


Ω Γu

Γd

Γu

q

Ω ∈ R2 R3

K ∂Ω



C1,1 γ ΓD ΓN

∂Ω = γ ∪ ΓD ∪ ΓN .






�u = 0 Ω,
∂u

∂n
= ϕ ΓN ,

u = 0 ΓD,
∂u

∂n
+ qu = 0 γ.

ϕ ΓN

(ϕ �= 0 ΓN) q

K ΓN f = u |K

q ϕ

ΓN u

ϕ f

Qad

q ∈ Qad u ( ) u |K= f.



V

V =
{
u ∈ H1(Ω); u |ΓD

= 0
}

;

V

< u, v >=

∫

Ω

< ∇u,∇v > .

| . |1,Ω α

τ : V −→ H
1
2 (∂Ω)

u −→ u |∂Ω

V L2(∂Ω)

α = sup
v∈V ;v �=0

| v |0,∂Ω

| v |1,Ω

.

Qad =

{
q ∈ C0(γ); min

x∈γ
q(x) > − 1

α2

}
.

q1 q2 Qad (ui)i=1,2

(qi)i=1,2 u1 |K= u2 |K
q1 = q2

q1 q2 Qad u1 |K= u2 |K
w (w = u1 − u2)






�w = 0 Ω,
w = 0 K,
∂w

∂n
= 0 ΓN .

w ≡ 0 Ω

u1 = u2 ∈ Ω





∂u1

∂n
+ q1u1 = 0 γ.

∂u1

∂n
+ q2u1 = 0 γ,



u1(q1 − q2) = 0 γ.

q1 �= q2. q1 q2

ϑ γ

(q1 − q2)(x) �= 0 , ∀x ∈ ϑ.

u1 ≡ 0 ϑ u1





�u1 = 0 Ω,
u1 = 0 ϑ,
∂u1

∂n
= 0 ϑ.

u1 ≡ 0 ∈ Ω

ϕ �≡ 0 ΓN . �

(ΓD = ∅),

Qad =
{
q ∈ C0(γ); q(x) ≥ 0; q(x) �= 0

}
,

φ

Ω σ ⊂ Ω Φ ∈ L2(Ω)

(FP )






�u = 0 Ω\σ,
∂u

∂n
= 0 σ,

∂u

∂n
= Φ ∂Ω .

Ω Φ f σ (FP ) Ω\σ
u |Γ0= f.



K ΓN

q



η

η : Qad −→ L2(K)

q −→ f = uq |K

η

η : Qad −→ η(Qad)

Qad

η−1

q ∈ Qad ψ ∈ Qad h0 > 0

φ ψ

h ∈] − h0, h0[ ⇐⇒ qh := (q + hr) ∈ Qad.

uh qh

u1 ε(h) H1(Ω)

uh = u0 + hu1 + hε(h)

limh→0 | ε(h) |1,Ω= 0 u0 q u1






u1 V ,∫

Ω

< ∇u,∇v > +

∫

γ

qu1v = −
∫

γ

ru0v v ∈ V.



∫

Ω

< ∇u,∇v > +

∫

γ

quv = −
∫

γN

rv v ∈ V.

V � V

Λ : ] − h0, h0[×V (γ) −→ V �

(h, u) −→
{∫

Ω

< ∇u,∇v > +

∫

γ

qhuv −
∫

γN

ϕv

}

uh qh

Λ(h, uh) = 0 Λ u

u (
∂Λ

∂u
(0, u) = Λ(0, .)) V V �

uh C1 h h

u1 ∈ V limh→0 | ε(h) |1,Ω= 0.

qh = q +hr

h

• u0 q

• u1

�

Ψ �= 0 γ

fh = uh |K .

limh→0
| fh − f 0 |0,K

| h | > 0.

| u |0,K> 0.

u1 = 0 K u1






�u1 = 0 Ω,
u1 = 0 K,
∂u1

∂n
= 0 ΓN ,



u1 ≡ 0 Ω.

∫

γ

ru0v = 0 , ∀v ∈ V

ru0 = 0 γ.

ψ r �= 0 γ

ϑ γ

u0 = 0 ϑ.

