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Abstract: Most of the research on ship rolling motion concerns a specific type of ship, such as
containerships, or analyzes sailing during certain wave characteristics, rather than the full spectrum
of waves that can be encountered during the entire sea route. To date, the most frequent merchant
ships in the world are general cargo ships, where the ship’s behaviour at any sea condition has a
great influence on overall safety, as well as the lashing design of non-standardized cargo. For this
reason, the present paper aimed to study ship-performance models, starting with concepts of the basic
physics of ships and waves. Firstly, the ship’s behaviour was analyzed from a theoretical point of
view, both in calm waters and when sailing in waves, but independently. Afterwards, the ship-waves
system was analyzed during rolling with all variables accounted for at the same moment, with the
objective of obtaining roughly realistic models. Relevant results are shown in each of the models,
which may be of great interest for ship operators and, in general, for the shipping industry, so as to
improve the safety of maritime transport. Finally, these results were validated with a case study.

Keywords: roll motion; angle of rolling; transverse acceleration; roll angular velocity; ship’s
behaviour; waves

1. Introduction

General cargo ships represent the most common ship types in the world, next to fishing
vessels [1,2]. Although a high percentage of losses and cargo claims of all merchant ships are
associated with general cargo ships, they are not considered by the general public and even
by many authorities, as risky ships, maybe because such accidents have not had as much
of a media impact as other cases [3]. Moreover, most of the accidents and causalities are
related to rolling motion, which, in some cases, leads to a loss of stability with consequences
on the ship, the cargo, the crewmember and the environment [4]. So, it is clear that it is of
the utmost relevance to assess and predict a ship’s behaviour during the roll motion in any
sea condition, as it directly influences, for example, the cargo-securing system, because
stowage and cargo security is determined by the worst condition of acceleration and the
rolling angle expected during the sea route [5].

The non-standardized cargo onboard ships has to be protected against forces generated
during sea navigation, motions of the ship, waves and wind. The influence of waves
and wind is applicable only to cargo stowed above the main deck, and according to the
literature [6], its influence compared to other forces exerted against the cargo is relatively
minor. Of the six-degrees of freedom of a ship in a seaway, the most important from
the point of view of acceleration is the rolling motion which depends directly on the sea
state [4,7,8], which is why it is the motion studied in this paper. The importance of this
motion is reflected in the investigation of Li et al. (2021) [9], where they studied how
to utilize the mechanical energy of this movement by means of an energy-harvest unit
installed onboard. Therefore, today, it is clear that it is of utmost importance to study
this motion in ships with thousands of oscillations when rolling throughout the day, for
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energy conservation and emission reduction onboard ships, representing a subject which
has attracted attention across the board.

To date, the majority of research about ship acceleration and the rolling angle of
ships sailing in waves concerns containerships, specifically, the parametric roll resonance
phenomenon [10–12]. In the literature, many works and experiments that predict the rolling
motion with numerical calculations and small-scale models in tanks where waves and
wind conditions are artificially generated are reviewed and the results are contrasted using
large-scale models during sea trials. However, this research is only applicable to certain
types of ships (containerships and tugs) [11,13] or to very particularized sea states (short
or long-crested seas) [8]. Another example of this trend is the work of Pesman (2016) [14],
where the author analyzes ways in which ship operators of any ship can avoid or reduce the
influence of parametric roll accelerations when sailing in longitudinal waves. So, although
work in the literature about general cargo vessels is limited with regard to a certain loading
condition and when sailing in waves, providing an understanding of the ship-roll motion
when sailing in waves for shipmasters and operators is important in terms of stability, cargo
security and, in general, the safety of the shipping industry. In this sense, recently, authors
such as Acanfora and Balsamo [15] presented their research in which a numerical model
was developed in order to detect the synchronism and the parametric roll. In their work,
maneuvering equations were implemented which consider the ship dynamics in waves in
order to act accordingly to reduce large roll motions with alerts provided by an autonomous
detection system. The ship used in the case study was a ro-ro pax vessel, i.e., the other
type of ship (together with pure container ships) more vulnerable to these phenomena.
However, as mentioned, it is not necessary to reach the synchronism or parametric roll in
order to put the ship’s safety at risk, and for anticipating the phenomenon, it is necessary
to know the ship’s behavior in all sea-state conditions.

Concerning the condition of the sea state used in the present study, the wave-induced
motion of abeam seas was considered as trochoidal regular. This is in accordance with the
procedures followed by other authors [16,17] in previous research investigating similar
problems. In these works, the authors mentioned that the irregular natural seaway is
modelled as a superposition of waves of different characteristics (wavelength and period),
and for that reason, a set of regular waves, for which the natural seaway is superimposed,
were used in the computer calculations. This is because, as is apparent, the identification
of the real sea state parameters is not a simple task due to the interaction between short-
crested waves and swell waves. Jiao et al. (2019) [8] carried out an in-depth study on ship
motion sailing in short-crested irregular waves but by considering a model of a length
greater than 300 m, which is outside of the range of most general cargo ships that transport
non-standardized cargo. Furthermore, the research focused on specific types of waves
(short-crested or long-crested), however, it is not possible to predict what types of waves
will be encountered during the sea route, because weather forecasts often only include the
height and/or period of waves. Other authors, such as Zakaria (2009) [18], also carried
out relevant research about the effect of irregular waves and severe sea states (moderate
gale, strong gale and hurricane) on ships but, once again, in certain containerships, with
numerical calculations in order to consider resilience in the stage of ship design. In this
study, simulations were used to analyze three specific sea states, and although this was
intended to reflect the worst conditions, it is a very restrictive consideration of general
shipping operations. In connection with the ship-design phase, Zhang et al. (2021) [19]
applied a new, three-dimensional time-domain panel method to solve and predict, in this
initial stage, the hydrodynamic seaworthiness of the ship in the wave–ship system, but
not in the daily operation of the ship to ensure that it, together with the transported cargo,
remains in good seaworthy condition. Regarding research conducted with CFD tools, the
work of Huang et al. (2021) proves interesting [20], where the effects of different states
on the motion stability of an unmanned surface vessel were investigated, specifically of a
catamaran. However, the investigation did not consider, for example, the ship’s loading
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condition and reached the conclusion that overturning did not occur, which shows that the
full spectrum of the sea state was not analyzed.

