each n €
{0,..., N — 1}, there exist §f :Q — R and §n+2 't — R, satisfying
n+l n+2 n+2 n+2 1
(447) ((F+3 )ov)=(gthe) +(& ) | wen @

Moreover, §;+% € L2(Q) and &, € L*(TE) and the following estimates hold:

§n+2 s ALC(T, v, T°) (|| det F fullc2 (2o + |1 fllor (1)) »

(4.48) il

37| < ARC@ v, Tin) (1gmllos gaqeny + lgllencrs,)) -

Now let us introduce some regularity assumptions on the data of the problem needed
to prove the error estimates below.
Hypothesis 8. Functions appearing in problem (2.8)-(2.11) satisfy,
e py € CHL™()), A€ WH®(0%), A, € C2(Wh>(Q)),
o veC3T?),
o fm € C2(L2(), f € CYT?), gm € C2(L2(T'R)), g € CY(T2x) and a > 0.
Hypothesis 9. Functions appearing in problem (2.8)-(2.11) satisfy,
e pm € C2(L™(Q)), A€ W22 (0?), A, € C3(WH>(Q)),
e veC¥TY),
o frm € C(L2(Q)), f € CHT?), gm € C3(LA(TE)), g € C*(T2x) and a > 0.
THEOREM 4.8. Assume Hypotheses 1, 3, 4, 5, 6, 7and 8, and X, € C>(Qx[0,T]).
Let

bm € C3(L*(R)), Voém € C2(H (), ¢m|rr € C*(LA(TH)),
be the solution of (4.44) and let qb/m; be the solution of (4.9) subject to the initial

value ¢y, A, = ¢5, = ¢° € H'(Q). Then, there exist two positive constants J and D,
the latter being independent of the diffusion tensor, such that, if At < D we have

f”m d)m (bmAt ||l°°(L2(Q))
i
< J AL (|lomlles (o))

- d)m,At]
12(L2(TR))
HIVomllez@r ) + IVom - mlle2p2(rry) + | dmllc2(L20ry)

—

BrrS [Vém — Vém adl

12(L2(2))
(4.49)

S [mrK]

+lldet F fillcz(2(a)) + 1fllcrs) + Imgmll ez p2rry) + ||g||Cl(T1§R)) :

Proof. We denote by m the difference between the continuous and the discrete
solution, that is, €, a; = {¢7, — &7 At}szo. Then, by using (4.9) and (4.44) we have

m,

(450) (£ar e v) = ((£ar? —c7F) Bulw) + (FHE = FafH 0.
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Vi € H%D () and 0 < n < N — 1. Then, as a consequence of Lemmas 4.6 and 4.7,
we deduce

(451) (Lot Emal o) = (T - eiht ) (&M - )

Vi € H}, (). Now the result follows by applying Theorem 4.3 to (4.51), noting that
e%l’m = 0 and using the upper bounds for &, £f, &£ and &, given in Lemmas 4.6
and 4.7. a

Remark 4.10. Notice that constant J appearing in the previous theorem is
bounded in the limit when the diffusion tensor vanishes. In particular, Theorem
4.8 is also valid when A = 0.

THEOREM 4.9. Let us assume Hypotheses 1, 3, 4, 5, 6, 7 and 9, and X, €
C5(Q x [0,T]). Let ¢, with

Om € C*(L*(Q)),  Vom € C*(HN(Q)), dmlrn € C*(L*(IT)),

be the solution of (4.44) and m be the solution of (4.9) subject to the initial value
moar = O = ¢° € H'(Q). Then, there exist two positive constants J and D such
that, for At < D we have

\/j ‘ ’ VS[det Fr|Rat[@m — Om,Adl

12(L%(%2))
A . —_—
+1/ 3 HBRK (Vom — Vom at)
o= (L2(2))
(4.52) Tl — .
g ||V ek (m — dm,At) < J AL (|omlles 20y
o= (L?(T'R))

HIVomllez@r ) + IVom - ml|esp2rry) + | dmllcs2@ry)
+det F fnllcz2(z2@)) + [ fllorers) + [IMmgml|csp2rry) + ||9||C2(TF"R)) :

Proof. 1t is analogous to the one of the previous theorem, but using Theorem 4.4
instead of Theorem 4.3 and noting that

Rz

|

< CAE (190 mll g 20,

12(L*(TR)) 12(L2(IR)) —

+Pmllespzeryy + 1Mgmllcsp2ory) + ||9H02(TF5R)) .
This estimate follows by using Taylor expansions and

(X2 () — X33 (0) — (X2 (p) — Xixc (1))
[((F™) 7 p) = (FRED T @) = (F™) 7' (0) — (Fig) ™' ()| < CAF,
‘(detF"H(p) — det Fg}l(p)) — (det F™(p) — det F}%K(p))‘ C

Remark 4.11. In the particular case of diffusion tensor of the form A = eB with
€ > 0, constants J and D appearing in the previous theorem are bounded as ¢ — 0.