∂u0

∂n
= 0 ϑ.

u0 ≡ 0 Ω

ϕ �= 0 ΓN . �

1923

u = (uk)k






∆u = 0 {(x, y) ∈ R2\y > 0},
u(x, 0) = 0, x ∈ R,
∂u

∂n
(x, 0) =

sin nx

n
x ∈ R.

uk =
sin kx sinh ky

n2

∂uk

∂n
(x, 0) → 0 k → ∞,

y > 0 uk(x, y) =
sin kx sinh ky

k2
k → ∞



E F A ∈ £(E, F )

{
x̂ ∈ E

Ax̂ = ẑ,

ẑ x̂

ẑ ∈ F

R(A) �= F R(A) ⊂ F

R(A)

R(A) F R(A)

R(A) ⇔ A−1

A A−1

A−1 : R(A) −→ E,



• R(A) F A : E −→ R(A)

A−1

• A−1 R(A) = (A−1)−1(E) E

A−1 R(A)

�

q u|ΓN

∂u

∂n
ΓN

q
∂u

∂n
+ qu = 0 ⇒ q = −

∂u

∂n
u

|γ

u
∂u

∂n
γ (f, φ) ΓN (u,

∂u

∂n
) ΓN

A

A : H
1
2 × H− 1

2 (γ) −→ H
1
2 × H− 1

2 (ΓN)

(
u,

∂u

∂n

)

γ

−→
(

u,
∂u

∂n

)

ΓN

.

A−1

Ax̂ = ẑ ẑ

Ax̂ = ẑ Ax = z z = ẑ + δ

Ax = z ||Ax̂ − ẑ||2F

(LS)

{
x̂ ∈ E

minx∈E ||Ax − ẑ||2F = ||Ax̂ − ẑ||2F .

∃x̂ ∈ E Ax̂ = ẑ(ẑ ∈ R(A)) x = x̂ . . .

x̂



ẑ /∈ R(A) . . . ẑ ∈ R(A)

x ∈ E

ẑ /∈ R(A) zδ

||ẑ − zδ||F = δ .

(LS) (LSε)

(LSε)

{
x ∈ E

||Ax − ẑ||2F + ε2||x − x0||2E .

(LSε)

(NEε) (A�A + ε2I)x = A�ẑ + ε2x0 .

(NEε) ẑ

J(x) = ||Ax − ẑ||2F + ε2||x − x0||2E,
= < Ax − ẑ, Ax − ẑ >F +ε2 < x − x0, x − x0 >E,
= < A�Ax, x >E −2 < Ax, ẑ >F +ε2||x||2E − 2ε2 < x, x0 > +ε2||x0||2E + ||ẑ||2F ,
= < A�Ax, x >E +ε2||x||2E − 2 < x, A�ẑ + ε2x0 >F +ε2||x0||2E + ||ẑ||2F ,
= < (A�A + ε2I)x, x >E −2 < x, A�ẑ + ε2x0 >F +cst.

J(x) x J ′(x) = 0

J ′(x) = 2(A�A + ε2I)x − 2(A�ẑ + ε2x0).

J ′(x) = 0 ⇔ (A�A + ε2I)x = A�ẑ + ε2x0.

A�A + ε2I E

< (A�A + ε2I)x, x >E = < A�Ax, x >E +ε2 < x, x >E,
≥ ε2||x||2E .



A�A + ε2I (NEε)

(NEε) (A�A + ε2I)x = A�ẑ + εx0

< A�Ax, x >E +ε2||x||2E ≤ ||A�ẑ||E||x||E + ε2||x||E||x0||E,
||Ax||2F + ε2||x||2E ≤ ||A�ẑ||E||x||E + ε2||x||E||x0||E,

||x||E ≤ 1

ε2
||A�ẑ||E + ||x0||E .

ε → 0.

�

ẑ ∈ R(A)

Ax̂ = ẑ .

x̂ ∈ R(A)� ⇐⇒ x̂ = A�w, w ∈ F .

zδ

||zδ − ẑ||F = δ .

||zδ − ẑ||F
||ẑ||F

{
xδε ∈ E,

minx {||Ax − zδ||2F + ε2||x − x0||2E} ,



xδε

(a) A�Axδε + ε2xδε = A�zδ + ε2x0,

xε

{
xε ∈ E,

minx ||Ax − ẑ||2F + ε2||x − x0||2E.

xε

(b) A�Axε + ε2xδε = A�ẑ + ε2x0.