Furthermore, ships need to satisfy several regulations, guidelines, procedures and
standards approved by the classification society in charge and/or the authority of the flag
state. This aspect also affects the stowage and securing of cargo so that it is transported with
a high level of safety. Several works, such as that of Petacco and Gualeni (2020) [21] and
Marlantes et al. (2021) [22] pointed out that IMO (International Maritime Organization),
through IS Code version 2020 (International Code on Intact Stability, 2008), implemented
guidance and operational limitations during navigation for a stability assessment. This
new version of IMO Code addresses the ship stability condition when sailing in waves, but
only refers to five dynamic phenomena, i.e., parametric roll, pure loss of stability, dead-ship
condition, surf-riding and excessive accelerations (weather criterion). Taking into account
this last concept, and after analyzing the IS Code 2020 [23], it can be concluded that it
addresses the maximum rolling angle in the zero-speed condition and under the action of
pure beam seas, but does not specify the sea state or the wind intensity, so the available
margin of safety in case of encountering extreme weather conditions is unknown. Before
the introduction of IS Code version 2020, research [24] had already been carried out to
predict the rolling motion (period) following to IMO formula and using the GZ curves of
different ships. The main objective was to avoid the greatest threat to the ship’s stability
and safety, i.e., the resonance of rolling, although, as it is known, it is not only this extreme
circumstance that threatens the ship’s safety.

Therefore, considering all of the above, the cargo should be stowed and secured in a
safe manner if the ship is going to sail in an area with a specific sea state (undetermined), but
if the weather conditions are different, the overall safety of the ship could be compromised,
as none of these calculations include any meteorological parameters. When a ship sails
in waves, it acts as a floating beam on which a set of forces varying in time act. This ship
motion in waves is a feature that has negative influences on various parameters, causing,
among other effects, a decrease in stability, increased stresses on the hull and relevant
forces on the cargo. So, motions of excessive amplitudes can become very dangerous
for the seakeeping and general safety of ships and cargo. For this reason, in the present
paper, we intended to include the main sea conditions affecting the ship roll motion,
which affects the ship’s general behaviour, including the cargo stowage and lashing design.
Related to this point, it is also important to note that some boards for classification, such as
DNV·GL [25], provide guidelines of default motion criteria in different sailing areas. For
example, the single amplitude of rolling can be read as a constant and particulars of the
navigation areas for ships are predefined. However, it is considered necessary to carry out
a theoretical and realistic study about roll motion models based on the ship’s particulars
and all specific conditions of the waves, which on a specific sea passage can be different
from the annual statistics.

Therefore, the aim of this paper is to carry out an analytical study of the ship’s perfor-
mance during the roll motion from a theoretical and realistic point of view, and with regard
to any sea condition that can be encountered during sea passage across world, regardless
of the ship’s particulars and the waves’ conditions, with the objective of guaranteeing a
required level of safety and preventing damages, losses and claims. Finally, in each section,
our results are validated with a case study.

2. Materials and Methods

In the present research, the ship motion studied is the rotational motion around
the longitudinal axis, that is, the rolling motion. For that, in this section the different
mathematical models applied to rolling are independently analyzed. Firstly, a model of
a ship’s rolling oscillating freely is studied in calm conditions and as a consequence of
the application of a punctual and external force, which produces a roll due to the ship’s
loading condition, expressed as a natural roll period (Td). Afterwards, a mathematical
model of regular waves corresponding to any sea state conditions, expressed as the wave’s
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period (Tw), is studied, in order to apply such a model in a mathematical model of the
ship’s rolling motion when sailing between waves of abeam seas. These analyses will be
used as tools to develop an understanding of the real ship’s behaviour during navigation.
However, as there is a lack of tools available to define the behaviour of ships under these
conditions, in the results section, the results will be analyzed to produce an approximate
realistic model. In the present work, only the influence of waves acting perpendicular to
the ship’s centreline is studied because, in a zero speed condition, such waves represent the
worst condition in the ship rolling motion, and we aim to find the extreme values during
rolling motion.

Regarding the pitching motion, due to the large torque of a ships’ longitudinal stability,
it would be difficult, if not impossible, to cause a free longitudinal oscillating motion with a
punctual force. This aspect would lead to overlooking the pitch motion in calm waters and,
even with the ship sailing in regular waves, it would introduce some difficulty because
when the ship is sailing in ahead/stern seas, the wave’s profile cannot be replaced by a
straight line (as in the rolling motion study) due to the usual relationship between the
ship’s length and the wavelength.

2.1. Ship’s Rolling Motion in Calm Waters

In the first stage of the present study about ship motion when sailing in waves, it was
considered necessary to represent the free rolling motion of the ship in calm waters and
without water resistance, as it would represent the worst condition. It is relevant to note
that when a stable idle ship is displaced from its equilibrium position by some external
force, when the induced force stops, the ship will oscillate until the resistance of water
dampens the motion.