Remark 4.12. Notice that, from the obtained estimates and by using a change
of variable, we can deduce similar ones in Eulerian coordinates (see [6] for further
details).
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5. Conclusions. We have performed the numerical analysis of a second-order
pure Lagrangian method for convection-diffusion equations with degenerate diffusion
tensor and non-divergence-free velocity fields. Moreover, we have considered general
Dirichlet-Robin boundary conditions. The method has been introduced and analyzed
by using the formalism of continuum mechanics. Although our analysis considers any
velocity field and use approximate characteristic curves, second order error estimates
have been obtained when smooth enough data and solutions are available. In the
second part of this paper ([7]), we analyze a fully discretized pure Lagrange-Galerkin
scheme and present numerical examples showing the predicted behavior (see also [6]).

Appendix A. In this section, firstly we prove some technical results which are
used throughout this paper. Then, we introduce a summary table of the main nota-
tions.

LEMMA A.1. Under Hypothesis 1, there exists a parameter n > 0 such that if

At < n then X} (p) is defined ¥p € Q and Vn € {0,...,N}, and the following
inclusion holds

X7k (Q) c Q.

Proof. The result can be easily proved by applying Taylor expansion to X, in the
time variable and using the regularity of v. 0

LeEmMMA A.2. Under Hypothesis 1, if At < n, n being the number introduced in
the previous lemma, there exists a constant C' depending on v such that

(A1) [ Fgklloo,0 < Tl 75 +CAY e {0,...,N}.

Proof. The inequality follows by applying norms to (4.7), using the initial condi-
tion (4.6) and applying the discrete Gronwall inequality. 0
LEMMA A.3. Under Hypothesis 1 if At < min{n,1/(2||L||ec,75)}, then

(A-2) (FR) oo < e7UHIwrs 4020 e f0 . N}
and
(A3)  (FpE) ') = (Fg) ' (0) (1= AL 3 (Y () + O(A) ),

being the term O(At?) depending on v, p € Q and 0 <n < N — 1.

Proof. Firstly, we can write Fpft'(p) = M (p)Fhy(p), with Mpe(p) == I +
ALL™ 2 (Y™ (p)) (I + At/2L™(X %, (p))). Now, by applying norms we have that |[I —
MFilloo,0 < 1. Thus, M7 (p) is invertible for 0 < n < N —1 and then, by induction,
we deduce that Fiy£' (p) is invertible too, with (Fi" )72 (p) = (Fhx) "1 (p) (M2 )~ (p).
Moreover, (M2,)"1(p) = Z;’;O(I — M3 (p))? so (A.3) follows. The proof of (A.2)
is analogous to the one of the previous lemma. 0
The following corollaries can be easily proved (see [6] for further details).

COROLLARY A.4. Under the assumptions of Lemma A.2, we have

(A.4) | det F2yloop < €71V Vllog s +C (A
(A.5) det Fre(p) >0  if At < K,

)

with K depending on v and 0 <n < N. Moreover, Vp € Q det Fii.' (p) satisfies

(A6)  det FE (p) = det Fli (p) (1 + Atdivv™E (Y™ (p)) + O(At2)> :
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being O(At?) depending on v and 0 <n < N — 1.
COROLLARY A.5. Under the assumptions of Lemma A.3, we have

(A7) det (Fif!) ™ (p) = det (Fp) ' (p) (1= Atdivv™ 3 (Y™ (p)) + O(A) ),

Vp € Q, Vn € {0,...,N — 1}, with O(At?) depending on v. Moreover, Vn €
{0,..., N}, we have

(A.8) ||det (Frg) Moo < Tl div vl 75 +C(V)AL)

LEMMA A.6. Under Hypothesis 1 if At < min{n,1/(2||L||x 7¢), K}, where K is
the constant appearing in Corollary A.4, then, ¥p € Q and ¥n € {0,..., N}, we have

(A.9) & < det Fp(p) < C1, & < |(Fag) T(p)u| < Cs,

being ¢; > 0, CN’j >0, j = 1,2, constants depending on v and T, and u € R? with
|u| = 1.

Proof. The result follows from expressions (A.1), (A.2), (A.4), (A.5) and (A.8), and
by using the following equality

(A10)  1=ul=[(Fag)" (0)(Fix) ™" (p)u| YueR? Jul=1. 0O

Under Hypothesis 2, Lemma A.1 can be improved.