A�A(xδε − xε) + ε2(xδε − xε) = A�(zδ − ẑ),

||xδε − xε||E ≤ ||A�||
ε2

||zδ − ẑ||F ,

≤ ||A�|| δ

ε2
.

||xε − x̂||E

x̂ Ax̂ = ẑ ⇒ A�Ax̂ = A�ẑ.

A�A(xε − x̂) + ε2xε = ε2x0.

x0 = 0

A�A(xε − x̂) = −ε2xε + ε2x̂ − ε2x̂ = −ε2(xε − x̂) + ε2x̂,

< A�A(xε − x̂), xε − x̂ >E = −ε2 < xε − x̂, xε − x̂ >E +ε2 < x̂, xε − x̂ >E,
= −ε2 < xε − x̂, xε − x̂ >E +ε2 < A�w, xε − x̂ >E,

||A(xε − x̂)||2F = −ε2||xε − x̂||2E + ε2 < w, A(xε − x̂) >F ,



||A(xε − x̂)||2F ≤ −ε2||xε − x̂||2E + ε2||w||F ||A(xε − x̂)||F .

ab ≤ ε2

2
a2 +

1

2ε2
b2,

||w||F ||A(xε − x̂)||F ≤ ε2

2
||w||2F +

1

2ε2
||A(xε − x̂)||2F .

||A(xε − x̂)||2F ≤ −ε2||xε − x̂||2E +
ε4

2
||w||2F +

1

2
||A(xε − x̂)||2F ,

1

2
||A(xε − x̂)||2F ≤ ε4

2
||w||2F − ε2||xε − x̂||2E.

||xε − x̂||2E ≤ ε2

2
||w||2F .

||xδε − x̂||E ≤ ||A�|| δ

ε2
+

ε√
2
||w||F .

||w|| ||A�|| ε






�u = 0 Ω,
∂u

∂n
= Φ ΓN ,

u = f ΓN ,
∂u

∂n
+ qu = 0 γ.



q ΓN

(D)






�uD = 0 Ω,
uD = f ΓN ,
∂uD

∂n
+ quD = 0 γ

(N)






�uN = 0 Ω,
∂uN

∂n
= Φ ΓN ,

∂uN

∂n
+ quN = 0 γ.

q

uD(q) = uN(q).

uD uN q

•

J(q) =
∫

ΓN
|uD(q) − uN(q)|2,

=
∫

ΓN
|f − uN(q)|2.

•
∫

Ω

|∇(uD − uN)|2 +

∫

γ

|uD − uN |2.



q ∈ Qad

(O) J(q) ≤ J(q′) , ∀q′ ∈ Qad,

q

(IP )






q ∈ Qad u

(FP )






�u = 0 Ω,
∂u

∂n
= ϕ ΓN ,

∂u

∂n
+ qu = 0 γ.

u = f ΓN ,

(IP ) q ∈ Qad

• q (IP ) J(q) = 0 u(q) = uD u(q) = uN (FP )

J(q) ≤ J(q′) ∀q′ ∈ Qad,

• q1 q2 (O)

uD
1 = uN

1 uD
2 = uN

2 J(q1) = J(q2) = 0 uN
1

uN
2 uN

1 = uN
2 q1 = q2 �

J ′(q).r

uh
D uh

N h

uh
N = u0

N + hu1
N + hε(h).



uh
D = u0

D + hu1
D + hη(h),

u1
D u1

N

(N1)






u1
N ∈ V = H1(Ω)∫

Ω

∇u1
N∇v +

∫

γ

qu1
Nv = −

∫

ΓN

ru0
Nv , ∀v ∈ H1(Ω) ,

(D1)






u1
D ∈ V0(Ω)∫

Ω

∇u1
D∇v +

∫

γ

qu1
Dv = −

∫

ΓN

ru0
Dv , ∀v ∈ V0(Ω) .

J ′(q).r = lim
h→0

J(qh) − J(q)

λ
=

∫

γ

r(|u0
D|2 − |u0

N |2),

qh = q + hr

J(q) = JD(q) + JN(q) + JDN(q)

JN(q) =
∫

Ω
|∇uN |2 +

∫
γ
q|uN |2

JD(q) =
∫

Ω
|∇uD|2 +

∫
γ
q|uD|2

JDN(q) = −2

{∫

Ω

∇uD∇uN +

∫

γ

quDuN

}
.