The defining equations of the ship rolling motion in calm waters include the equations
of a vibratory system, which is used for the assumption of a ship oscillating without
damping, i.e., without considering the resistance of the water, the calculations will only
correspond to a simple harmonic motion [4].

An interesting formula for shipping operators is one that links the (double) natural
rolling period (Td) of the ship with the initial transverse metacentric height (GM), account-
ing for the radius of the gyration of the ship’s mass. The deduction starts with the equation
of the motion of a solid rotating around an axis, which has the following expression [26]:

Ig·d
2θ

dt2 (1)

where Ig is the inertia moment of the ship’s mass about a longitudinal axis through its
center of gravity; θ is the rolling angle and d2θ/dt2 is the angular acceleration.

According to this approach, Equation (1) is equal to the righting moment of the ship;
therefore, its algebraic sum will be equal to zero. After altering Equation (1) to consider the
GM and ship’s displacement, the following equation is obtained:

d2θ

dt2 +
g·GM

k2 ·θ = 0 (2)

where k is the turning radius of the ship’s mass with respect to the longitudinal axis passing
through its center of gravity and g is the gravity acceleration.

Equation (2) is the same type as an Equation of simple harmonic vibratory motion,
which corresponds with the differential equation of rolling motion, as follows:

θ = AK· sin ω·t + BK· cos ω·t (3)
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In order to calculate the constants AK and BK of the solution, a general condition is
assumed for when the time (t) is equal to zero (t = 0), so θ = ϕ, and therefore:

dθ

dt
=

dϕ

dt
= ωϕ (4)

In Equation (3) when t = 0, the value of the constant AK is:

ϕ = AK· sin ω·t + BK· cos ω·t (5)

ϕ = BK (6)

In order to obtain the value of the constant AK, Equation (3) is derived:

dθ

dt
= AK·ω· cos ω·t− BK·ω· sin ω·t (7)

Therefore;
dϕ

dt
= AK·ω (8)

Clearing AK,

AK =
dϕ

dt
· 1
ω

(9)

By replacing the constants AK and BK for the calculated values in Equation (3), the
following differential Equation can be obtained:

θ =
dϕ

dt
· 1
ω
· sin ω·t + ϕ· cos ω·t (10)

However, knowing that the angular velocity [27] is as follows:

ω =
2 π

Td
(11)

The constant AK of Equation (9) takes the following expression:

AK =
dϕ

dt
· Td
2 π

(12)

Additionally, by introducing the angular velocity dϕ/dt, it takes the form:

AK =
ωϕ·Td

2 π
(13)

Therefore, Equation (10) is transformed into the following equation:

θ =
ωϕ·Td

2π
· sin

2π·t
Td

+ ϕ· cos
2π·t
Td

(14)

Finally, the equation of rolling motion in calm waters can be expressed as follows:

θ =
dϕ

dt
· 1
ω
· sin ω·t + ϕ· cos ω·t (15)

2.2. Waves

The transverse roll motion of ships is produced due to constant changes in the apparent
vertical direction along with the trochoidal profile of waves, where the ship’s diametrical
plane tries to follow their profile in order to reach the equilibrium position. When the waves
pass along the ship, a motion in the centre of the buoyancy of the ship is produced, leading
to a hydrostatic restoring moment of the stability in waves, which attempts to keep the ship
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upright and leads to the rolling motion. Then, the absolute amplitude of the rolling motion
depends on the following two factors: the relative position of the ship’s diametrical plane
with respect to the apparent vertical direction and, the relative position of the apparent
vertical with respect to the true vertical. As consequence, the roll motion depends on the
ship’s oscillation movement and the waves’ undulatory motion, i.e., on the ship roll natural
period (Td) and the waves’ period (Tw). Depending on whether these periods are more or
less concordant, they will cause the amplitude of the absolute roll to be increase or decrease.
Therefore, it is very important for deck officers to have an understanding of the natural
rolling period of their ships for that oscillation mode.

In the study of the waves, it is referred to the waves of theoretical or tended regular
sea (after the wind ceases), when its profile corresponds to a trochoid curve because the
ship motion in irregular seas is impossible to accurately predict [28]. These waves are the
only ones that have been able to be studied mathematically, based on the properties of the
trochoid, from direct observation, and regardless of the resistances that water molecules
encounter in their movement.

When studying the trochoidal waves profile, there are different formulas that can
be used to establish a relationship between wavelength, translation speed and period of
waves [29]. Moreover, recent studies that include all seas in the world have helped in
building a scale of 21 types of waves with these three parameters. Considering the values of
wavelength and period, a polynomial regression equation (Equation (16)) with a precision
of 100% for the determination factor was obtained. Figure 1 is shown a good relationship
between wavelength and period parameters.

Lw = 1.5838·Tw
2 − 0.5558·Tw + 1.4737 (16)
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However, there are no formulas that relate these three parameters with the height
(Hw) (or amplitude-Aw) of the waves due to the dependence of height on other variable
factors such as the fetch and the duration of the wind influencing the fetch. Nevertheless,
the maximum wave slope (α) is related to the wave height (Hw) and the wavelength (Lw)
according to the following Equation (17):

sin (α) = π·Hw

Lw
(17)

Other authors [30] have registered the wavelength, the height and the period of waves
all over the world, and found that the value of sin (α) is almost constant and equal to
0.1047, i.e., α = 6◦, regardless of smooth or very rough sea. For this reason, the relationship
between wavelength and height can be considered as constant according to Equation (18).