LEMMA A.7. Let us assume Hypothesis 2. If At < min{K,1/(2||L||co,7)}, then,
X7 (p) is defined Vp € Q and Vn € {0,..., N}, and X2, (Q) = Q.

Proof. See Proposition 1 in [26]. d

LEMMA A.8. Let us assume Hypotheses 1 and (4.81). Let us suppose o > 0 and
At <min{n,1/(2||L||w 7¢), K}, being n and K the constants appearing, respectively,
in Lemma A.1 and in Corollary A.4. Then, we have

(@ ¥+ @da + (G Y+ o)rr < l|Q" G + G It

1 - 2 ) N — ~ ,
+§ (H\/@ZZJH JrH\/ngHQ)JFSQH R (o4 )
Q

Vi, € HY(Q), with cs = 1/¢1 and ¢y = 1/(¢1¢3), where ¢ and ¢3 are the constants
appearing in Lemma A.6.

Proof. The estimate follows directly by applying the Cauchy-Schwarz inequality
to the left-hand side of the inequality, and using Young’s inequality and Lemma A.6.
|

LEMMA A.9. Let us assume Hypotheses 1 and (4.31). Let At < min{n, K'}, being
n and K the constants appearing in Lemma A.1 and in Corollary A.4, respectively.
Then, we have

2

2cs At ¥

16A¢

b

Q

Q" *HI& +

Y, € L2(2), where c, is the constant appearing in Lemma A.S8.



HIGHER ORDER PURE LAGRANGIAN METHOD 23

Proof. The result easily follows by applying the Cauchy-Schwarz inequality,
Young’s inequality and Lemma A.6. O

LEMMA A.10. Let us assume Hypotheses 1 and (4.81). Suppose that a > 0 and
At < min{n, 1/(2HL||OO 1), K}. Then, for any sequence {y"}N_, € [L*(TF)N+1
and any q € {1,..., N}, the following inequality holds:

q—1

4c a
DG = g e < FQIIG‘ZII%R DA + 516
n=0
G”“‘1 G" Ata
H’(/}OHFRJ'_ Zl'\/mRKw ||FR

Proof. The result follows from the equality

q—1

Z<Gn+1,¢n+1 — " pr = (G190 pr — <G1’1/}0>1“R

n=0
q—1
GnJrl*Gn
—At —_— " .
()

n=1

Indeed, the three terms on the right-hand side can be bounded by using the Cauchy-
Schwarz inequality, Young’s inequality and Lemma A.6. O
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2: bounded domain

Qt = Xe(Q, t)
0= Ute[O,T] o2
P: reference map of X,
L := gradv
An, © i
A= : diffusion tensor field
® 6

m: the outward unit normal vector to I' := 02

Xp it second order Runge-Kutta approximation of X
Q0 = U.eq, B(z,9)

p: density

P10 = llPll1,00,09
Ay o= (Flg) 7 Ao Xpye (Frp) ™7 det Fiye

C=vVA

Cy 1= MaX¢e[0,7) ||V('at)||1,oo,ﬂf
I, ©
© 6

B = , I, is the ny x n; identity matrix

Sl == {4y

X.: motion

T: trajectory of the motion

F =V X,: Jacobian matrix of the deformation
v: spatial description of the velocity

¥,,: material description of a spatial field ¥

Ap(p,t) == F~(p,t) A (p, t)F~ T (p, t) det F(p,t)

m(p,t) == [F~"(p,t)m(p)| det F(p,t)
Fiige = VX e
=6
0= Ute[o,T] Q,
~: lower bound for p
A: lower bound for the eigenvalues of A,,
M = [(Fg) " m[det Fgy
ca= maX{HGH;Oa’ HC”;O‘S}’ Gij = | grad Cyl
i = C o XGp(Frp) T/ det Fiye
By = B(Fj )"/ det Fiye

¢n+l _ ,¢n }N_l
R =
Al [w] { At n=0

REFERENCES

[1] R.A. Adams. Sobolev Spaces. Academic Press, New York, 1975.
[2] J. Baranger, D. Esslaoui, and A. Machmoum. Error estimate for convection problem with
characteristics method. Numer. Algorithms, 21 (1999):49-56. Numerical methods for par-

tial differential equations (Marrakech, 1998).

[3] J. Baranger and A. Machmoum. Une norme “naturelle” pour la méthode des caractéristiques
en éléments finis discontinus: cas 1-D. RAIRO Modél. Math. Anal. Numér., 30:549-574,

1996.

[4] J. Baranger and A. Machmoum. A “natural” norm for the method of characteristics using
discontinuous finite elements: 2D and 3D case. Math. Model. Numer. Anal., 33:1223-1240,

1999.