∫

Ω

∇uD∇uN = −
∫

Ω

�uNuD +

∫

Γ

∂uN

∂n
uD

uD = f
∂uN

∂n
= ϕ ΓN �uN = 0 Ω

∫

Ω

∇uD∇uN =

∫

ΓN

ϕf +

∫

γ

∂uN

∂n
uD .

∂uN

∂n
= −quN

∫

Ω

∇uD∇uN =

∫

ΓN

ϕf −
∫

γ

quNuD,



∫

Ω

∇uD∇uN +

∫

γ

quNuD =

∫

ΓN

ϕf = cst.

J ′
D(q).r = 2

∫

Ω

∇u0
D∇u1

D + 2

∫

γ

qu0
Du1

D +

∫

γ

r|u0
D|2,

J ′
N(q).r = 2

∫

Ω

∇u0
N∇u1

N + 2

∫

γ

qu0
Nu1

N +

∫

γ

r|u0
N |2 .

(N1) v = u0
N

J ′
N(q).r = −2

∫

γ

r|u0
N |2 +

∫

γ

r|u0
N |2 = −

∫

γ

r|u0
N |2.

(D1) v = u0
D

J ′
D(q).r = 2[

∫

Ω

∇u0
D∇u1

D +

∫

γ

qu0
Du1

D] +

∫

γ

r|u0
D|2,

∫

Ω

∇u0
D∇u1

D +

∫

γ

qu0
Du1

D = −
∫

Ω

�u0
Du1

D +

∫

Γ

∂u0
D

∂n
u1

D +

∫

γ

qu0
Du1

D .

u0
D

∂u0
D

∂n
+ qu0

D = 0 γ
∂u0

D

∂n
= ϕ ΓN u1

D ϕ

∫

Ω

∇u0
D∇u1

D +

∫

γ

qu0
Du1

D = 0

J ′
D(q).r =

∫

γ

r|u0
D|2.

J ′(q).r =

∫

γ

r(|u0
D|2 − |u0

N |2) .

�



• q0 ∈ Qad

uD(q) uN(q)
J ′(q)

• qn+1 = qn − ρJ ′(qn)

J ′(q) · r =

∫

γ

r(u2
D(q) − u2

N(q)) .

r = sin(nσ) J ′(q) sin(nσ) nth (u2
D − u2

N)

uD uN

(IP )






q ∈ Qad u






�u = 0 Ω,
∂u

∂n
= ϕ ΓN ,

∂u

∂n
+ qu = 0 γ.

u(q) = f.

(OP )






q ∈ Qad u

J(q) ≤ J(q′) , ∀q′ ∈ Qad

f (IP ) ⇔ (OP )



fn ∈ H
1
2 (ΓN)

fn → f ∈ H
1
2 (ΓN)

∀n ∈ N (OPn) fn

qn (OPn) limn→∞ ||qn − q||0,γ = 0 .

�

(IP ) qn

q

(fn)

qn q

fn H
1
2 (ΓN)

fε = f + ε, ε ∈ L2(ΓN) ||ε||L2(ΓN ) = ε.

fε f̃ε

f̃ε ∈ H
1
2 (ΓN) f̃ε ∈ C2(ΓN)

f f̃ε

||f̃ε − f ||0,∞,ΓN
≤ c(ε + h2),

. h = [ ]

||f̃ε − f ||1,∞,ΓN
≤ c(

ε

h
+ h).

h ∼
√

ε

||f̃ε − f ||0,∞,ΓN
≤ cε

||f̃ε − f ||1,∞,ΓN
≤ c

√
ε .

f̃ε

q̃ε

lim
ε→0

||q̃ε − q||0,γ = 0.








∇ · k(x)∇u = 0 Ω
k(x)∇u · n = Φ Γd

u = T Γd .

(Φ, T )

u

(ϕ, t)






∇ · k(x)∇u = 0 Ω,
u = T, k(x)∇u · n = Φ Γd,
u = t, k(x)∇u · n = ϕ Γu .