Hw

Lw
= 0.0333 (18)
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Using Equation (18) and the wavelength (Lw), which was expressed according to
Equation (16), the waves’ height (Hw) as a function of the wavelength and the wave period
(Tw) can be calculated. Furthermore, it is possible to obtain the amplitude (Aw) of the wave,
knowing that this parameter is equal to half of the height (Hw) [31].

In Table 1, all variables calculated according to Equations (16)–(18) and considered in
the present study are included, which correspond to the full the spectrum of regular waves:

Table 1. Data of studied waves.

Tw (s) Lw (m) Hw (m) Aw (m)

1 2.50 0.05 0.03

2 6.70 0.20 0.10

3 14.06 0.47 0.23

4 24.59 0.83 0.42

5 38.29 1.30 0.65

6 55.16 1.86 0.93

7 75.19 2.53 1.27

8 98.39 3.30 1.65

9 124.76 4.16 2.08

10 154.30 5.19 2.60

11 187.00 6.19 3.10

12 222.87 7.39 3.70

13 261.91 8.69 4.35

14 304.12 10.06 5.03

15 349.49 11.56 5.78

16 398.03 13.29 6.64

17 449.74 15.05 7.53

18 504.62 16.82 8.41

19 562.67 18.75 9.37

20 623.88 20.78 1.39

21 688.26 22.91 1.46

Finally, having tabulated the obtained data, which are included in Table 1 with respect
to the wind force that generates a specific sea condition, in Table 2, the Beaufort scale,
the wind mean velocity (Vw) and the corresponding waves’ maximum height (Hw) are
included [29].
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Table 2. Influence of wind intensity on waves’ height.

Beaufort Vw (kt) Hw (m)

0 0–1 0

1 1–3 0.1

2 4–6 0.2–0.4

3 7–10 0.5–1

4 11–16 1–1.5

5 17–21 1.6–2.5

6 22–27 2.6–4

7 28–33 4–5.5

8 34–40 5.5–7.5

9 41–47 7–10

10 48–56 9–12.5

11 57–63 11.5–16

12 >64 >14

2.3. Ship’s Rolling Motion Sailing in Regular Waves

In calm water conditions, the buoyancy of the water acts perpendicularly to the water
line surface according to the vertical and, when the surface comprises a trochoidal wave,
the buoyancy of the water changes constantly. For this reason, in the first case, the ship
receives a constant buoyancy while, in the second, it varies continuously both in intensity
and direction.

When a wave hits the ship, a disruptive force will be produced and it will change the
underwater hull form. Consequently, the righting moment of the ship will try to find the
equilibrium in the perpendicular direction of the trochoid, which changes constantly in
terms of direction. After considering rolling in calm waters and the angle of the trochoid
slope, the following equation of rolling as a function of the frequencies of the ship and the
wave as can be deduced:

d2θ

dt2 + ω2·θ −ω2·θMW· sin ωW·t = 0 (19)

The first two terms of Equation (19) are the differential equations of the simple har-
monic motion, and the third term is the disruptive force of the wave where θMW, the
maximum angle of the wave’s slope, can be expressed as follows:

θMW =
Aw·2π

Lw
(20)

where Aw is the amplitude of the wave (half the height, Hw) and Lw is the wavelength.
In order to calculate the disruptive force of the wave, the following solution can

be used:
θ = CK· sin ωW·t (21)

CK = ω2·θMW (22)

Using Equation (21), the rolling angle with respect to time can be obtained:

dθ

dt
= CK·ωW· cos ωW·t (23)

d2θ

dt2 = −CK·ω2
W· sin ωW·t (24)
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By introducing the value of the acceleration in Equation (19), in which it was previously
cleared by equalizing the two type of motions, i.e., rolling in calm waters and rolling
produced by the disruptive force of waves, the following is obtained:

d2θ

dt2 + ω2 θ = ω2·θMW·sen ωW·t (25)

−CK·ω2
W·sen ωW·t + ω2·CK·sen ωW·t = ω2·θMW·sen ωW·t (26)

−CK·ω2
W + CK·ω2 = ω2·θMW (27)

CK(ω
2 −ω2

W) = ω2·θMW (28)

CK =
ω2·θMW

(ω2 −ω2
W)

(29)

CK =
θMW

1− ω2
W

ω2

(30)

CK =
θMW

1− Td
2

Tw
2

(31)

Knowing that:

ω =
2 π

Td
and ωW =

2 π

Tw
, (32)

CK =
θMW

1− Td
2

Tw
2

(33)

Equation (33) gives the constant CK as a function of the maximum angle between the
vertical and the normal direction to the wave’s slope, and the period of a ship’s rolling
motion (Td) and the wave period (Tw). By replacing Equation (33) in Equation (21), the
following is obtained:

CK =
θMW

1− Td
2

Tw
2

sen ωW·t (34)

Therefore, the solution of the rolling equation of the ship sailing in waves and in a
non-resistant environment is:

θ =
dϕ

dt
· 1
ω
· sin ω·t + ϕ· cos ω·t + θMW

1− Td
2

Tw
2

· sin ωw·t (35)

Equation (35) can also be expressed as follows:

θ =
dϕ

dt
·Td
2π
·sin

(
2π

Td
·t
)
+ ϕ· cos

(
2π

Td
·t
)

+
θMW

1− Td
2

Tw
2

·sin
(

2π

Tw
·t
)

(36)

The first two terms of the second part of Equations (35) and (36) correspond to free
motion according to the ship’s natural period (Td) for a certain load condition, and the
third term corresponds to the action of the wave, as a function of the wave period (Tw).
This last term produces the induced roll motion.