[5] E. Barucci, S. Pilodoro, and V. Vespri. Some results on partial differential equations and Asian

[6] M. Benitez.

options. Math. Models Methods Appl. Sci., 11:475-497, 2001.
Métodos numéricos para problemas de conveccién difusion.
Universidade de Santiago de Compostela.

a la conveccién natural, Ph.D. Thesis,
http://dl.dropbox.com/u/14459353 /tesis_benitez.pdf, 2009.

Aplicacién

[7] M. Benitez and A. Bermuidez. Numerical Analysis of a second-order pure Lagrange-Galerkin
method for convection-diffusion problems. Part II: fully discretized scheme and numerical




HIGHER ORDER PURE LAGRANGIAN METHOD 25

results. Submitted.

M. Benitez and A. Bermudez. A second order characteristics finite element scheme for natural
convection problems. Journal of Computational and Applied Mathematics, 235:3270-3284,
2011.

A. Bermidez and J. Durany. La méthode des charactéristiques pour les probléemes de
convection-diffusion stationnaires. Math. Model. Numer. Anal., 21:7-26, 1987.

A. Bermudez, M.R. Nogueiras, and C. Vézquez. Numerical solution of (degenerated)
convection-diffusion-reaction problems with higher order characteristics/finite elements.
Part I: Time discretization. SIAM. J. Numer. Anal., 44:1829-1853, 2006.

A. Bermidez, M.R. Nogueiras, and C. Vdzquez. Numerical solution of (degenerated)
convection-diffusion-reaction problems with higher order characteristics/finite elements.
Part II: Fully Discretized Scheme and Quadrature Formulas. SIAM. J. Numer. Anal.,
44:1854-1876, 2006.

K. Boukir, Y. Maday, and B. Métivet. A high-order characteristics method for the incompress-
ible Navier-Stokes equations. Comput. Methods Appl. Mech. Engrg., 116:211-218, 1994.
ICOSAHOM’92 (Montpellier, 1992).

K. Boukir, Y. Maday, B. Métivet, and E. Razafindrakoto. A high-order characteristics/finite
element method for the incompressible Navier-Stokes equations. Internat. J. Numer. Meth-
ods Fluids, 25:1421-1454, 1997.

K. Chrysafinos and N. J. Walkington. Error estimates for discontinuous Galerkin approxima-
tions of implicit parabolic equations. SIAM J. Numer. Anal., 43:2478-2499 (electronic),
2006.

K. Chrysafinos and N. J. Walkington. Error estimates for the discontinuous Galerkin methods
for parabolic equations. SIAM J. Numer. Anal., 44:349-366 (electronic), 2006.

K. Chrysafinos and N. J. Walkington. Lagrangian and moving mesh methods for the convection
diffusion equation. M2AN Math. Model. Numer. Anal., 42:25-55, 2008.

J. Douglas, Jr., and T.F. Russell. Numerical methods for convection-dominated diffusion prob-
lems based on combining the method of characteristics with finite element or finite differ-
ence procedures. SIAM J. Numer. Anal., 19:871-885, 1982.

R.E. Ewing and H. Wang. A summary of numerical methods for time-dependent advection-
dominated partial differential equations. J. Comput. Appl. Math., 128:423-445, 2001.
M.E. Gurtin. An Introduction to Continuum Mechanics. Mathematics in Science and Engi-

neering, 158, Academic Press, San Diego, 1981.

L. Hérmander. Hypoelliptic second order differential equations. Acta Math., 119:147-171, 1967.

K. W. Morton. Numerical solution of convection-diffusion problems. Appl. Math. Comput., 12,
Chapman Hall, London, 1996.

O. Pironneau. On the Transport-Diffusion Algorithm and Its Applications to the Navier-Stokes
Equations. Numer. Math., 38:309-332, 1982.

O. Pironneau, J. Liou, and T. Tezduyar. Characteristic-Galerkin and Galerkin/least-squares
space-time formulations for the advection-diffusion equations with time-dependent do-
mains. Comput. Methods Appl. Mech. Engrg., 100:117-141, 1992.

A. Quarteroni and A. Valli. Numerical approximation of partial differential equations. Springer
Series in Computational Mathematics, Springer- Verlag, 23, Berlin, 1994.

M. A. Ragusa. On weak solutions of ultraparabolic equations. Nonlinear Anal., 47:503-511,
2001.

H. Rui and M. Tabata. A second order characteristic finite element scheme for convection-
diffusion problems. Numer. Math., 92:161-177, 2002.

P. Wilmot, J. Dewynne, and S. Howison. Option pricing. mathematical models and computa-
tion. Ozford Financial Press, Oxford, 1993.



	Portada - Numerical analysis of a second order pure Lagrange–Galerkin method for convection-diffusion problems. Part I Time Discretization
	SINUM-I-2012