(ϕ, t)

(Φ, T ) Γd

Γd

∂Ω

C2 ∂Ω = Γd

⋃
Γu Γd

⋂
Γu = ∅

Γd Γu



T Φ

T H1/2(Γd) Φ u

H1(Ω) H−1/2(Γd)

Φ H−1/2(Γd) T u

H1(Ω) H1/2(Γd)

T = 0 u ∈ H1(Ω)






∇ · k(x)∇u = 0 Ω,
u = 0, Γd,
k(x)∇u · n = Φ Γu

R H−1/2(Γd)

Φ 0 Φ

R̄ H−1/2(Γd) R H−1/2(Γd)

l H−1/2(Γd) l ∈ R H1/2(Γd)

〈l, Φ〉 = 0 , ∀ Φ ∈ R .






∇ · k(x)∇v = 0 Ω,
v = l, Γd,
k(x)∇v · n = 0 Γu

v u

∫

∂Ω

vk(x)∇u · n − uk(x)∇v · n = 0 .

∫

Γu

vk(x)∇u · n = 0 .



χ ∈ C∞(Γu)





∇ · k(x)∇Z = 0 Ω,
Z = 0, Γd,
k(x)∇Z · n = χ Γu

H1(Ω)
∫

Γu

χ · v = 0, ∀χ C∞(Γu)

v





∇ · k(x)∇v = 0 Ω,
v = 0, Γu,
k(x)∇v · n = 0 Γu .

v = 0 l ≡ 0 �

(τ , η) ∈ H1/2(Γi)×H−1/2(Γi)

Γd

(PD)






∇ · k(x)∇uD = 0 Ω
u1 = T Γd

k(x)∇uD · n + αuD = η + ατ Γu

α

Γd

(PN)






∇ · k(x)∇uN = 0 Ω
k(x)∇uN · n + βuN = η + βτ Γu

k(x)∇uN · n = Φ Γd

β

(t, ϕ)

(ϕ, t) = arg minη,τ E
α,β

(η, τ) Eα,β

H1/2(Γu) × H−1/2(Γu)

E(η, τ) =

∫

Ω

(k(x)∇uD − k(x)∇uN).(∇uD −∇uN) .

(PD) (PN) (α, β)

Γu



• ND α = 0

(PD) Γu β = +∞ (PN)

Γu

• DD α =

β = +∞

• NN α =

β = 0

uD uN

END

END(η, τ) =

∫

Γi

(η − k(x)∇uN .n)(uD − τ) +

∫

Γc

(k(x)∇uD.n − Φ)(T − uN) .

uD uN

Ω

(η, τ)

(η, τ)

∂END(η, τ)

∂η
.ψ =

∫

Γi

[uD(η) − τ ] ψ +

∫

Γd

k(x)∇u∗
1(ψ) · n [T − uN(τ)]

∂END(η, τ)

∂τ
.h =

∫

Γu

[k(x)∇uN(τ) · n − η] h +

∫

Γd

[Φ − k(x)∇uD(η) · n] u∗
2(h)

(h, ψ) ∈ H1/2(Γu) × H−1/2(Γu) u∗
1 u∗

2




∇ · k(x)∇u∗
1 = 0 Ω,

u∗
1 = 0 Γd,

k(x)∇u∗
1 · n = ψ Γu






∇ · k(x)∇u∗
2 = 0 Ω,

u∗
2 = h Γu,

k(x)∇u∗
2 · n = 0 Γd .

ψ h



v1 v2

L(uD, uN , v1, v2, λ, µ; η, τ) =

∫

Ω

k(x)(∇uD −∇uN)2 +

∫

Ω

k(x)∇uD∇v1 −
∫

Γu

ηv1

+

∫

Ω

k(x)∇uN∇v2 −
∫

Γd

Φv2 +

∫

Γu

[µv2 + λ(uN − τ)]

V1 = {v ∈ H1(Ω) / v|Γd
= T}

V 0
1 = {v ∈ H1(Ω) / v|Γd

= 0} .

(uN , uN , v1, v2, λ, µ) ∈ V1 × H1(Ω) × V 0
1 (Ω) × H1(Ω) × H−1/2(Γu) × H−1/2(Γu)

(η, τ)

END(η, τ) = L(uD, uN , v1, v2, λ, µ; η, τ).