As a consequence, a more in depth analysis is needed and is provided in the results Section.
The ship’s characteristics are concentrated in the Td variable, i.e., in the ship’s loading

condition, which depend on the ship’s breadth and the metacentric height (GM), as can be
seen in the next Section.
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3. Results

The theoretical–practical analysis of the ship motion in waves, although very useful, is
subject to initial conditions and assumptions as is the case in many other fields. Therefore,
it must be understood as an orientation of the ship’s seakeeping with pure beam seas.

This section provides a study of ships’ behaviour expressed as a function of the rolling
angle, angular velocity and transverse acceleration. To do so, and following the approach
proposed in this paper, the ship’s performance in calm conditions was theoretically an-
alyzed, where the only parameters at play were the previous average roll angle and the
ship’s loading condition (Td). In the second stage, the same procedure was followed, but
applied to the ship motion when sailing in regular waves, from a theoretical point of
view. Finally, and taking into account the two previous theoretical studies, the real ship’s
behaviour when sailing in waves and considering all variables in play was investigated in
order to obtain objective results applicable to any condition. In each of these sub-sections,
relevant and objective results are shown.

3.1. Theoretical Understanding of Free Rolling Motion in Calm Waters

When the ship is in an upright position, the angular velocity in calm conditions (θ′CC)
during the free rolling motion can be expressed as follows:

θ′CC =
dθ

dt
=

dϕ

dt
·Td
2π
·2π

Td
· cos

(
2π

Td
·t
)

(37)

According to Equation (37), the maximum angular velocity is produced with a peri-
odicity when the time is t = (n/2)·Td and the angular velocity is zero when t (time) is
t = [(2·n + 1) /4 ]·Td.

In addition, the transverse acceleration in calm conditions (θ′ ′CC) corresponds to the
following expression:

θ
′′
CC =

d2θ

dt2 = −dϕ

dt
·2π

Td
· sin

(
2π

Td
·t
)

(38)

As a consequence, the moments when the maximum accelerations are reached are
equal to t = [(2·n + 1)/4]·Td and the instants when the accelerations are zero correspond
to t = (n/2)·Td.

In order to validate our results, three parameters (rolling, velocity and acceleration)
were considering, including the following initial conditions:

• Ship in the upright position;
• 10◦ as the average angle of rolling and;
• A natural roll period of 12 s (Td).

The selected ship’s loading condition of Td = 12 s was calculated after analyzing the
ship’s particulars in a representative number of coastal general cargo ships, which can
be represented with a breadth (B) of 16 m and an overall length of 100 m. According to
DNV·GL [32], GM for general cargo ships is about 0.07· · ·B, i.e., in this case, GM = 1.12 m,
and the natural roll period can be calculated as follows:

Td =
2·0.39·B√

GM
(39)

Therefore, according to Equation (39), Td = 11.79 s.
Furthermore, according to IS Code [23], the roll natural period can be calculated with

the following Equation:

Td =
2·C·B√

GM
(40)

where

C = 0.373 + 0.023·
(

B
d

)
− 0.043·Lwl

100
(41)
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In Equation (41), d is the mean draft and Lwl is the ship’s length at waterline. Then,
following Equations (40) and (41), and considering a usual mean draft of 5.0 m, the natural
roll period for this case study is 11.95 s.

Moreover, as per Bonilla [30], it can be considered that for cargo ships, 10 s < Td < 14 s,
and that 0.055 < GM/B < 0.080, and for the selected case study, 0.88 m < GM < 1.28 m. Then,
considering a GM of 1.1 m (the same that above calculated), in which the ship would be
in a representative condition, Td can be also obtained following Equation (42) [30], which
would result in Td = 11.75 s:

Td = 0.77· B√
GM

(42)

Finally, Bonilla [30] considers that in normal circumstances, the Td of any cargo ship
is between 10 s and 14 s, so the selected loading condition of 12 s could be considered
representative enough, following which the model can be applied to any kind of ship.

As can be seen in Figure 2, the ship rolls freely in calm waters from one side to another
with a constant amplitude over time, due to non-resistance. In this situation, the disturbing
force would be an external and momentary force that produced a heeling torque opposed
by the ship’s righting moment. In this situation, the maximum angle of the roll matches the
moment when the maximum transverse acceleration is produced.
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With a frequency of t = (n/2)·Td the ship is in the upright position, with no angular
acceleration, and it starts a new process of rolling to the opposite side, until completing
the full oscillation, corresponding to the natural rolling period (Td). This rolling motion
would be repeated indefinitely, however, it is realistic to assume that the water and the air
resistance will absorb the rolling amplitude until the ship is again at an upright position
and at rest [10].

As can be seen in both graphs of Figure 2, the instants when the maximum and
minimum (zero) values are reached, reveal the precision of our results, as commented
on previously.

3.2. Theoretical Understanding of Rolling Motion under Regular Waves’ Influence

The angular velocity (θ′W) produced by the influence of the induced-force of the waves
only (independently of the ship’s own oscillation) in a ship with a certain loading condition
(Td), can be calculated as follows:

θ′W =
2π

Tw
· θMW

1− Td
2

Tw
2

· cos
(

2π

Tw
·t
)

(43)
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From Equation (43) it is obtained that the maximum induced velocity is achieved
when time t = (n/2)·Tw and it is zero when time t = [(2·n + 1)/4]·Tw.

Likewise, the induced acceleration (θ′′W) is determined as follows:

θ
′′
W = −

(
2π

Tw

)2
· θMW

1− Td
2

Tw
2

· sin
(

2π

Tw
·t
)

(44)

In this case, it can be deduced that the highest acceleration is reached when
t = [(2·n + 1)/4]·Tw and it is minimal or zero when t = (n/2)·Tw.

In addition to obtaining the rule that calculated the moment in which these extreme
values occurs, it can be concluded that despite the fact that Equations of induced-rolling
motion include the ship’s loading condition (Td), the maximum–minimum accelerations
and angular velocities depend only on the sea state condition (Tw), and not on the ship’s
natural rolling period (Td).

Once again, to put into perspective and validate our results, in Figure 3, the rolling
motion induced by trochoidal waves of, for example, Tw = 8 s is represented. Here, it can
be observed that the highest angle of rolling is produced at the same time that the highest
acceleration occurs. Furthermore, it is shown that the maximum angular velocity is reached
with the ship in the upright position and that when the ship has the maximum rolling
angle, the angular velocity is zero.
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3.3. Understanding of Real Behavior of Ship-Waves System Based on Theoretical Analysis

In this section, the ship’s performance is analyzed when sailing in waves, considering
the ship’s free oscillation (Td) and the role played by the trochoidal waves of different
characteristics during the rolling motion.

Considering Equation (36) which express the rolling angle equation of the ship sailing
in waves, the total angular velocity in the ship–wave system can be calculated by deriving
the rolling angle with respect to time. This angular velocity can be referred to as follows:

θ′ =
dθ

dt
=

dϕ

dt
· cos

(
2π

Td
·t
)
+

θMW

1− Td
2

Tw
2

· cos
(

2π

Tw
·t
)
· 2π

Tw
(45)
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If θMW is expressed as a function of its variables, the Equation can be shown as:

θ′ =
dϕ

dt
· cos

(
2π

Td
·t
)
+

Aw·2π
Lw

1− Td
2

Tw
2

· cos
(

2π

Tw
·t
)
· 2π

Tw
(46)

Furthermore, the corresponding transverse acceleration, which can be obtained after
deriving the rolling angle with respect to time twice, or after deriving the angular velocity
with respect to time once, can be calculated as follows:

θ′′ =
d2θ

dt2 = −dϕ

dt
·2π

Td
· sin

(
2π

Td
·t
)
−

Aw·2π
Lw

1− Td
2

Tw
2

· sin
(

2π

Tw
·t
)
·
(

2π

Tw

)2
(47)

Unlike the results referred to in the previous sections, in this case, it is not possible to
conclude directly the situations that produce the minimum and maximum values. There-
fore, it is necessary to solve the following equation to calculate when zero acceleration is
reached. To do so, it is sufficient to set the equation of transverse acceleration as equal
to zero:

0 = −dϕ

dt
·2π

Td
· sin

(
2π

Td
·t
)
−

Aw·2π
Lw

1− Td
2

Tw
2

· sin
(

2π

Tw
·t
)
·
(

2π

Tw

)2
(48)

In addition, the moments when the highest (maximum) accelerations are produced
can be calculated by deriving Equation (47) of transverse acceleration with respect to time
once and when equal to zero, as it is represented in Equation (49):

0 = −dϕ

dt
·
(

2π

Td

)2
· cos

(
2π

Td
·t
)
−

Aw·2π
Lw

1− Td
2

Tw
2

· cos
(

2π

Tw
·t
)
·
(

2π

Tw

)3
(49)

In our validation process, in the first stage, as is represented in Figure 4, the breakdown
of the rolling angle, angular velocity and transverse acceleration induced by the hitting of
waves with a Tw = 8 s were calculated, with the ship rolling under free motion conditions
and with the loading condition defined as Td = 12 s.

In this particular case of sea state, for example, it can be observed that the rolling and
acceleration is zero when t = n·Td. However, the maximum velocity is not always reached
in such specific conditions, as can be expected by analyzing the results of the previous
Sections. For this reason, in the present research, we analyzed all sea state conditions that
can be encountered by the ship during sea navigation, because they may be unknown or
variable. In order to do so, it is necessary to know the accelerations trends produced by
the 21 different sea conditions, based on 21 periods of waves (Tw). These accelerations are
represented in Figure 5, where they are broken down as a function of the accelerations
produced by 21 induced-waves (Tw) and the rolling natural period (Td) of 12 s, which, in
real navigation, act as a joint system.
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Although there is no single trend or common pattern in all graphs, some remarkable
conclusions can be extracted from Figure 5. Except for Tw = 12 s, which will be com-
mented on in the next paragraph, and until Tw = 14 s (i.e., wavelength of 302 m and wave
height of 10.06 m), the highest acceleration practically coincides with the moments of the
highest acceleration produced by the waves’ acceleration components. From Tw= 14 s
onwards, i.e., waves with the highest height and wavelength, the maximum acceleration
tends to be convergent with the moments of the highest accelerations produced by the
ship’s own oscillation (Td), within the full oscillation range (Td). Therefore, it can be con-
cluded that, approximately, in the range of a Tw of between 3 s and 14 s, the moment of
relative highest acceleration, within each oscillation at the same side, is registered when
t = [(2·n + 1)/4]·Tw. As can be seen in the graphs, the sea states of Tw = 1 s and 2 s do not
produce any motion due to their parameters of wavelength and height being very small.
Furthermore, in the range of a Tw between 15 s and 21 s, it can be concluded that relative
maximum accelerations within each oscillation occur when t = [(2·n + 1)/4]·Td.