END L η

τ
∂END(η, τ)

∂η
.ψ = −

∫

Γu

2v1ψ

∂END(η, τ)

∂τ
.h = −

∫

Γu

2(η − k∇uN .n − k∇v2.n)h






∇ · k(x)∇v1 = 0 Ω
v1 = 0 Γd

k(x)∇v1 · n = k(x)∇uN · n − η Γu





∇ · k(x)∇v2 = 0 Ω
v2 = 0 Γu

k(x)∇v2 · n = k∇uD · n − Φ Γd .

τ



ϕ t

(ϕ, t) uD = uN

Ω

ϕ

Γu PD

PN

u2j+1 PD t u2j u2j+2 PN

ϕ k(x)∇u2j+1 · n

E

• 2j + 1 u2j+1

u2j+1 = uN(τ 2j+1) ⇐⇒ τ 2j+1 = arg min END(η2j, τ) with η2j = ∇u2j.n|Γu

• 2j + 2 u2j+2

u2j+2 = uD(η2j+2) ⇐⇒ η2j+2 = arg min END(η, τ 2j+1) with τ 2j+1 = u2j+1|Γu



(T, Φ) Eα,β

uD = uN + Γu,

k(x)∇uD · n = k(x)∇uN .n Γu.

PD PN Ω1 Ω2

PD PN uD uN u

Γi

uD = uN Γu,

k(x)∇uD · n = −k(x)∇uN · n Γu.

−

Ω1 Ω2

Ω



(PD) (PN)

Γu (τ , η) ∈ H1/2(Γi) × H−1/2(Γi)

(PD)






∇ · k(x)∇uη
D = 0 Ω

uη
D = T Γd

k(x)∇uη
D · n = η Γu

(PN)






∇ · k(x)∇uτ
N = 0 Ω

k(x)∇uτ
N · n = Φ Γd

uτ
N = τ Γu .

END = E0,+∞ τ

∂END

∂τ
(w) =

∫

Ω

2νk(x)∇(uτ
N − uη

D).∇rw
N dx

=

∫

∂Ω

k(x)∇(rw
N).n (uτ

N − uη
D) ds,

rw
N






∇ · k(x)∇rw
N = 0 Ω

k(x)∇(rw
N) · n = 0 Γd

rw
N = w Γu.

k(x)∇(rw
N) · n = 0 Γd

∂END

∂τ
(w) =

∫

Γu

k(x)∇(rw
N) · n (uτ

N − uη
D) ds ∀w ∈ H1/2(Γu).

END η

∂END

∂η
(h) =

∫

Ω

2k(x)∇(uη
D − uτ

N) ·∇rh
D dx

=

∫

Γu

k(x)∇(uη
D − uτ

N) · n rh
D ds , ∀h ∈ H−1/2(Γu),

rh
D






∇ · k(x)∇rh
D = 0 Ω

rh
D = 0 Γd

k(x)∇(rh
D) · n = h Γu.

SN : H1/2(Γu) −→ H−1/2(Γu)
w −→ k(x)∇(rw

N) · n .



N(SN) R(SN) SN

N(SN) = R R(SN) = H−1/2(Γu).

SN : H1/2(Γu)/N(SN) −→ H−1/2(Γu)

uN − uD = Γu.

S−1
D : H−1/2(Γu) −→ H1/2(Γu)

h −→ rh
D.

(T, Φ) S−1
D

k(x)∇(uη
D) · n = k(x)∇(uτ

N) · n Γu,

(PD) (PN)

Γu

(PD)






∇ · k(x)∇(uv
D) = 0 Ω
uv

D = T Γd

uv
D = v Γu,

(PN)






∇ · k(x)∇(uv
N) = 0 Ω

k(x)∇(uv
N) · n = Φ Γd

uv
N = v Γu,

v ∈ H1/2(Γu)

E+∞,+∞(v) = EDD(v) = 1/2

∫

Ω

k(x)∇(uv
D − uv

N).∇(uv
D − uv

N).

EDD v

∂EDD

∂v
(h) =

∫

Ω

k(x)∇(uv
D(v) − uv

N(v)) ·∇(rh
D − rh

N) ∀h ∈ H1/2(Γu),

rh
D rh

N






∇ · k(x)∇rh
D = 0 Ω

rh
D = 0 Γd

rh
D = h Γu,






∇ · k(x)∇rh
N = 0 Ω

k(x)∇(rh
N) · n = 0 Γd

rh
N = h Γu .