J. Mar. Sci. Eng. 2022, 10, 669 15 of 22J. Mar. Sci. Eng. 2022, 10, x FOR PEER REVIEW 15 of 23 
 

 

  
(a) (b) 

  
(c) (d) 

  
(e) (f) 

Figure 5. Cont.



J. Mar. Sci. Eng. 2022, 10, 669 16 of 22J. Mar. Sci. Eng. 2022, 10, x FOR PEER REVIEW 16 of 23 
 

 

  
(g) (h) 

  
(i) (j) 

  
(k) (l) 

Figure 5. Cont.



J. Mar. Sci. Eng. 2022, 10, 669 17 of 22J. Mar. Sci. Eng. 2022, 10, x FOR PEER REVIEW 17 of 23 
 

 

  
(m) (n) 

  
(o) (p) 

  
(q) (r) 

Figure 5. Cont.



J. Mar. Sci. Eng. 2022, 10, 669 18 of 22J. Mar. Sci. Eng. 2022, 10, x FOR PEER REVIEW 18 of 23 
 

 

  
(s) (t) 

 
(u) 

Figure 5. Total transverse accelerations (red lines) by 21 different swell conditions for a ship with a 
Td = 12 s broken down into the sum of ship’s natural roll (green lines) and the induce-wave roll 
(purple lines). (a) Tw= 1 s (b) Tw= 2 s (c) Tw= 3 s (d) Tw= 4 s (e) Tw= 5 s (f) Tw= 6 s (g) Tw= 7 s (h) 
Tw= 8 s (i) Tw= 9 s (j) Tw= 10 s (k) Tw= 11 s (l) Tw= 11.99 s (m) Tw= 13 s (n) Tw= 14 s (o) Tw= 15 s 
(p) Tw= 16 s (q) Tw= 17 s (r) Tw= 18 s (s) Tw= 19 s (t) Tw= 20 s (u) Tw= 21 s.  

Although there is no single trend or common pattern in all graphs, some remarkable 
conclusions can be extracted from Figure 5. Except for Tw = 12 s, which will be commented 
on in the next paragraph, and until Tw = 14 s (i.e., wavelength of 302 m and wave height 
of 10.06 m), the highest acceleration practically coincides with the moments of the highest 
acceleration produced by the waves’ acceleration components. From Tw= 14 s onwards, 
i.e., waves with the highest height and wavelength, the maximum acceleration tends to be 
convergent with the moments of the highest accelerations produced by the ship’s own 
oscillation (Td), within the full oscillation range (Td). Therefore, it can be concluded that, 
approximately, in the range of a Tw of between 3 s and 14 s, the moment of relative highest 
acceleration, within each oscillation at the same side, is registered when 

( )t 2 n 1 4 Tw=  ⋅ +  ⋅  . As can be seen in the graphs, the sea states of Tw = 1 s and 2 s do 
not produce any motion due to their parameters of wavelength and height being very 
small. Furthermore, in the range of a Tw between 15 s and 21 s, it can be concluded that 
relative maximum accelerations within each oscillation occur when ( )t 2 n 1 4 Td=  ⋅ +  ⋅ 
. 

From Figure 5, it is also relevant to note that the most extreme accelerations are pro-
duced by Tw = 13 s and Tw = 11 s. The reason is that these sea condition values are close to 

Figure 5. Total transverse accelerations (red lines) by 21 different swell conditions for a ship with
a Td = 12 s broken down into the sum of ship’s natural roll (green lines) and the induce-wave
roll (purple lines). (a) Tw = 1 s (b) Tw = 2 s (c) Tw = 3 s (d) Tw = 4 s (e) Tw = 5 s (f) Tw = 6 s
(g) Tw = 7 s (h) Tw = 8 s (i) Tw = 9 s (j) Tw = 10 s (k) Tw = 11 s (l) Tw = 11.99 s (m) Tw = 13 s
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From Figure 5, it is also relevant to note that the most extreme accelerations are
produced by Tw = 13 s and Tw = 11 s. The reason is that these sea condition values are
close to Tw = 12 s, i.e., close to the natural rolling period of the ship considered in this
simulation (Td = 12 s) and the occurrence of the synchronism phenomenon. What is more,
when Tw = 11.99 s and with an amplitude and wavelength corresponding to Tw = 12 s, the
curve acceleration is an asymptote curve, precisely due to the synchronism phenomenon
where the rolling angles would continue to increase until the ship overturns. According to
the same reasoning, and from a theoretical point of view, the same would occur for pitching
motion when Tw approached the longitudinal natural period.

If the apparent period of the wave and the period of the ship are the same or almost
the same (by excess or by default) in calm waters, theoretically, the ship will overturn,
assuming the sea state as regular, the ship isochronous and in a non-resistant environment.
However, in practice, different situations determine a resistance environment; the natural
period of the ship, which increases with the rolling amplitude; and the irregular waves
and the passive resistances, which increase with the square of the rolling amplitude. In
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any case, large rolling must be avoided due to the dangers of shifting some cargoes, the
increased fatigue of ship structures and considerations of life on board.

All the above mentioned results can be applied when analyzing the range of highest
and lowest angles of rolling, due to both parameters (rolling and acceleration) being
sinusoidal functions.

In this study, it was shown that if a ship is subject to an induced roll motion due to the
influence of regular pure beam waves, in the lower mid-range of Tw, as time goes on, the
ship will roll according to the constant wave period (Tw) instead of rolling with its natural
period (Td). However, because of a lack of regularity, both in space and time, and the ship’s
tendency to roll according to its natural period, the period of roll motion of the ship will
not be constant.