∂EDD

∂v
(h) =

∫

∂Ω

k(x)∇(uv
D(v) − uv

N(v)) · n · (rh
D) +

∫

∂Ω

(uv
D(v) − uv

N(v))k(x)∇(rh
N) · n .

rh
DΓd

= 0 k(x)∇(rh
N) · nΓd

= 0

∂EDD

∂v
(h) =

∫

Γu

k(x)∇(uv
D(v) − uv

N(v)) · n · h , ∀h ∈ H1/2(Γu).

Γu

(PD)






∇ · k(x)∇uη
D = 0 Ω

k(x)∇(uη
D) · n = η Γu

uη
D = T Γd

(PN)






∇ · k(x)∇uη
N = 0 Ω

k(x)∇(uη
N) · n = η Γu

k(x)∇(uη
N) · n = Φ Γd .

uη
D = uη

N + const

ENN(g) =

∫

Ω

k(x)∇(uη
D − uη

N) ·∇(uη
D − uη

N) .

ENN η

∂ENN

∂η
(h) =

∫

Ω

k(x)∇(uη
D(η) − uη

N(η)) ·∇(rh
D − rh

N) , ∀h ∈ H−1/2(Γu),

rh
D rh

N






∇ · k(x)∇rh
D = 0 Ω

k(x)∇(rh
D) · n = h Γu

rh
D = Γd






−∇ · k(x)∇rh
N = 0 Ω

k(x)∇(rh
N) · n = 0 Γd

k(x)∇(rh
N) · n = h Γu .

rh
D = 0 k(x)∇(rh

N) · n = 0 Γd

∂ENN

∂η
(h) =

∫

Γu

(uη
D − uη

N) · h , ∀h ∈ H−1/2(Γu)

�



uη
D uτ

N

uη
D = u0

D + rη
D uτ

N = u0
N + rτ

N .

{
rτ
N − rη

D = u0
D − u0

N Γu

k(x)∇(rτ
N) · n − k(x)∇(rη

D) · n = k(x)∇(u0
D) · n − k(x)∇(u0

N) · n Γu.

rτ
N rη

D

(τ , η)
{

τ − S−1
D (η) = u0

D − u0
N Γu

−SN(τ) + η = k(x)∇(u0
N) · n − k(x)∇(u0

D) · n Γu,

S

(
τ
η

)
= χ,

χ =

(
u0

D − u0
N

k(x)∇(u0
N) · n − k(x)∇(u0

D) · n

)
(T, Φ)

S =

(
I −S−1

D

−SN I

)
.

uv
D uv

N

uv
D = u0

D + rv
D uv

N = u0
N + rv

N .

{
uv

D = uv
N Γu,

k(x)∇(uv
N) · n = k(x)∇(uv

D) · n Γu·

k(x)∇(rv
D) · n − k(x)∇(rv

N) · n = −(k(x)∇(u0
D) · n − k(x)∇(u0

N) · n) Γu .

v

S(v) = χ Γu,



χ = −(k(x)∇(u0
D) · n − k(x)∇(u0

N)) · n S

S(v) = (SD − SN)(v) = k(x)∇(rv
D) · n − k(x)∇(rv

N) · n .

uη
D = uη

N S(η) = χ Γu,

χ = −(u0
D − u0

N) S S(η) = S−1
D − S−1

N = rη
D − rη

N

Ω Ω

Γa Γu

Ω

Γc1 Γc2

Γi

Ω

Γu

Γa

Ω

Γu Γa

Γu

E(λ) ≤ ε ε



k =
1√

x2 + y2






−div(k∇u) = 0 Ω
k ∂u

∂n
= 1 Γc1

k ∂u
∂n

= −1 Γc2

u = RE( 1
z−a

) Γu

z = x + iy

Γd Φ T (1.1)

a

a

a

Γu

a = 0.5 a = 0.8

a ε
0.5 680 1210 10−3 2267
0.8 680 1210 10−3 15020
0.9 680 1210 10−3 32227

a

a = 0.9 Γu

T

T = T + σw

σ ‖T‖L2(Γd) w

a = 0.8

Γu
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