Furthermore, with the ship in a static condition (zero speed), if the angle of attack of
waves is not perpendicular to the ship’s centreline, the absolute values reached during
rolling motion would be lower.

4. Discussion

After analyzing the obtained results about the influence of different sea state condi-
tions on the amplitude of rolling, velocity and transverse accelerations for a fixed Td (12 s),
in order to understand the ship’s behaviour when sailing in a certain sea condition, several
simulations for different ships-load conditions, specifically, Td = 10 s and Td = 14 s were
carried out. These ship-loading conditions (represented in Figure 6) are the closest repre-
sentative conditions of the simulations carried out previously, and represent those that the
ship can reach after leaving port with a given stowage condition, in this particular case,
Td = 12 s. For a general cargo vessel, a ship’s loading condition will be higher or lower than
previously mentioned, and could be difficult to reach in real life in order to maintain the
seaworthiness conditions and the safety of the studied ship because of an excess (Td too
low) or lack of stability (Td too high).

When the GM is high (Td low) in calm waters, the ship will experience few rolling
motions, which will be short and fast. However, with this condition and when sailing
between waves, the ship will have large absolute rolling angles, because a ship’s to have
diametrical plane tends to coincide with the apparent vertical, which gives rise to large
absolute rolling angles.

From Figure 6, it is observed that in the cases of the lowest GM (highest Td), the
transverse acceleration is relatively low. The reaction of the ship to the rolling motion
induced by the wave’s slope will be slow, tending to a small amplitude oscillation or, in
other words, keeping the ship’s deck more or less horizontal, and not following the wave
in its motion, which is not considered a good seaworthiness condition.

The use of diagrams in this study aimed to facilitate an easier decision-making process
with regard to ship operability with regard to securing cargo, the best stowage position for
a specific journey, for shifting some weight in order to improve the seaworthiness condition
and to reduce the maximum transverse accelerations and rolling angle. They can help
in making decisions when reaching a port of refuge in case of bad weather conditions
where a shifting of weight does not satisfy the actual cargo lashing system. An easier
decision-making process would influence the safety of the cargo, the crewmembers, the
ship and the environment, enhance the comfort of crewmembers and reduce stresses on
ship structures. However, in these calculations, we considered the worst condition of beam
seas, at a zero-speed condition, without damping and in regular trochoidal waves. Any
other combination would lead to a better performance of the ship when sailing in waves, so
shipmasters and operators should also have relevant experience with which to recognize
the subjective sea state.
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(Td = 10, 12 and 14 s) sailing in waves of Tw = 8 s.

5. Conclusions

In the present work, theoretical and realistic analyses of the ship’s rolling motion
were conducted, investigating both the ship’s performance in calm conditions and when
sailing in regular abeam waves. Finally, a study on the influence of the rolling motion in
the ship–waves system was performed.

The results show that the highest angular velocity is reached when the ship rolls in calm
waters, and t = (n/2)·Td, and as a consequence of the waves, only when t = (n/2)·Tw.
Zero angular velocity is reached when t = [(2·n + 1)/4]·Td and t = [(2·n + 1)/4]·Tw,
respectively. Furthermore, in calm waters, the maximum transverse accelerations is pro-
duced when t = [(2·n + 1)/4]·Td, and due to the only influence of hitting of waves
when t = [(2·n + 1)/4]·Tw. Zero accelerations are registered in calm conditions when
t = (n/2)·Td, and under influence of waves when t = (n/2)·Tw.

With respect to the maximum and minimum rolling angles, they follow the same
pattern as transverse accelerations, because both are sinusoidal functions.

Although these theoretical results are applicable to any ship’s particular specifications
and sea-state conditions, when both conditions were studied at the same time, according
to our results, it was necessary to differentiate the sea conditions in order to predict the
ship’s behaviour. For instance, in the range of a Tw from 3 s to 14 s (which corresponds to
a wave height from 0.47 m to 10.06 m), the maximum accelerations almost coincide with
the moment of the maximum acceleration produced by the wave, i.e., t = [(2·n + 1)/4]·Tw.
However, for Tw = 14 s onwards, i.e., a wave height from 11.56 m to 22.91 m (Tw = 21 s),
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the maximum acceleration almost coincides with the instant of the maximum acceleration
produced by the ship in calm waters, in this case, t = [(2·n + 1)/4]·Td.

However, in all case studies, the synchronism phenomenon has to be considered,
which is produced when the ship’s natural period (Td) and the wave period (Tw) are equal
or almost the same, because in these conditions, the rolling angles increase until the ship
overturns. Obviously, in this situation, none of our results would be valid.

All these results are valid considering certain initial conditions and assumptions
such as a regular sea state, the ship being isochronous and a non-resistant environment.
Therefore, future studies can be guided towards research about ship’s behaviour with
a consideration of these mentioned variables, or assessments on how shipmasters and
operators should proceed if in the middle of the voyage, the sea state worsens, in order to
make safer and faster decisions in a timely manner.

Finally, as it was shown, in order to predict or improve the ship’s behaviour when
sailing in regular abeam waves, or at the time of designing the lashing system of the cargo,
the swell or sea state condition (Tw) has to be taken into account as well as the ship’s
loading condition (Td), which can be adjusted during sea navigation by means of ballasting,
deballasting of vertically transferring ballast water. Furthermore, considering these results,
ship operators can pre-empt the worst and the best moments of rolling motion in order to
act accordingly from a safety point of view.
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